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5BHA: 3 P = cos(—0) +isin(—60), 0 <6 <

=]

B PA,=|P—Zs (k=0,1,2,...,N—1)

= [t - eon ()] et - sn ()]
[0 —con ()] + [0 - ()
— /22 cos(—0) cos (%) +sin(—0) sin (27

_ \/2 ~2cos|(~0) - %ﬂ _ \/2 [1—cos (0+ %w)}

:\/4sin2 <g + %w) = ‘28111 (g +%7T>‘-

2 0 = 0 k
<0< —, - < =< — <-4 —7< =0,1,2 N -1
X 0 9_N7 0_2_N2>0_2+N7r_7r7ﬂk O>a> ) )
0 k 0 k
Zhor) > = |P— 2| = 2sin (= + — E.
sm<2+N )_O,EkPAk |P — Z| 2s1n<2+N7r) Q.E.D
(Z) 512 : (& [3))
N1 2k Nl 2k
r) = i r) = <p< N-— .
(1) kzzocosp<9—|—N7r> 0, 2 81np<9—|—N7r> 0 (1<p<N-1,peN)
N=1 2k+1 2k+1
— = <p< N-— .
(2) kz::ocosp<(9+ N ) 0, Z smp<0+ N ) 0 (1<p<N-1,peN)

]

(1) FAHER 2V = cos(pNO) +isin(pN) (1<p<N-1,N>2p N€EN),
HEH 2 = cosp +ising, Bl (cosp +isinp)N = cos(pNO) + isin(pN6),
HEEHREEATAL cos(Np) + isin(Ny) = cos(pNO) + isin(pNb),

HE No = pNO + 2kpr = <p:p9—|—%p7r k=0,1,2,...,N —1,

2 2
WG 2, = cosp(@—l— %) +zsmp<8+ ]lz;r) k=0,1,2,...,N —1,

BHEHAER 2V = cos(pNb) + isin(pNo) ¥ N {EEHIR.
HPEER N RARME 0,

Eﬂ]:z:_::zkzo = ]1\:2:_:0 [cosp<8+%> —l—zsmp<9+2k%>} =0,
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) 2k Nl 2k
¢ kgocosp@jLNW) =08 kzz()smp@—i-WW) =0,k=0,1,2,...,N -1,

(2) BAHER 2V =cosp(NO+7) +isinp(NO+7) (1<p<N-1,N>2 p N €N),
HHEE 2 = cosp +ising, A (cosp +ising)N = cosp(NO + ) +isinp(NO + ),

HREREHEATAL cos(Np) +isin(Ny) = cosp(NO + ) + isinp(NO + ),
2k +1

B/ No = pNO + pr + 2kpr = ¢ = pl +

% 11
Eﬁz‘ﬂf%zk:cosp@Jr ]\T 7T>—|—isinp<9+ ﬂ),kzO,l,Q,...,N—l,

BHEHAER 2V = cosp(NO + 7) +isinp(NO + ) B N {EEEIR,
HPREH N RARAE 0,

Bl ]:z:_::zk =0 = ]:z:_:: [cosp<8+ 2]{;170 +isinp<8+ Qk]\j;lwﬂ =0,

pr, k=0,1,2,...,N—1
2k + 1

Y

N-1 2k+1 N1 2k+1
0 =0 i 0 =0,k=0,1,2,...
[ kZ:Ocosp< +—x 7r) Ekzzosmp< +— 7r) , 1,200,
N-T. Q.ED.
(=) 513 : (& [4)
n—1
(1) sin® o = L [ST(=1)"T*C? cos(2n — 2k)a + 102”}
22n—1 P 2
1 n
(2) sin? o = — | 32 (=1)"FC2H sin(2n + 1 — 2k) ]
k=0

