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1829 A F — Lie 2+ EREE

PRI,

['The older examinations on ordinary differential equations as found in stan-
dard books are not systematic. The writers developed special integration
theories for homogeneous differential equations, for linear differential equa-
tions, and other special integrable forms of differential equations. However,
the mathematicians did not realize that these special theories are all con-
tained in the term infinitesimal transformations, which is closely connected

with the term of a one parametric group.]

Sophus Lie (1842~1899)

—. BIS
PSR S —REMD TRERE—-EmRE — Mo BT MTE—-EEMD HESFE
PR EH B R E D N T

RBEARTEEMS TEREREMA T —AFEEAEGEONEREE, FrEMos R HEE
{ERAERAEA ERE, EROBRERTEAGH R (EERMHE) Mo RN g#E—
WEEMD TR (AR AEEER!), RRE CANME—R 2R ARNERIERE #ARILERE
SR, EAR R EAGHE AR L1, —EEEEE—EEE, — T RRE SR UTEX
B 2EMFIREN2EE, B TEERERABERERNER, MNEZREEEER
B MERET DUEMFHEANANR BB R G A EZENEARE. MR ERAEZLLRTE
(BIER!) BAREGHIELEIEH Sophus Lie HIRE: BEA RN R ERMS HTE?
BB EEIER 19 HIERMEEESR Sophus Lie (1842~1899) FFFei4 /512 it 1 1 £ B H
Lie # (Lie group) REHH#,

ThHCE MR ER ARG R — R IER KB H—F =+ Ed, B R ERARE
HHEREESNHESRN HRFHEETREEETRZMRBESR Niels Abel (1802~
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1829) BUEBEIHEER Evariste Galois (1811~1932) SERAR F Y F3Hf, M52 Lagrange
HIEREE e B G, EBIREE SR Joseph-Louis Lagrange (1736~1813) ZEMIFI{E
REE (R¥r XA EE) (Réflexions sur la résolution algébrique des quations) #&
HE—H A%, BEMBE Lagrange resolvent (RIAEEAHFEMEN) St R, =K, MRAE
FREABMERAMG M T 2BRORY, HEEABAEARGTARABNMEEE FRHEX
FEHARRE, Lagrange fEE#EE (permutation group) ARREAFEA K, M w1
. WRARGEAEYENFRERR AR, FrllERIWF RO EXSEXLER
!

[& e R R B AL KGR XA E A7 M R AR R G R RE, T BALRR A AEYE
TR, - YRR RV RAN L AR AR KRBT R XAAR X ARG 77 5T
1A FE R 8,

— Lagrange FBIE#t —

FRRESER, B (Carl Friedrich Gauss, 1777~1855) 25— AREHHER
B EEHE, ABREAATE Bl MEEERE L EHAEE —FEEEE L Niels Abel
FHTHERL ER—ARBAERRERARE, W TRBENFER. B2 —HEXL
L HBEREERARE, MARRENRESGEXE I BRA M, R TR TIEZHIER
EHBEAXERAME? ZEPE Lagrange HEZESHERK Galois £ 1832 FRHEEMR
R AERAE TS DB, MR KRR L ECEBLRE (permutation group)
HRIRE, WMAEE R E TR R AR KB ARE, HE Galois K LIFESEH] 1846 4 Kl
Joseph Liouville (1809~1882) A% H 2 2 % R AL M AT AL HIZE A HA T
(Journal de Mathématiques Pures et Appliquées) FYERKH. H® Liouville BB,
HERF LTI Galois HEmHIEZEM, #iw (Group Theory) ¥ EXEABMENES,
Galois ff BRIV EE R AR AN AT, BEEES KBS Galois Him, EFEERE
REP BB YA M ER R, EERZN AN B

B (symmetry) <= B E(invariant) <=  #i#(group theory)

BB EER Sophus Lie 7EE AR IR Ludwig Sylow (1832~1918) /r#F Abel £
Galois FPREA RN T, 2 BME MBI Galois B9751% (B, TEAE) EHEH
D8, #RMEE Lie # (Lie Groups). ATaE Lie B, B —REER AR (continuous
transformation group). ## Sophus Lie & 1872~1899 5 EI R MM H LT M

LFTEIEEAR (solvable by radicals) SRRSO AR LI RESBIETRR BB RTIA, PII=RAER az? +
bo+c= 0 i o = —EVEd0C g minstee




36 HEEE 4145281 RI10646 A

Sophus Lie -

Among all of the mathematical
disciplines the theory of
differential equations is the

most important... It furnishes
the explanation of all those
elementary manifestations of
nature which involve time.

