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Ç1

1. ½æíT|

íl, BbV5?ø_Þº2íõÒ½æ: ˛ø

Ês‘�ó�òít˜5È�øP0	ìíÍÃ, k

%¬¤ÍÃ^ø‘t˜Ds‘t˜ó>, àS�|%

È?

2. ½æíj²

}&: (àÇ1) q x W� y W}�Ñs‘��ít˜, P (a, b) õÑ	ìíÍÃ, %¬ P

õíL<ò(D x W� y W>k A�Bõ, ½æ�“Ñ° |AB| í|üM� ¢qò( AB íb

éií^iÑ α, â�Þ�Sø…ø |AB| = a · sec α + b · csc α, ‡ú¤�|üMí°j, B

b«àújÌM.��, xñà-:

|AB|2 = a2 sec2 α + b2 csc2 α + 2ab sec α csc α

= a2(1 + tan2 α) + b2(1 + cot2 α) + 2ab(tanα + cot α)

= a2+b2+(a2 tan2 α + ab cot α + ab cot α)+(b2 cot2 α + ab tan α + ab tan α)
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≥ a2 + b2 + 3a
4
3 b

2
3 + 3a

2
3 b

4
3 = (a

2
3 + b

2
3 )3

J/ñJ

{

a2 tan2 α = ab cot α

b2 cot2 α = ab tan α
¦�U ¹ α = arctan 3

√

b

a
]�˜í|7j�

u%¬ P õíò(íbéiÑ π − arctan 3

√

b

a
, / |AB|min = (a

2
3 + b

2
3 )

3
2 � ø¤æí!�

Óbç[®Ñ:
a

cos α
+

b

sin α
≥ (a

2
3 + b

2
3 )

3
2 (α ∈ (0,

π

2
), a > 0, b > 0) (∗)

3. ½æ!�íˆ�

¥ºWô (∗) �, w�à-Ô�:

(i) cos2 x + sin2 x = 1 2 cos x� sin x íNb2/ß�k (∗) �¬iNb 2

3
2í2�

(ii) (∗) �¬ií a�b íNb 2

3
í}‚3/ß�k˝i cos x� sin x íNb1D cos2 x +

sin2 x = 1 2Nb 2 5¸�

ã¯ (i)� (ii) â¤ßÞ�Ö“;�

3.1. Ék (∗) NbíR�í“;

˛ø α∈(0,
π

2
), m∈N∗, a, b∈R+, „pC´ì

a

cosm α
+

b

sinm α
≥
(

a
2

m+2 + b
2

m+2

)m+2
2

(3.1)

„p: cq (3.1) �A, †

a

cosm α
+

b

sinm α
≥
(

a
2

m+2 + b
2

m+2

)m+2
2

⇔ a
2

m+2 + b
2

m+2 ≤
( a

cosm α
+

b

sinm α

) 2
m+2

⇔
a

2
m+2

( a

cosm α
+

b

sinm α

) 2
m+2

+
b

2
m+2

( a

cosm α
+

b

sinm α

) 2
m+2

≤ 1

⇔






a

a

cosm α
+

b

sinm α






2
m+2

+






b

a

cosm α
+

b

sinm α






2
m+2

≤ 1

q A =
a

cosm α
, B =

b

sinm α
, †,�˝i

=
( a

A + B
·

a

A + B

) 1
m+2

+
( b

A + B
·

b

A + B

) 1
m+2
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=
(A cosm α

A + B
·
A cosm α

A + B

) 1
m+2

+
(B sinm α

A + B
·
B sinm α

A + B

) 1
m+2

=
( A

A+B
·

A

A+B
· cos2 α · · · cos2 α
︸ ︷︷ ︸

m_

) 1
m+2

+
( B

A+B
·

B

A+B
· sin2 α · · · sin2 α
︸ ︷︷ ︸

m_

) 1
m+2

≤

2A

A + B
+ m cos2 α

m + 2
+

2B

A + B
+ m sin2 α

m + 2
= 1

¦¬}&¶, YW n jÌM.��, U“;‰ÑÛõ� wõdıT|í½æÀ˘“; (3.1)

íÌì, “; (3.1) í!‹udıT|í½æíR�� Ñ7U (3.1) �yxøO4, Bb·Hà

-:

˛ø m∈N , a, b∈R+, x2 + y2 =1, x, y∈R+, °„

a

xm
+

b

ym
≥
(

a
2

m+2 + b
2

m+2

)m+2
2

(3.2)

� (3.2) ¥øíuÂ‰b/w�j¸Ñ1v,
a

xm
+

b

ym
í|üM½æ� à‹‰Ñ n j‰

b®A m (m ∈ N∗) Ÿ45¸Ñ1v, ¢vàS?