5REE: ARBEAIAR, Al ' = cosa +isina, Al e = cosa — isin e

e —ix e —i
28 . (& + (& . . (& — €
}ﬁ{? CoOSy = ————, SIn&x = —————o
)
2 21

1 : .
Al sin® o = W[ew‘ + (=1)e N

- ﬁ (O eiNe 4 CN N D (_1)emie . O N (_1)2em
L O e (1) e N D N ()N iNeg
= ﬁ[ema + (=1)CN W2 4 (_1)2CN iV
oo (DN ION e VD (—1)Ne=iNey,
(1) N =2n B,
Sin?" o = [0 4 (<1)CPeEnD0 4 (<1)203 e

2n,2n
221y
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+ -+ (_1)271_10222_16_2'(2"_2)06 + (_1)2ne—i2na]
B 1
B 22n(—1)n
+ (_1)2022n[6i(2n—4)a + 6—i(2n—4)a]
1

{[6i2na + e—i2na] + (_1)012n[6i(2n—2)a + e—i(2n—2)a]

ce (_1)n—ICT2Lr_Ll[€i2a 4 6—i2a] 4 CZneina . (_1>n6—ina}
= (;%) 2 cos 2na + (—1)C2" - 2 cos(2n — 2)a + (—1)2C3™ - 2 cos(2n — 4)a
o (=1)"TICP - 2c08 20+ (—1)"CP

1
= Son [(—=1)" cos 2na + (=1)"TCF" cos(2n — 2)a + (—=1)"T2C3" cos(2n — 4)a

1
e (=1)POP | cos 2ar + 5(—1)2"02"]

n—1
1 n+k2n 1 om
= D1 [ I;_O(—l) C" - cos(2n — 2k)a + 5(]n .

(2) N = 2n + 1 B,

1 . . ,
Sin2”+1 o = SET T [ez(2n+1)a + (_1>Cl2n+1€z(2n—1)a + (_1>2C22n+161(2n—3)a

F oo (m1)IOEInt LTI ha ()20t il la]
- 1
o 22n+1(—1)ny
+ (_1)2022n+1[6i(2n—3)a _ 6—i(2n—3)a] I (_1)n02n+1[6ia _ 6—ia]}
_(=D"
- 92n
4+ (=1)"C*  sin

1
= 55 [(=1)"sin(2n + Do+ (=)™ e sin(2n — 1)a

{[6i(2n+1)a . e—i(2n+1)a] + (_1>Cl2n+1[6i(2n—1)a . 6—i(2n—1)a]

[sin(2n+1)a+(—1)C?sin(2n — 1)a+(—1)*C3" sin(2n—3)a

+ (=)™ 0 sin(2n — 3)a + - - + (—=1)*"C?" M sin o]
1 n
= o | D=1 HCE sin(2n + 1= 2k)al. Q.E.D.
k=0

=. BREEZETHNTBIRERERN

(—) =EL: (2 2))
IE 2n+ 1 (n > 1) @RH051BEIE LB B BI27 TES: A TR A1 B 20 (8 TR B O BEAE AR 5.
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E—, Bl PA, + PAs+---+ PAy, 1 = PAy+ PAy+ -+ PAy,o

As As

B B4 PA, — |P — 24 :2sin<g+%ﬂﬂ>, k=0,1,2,... 200 il

PA; +PAs+ -+ PAy,

:2_Sin<€+ u )+Sin<g+ i )+~-~+Sin<g+2n_17r>]
L 2 2n+1 2 2n+1 2 2n+1

P+ PAy 4+ P,

—2/si Q—irs' <€+ 2 >+ + si (g—l— 2n ﬂ
I R R R W | M o1

sy

(PAg+ PA; + -+ PAgy) — (PA, + PA5 + -+ + PAg 1)

.0 . /0 2m . /0 2n (0 2n+2
:2[sm—+sm<—+ >+---+sm<——|— 7r>—|—s1n<—+ )
2 2 2n+1

2 n+1 2 omy1"
L <9+2n+4)+ L <9+ 4n, >]
SN | — SN | —
2 omy1" 2 omy1"

~23 sin (§+2n2_’i17r) —0 (Al 2(1) W),
k

R (PA0+PA2++PA2n)—(PA1—|—PA3+—|—PA2n_1):O,

W PA, + PAs+---+ PAy, 1 = PAy+ PAy +---+ PA,,.