AZQUOTES

1: S. Lie (1842~1899). HXH http://www.azquotes.com/

2, BRI EL AR EMRERERE. BEE 1950 £/ G. Birkhoff ([1]) # I. Sedov ([7])
B &M (dimensional analysis) 78RR BRI ECR, 55 1B AMBE L =S
ML Lie BAEEHIET AL, MIEMBMS ARENEEST (Symmetric Analysis), K& Lie
HRE OB, Nk, BARERRSRIEMRA, Rt DIRIERERE, B8, Mo
BRSO IR RS HIE R M 2R SN, 1 MIE SRR R R B RS

[ oA ik AR SRS ML A2, ARJEE AR Lie BE6Y% e

ERRNEREZEMDZMERERN, 2 S. Lie WYIEREN Lie FRKEMD 1R, R
REFEGHREMGTHRR (Felix Kein, 1849~1925) BEAEZE LR (£ M BAR4A48) (Erlangen
program) M E R B —EBER TR SMEE, 7] RELREFIAZER Lie G R2
MR — A 3, BHBEBER 2T REH, EN—EAKEEMIEKRIE, REERE
Mot. BEEMRENBEHSR, MERBARIEMERRNER, AR EMHE CERIE
K B AR HREY R E R E AREE, EER —R M m e R R, I E T a2
fEbRi, flieZ R R 22 R E R e R B B Y.

AR RS TR ES R T —EFE, B (BEELE) BEMs HREAT—E.
E WA AR T =R BN E FrE. FERES A TR Lie FENMENSELEE, HP
DU RBH) A B Ry TR R R B, IR ARRARRHEA KA R, IEAIRERE B
it ML FERZ R ITSE B A H ARAVBL . B0 TR R M EZ R R E B ER, %
P Gasy S Y RN R vd )R
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AR EE AN RESHF R ETE, B8 (symmetry) ZH sym(HHF) B metric (5
2, {I8) HETR, AfE—ER2HANS 8, ZMRYEERTHBN, BRERMTUEY
HERREHRMREYEERN T M — L, BFRZEEMERE, ¥E (symmetry) N
TR BB RERAENE, FrLHRERAMHEENE ). BEHER Hermann Weyl
(1885~1955) ¥l T T —(EfGERER: [RUIMEEGEYIM T HELFER (operation) &
%, EEERNFERT2MEE, IEEHZ B, | Hermann Weyl &3 [ HRAHELIEFE
AMAHEER R, FJRMRERERME CHE—E, B RMEEE. | HEMOPH
EMEEH. EREEMAIYER, Z2FEARER R ATE. BREXEMMANHES, 22
TR R AR R L A i, RAEE T HEI.

ERVEZRNRNE ~FEENHBMER Lorentz MM (8 Lorentz BB 18, &
ER Maxwell JFI2RBE M E A B, ZRETERZLL Lorentz B2 £ L HE M0 2 Bk
TSR, BREMUEE, HEREENSENEE, M- SERE, 5T ERHEHER. &
M BB Y R AR YEESE P. Dirac (1902~1984) Bk EHHREE T H
BB EEHE—ER (B2F%m), HHRYENGFEE. S8R SHERNE T2
ZEFHEREE, WHIREE RS, ’HEERSEEr DERM A" SIVHHRE,
MR TE B PR,

—_. BnRERTER — =M

BB AR E B e MRS SR B, TS TR () 3
FISER R, MM EATREL T HMANREEEEE — MONHD ZRR&K. ©
MABREMNHE: B [ BEHEHEY (o, b) KEE (real-valued) TR ES, H

Z—i—f(a:) = y(a:)—/axf(t)dt, x € [a,b]. (2.1)

R f HE o RIS ARENE v RE [ W AERSEURRE, Fri&kFMiE e B REE
(method of quadrature)?, % f ERE z,y BEKH

dy

%zf(w,y) =  ylr)=? (2.2)

KM REEES (2.2), BRSO HERRZHESHNEFE (proper subset), BT /7 E

AILMERER f(2,y) = —ggig; WK (2.2) ZIERFEHSTEA (differential form)

P(z,y)dz + Q(z,y)dy = 0. (2.3)

2R HME quadrature (RIEE) SEREEN, EHEFS (squaring) R, FHE LA SHEHE b EH R E RLSH
FRIEEAIESERRRAFTE (quadrable).
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R (2.3) BFR—E2MI R FERE O(v,y) HE

_ 0% 0P

AR D A E BB MM TR (2.3) (g %
O(z,y) =c, ceR. (2.5)

