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1. Hua S|IBBVESP

£ 1949 BRI [0] H1, FEFEHREIR T o BLT R A0 — (EEERE. 753890 + R RAY
IR, FEEA F—Er B SR —(EE B, & (Eam LRI Jacobson AT Rickart
FERFEMERERIE [8] T AR TR

Hua SI: 52 2, B R E7IENAEER (algebra) (RATIHE EHIER, non-associative
ring), J ZA ¥ B H—ERFIENBE, FEHEIEN o,b e A, B (ab)’ = o’b’ &
(ab)” =b’a’, B J R—{HFE (homomorphism) BX[FA#E (anti-homomorphism) .

FEREHAE (5] EE) L5 B T TR R

B 1: % o ZFRE (division ring) K FH HH—ERST (surjective map), #i/E
ola+b)=oc(a)+ a(b), o(aba) = o(a)o(b)o(a), o(l)=1.

Al o BER—EEA# (automorphism) B# 2 —EK HFH (anti-automorphism),

19514, Jacobson i) Lectures in Abstract Algebra $—% [9] HifR, FFEEEF L
A5 [ A B R — R EE T,
19534, E. Artin #£¥ Bourbaki FIREEEF [1] AR — P AEREPRI T
S E L E R AR AT
B 2: &% o BRE D 2| D' ZHB—ERS, WE o(a+b) = o(a)+0(b), o(1) =1,
MH% a# 078 o(a) #0 H o(a) ' = o(a™), Al 0 B—{ERBERKFEE.
39



40 BEBEE 34%3# RI99FEIH

Artin BEEEIEH TS MEMMERROG R ROHR, MEEE—E e
(amazing) FERHESER!

a—(a '+ (b —a)) ! =aba

FuiEER KBS Hua EHERX, EEEE Jordan REF R, EZAEMEH, -
AMEEAUREHE 22 Artin HEEHA, MEERA, EEFTERNGHCPINRAE LEE
EfESEN (EAMMERERGERN —LEEX, ¥ Cartan-Brauer-Hua EH LK ENE
KAVEEH ).

K& Bourbaki REE AR M, Artin BEMAARE [2], 1957 ER/H, MIEEAEF
AR R T b E B HAG T E RS AR _ R FE M. BRTEERE B E 1950 FAITIRY (R
BIRIE)) bFEH (WMEHE) BR7T [5] FRURRIE B E T ATEE SR &M B AT E A

#H.

B 3 NUEZRSN B RNEY S BRES ], Kz, FUEEFAMEY )y R
BB DL T (8 i R B R

Artin FEMEGERFZEFER T —ER AR (A5 bt g BEE 57 R) BIHR,
BT 3t

EE 4 —RER K BIHE SRS (BIR) #ANEIINES o BATHHPA

o(x) =az™ +b

EE a#0H 712 K—EERBRKERE

£ K = R BSEHEESNHEY, SEEREBERBESR von Staudt (1798-1867) 52,
A RESE A% EE XL von Staudt-Hua B, £ K = C VI, EEFH L EEEHE
PR FRRY o HE3E M BRI AR U HE B & R A A R R R e R R B 1940 45 A e A e 248 4T
) £ E B,

19744 Jacobson HJ Basic Algebra 5—% [10] HiR, BT Artin B9EZRG L
EH 2WAFIR R —-ENEED, 19774, P. M. Cohn ¥ Algebra =% [4] kR, HP

1. Artin REREIEEXF LR Jacobson W—EEERBHNERGERSE, Jacobson FHEEH|, E—EEF, AR 1 — ba A,
Al 1 —ab W, BEEE
(1—ab)™t =1+a(l—ba) Lo

FeRlEy, ZE—MERRERT, & o # b7, BIERRIL. £ LARBRARAET o= B3]

al1—ab) t=a"1+(1—ba)" 1
ERE

(a—aba) t=a"t+ (b7 —a) !