Q.E.D.
(D) BE2: (8 [2)

IE 2n (n > 2) @RSHEE bR 2w THERL A BEAE R 75 RS2 2 (B TR R Hy EE A 2P 75 A0
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& M=, PA, + PAy 4+ PAy, 1 = PAy + PAy + -+ PAgy 5

. 0k
BOS: 041 PA, = |P— Zu| = 2sm<2+2nw),k:o,1,2,...,2n—1oﬁﬁu

PAl +PA3 +"'+PA2n_1

0 T 6 3r 0 2n-—1
w2 (YT .o (U O
=4sin <2+2n>+4sm <2+2n>+ -+ 4 gin? <2+ o 7T>

:[2—2cos<9+%>] + [2—2008(9—#—%)] +ot [2—2cos<9+2n_1w>]

n

:2n—2[cos<9+%)+cos<9+3%> —l—---—l—cos<9+2nn_ 17r)]
n—1
:2n—2kzzocos <9+2k;17r>

=2n — 0 = 2n. (513 2(2) ATA)
PA + PA, 4o+ Phy

0 6 2 6 2 2
:4sin2§+4sin2 <§+2—7T)+ -+ 4 sin? ( nT 7T)
n

:[2—2C089]+[2—2COS<9+2 )] [2 2COS<9+

2 2 2
:2n—2[0039+cos<8—|——7r)+ —|—cos< n- 7T]

1

=2n — 22008(94—%7?)—271 0=2n, (FHBI# 2(1) AJ4A1).

E&PAl +PA3 "'—|—PA2n_1 :PAO —|—PA22—|—"'+PA2n_22. QED
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(=) &E 3:
T 2n+1 (n>2) BIa0HMEIE - B B:EI2 TEB: A BRAE <7 /7 1B E (8 TH R B <7 /7 A
B, WE, B PA, + PAs + -+ PAg, 1 = PAy + PAy + -+ PAgy o

$8H8:

9
PA, = |P — Z| = 2si (-
241 PA;, = | k| sin 2+2n+1

k

7r>, k=0,1,2,... 20 Fil

PA;" + PAs +---+ PAg 1

.5 (0 ™ .5 (0 3 .3 (0 2n—1
=8sin <2+2n+1>+8sm <2+2n+1>+ - 8sin <2+2n+1”>
_[64 0 ™ 9 g 30 3
_[ Sm<2+2n+1> Sm<2 +2n+1>}

6 0 3r 9 g 30 o

—i—[ Sln<2+2n+1> 8111(2 +2n+1>}
6 0 2n—1 9 g 30 6n—3
+ +[ Sm<2+2n+1”) Sm(z +2n—|—1ﬂ)}
T 0 37 0 2n-—1

. (0 . .
—6[Sln<§+2n+1>—|—Sln<§—|—2n+1>—|—"'—|—Sln<§+2n+1ﬂ'>:|
—2[sin<3—6+ 3T >+sin<3—8—|— om >+---+Sin<3—8+6n_37r>}
2 2n+1 2 2n+1 2 2n+1 ’
PAy + PAy 4+ PAy,
0 0 2T 0 2n
Qw3 ? .3 (Y .3 (Y
=8 sin 2—|—881n <2+2n+1)+ + 8sin <2+2n—|—1ﬁ)
0 2 30 67

_ [mm%-%m%ﬂ v [6sin <§+2n+1) —2sin<?+2n+1)] T

—l—[6in<€+ 2n )—21n<3—8+ on )}
s T o1 A o
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:6[Smg+sm<g+ = >+"'+Sin<g+2n221”>]