R EEHER (2.4) BEEEMEALERFR _ ERGEES, —REEMERRAEAE LWE
B, BB EHEMS (24) B (P,Q) ER & 2BE, VO = (P,Q)

o0d 8@

o = P(z,y), — =Q(z,y). (2.6)
%y TREBHEEM (2.6) H—R%H » BH

a,y) / P, y)dz + g(y). (2.7)
B g BEE y WKE, EREZETENEERZAG. Ak 2.7) ¥ y Mo
8CI>
=Q(z / oy (z,y)dz + ¢'(y)

=H OP

(6) = Qavy) — [ G (e 29

1 (2.4) TTHERS (2.8) ROAREE o WU TTLIESES y B4, %0 (2.7) 2

by = [ Plagds s [Quady- [[ S @iz 29

FRULTZEES (24) B
d(z,y) #/P(x,y)dwr/@(x,y)dy,
MRS T —(EEERS, FEE « HEEK (2.6) EoRY y BHE

O(z,y) —/P(x,y)dx—l—/@(x,y)dy—//%(x,y)dydx. (2.10)

s (2.4) 12
0Q _ oP

ox 8y
WERIES (exact) B, FTLAERE - (2.9) # (2.10) 2% BN, EEFEBE—REMS H1E
(2.3) MFTEHESAF, MEHE (2.9), (2.10) WHKEEH Green EEHERL,

(2.11)
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ME (2.3) FR—E2MAME? (2.3) B (24) HHE, MR (P,Q). (¢, 3,) RWET
TR, RRREE ulz,y) £ 0 5

o, @
M%w:fgzzf (2.12)

SERALRE #H BT, WS (2.3) BT u(r,y) 2ERE—E2MS (KB FHEF LR
5, ERBESHFRANE R HKE!)
d® = pPdx + pQdy. (2.13)
BRESHGRE (2.11), &ME
(1P)y = (4Q)a, (2.14)
FREL p(x, y) e —RER RS iR

ol o B
Q5 - Pot = (- Qo (215)

W E—REE oy HREEA B bRE RS ETIME, TFEEIRTFAE LR —E R
MR TR R,

—fEEBS HE — BEIRF <— —EHRERNSHE

= BORT — Mo
%R TR 72

Yy +y=0. (3.1)
i BEL A 0 e A B T 15
y=ce * <= ye'=c, ceR.
DEFHAETSEMEER
vy _ 4
(D+1)y=0 <= D(ye")=0, Did:c'

BEIHE e BEEEHE, ATl v FEEM (dimensionless), [z] = 1, EEEEHATLARA
BAEHRK

—

W= = 3= = I[=1, (3.2)

AT (integrating factor) & FEEREEREER A. Clairaut (1713~1765) 7 1739 EFEH. MR FREREZN
A EEET R R AR LR T8,
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BORT p=e” REH y 2AERAHERKEBROET D+ 1 FBH D, Ht&FEESKET
M

HREMEE
y' +ay =0. (3.3)
BESR BB B AR F] UG I
yzce—aw — yeazzq CGR,

HEE A EEMATR.O, B AEAMEN S TS
V=l = Yoy = [dld=1

ETEHE T IEHERY B B
y() = f(&),  {=ax, (3:4)

Fir DLE E SRR S
,_dy _dfdg df
Y= " dede ~ Yde

B2 v = —ay AT

df — _ _ & axr

d_§ f = y=f=ce>=ce
KEET

(D+a)y=0 <= D(ye™)=0.
BIER o BBELEA «
y +rxy=0, (3.5)
ARTEAERE AR A MEH TS
W=l — H-fyl — BP-t

DRI AT DA i S R

FHERES
y_dy _dfde _, df
Y70 " dede T Tag
it AR 7 R

d 1 z?
d_£+§f:0 = y:f:ce*%:ce*T.
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DE TR AN S EHER
(D+2)y=0 <= D(yeé) =0,

HEABRMDAI VSRS ¢ = 22, BRMS AET [ OREE ; EFR 1. AitHEs

F2rh AT U L TE O B B
1,2
= (3.6)

£
BAERE « HEER o
y' +a%y =0, (3.7)
IR E R
N B :L.onrl
y= (&), =[x dl‘*?a (3.8)
ﬁ—i—f:() — y=f)=cet=ce =
dg
(D+2%y=0 <= D <yew;:11> =0
A R L% R — R I B R 0 5 18
y +px)y =0, (3.9)
(3.10)

y=1r1©&), &= [ plx)d,

ﬁ-l—f:() — y:f(f):ce{:ce*fp(x)dx,

dg
(D+px))y=0 <= D(yel?@%=) =q.