MEEY S ER S MR EER.
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TREHBRREERE, EhHEM R T ERAN LA EHE 2R RES 5 —EE AR R
Cartan-Brauer-Hua E¥#, & Z#2, Cohn ;2% (p.252) #5HHY Hua 53EREHT 2
e — AR RN REE — —ER T RS R (R TR E, (53R R e s Ham e
BiFES T, ER—EEBABRETER MG T, T T R e AR R R F R MR AR T
& 2 ERE R W E &,

0. {RIERBDN Hua SRR ERE R
B EEZEA T

EE 5 % B RE F EAEZEH V EWERER, 50 Bz, y) = 0 EERRIIERH
REEBHY, Bl B(x,y) =0« B(y,z) =0, Bl B 2HERIEE K E B,

SEEGE R G SCHBTE Artin UEZ (2] d1, 47 Jacobson XIESEEKEBLE [10] 1,
PR R B Y, TR ETRRT Y Hua 3[F S, FEHE T (AR EGEE, 2
T R T LB U LR 3, oAt Rty Hua 3158

S 1. % B 28 F LAgZH V ESEREN, FEEEEN v,y ¢ V B&ER
B(z,y) = B(y, ) %&H B(z,y) = —B(y,z), 8 B RAHBAIBSCHER,

BBEA: HEEW v €V, #5 B(x,y) = By, v) Bl y € V BE—ETZMU,, £
& B(z,y) = —B(y,z) il y € V HBER—EFZEH W, BEEE V = U, UW,,
BV AR AREE 7RG, PR U, =V W, =V, BEEH o, 7 Vi = {z €
VU, =V} Vo={z e VW, =V} BA-REEEE, BF Vi =V H V, =V, &K
Vi, Vo BIER, X AIEE B(x,y) = B(y,x) =8I B(x,y) = —B(y, r) —8U&A3L,
Bl B HfaE S 6,

EE SHUEERR: BHERM v,y eV, &

z = B(x,z)y — B(y,x)x

H]

B(z,z) = B(z,2)B(y,z) — B(y,z)B(z,x) =
e}

B(z,z) = B(z,z)B(z,y) — B(y,z)B(z,z) =0
HELE

B(x,z)(B(x,y) — By, z)) = 0 (1)
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EERFE# 2, 9y B
B(y,y)(B(v,y) — B(y,z)) =0 (2)
XEN)FRx+y &2, B

Bz +y,z+y)(B(r,y) — B(y,x)) =0 (3)
N AB L EER

B(z,y) + B(y,z) = Blx +y, v +y) — B(x,x) — B(y,y)

(B(,y) + B(y,z))(B(v,y) — B(y,r)) =0 (4)
W B(x,y) = B(y,z) 8 B(z,y) = —B(y, ), H51H 1 B,

BFEREEEHE SHRME Artin [2] PRAMEER, HENKERE (EHRGEET)
B ZHBRIB A EN ., FTEEAHE, B8 B(r, ) = 0 #—4¥] » € V., BRAZEIEMSHE
KRR EREAR 28, REBHN—ERRHEN B(r,r) = —B(x,z) =0, T
EREUR 20, RETEA EERE A — 2, BRUEERER, M RRRH 7e e e BTty S iR 1k
AU E I TR 2 (5 B S TE 28 2 (] B 3 T,

EEHFTEM: 4 2 = Bz, 2)y—B(y, x)r E—F ZUEZRK? AEF—EZ7& Schmidt
ERAGARER AR EZREEEE—B. BIR TRIAERNEE, RMABAREZEEH—ERE
HE AR EBIER R . AREAMRE, AR RBT —[EEARSR, R K
i, REFERMANEIRIE S0 —F R M EZ SN EHE, EEERE L, THRK
BERGLE Wigner JE B BURE (85 R AL B 22 _ERYERLEL

HE, 5[ 1WEWRAE V (ISR (EEHTHEERRAFTEN), FiteE#
5] DUE e B BT R IR R EERRIERY (BBERER ERYPRMERA L (R Artin [2]).

3. Hua SIREEF NEDHRER
AP HEE, BT LA T Hua-Wigner 5[3:

SIE 2: B T REZEM V 3ESN—EEH, FEHEEN v,y eV A [Tz, Ty)| =
(z,y)|, B Re(Tz, Ty) = Re(z,y), B T fREEMM%E, BEEEN 2,y e VE T(x+y) =

2. —EEGENZHEN ATV SR E BEEHARAEEENE-RMEENREERE c+vy) L (z —vy) —
(2,2) = (y,y) WEBELHELHRR [yllo + 2]y 2 lylle - [llv.
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Tz + Ty, BEE, T RESHESKEEE, MERR, T 2RFARLH2RERN, BEEN
MItE B R L E AR AT

HUH £, EAERNGHE 1 T 2RENENRER: BE - =T(v+y)—T2—Ty = 0,
EABZEMTEEHR—FERE v B 0, REE (v,v) =0, HEEE Re(v,v) = (v,v) BT
TREEBHI IS,