3.2. Ék (3.2) [b� áb� NbíR�í“;

˛ø ai, bi ∈ R+ (i = 1, 2, . . . , n) (n ≥ 2); p, m ∈ N ∗;
n∑

i=1

bp
i ≤ 1� „pC´ì:

n∑

i=1

ai

bm
i

≥
( n∑

i=1

a
p

p+m

i

) p+m

p

(3.3)

„p: cq (3.3) �A, †

n∑

i=1

ai

bm
i

≥
( n∑

i=1

a
p

p+m

i

) p+m
p

⇔
( n∑

i=1

ai

bm
i

) p
p+m

≥

n∑

i=1

a
p

p+m

i ⇔

n∑

i=1

a
p

p+m

i

( n∑

i=1

ai

bm
i

) p

p+m

≤ 1

⇔
a

p

p+m

1

( n∑

i=1

ai

bm
i

) p

p+m

+
a

p

p+m

2

( n∑

i=1

ai

bm
i

) p

p+m

+ · · ·+
a

p

p+m
n

( n∑

i=1

ai

bm
i

) p

p+m

≤ 1
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⇔









a1

n∑

i=1

ai

bm
i









p

p+m

+









a2

n∑

i=1

ai

bm
i









p

p+m

+ · · ·+









an

n∑

i=1

ai

bm
i









p

p+m

≤ 1 (3.3)

q A1 =
a1

bm
1

, A2 =
a2

bm
2

, . . ., An =
an

bm
n

, † (3.3) �í˝i_

=
( A1b

m
1

A1+A2+· · ·+An

) p

p+m

+
( A2b

m
2

A1+A2+· · ·+An

) p

p+m

+· · ·+
( Anbm

n

A1+A2+· · ·+An

) p

p+m

=








A1

A1 + A2 + · · ·+ An

· · · · · ·
A1

A1 + A2 + · · ·+ An
︸ ︷︷ ︸

p_

· bp
1 · · · b

p
1

︸ ︷︷ ︸

m_








1
m+p

+ · · ·

· · · +








An

A1 + A2 + · · ·+ An

· · · · · ·
An

A1 + A2 + · · · + An
︸ ︷︷ ︸

p_

· bp
n · · · b

p
n

︸ ︷︷ ︸

m_








1
m+p

≤

pA1

A1 + · · ·+ An

+ mbp
1

m + p
+

pA2

A1 + · · ·+ An

+ mbp
2

m + p
+ · · ·+

pAn

A1 + · · ·+ An

+ mbp
n

m + p

=

p + m

n∑

i=1

bp
i

p + m
≤ 1

J/ñJ







A1

n∑

i=1

Ai

= bp
1

A2

n∑

i=1

Ai

= bp
2

...

An

n∑

i=1

Ai

= bp
n

v¦�U, ¹
a1

bp+m
1

=
a2

bp+m
2

= · · · =
an

bp+m
n

YW�í¯ÜRû¬˙, U“; (3.3) ‰ÑìÜ� ¹

J ai, bi ∈ R+, i = 1, 2, . . . , n (n ≥ 2);
n∑

i=1

bp
i ≤ 1, p, m ∈ N∗, †

n∑

i=1

ai

b
p
i

≥
( n∑

i=1

a
m

m+p

i

)m+p

m

�



ø_.��íÒÞ 87

4. “;Aí¿µŸíû˝

*½æíT|� j²� !‹íÉ[�íÔ�}&£½æíR�, Bbá�³�×ÇJ-s

õ: øu˛øD°„íÉ[�í˝iíNb·uAÍb; ùu˛ø‘K2í
∑n

i=1
bm
i ≤ 1� ¥

sõ=U7BbúõÒ½æd|7ø<½bíR�, Oky¿píR�íêÛ, º®ó72&

íó²íê�, ÄÑ¥<R�uJÌM.��ÑYWí� £F‚í“A6„S, Ý6„S”� àS

Ö1¥�Ä1á? Bbø−: ¸íÉ[�É.¬uáb×kC6�ksá�äó‹7Aí� Ñ

7•|¥sõ‘Kí!ð, ÑS.*˛øsáí¸J°D˛øóÉísá¸Ñ|êõá? à‹

sáí.��A, Í(Jbç¦Ñ¶„5í.\å!