BAORT plx) = e/ P@b fERBEY y BEBEMAET D + p FBE D. EEGHE
Fourier # Laplace Bt 8H3R H 7K,

PO, &0 R B SRR o2
ER—REEMD TR (2.3) SR EERE—ERERLD HE (2.15)! AEER
BAHTE (2.15) BEHEBAFE (2.3) KW, BRELLHE TRESH (2.15) R
BHESETF po MIRE Lagrange HIEFmEFEPHEAER
dr  dy du
i = , 4.1
QP 7-Qn -y
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FERELERFY TRESHFREN(4.1)BHEIRT po EHEMBERAEDHIRLE 2, y, 2y,

z/y, y/x BRKEHRESRTF.
(1) WRp = p(z)REEER, H(4.1)BE—. = WE

di_dy i Py= Qe
Q (P—Qu)p I Q '
Py = Qo

H R = 0 RedrBH, Al XS5

(o) = exp [ Fu(€)de. (4.2)
(2) Hp = p(y) REyER, HA.DFRZ. = WH
dx du dp Py —Qy
= — = dr.
P B-Qun  u_ -p
e _ Py - Q:v s
HAERy = 5 HedyFR, Al EXARESE
(o) = exp [ Ral€)ds. (43)
(3) MR p = p(zy) RE vy BE, BIE d(xy) = xdy + ydo, TLE (4.1) — = FRES
AT y.x
ydr  xdy _ du
yQ —zP (P, — Q)
HHEANHEES
ydx + xdy du dp By —Q,
_ w d(zy). 44
QP B-Qon  nyQoap 0
# Ry= 79 pe o mm, BEAESE
yQ — xP
ptay) = exp [ Ral€)ds. (45)
(4) & p=plx/y) RE z/y B, B
T\  ydr—xdy
(-
AILME (4.1) — = MESBIE yo « BHLGIREERS
ydr  zdy du ydr —xdy dp (4.6)

vQ =P (P—Quap . yQ+aP (B - Qon
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I
Md(f> - ap
yQ+ 2P \y 1
2 _
%Iﬁzgﬁ%ﬁ%ﬂﬂﬂx@%ﬁiwiﬁ%ﬁ%

w(z/y) = exp / Ra(€)de. (4.7)

(5) W p = p(y/x) RE y/x BH, B

)

i (4) BHEEBIRIMEER

ydx xdy du xdy — ydz du
_ _ = 4.
y@Q —zP (Py — Q) - —(yQ + zP) (Py - Qw)ﬂ7 48

5]l

_Md<g) — dps
yQ+xP \x n

) Rgn /0 R, BLEREAE

u(y/) = exp / Ry(€)de. (4.9)

P ESEE AR ESY, TRREES (oxact) FEEHE (2.15) & (4.1), EABRGE
AR E T

IR 4.1. —FERRIEFEBE XM TR

Lyl =y +p(x)y = q(z) (4.10)
LML (2.3) BHATR (differential form)

(p(x)y — q(x))dx + dy = 0. (4.11)
RS (4.1) . . N

1 q@)—pla)y  pla)p
FEARR RN HE2ENE —. FE=mELEE

e

a)=——=plon = plx)=e 7O (4.12)
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SEAER (4.10) T 4
ny' + p(x)py = pg(x). (4.13)
RERMEAR (4.13) 82 py NS L2
py' +plx)py = (ny) = py' + p'y. (4.14)
Rl o R — BRI T2 (4.12), BRI LURI (4.2) SEREE EES I, I

:Py_Qz

P(r,y) =p(x)y —q(r),  Qv,y)=1,  Ri(v) 0

= p(z). (4.15)

R —FE M R (4.10) —EFERR » BROES AT

p(x) = el P,

A TR A E—, B
w(x) = crel P@, c € R,

MEMART. FAEE () AR, FESOERRMENEA EREEGIE 4T
AT ER2ohE, p = p(r), (4.13) KBS

B )
Y=yn+ Y= ﬁ + /xo //jéjf; q(s)ds, (4.16)
Hep oy, BEXfE (homogeneous solution);
Llyn] = yi + p(@)yn = 0. (4.17)
ER—RNEESAF p EFRERE v, BEEL, T o W2 L KEEHGRE
L*p] = ¢’ — p(z)p = 0. (4.18)

O

HFR—EARDP N T ZER — Gronwall NER, EFAFREMS TTE (B& PDE)
HEENEH.