HMAFIHE 2, ATLAEH &7 2P EBEAEH Wigner EH, BaolEEEH,
Hffiseia &7 2R — AR EEL,

EFHEF, —EAYERFARERIEEEZER (B85 REL—E2/ Hilbert Z22[H)
B —BRIERR (v) Aa, EMEYIMER, HAZERMESEEHE P(V) =V — {0}/C*, HtE (&)
EHAEMENEFEE, MEFEFTAE v, y FEEEEE «, y EHEE, HME o FIENE
BHERR (2], BEMPYERRIERA BRSNS B2 FHER S E B,
BIRY, FIEIRREZ R BB A AR Y EER LF SR (THARVIESR). —EEARY
FORESE, TREME 22 P8 M PR B A ZR A 8 8, Wigner 1930 MUMRER T3E EME, BEIf
Fmat B U B R P 22 M R P R B B A ST B (AR R S AR
BHEEF RPN EEN, Filt, EEE TERREE T HEFHEEM, Sternberg [13]
B sk TR w8 (E 2 #, Wigner F/EREAE S MRy T, HERERDHER—EHED
1 Hua-Wigner 5|E R, (R A. Messian [12] 5 Weinberg [14] BIEY 3w, 8L
Wigner [15] M), 1960 £ % BBV HEREREN B IR TEMERKER, Hpl
Bargmann KXE [3] ikE A H#HMYE, ERXEEBBIIFRKE FEFMT Wigner FAERNE
B o Y e

Baol e, JRMFEEL—EERNEE, 5%, V LRSSt EeR g8 U o]
DEEgH P(V) ER—E88 (U], KRRZERES RS AR, HERAEEFHE

[U]: [a] = [Ux]
HR, V EHEREE P(V) x P(V) EAFEEE—Eix%, AN
)M)
(z,2)(y, y)
EREZEEREY B Cauchy FER, BN 0F1 12,
3. BR—EMMAENEN, £ Hermite BRBIHEER,

4. FERM LR UBRP(V) LW—EE R, 5B DA EERENFREA, fliiz% C. A. Faure and A. Frolicher # Modern
Projective Geometry, Kluwer Academic Publishers, 2000.

([z], [y]) —
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BERE R, B E—EEE, MEZH V 28 SMERS U, U, BENEEE
7y, WREMEE P(V) LFEH MRS E L,

EE 6 (Wigner T): & T 2HEEZMH P(V) 218 S09—FEELst, BRFFREERE
g BT 2V EREESMEREEE U FEM, B T = [U] H3E 7 S S EE L,

REA: EEEEBMEREAZEMETHME U'U = UU* = 1 WG, =R MG E R

V ERIREE ARG S RS S, R ESEZEE V B E SR —ER 2 LT R
5 U:

Ulx+y)=Ux+ Uy, U(\z) = \Ux, (Uz,Uy) = (x,y)

Wigner EIERVGER: HEHEMEFZEM (v), EREFPEEAAZE v BET—HE
fiim & o € T(v) B2, HHMPYELTE w e (v), F Tw =\, EF X 2 w PR
v 9 Fourier /8, F¥ b \ <(>> BALR T = || (5) 16 7 Sl
2 V 2% (% T0 = 0),

e BT DB BLE IR T OB (VS 7)) BT RN T2,
FCET DU T (R A B RIROS AR E, 4500, B T ERORR: BHEAR «, y EA
%, BIEEEES 1WMEEY 0., Buy B8 T(x +y) = ap, T + B,,Ty. BEHSE
—%h, HREEE, B o Ly B To L Ty, BFAXGE®, BRVLGE » EREEGERAE

T 1Y ey oemi b ABEBRE Parseval S5t
ITz|” | Tyl

I2* =

!T I H H
XAL. R, AT ABREEE EERE - = T'(x + y)Har. MARLEH T(z +y) B Tz,
Ty # Fourier {2#53 Al2

(T(z +y),Tz)
1Tf

(T(x+y), Ty)
1Ty ||

()

Qpy =

ﬁw,y =

H 5 REMRERZ L

THGEREE N RS —EE T SEFEMESER U, BRE2ERN, Bt T WL
B R T R e R IE RO, BMEEE— R o0 LHFRHIELH V) = (20)" £
Vo BREEH U cBEREEHRIIRMEZEM V, ARAHEE V S dimV > 2