2 11

2[, 39+,(39+ 61 >+ L (39+ 6n >]
— 2| sin — + sin(— <o 4sin | —

R R R | A\ T 1))

iy
(PAy + PAy + -+ PAyy) — (PA, + PAy + -+ Pyt

7r>—|—---+sin<g+ 2n 7r>

:6[sin€ + sin (g +

2 on + 1 on + 1
+Sin<€+2n+2ﬁ>+Sin<€+2n+47r>+-~-+sin<€+ in W)}
2 2n+1 2 2n+1 2 2n+1
30 30 6 30 6n /30 6n+6
= 2[sin g +sin (G g e cksin (G g ) sin (S )
+S1n<36+6n+127r>+ +sm<38+ 12n w)}
2 2n+1 2 2n+1
2n
. /0 2k
_6;&“(5 2n+1 >_228m3< o+ 1 )
2n 0 2 2n 0 2k
¥ . i - == i - = Uo
A1 2(1) A4 kz_jsm<2 T ) O%Dg::osm3<2+2n+17r) 0
Rt (PA, + PAy + -+ PAgy ) — (PA, + PA; + -+ PAgny) = 0.
mPA13+PA33+---+PA2n_1 —PA) + PAy 4+ -+ PA,, . Q.E.D.
(I0) =R 4
1E%Mn>3)%%%%%.L%%ﬂ%ﬁ%%ﬁ%@ ﬁﬁ@ﬂﬁﬁ%%ﬁ%@ bl
*D*E#oﬁDEE,EDPAl +PA3 +PA5 +PA2n_1 :PAO +PA2 +PA4
c PAzn—24o As Ay
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- 0 k&
3BE3: BHI PA, = |P — Zi| = 2sin (—+—7r), k=0,1,2,....2n — L ATl
2 2n

PA14+PA34+PA54+ +PA2n1

ot () v (5 35) st (2

6 2 1
+ 16 sin* <2—|— n2n 7r>

:2[3—4005 <8+ %) + cos <2«9+ 27T)} +2[3—4cos <«9+ 3%) + cos <2«9+ 67T)}
107

+2[3—4cos<0+5%>—|—cos<29—|—7>] + -

+2[3—4cos <8+ 2n_17r> + cos <28+4n_27r>}

n n
=6n — 8[005 <9 + g) + cos <9+ 3%) + cos <9 + 57T> + .-+ cos <9 + an_ 17r>}
+2 [cos (28+27r> +cos <28+6%> +cos (2«9+i> +---4cos (28+4nn_27r>]

2k+1

=6n — 8Zcos<9+ 2k v 1 )+2n2_50052<9+ - 7r):6n.

2k +1
_'_ 7T> - Oo
n

n—1
5[5 2(2) ATAL®: Zcos(@—l— 2k + 1 ):05FD Zcos2<«9—|—
k=0

PA, + PAy, + PA; +---+ PAgy 5
1 9 1
=16sin4g + 16 sin* (g + EW> + 16 sin* <g + EW> + -+ 16sin’ (g + = - 7r>

=2[3 — 4cost + cos20] +2[3 — 4 cos(ﬁ + 27r) + cos(26 + é7T)]
n

4
+2[3 — 4 cos(f + 7r) + cos(20 + 7T)] + -
2n 2

T

)]

=6n — 8[0059+cos< %W)-FCOS(@—F 7T> +COS<9—|—2nn_27T>]
+ cos <2<9+ 7T> -+ cos (28—1—4”; 47?)}

n—

—1—2[3—4005( ™) 4 cos <

+2[0052«9+cos <29+

4
n
2k
=6n — SZCOS<9+—7T>+2
k=0 n k=0

cosQ(@ + 2n—k7r> = 6n.

nl 2% n-1 ok
FH5I3 2(1) A74 - kz:zocos <8+ — ) =0 f0 kZ::Ocos2<«9+ ;TF) = 0,
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¢ PA14—|—PA34+PA54+- : -+PA2n—14:PA04+PA24+PA44+' : '+PA2n—24- Q.E.D.