T 4.2: 241 a,u,v > 0 FEFTFER

u'(t) < au(t) +w(t), vt € (0,77, (4.19)
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Hiy e 00, T),w € C[0,T], Hl

u(t) < et <u(0)+ /0 \w(s)yds). (4.20)
BE9: 14 (4.20) B

FEFARMART 1 — e

 (ult)e ™) < e ult)
EVagy .
u(t)e™™ —u(0) < e (u(()) +/ e “w(s) ds) :
0
2 %k Gronwall RER (4.20), O

h. E0RTEEEE
AU 53 72 H

Yy =2r — CID(x,y):y—x2:c. (5.1)

R B AT

H I E AR LIS [ R E S (scaling)

T — &=\, y— 7=\, c— 6=77 (5.2)
# (5.2) RA (5.1) —ik#SE

cN)=é=d(2,9) =9 — 2% =Ny —2%) = Ne.
FTLiisr A2 (5.1) R E

xr— T =\r, y— =Ny, c—e=Ne (5.3)

~/

7 =2 = ®@,9)=9—-3i*=¢ (5.1)
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FaHEEEHES AR S. Lie FAHBIEE, 555 5 (2.3) ZBES (v, y)
= c WHBH u(r,y) RENESRTF

d® = ®,dx + O,dy = pPdx + pQdy = 0. (5.4)
BAE % [ B — iy R B i
T — &=z, y— =Ny, 0<A<oo, BEeER. (5.5)
RE% (2.3) 1£ (5.5) EEBHT BAVERY, EHE PR S W
d(z,y)=c =  dx, V) =c()). (5.6)
WiEE N M5 GEREMS!)

d
/ :_(b 5
() = @0, y)

_0D(A\x, Ny)d(Ax)  0P(Axz, My) d(Ny)
~ T 00a)  adx (N\Py)  dA
000Ny | 090w, Ny)
= 90\) + BNy a()\ﬁy)
BA=1CEERE N = 1B (2,9) = (v,y)) A (5.4) &
¢(1) = l’a@éx’ 2 ﬁya@gg’ L S )
€ Y
ALMEER (1) = 1 HIEE (5.5) ;EEBHE T ML TR (2.3) ZBRARTR
() = ——
HAT, Y ) = 2P+ ByQ’
18 BT 12 B (RFRAE R BB R DU B S (R AT S R,

R S RMERREEE Lie B, B—EEENEEE (continuous transformation
group). FEEHEHIER

(5.7)

TE 5.1 CAES G BE

(1) G R—{EAERHERF (manifold)

(2) GE—{EEE (group)

(3) ik p:Gx GG, (fg)— fgERTE 7:G— G, 7(g) = g~ BRFWEE
HIFE G B— Lie B,
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LIEATE 22 + y° = 1 T 5 RN EHTE R el
. (z,y) = (2,9) = (xcose —ysine, xsine + ycose), e € (—m, 7
[, : (cosf,sinf) — (cos(f +¢),sin(f + ¢), e € (—m, 7]
BETUBRGEE 2 +9y° =22+ ¢ =1MH G = {T.]e € R} &—{H Lie &,
REE 5.2: Rextdn T (2.3) fEHBHA

(z,y) = (2(s),9(s)),  (£(0),9(0)) = (z,9), 0<s<o0 (5-8)

SREIE] (2.3) HRAETS
1

p(z,y) = P10 (5.9)

Hrp
d NN
(5777) = % Szo(x(s)uy(s))‘ (510)

MR E5 3 5
RIFBE Lie £ (5.8) Z#EE/NERTT (infinitesimal generator) B Lie fA#
BBEA: BE (2.3) ZEEAIURRE O(x,y) = c MHEBHA (5.8) ZEHEE

D(i(s), y(s)) = é(s),
Fft LA ; ;

L CORTON - !
B
§Qa(z, y) + 1Py (z,y) = p(€P +1Q) = €(0) = 1.

FTLES R T 1 IE=Z (5.9). O

iR 5.3: TFTATLAREEE Lie FRAVER{GH — AR EFRERE M HE (4.10) B0 (4.11) B9
SRTR (4.12)
v +p)y =qlz) = px)=elr@d



48 BUEME 4152 R10646H
BRIEBRABRRM—ELER (4.17), ERERER! & v, BREXRE, RBBMEE (2
) # oy BIREIFEREMS HE (4.10) WER] vy + sy, &R (4.10) KR, HEtEH
(4.10) #8H B4

(x,y) = (2(s),9(s)) = (x,y + syn), 0<s<oo (5.12)
N, P p
(€m) = (&(5),9(s)) = (0, 9m),

s=0
FBL (4.10) (RS EFER (4.12)

() 1

_ _ 11— [p(x)de
(5.12) ;EMEBHE BRIk, 7 v, BREENEE 0(x)