5. filfn, 2R Halmos, Finite-Dimensional Vector Spaces, §64, Theorem 1,
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BE X: V> CEB—AFESBH Ur) = MNz)T(z) ERNEHE V _ERMER, B
EER BRI &R v, BR y € Vo = (zo) ", BIHANTENRERE

Ulzo +y) = Mo+ y)T (0 + y) = Mo + Y) (o T0 + By TY) (6)
R U =iy, Frih
U(xo +y) = Uro + Uy = NMao)Txo + My)Ty (7)

H# (6) . (7) MREIEERE

Mro ) = 200y = A

Ao,y Ay

ERER N TE Vo 11V BARS zo BIPRZER {0} + Vo WER A(zo) ERIEE,

THHRMNE AMzo) =1 WM (7), (8) BE U 1 Vo Mk {xo} + Vo LEUTEHM, HE
EHEE U KCEENESG LR T HEEE (AKX (5) TR, quyy, Bry BRRE 1). H
Hua-Wigner 538, S8 U 7£ Vo L2, REEH Re(Ur, Uy) = Re(x,y), i5—
FLOAEH Bargmann [3] #5H THRFEHEH, WMARBER, FEE U £ERB EWEUT
TR FIR IR, ANEHERN y e Vo B U(zo+y) = Uxg + Uy. BREEEN 2,y € 1)
e

Broy (8)

(U (o + 2), Ulzo + y)Il = [ (o + 2, 20 + y)l
jieiines
1+ Uz, Uy)l| = |1+ (z, )]l

s

B e

.

Re(Uz, Uy) = Re(x, y)

1 Hua-Wigner 518, U 7£ V) b8 X m s,

B V = (w0) L Vo, BHIEEEM MR U S st IR V: BT
Bl 2 €V, B o=z +y WER UV, LRESRERRESE, HUGUs =
VU + Uy % Uz = FUxo + Uy. BHEHRE, MLEER U E5E V LB T 5H5HE,
10 BB AE 22 _E &SRR, F—XFIH Hua-Wigner 513, &1 U 2 V ERBEBHREK
P,

PR+ E 2% T Bargmann BJXE, MAEXEFET Wigner & HEEEUTTHER
B H £ Hermite 26f £, 51% 2@ 1B Sharma Al Almeida 1990 4 #EMFH— %
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RERERSC [13] o, MR EARAEEER, RESEEERE HEHOREETEHER,
TEETEST T Bargmann BYgm SR 8@ FLHERE 5o 5 | BB G 2 T8 (H5 3,

SCER [11] ¥ Wigner ¥ HEEHMAP SR MOEAREES (dimV > 3) BT
K, L MEERN—EARE, EORMLEEESR, Wigner &8 HEHE HEHE RTRELRTE
¥ — von Staudt-Hua EHEAIEIBERE,

V& B&F 2 Wigner EHAAHE R —HEF & AH von-Staudt-Hua EH; Hua-
Wigner 5[HMHER Hua [FAREKRFEESH,

B. Simon [14] F Wigner & 7 HALR EEDR ER (p.330 EH 2.28 2.3), &
HHAL, 7T A Hua-Wigner 53388 BB LA 48 MR RA,

REFL: ##, Dieudonné FEH: BB KA LR B 15 E#R & B s A MEE,
BRARZHERE, ERMMEENGRERATRE, | (FEHRE, #EEFAENLTEDEE
PRI 5538 (R se i 5 | BR R A2 1Y FEAE R A i BEL O B PR T i A\ FTRC

BREEE PR AR BB FIR AR ST AR, HERE SR I 78 BOR B 5 | B FE R AR BERY SR 43
BEEER: EFAESNEEXERRSIAR—®RGIH, B=2%, F2MEEZ P %5 Al EE
BfE Rk B8 %, (ER E XS BRI ER ARG A, BE %, SREEEEEK
#EREWE[NMERNMBREZEZS—B5IH, EREEREENEESEMELEE, £5H
E, EPNLANAR, BEERNAT] UFEAR ERENBINEFHENEM . TEE, #r4t
B Wigner 24 —E G &L IR,
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— AT B BRI AR RR SR —
UTREERRR, KEISERAARREHREBSWE—THNSS

(1) It would be nice to explain the motivation of considering semi-automorphisms, i.e.
additive maps satisfying (aba)? = a”b%a’.