() FE 5: (2 [3])
FIE 2n (n > m, m > 2) 8% AgA1As- - Ag, 1 WISMEEE] 2 P BB AgAs, 1 b
£—2k, Al

PA 7 PA T 4 P e Py

—2m—2 —2m—2

—PA A PA, T PA .+ PAY

i2HE: B4 PA, = |P — Zy :2sin<g+%7r>, Hb k=0,1,2,...,2n— L,

1

Hsin??a0=——
22m—3

m—2
[ S (=) HECE 2 cos(2m — 2 — 2k)a + %Cﬁfz_l)} , A

k=0

2m 2m—2 2

PA, " 4 PA " T+ PA; " o+ PAG

0 w 0 3m 0 5w
_92m—2 . 2m—2 [ 7 e 2m—2 :..2m—2 [ 7 o 2m—2 (i, 2m—2 [ 7 s
=2t (54 o)+ 2 (G 5T) 2 e (54 50)
0 2n-—1
C 4 92Mm=2 g 2m=2 <_ )
+ + Sin 5 + o T
= 0 s 1 2(m—1)
=2 kzo(—1)m—1+’fc,§m—2 cos(2m — 2 — 2k) (5 + %) + 50 }
m—2
I 0 3 1 otm—
1o ST (1) 2 cos(2m — 2 — 2k) (5 + 2—”) + 50 V]
k=0
- m—2

1 oime
+2] 37 (=122 cos(2m — 2 — 2/@)@ + 5”) SO

2 " op) 2 ml

M

kol
o

[\

0 om—1 1 oim
+2 (=1)mHEC2m=2 cos(2m — 2 — 2k) (5 + 712 7T) + 503,1(_1 1)}
n

3

r
ol

o

.G g pym [cos(m—1)(9—1—%)—i—cos(m—1)(9+%ﬁ)+cos(m—1)(9+%w)

)

~
3
—

+ -+ cos(m — 1)<9—|— an_ 17r)}

+2(—1)mCFm 2 [cos(m —2)(6+ %)+cos(m—2)(9+%7r) + cos(m—2)(9+%7r)
2n —1
W)]
3

+ -+ cos(m —2)(6 + -
4 o(—1)mrLm=? [cos(m —3)(0+ g) +cos(m —3)(0 + —m)
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—|—cos(m—3)(9+%7r)+~-~—|—cos(m—3)<8+2nn_17rﬂ + -

+2(=1)m3C2m 2 [cos (9—1—%) +cos <9+%7r) +cos <9+%7T> +---

+ cos <8+ an_lﬂﬂ

2k +1 )
T

n

n—1
=n- Csl(ﬁll_l) +2(=1)m Z cos(m — 1) <6’ +
k=0

2k +1 )
T

n

n—1
+2(=1)"C2m2 Z cos(m — 2) <9 +
k=0

n—1

2k+1
+ 2(—1)mHoam=2 Z cos(m — 3) (9 + a 7r>
k=0

n

n—1
2k + 1 m—
4 2(—1)2m R 2 Z Ccos (9 + i 7T> =n: 051(—1 Y,

n
k=0

n—1
513 2(2) /A : cosp<9+ 2kt 1
k=0

W)zO(lﬁpﬁﬂ—l,pEN)o

2 2

PA P P A P g Py

0 6 2 0 4
_ 92m=2 j 2m—2 <_> | 92m=2 j 2m—2 <_ 1 7) | 92m=2 i 2m—2 (_ 1 7T>

2 2 % 2 %
0 2n—2
Ce 22m—2 c 2m—2 <_ )
+-t sin 5 + S
m—2 p .
:2[ E 1)k 2m=2 9 — 2 — o <_> _02(m_1)}
kzo( ) k COS( m ) 5 + 5 o
m—2
_ 0 2 1 o(m_
+2 (—1)mTHRCZm2 og(2m — 2 — 2k) <§ i _”) n 50%_1 1)}
] n
k=0
A 0 Ar 1
" me 2(m—1
+ 2 _;(—1) LHRO2m=2 cog(2m — 2 — 2k) <§ + _n> + §Cm(_1 )} 4
m—2
m— m— 9 27’1, 2 1 21
P2 Y1y 2 cos(zm — 2 — 2k) _ w) + 50 )

bl
o

I

o 4 o(—1)m? [cos(m —1)0 + cos(m — 1)(0 + %ﬂ')