(2, y) = (2(s),9(s)) = (v,y + s0(x)),

0 <s< o0, (5.13)
RMBDEFBRHE (4.10) REETE

¥+ p(2)y = q(2)
g%

y' + 50"+ p(x)(y + s0) = (v + p(x)y) + s(0" + p(z)0) = q(z),
Frlh 0 —E TR FIERIE:

O +p(x)d=0 = 0O(z)=c IP@® =y (1)

O
HE— BRI A BT
BIRE 5.4: SR H b e
e (5.14)

B S (5.14) EEHATR

y(y* — x)dx + x*dy = 0. (5.15)
EHE (5.14) 5 (5.150) (BRI AR S EHK, (HFEHREMSH (dimensional anal-
ysis)
] Wl P

- b
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AT DU RS S

(z,y) — (A, A2 y) =

(e"z,e"%y).
B (5.9) Mo AR (5.14) WESRTFE

( )= 1 B 1 B 1
MO ZeP1yQ ~ ay(? —o) + tya?® o — Lty
B ®(x,y) = c 2BER
od (2,y) = x? B x? _ 2, 2y
By Moy vy —gaty  wy(y?—gr) oy YR ga
FilY y BB
®(z,y) = —2Iny+1In <y2 - %x) + f(z);
B f BEE v (EREL. A% O B o BUREH
0o, 1 1 1
g = @) - o lz,y)yly” — o) = — = Gy
s .
f'(x) = - = fz)=Inz+InA, AecR
AR H 2 (5.14) HIBES
2_ 1
@(x,y):lnw:C, CeR O
I\ DR AE
TE R R—FEMS R
P(z,y)dr + Q(z,y)dy = 0, (6.1)
Hep P .Q #=E k REYBERLER
P(Az, \y) = NP (x,y), Q(Az, Ay) = X'Q(x,y). (6.2)
KL HE (6.1) KR FE B
(z,y) = (Az, Ay) (6.3)
BN, EEFREM v,y EEHRNEM (dimension), HRFLE [HEFTHIEE
_¥ _
V=", [v] =1,

(6.4)

49
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WK (6.1) WEE
P(z,vx)dx + Q(x,zv)d(vzr) = 0,

B,
*[(P(1,v) + Q(1,v)v)dz + Q(1,v)zdv] = 0, (6.5)

M2 7R (6.1) BRI BEE B

@, Q0w
r  P(lLv)+vQ(1,v)

dv =0, (6.6)

5
Q(1,v)
P(1,v) +vQ(1,v)
WA R R —FE 15 /72 (6.1) BEBbE (6.7) AfIE S RIRGRE? THEH (6.5)-(6.6) trl#

BER—FEMS HE (6.1) WESHRF

1 1 1

du +

dv =0, u=Inz. (6.7)

M) = P+ QUL ) PPyl o
mE (6.7) & aFEAM B ARy E B
(x,y) — (u,v) = (ln z, %) (6.9)

WAL (6.9) WEEFSER—FEMSHRE (6.1) AT EEHNRER, HNEAREZREYH
MRS T M TR R,

BIRE 6.1: EAI—FEEMS HE
2= u(e,y) (6.10)
R B A4t

4y _ p19y _ :
i w(Z,y) <= A i w(Az, \N7y), (6.11)
A5 /72 (6.10) 2RI BERT,
B AAER RERREREM o,y WEMBRE, [y = [+]°, BARIERN (REM) 25
v="2 ] = 1, (6.12)

:ﬁ’
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W (6.10) S

dv  w(z, 2 v) v
%—T—B;. (6.13)
S—7H (6.11) M:&H A\ Hoacta A =185
ow dy
T+ By = (8- )—x (8 —Dw, (6.14)

At w R — PR 718, #2 Lagrange 75 :#E [EIRGS IR SEREE M TR (B
HER)
de  dy dw

> _ 29 . 6.15
By (B-Duw (6.15)
CEERE
% = Cq, % = Ca, C1, Co € R. (616)
R—MEE F(c1,c0) =0, BHEHBRBEERTE
a=fla) = wy) =" (). (6.17)
FEH (6.17) BERRAA LI (6.13) HER
dv _f(0) o do__do
o . - = = o) = o (6.18)
R s /78 (6.10) 2RI LASTBERY, #F (6.18) RE
dv
Fit LAR] 93 BR85S
() s 0) = (lel, % ). (6.20)

(EB—RHZE (6.16) FIMEAZH 1, o REEMH (dimensionless)