The story dated back to G. Ancochea’s paper (Journal fiir Math. 184 (1942), 192-
198). Ancochea was a Spanish mathematician. In this paper, he generalized von Staudt’s
Theorem : cross ratio and automorphisms of the projective line defined over a division ring
D. He succeeded in showing that, if D is the real quaternion algebra, then an additive mor-
phism o : D — D satisfying o(ab) +o(ba) = o(a)o(b) +o(b)o(a) is either an automorphism
or an anti-automorphism.

In a subsequent paper, Ancochea was able to generalize the above result to any
central division algebra D (i.e. finite-dimensional over its center) if char D # 2 (Ann.
Math. 48(1947), 192-198). Actually he proved more; his result was valid for any semi-
simple finite-dimensional K-algebra A so long as 1/2 € K.

Then came Irving Kaplansky. Kaplansky realized that, if D is a central division
algebra and 1/2 € D, the additive morphism satisfying o(ab)+o(ba) = o(a)o(b)+o(b)o(a)
is equivalent to that satisfying o(aba) = o(a)o(b)o(a) (Duke Math. J. 14(1947), 521-
527). However, if char D = 2, then the assumption o(aba) = o(a)o(b)o(a) is stronger.
Using this definition of semi-automorphisms (o(aba) = o(a)o(b)o(a)), Kaplansky gave a
generalization of Ancochea’s Theorem when D is a central division algebra.

Hua’s paper (Proc. National Acad. Sci. 35(1949) 386-389) provided an elegant new
proof. It instilled three new ingredients, (i) his proof was valid for any division ring D, (ii)
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implicit in the proof of Theorem 1 of his paper was Hua’s Lemma discussed in the paper
under review, (iii) Theorem 3 of Hua’s paper was announced without proof; this theorem
related the question to the geometry of matrices. The proof of Theorem 3 was provided in
Hua’s paper (Acta. Math. Sinica 1 (1951), 44-51).

(2) We should point out that the generalization of von Staudt’s Theorem didn’t originate
solely from Ancochea’s papers. In fact, early in 1945 Hua himself embarked on the study of
geometries of matrices and generalization of von Staudt’s Theorem (Trans. Amer. Math.
Soc. 57(1945), 441-481).

On the other hand, it is not clear what was the driving force which pushed Hua to

study geometries of matrices. Was it Siegel’s paper (Amer. J. Soc. 65(1943), 1-86)7 Or,
did Hua study it on his own? It is peculiar that Siegel’s name was mentioned in Hua’s
paper only till 1947 (Trans. Amer. Math. Soc. 61(1947), 229-255).
(3) Hua’s Lemina was stated explicitly in the paper of Jacobson and Rickart (Trans. Amer.
Math. Soc. 69(1950), 479-502; Lemma 1). The fact that Hua’s Lemma was valid even for
non-associative ring was emphasized by Jacobson and Rickart. A short proof of this lemma
was given, which was different from Hua’s proof.

Ancochea’s Theorem on semi-automorphisms was interpreted in term of Jordan alge-
bra automorphisms by Jacobson.

Let A be an associative ring. Define a Jordan structure A" associated with A: the
additive structure of AT is the same as that of A, while the Jordan product of AT is defined
as a x b = ab + ba where ab and ba are the usual products in A (in case char A = 2, we
may use Kaplansky’s aba-trick). Jacobson recast Ancochea’s Theorem as follows : If A and
B are associative algebras, then any Jordan isomorphism from A' onto BT arises from
an isomorphism from A to B or B°PP (under suitable assumptions) (see, Jacobson Amer.
J. Math. 70(1948), 317-326, Theorem 2, page 442; Florie Jacobson and Jacobson, Trans.
Amer. Math. Soc. 65(1949), 141-169, Theorem 9, page 165).

In these two papers of Jacobson, the papers of Ancochea and Kaplansky were cited,
but not Hua’s paper because it hadn’t appeared.

In the paper of Jacobson and Rickart (Trans. Amer. Math. Soc. 69(1950), 479-502),
Hua’s paper was cited and it was stated explicitly that Hua’s Theorem implied that a
Jordan automorphism of any divison ring (no restriction of the division ring) is either an
automorphism or an anti-automorphism.

But Jacobson and Rickart went one step further. They showed that, a Jordan ho-
momorphism from A* to BT arose from an homomorphism from A to B or B°P? where
A, B were associative rings and B was an integral domain. Similar generalizations of the
above theorem are pursued by Jacobson and other people; but it is out of interest to this
report (see, for example, Jacobson, Structure and representations of Jordan algebras, AMS
Collog. Publ. vol. 39, 1968).