+cos(m—1)<9+%7r) —|—~-~+cos(m—1)<8+ 2n_27r>}

+2(=1)mC2m2 [cos(m —2)0 + cos(m — 2) <6’ + %W)
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+cos(m_2)<9+%ﬁ)+ + cos(m <9+2n—2 )}

+2(—1)mHogm=2 [cos(m — 3)8 + cos(m — 3) <9 + gw)
n

+cos(m—3)<9+%7r>+ -+ cos(m <8+2n—2 )}—l—
4
n

Q)b

+2(—1)*m2C2m 2[0059—1—005 <9+%7T) —l—cos(

+ cos (9 + 2nn— 27r>]

:n-C’;(__ )" 12005 <9+%7r>

+2(=1)mCym™ 2Zcosm 2)<0+2k )
k=0
n—1

+2(—1)™Hogm 2Zcosm 3)<9+2k )—l—

k=0

+2(—1)*m2o2m, 22005 <9+ —7r> =n.CAmY),

n—1
51 2(1) "la: cosp<9+%7r) =0(1<p<n-1,peN) &
k=0

m2m—2 + m2m—2 + P—1452m—2 + . + m2m—2
—PA A P A PA 4+ + PA s (m>2). Q.ED.
(77) EHE 6:

BE 2041 (n>m, m>1) 8 AgAAy- - Ay, BISHEE, 3 P 88 AoAy, L
£—%, i

2m—1 ——2m—1 2 ——2m—1

PA " 4 PA T 4 PAS T 4+ P Ay
—2m—1 —2m—1 —2m—1 —F2m—1

—_ 0 k
F8H: =|P— = 2sin ( = H = 206
88 BE41 PA, = |P — Z;| = 2sin <2+2n+1ﬁ>’ Hk=0,1,2,...,2n
1 m—1
Hsin? o = o3 kzzo(—l)m_HkC,fm_l cos(2m — 1 — Qk)a}, Fit A

2m—1 —52m—1 —52m—1 —2m—1

PA1 +PA3 +PA5 +"'+PA2n_1
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0 0 3
:22m—1 Sin2m_1 <_ + Q ) + 22m—1 Sin2m_1 <_ + Q )

2 2n+1 2 2n+1
0 5% 6 2n-—1
22m—1 i2m—1 <_ ) L. 22m—1 i2m—1 <_ )
+ i st o) T i 2 Ty 1”
—9 |:m_1(_1)m—1+k’02m—1 Sin(2m —1 - 2]{:) <Q + 0 ):|
b 2 2n+1
k=0
m—1
r i el - 0 3
+2[ Y (- 1sm(2m—1—2k:)<§+2n+1ﬂ
k=0
el 0 5T
9 -1 m—1+k’02m—1 : ) _1_2]{: <_ ):|
+ _kZ:O( ) ¢ sin(2m W5+ om7)]+
m—1
I . ] - 0 2n—1
—1—2_ (—1)m o2 1sm(2m—1—2k‘)<§—|— 2n+17r>}

e
i
o

=2(-)"" [Sin(?m -1 <g o 1> +sin(2m—1) <g * Qni 1”)
+sin(2m — 1)@ i 2n5—|— 17T> oo sin(2m = 1><g * ;Z; 1””
e o ) o
+ sin(2m — 3)(% + 2n5+ 17r) + - +sin(2m — 3)( )}

4 2(—1)mHLC2m [sm@m - 5)(2 + 2n7:— 1) +sin(2m — 5)( + ?’H )
+Sin(2m_5)<g+2n5+1”) -+ sin(2m )< 2n+17r }
212 sin (g + 2711 -) +sin (

e <9+ 5 >+ i <9+2n—1 )}
in (= <o+ +sin (=
G G
n—1
0 2% +1
—2(=1)" Y sin(2m - 1) (5 )
(—1) kzosm(m )2—1—2n+17r

n—1
+2(=1)" 102 sin(2m - 3) (Q 2k + 1 )
k=0

5 1"

n—1
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