R I e B L S =] -

BITE 6.2: BIIH M 1

dy

_Y 5% — xdy =
o= fy) Fyflay)de —xdy =0 (6.21)
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7 o hAEAM—TEMoN

d

[—y}—[g]mxm — ayl=1 — [yl=1,

dz x
At AR BB £
(z,y) = (,9) = Az, A y) = (e"z,ey).
MHEH—RMD (HERHES/NEIT)

d S —5 o o
(&n) = £(€ r,e”"y) . (z, —y),

RIS (5.9) BAETS

1 1
P +nQ  wy(l+ flay))

p(r,y)

FEAER (6.21) HES

yflay) x
ry(14 f(zy)) zy(1+ f(zy))

FELLE ARG % B B v = oy AIESNES

2f(v) dr x xdv — vdx
o+ f@) T W f0) 4P
I 2 it o EEE BRI

dy = 0.

=0,

P LGB R £

ORI o3 B B S R A

(z,y) = (u,v) = (In[z], zy).
BHMEBE R FTR 5% BEEEE 0 = vy 1 (6.21) HEE z,v FAER
v(f(v) +1)

T

dr — dv =0,

dx dv dv
RO 1“'30"/ v(f0) +1)

:C7
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EHERREIRTR

BIE 6.3: FEIARE—BEE A (4.10)
Y +p(z)y = q(x)

& 0] 5 BERY

B AAHMAETH (4.13) 2E5H

d(yy, ") = q(z)y;, 'dz,

RGBS
E—/q(@daﬁ—c, ceR.
Yn yh(ll?)
EFRH A RS R SRS
(z,y) = (x yﬁ) O
78 6.4: Riccati H1&
/ s 2y 1
y =ayt - = -
A xr
& A] 53 B I SR
BB HhEHAEAM—TEMINE
1
Dol = =rn = b=l
FrARE SR
(,9) = (2,9) = A\, \7%y) = (e"x, e >y),
Fit LA ;
5777 = 5 esx, B_QSy = T, _2y .
(€)= frlere™y)| = (n-2)
Rl (5.9) BARTFE
1 1 x?

x’ oy = — .
K9] EP+1Q  a(ay?— 2 —Ly+2y a1

xT
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Riccati F TR EH

dv  2xydv+a*dy dv  d(2’y) 0
z sy -1 x aty2—1
FTLAE e B v = 2%y (B LEEASWNE [v[=]® = 1 BATLUSHYZIE (88 #ogia)

R B B o B
d_:v B dv

=0
r  vr-1 ’
TR ) 1 ,
v — . c+x
In|z| — =1 oy = cR
e e R SR e
ERT SRR B B R R
(2, y) = (u,v) = (In]z],2°y). O

EAFEESATHBR S DHEEESREMD R, JUSERRILBERM. RErIE=RY
PHET

Lu] = p(x)u” + q(x)u’ + r(z)u, (7.1)
WK Lu] AT LR K —FE0 BRI
Llu] = (pu" + fu)', (7.2)

B8 Llu] RES. ¥ (7.2) BH

Llu] = p(x)u” + q(2)u’ +r(z)u = pu” + (p' + f)u' + flu,

HBREE
q=p+f r=f = q=p+f r=f = ¢=p+r
HWHE Lu] BIES, HHWEERE p, ¢, r WE
p'—=q +r=0. (7.3)
MR Lju] FRES, RIERFEH o 2% oLju] 2E4: BREEERE b 55
vL[u] = (vpu' + bu'. (7.4)

1 (7.4) H2RERIEGEE
vr=V, wvg=(p)+b = (vp)"— (vg) +uvr=0,
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T 7.1: o(r) BEETHEMS SR L] = 0 BESETFERES o WE L] = 0 Hif
L RHFEET

L*[v] = (pv)" = (qu) +rv=pv" + (2p" — @)v" + (p" — ¢ +1r)v. (7.5)
STER:
1. REFENAENS, ~EARSEF2ABEFNHERERS BRI CWEIRT FH2%
(4.18)).

2. BEEETIRED (HA) BRNAREIENR, hABRS (RKEFH) @
/[p )u” + q(z)u’ + r(z)ujvde
= [wo0) +qe) + ruvda
_ / u(pv)” — u(qv) + ruvda
_ / u[(pv)” — (qv) + rolde = (u, L*[o]).

AL (7.5) B—FEHS (vq)' 2B —1 ERZSHED —X
3. FARAREEFHME—T Lagrange =X
d
vL[u] — ul*[v] = o [p(u'v —w') —(p — q)uv}, (7.6)
B2 Green A (Green formula)

d b

b
/ (vL[u] — uL*[v])dx = . [p(u’v —w') — (p — q)u’u] (7.7)
4. WMAKEEMS TR EART? HBEE Leibniz A3
|

kl(n — k)
M ZEAEE
(x 4+ y)" Z C’,’;xky" k

AL Leibniz AXMBMA P, EHRRER =M —EEHAMI RN T M Z
FREHI o
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BIRE 7.2: B RS R
v +a(z)y +b(x)y =0 (7.9)

ALV R Liouville ¥ (Liouville normal form)

u" + q(z)u =0, (7.10)
Hrf X
u(x) =y(x)exp | = [ a(x)dz ),
’ 11> (2/ 1 ) (7.11)
q(x) = b(w) = ga(z)’ — d'(x)

g RN (7.9) & p ZBE Leibniz A (7.8) #ILE

p(y" +ay' +by) = py" + pay’ + pby =0,
(ny)" = py" + 20y + 1"y.

R p AT R —FE M TR

1 1
o= QU = p=exp (5 /a(x)dx). (7.12)
FIA o BEH ZFES
"o 1 2 1,
pr=gats + 5@

AL (7.9) REH

p(y" +a(x)y +b(z)y) = (uy" + 20"y + p"y) + (b — ")y = 0,

=,

()’ + (b 7a* = 2a' ) (uy) = 0

Ly 4a 261 HY) =Y,
iEHtE Liouville #£¥#5 (7.10), -
EEAR:

1. (7.12) HRESFFRCNHRE ; RERRN, HERMEROZ KM RN E T,
ARG (7.9) B o B—FEMS HEAES N TR

p(z) = exp ( / a(x)d:c), (7.13)
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LERF (7.9) BERCE B AFER R (BT EE Liouville HE¥ERIEE!)

= ()52 + ety =o. (7.14)

{5IRE 7.4: Hooke ERRNBERER L —. EHERERN, BWENES [ AHEEN ¥ o
FXIELL,
Foxr = F=—kx;
d*x

= gz FrL Hooke &

Bk RHAIER, a5IRRA F BREN. REIEE o = &
R E R R

mi + kx =0, (7.15)

BEAR T DU AR 2 (¢) = e 1B H—ME, (B2 (H 5 1k RAREE AR A T T BARE m, k 2
FEWEE. AR GER (7.15) 3 © (BEEEEYE, energy method)

d(1 L\ d{1 ,\

p <§mx ) + 7 <§lm ) =0, (7.16)
HHGEEREEFEE (HEHRZ Hamilton-Jacobi /18)

1, 1,

gmd + ikx =c, ceR. (7.17)

EEETORR TR RS RES R (7.15) BE—RESHE (7.17), AR
5T —ERS 28 o, FIURT GRS ARMIHA BH RS, HENEE RHMS TN
SRR R RIS e B N T B R B B AR B O BB RS, TR
FERER ) T2 B R B R, SRR — FERYEER (2R V. Zakharov
FIH) SHIRAEE =B (7.15) BR8

b (1.
Iy —0; 1
mx+5$<2kx> 0; (7.18)

il

B L BB, BERMEHBERSMS. ¥ (7.18) MEBAE imi? BERHMEE ma
R, B IEREINAR Jka® R (B) 8. EMEMSERIREHEHEL, FHF (7.16),
BHFEER © B? ERAERN. FAER (7.15) RRHFBERE T2

(z,t) = (2,1) = (z,t + 5), 0<s < oo, (7.19)

H]

(7.20)
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BB R A e e/ NERCT, IERGRENR » (EE, RS EZ TR,
H Lie HRAEMS © 82 (7.15) WEIHE T ]

K BE FRRIERTEE Riccati HREIBETRTE2H,
BIRE 7.5: BRGEZREMS FHTE (7.9)
y" +a(z)y +b(x)y =0
28R Riccati /12

v 4+ +a(x)v + b(x) =0, v = n (7.21)

&R (7.9) W—MERByY = cry1 + coyo Bl Riccati 512 (7.21) WER
L CYL oy
a1+ oy’

g RTRENERRSHEMT v = % RBEETES (7.21). EEERTAERTWHRE,
BHE FESER Bernoulli AR, (7.9) B y

C1, Co S R. (722)

" !/

Y Y
— +al(x)=+b(x) =0,
; ( )y (z)
It B AR e S B
/ " 7\ 2 i
N A (%) Vg
Y Y Y Y
B AR (7.21), O
& 4
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EEZ—# J.D. Cole IEZ Burgers /122 Hopf-Cole transformation #J Cole, #%
ENHEMS HRERMS HEMES, AR 1984 FRRAE TEAEERB I ENRR
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