4.1. Ék (∗) �yøO“í«Ø

˛ø a1, a2, b1, b2 ∈ R+, bρ
1 + bρ

2 = s, ρ, λ ∈ R, n� a1b
λ
1 + a2b

λ
2 íM�

}&: â bρ
1 +bρ

2 = s ø
(√

b
ρ
1

s

)2

+
(√

b
ρ
2

s

)2

=1, ÄÑ¤�*$�,, êr¯˛úiƒbí�

jÉ[�í cos2 θ+sin2 θ=1, FJ«àúiH²q bρ
1 =s cos2 θ, bρ

2 =s sin2 θ, θ ∈ (0,
π

2
), ]

a1b
λ
1 + a2b

λ
2 = s

λ
ρ

(

a1 cos
2λ
ρ θ + a2 sin

2λ
ρ θ
)

, q f(θ) = a1 cos
2λ
ρ θ + a2 sin

2λ
ρ θ, † f ′(θ) =

2λ

ρ

(

a2 sin
2λ
ρ
−1 θ cos θ − a1 cos

2λ
ρ
−1 θ sin θ

)

� I f ′(θ) = 0, ø θ = arctan
(a1

a2

) ρ

2(λ−ρ)
, F

J f
(

arctan
(

a1

a2

) ρ

2(λ−ρ)
)

=
a1a

λ
λ−ρ
2 +a2a

λ
λ−ρ
1

(

a

ρ
λ−ρ
1 +a

ρ
λ−ρ
2

)λ
ρ

=
(

a
ρ

ρ−λ

1 +a
ρ

ρ−λ

2

) ρ−λ

ρ

� -Þâ λ
ρ

í¦MªWn�:

4.1.1. ç
λ

ρ
∈ (1, +∞) ∪ (−∞, 0) v, † (0, arctan

(a1

a2

) ρ

2(λ−ρ)
) Ñ f(θ) í]

Á–È/ (arctan
(a1

a2

) ρ

2(λ−ρ)
,
π

2
) Ñ f(θ) í]Ó–È�

∴ f(θ) ≥ f(arctan
(a1

a2

) ρ

2(λ−ρ)
) =

(

a
ρ

ρ−λ

1 + a
ρ

ρ−λ

2

) ρ−λ

ρ

.

¹a1b
λ
1 +a2b

λ
2 ≥(bρ

1+bρ
2)

λ
ρ

(

a
ρ

ρ−λ

1 +a
ρ

ρ−λ

2

) ρ−λ

ρ

�(�UAí‘Kua1b
λ−ρ
1 =

a2b
λ−ρ
2 )�

4.1.2. ç
λ

ρ
∈(0, 1)v, †(0, arctan

(a1

a2

) ρ

2(λ−ρ)
) Ñf(θ) í]Ó–È/(arctan

(a1

a2

) ρ

2(λ−ρ)
,

π

2
) Ñ f(θ) í]Á–È�

∴ f(θ) ≤ f(arctan
(a1

a2

) ρ

2(λ−ρ)
) =

(

a
ρ

ρ−λ

1 + a
ρ

ρ−λ

2

) ρ−λ

ρ

.

¹a1b
λ
1+a2b

λ
2 ≤(bρ

1+bρ
2)

λ
ρ

(

a
ρ

ρ−λ

1 +a
ρ

ρ−λ

2

) ρ−λ

ρ

�(�UAí‘Kua1b
λ−ρ
1 =a2b

λ−ρ
2 )



88 bçfÈ 31»1‚ ¬96� 3~

4.2. Ék (3.3) �í¿µŸíû˝, )|ìÜ�

âk (4.11)�(4.12) íA, AÍ7ÍBb}:;ƒ¸í�äíAíêÛ� ¹u (3.3)

�í¿µŸíû˝ku�ìÜíßÞ�

4.2.1. ìÜíT|:

J ai, bi ∈ R+ (i = 1, 2, . . . , n) (n ≥ 2), ρ, λ ∈ R,

©1 ç
λ

ρ
∈ (1, +∞) ∪ (−∞, 0) v, †

n∑

i=1

aib
λ
i ≥

( n∑

i=1

bp
i

)λ
ρ
( n∑

i=1

a
ρ

ρ−λ

i

) ρ−λ

ρ

;

�UA ⇔ a1b
λ−ρ
1 = a2b

λ−ρ
2 = · · · = anbλ−ρ

n

©2 ç 0 <
λ

ρ
< 1 v, †

n∑

i=1

aib
λ
i ≤

( n∑

i=1

bρ
i

)λ
ρ
( n∑

i=1

a
ρ

ρ−λ

i

) ρ−λ

ρ

;

�UA ⇔ a1b
λ−ρ
1 = a2b

λ−ρ
2 = · · · = anbλ−ρ

n

4.2.2. «àbç¦Ñ¶„pìÜ

©1 ç
β

α
> 1 v,

(1) ç n=2 v, â (4.11) ø.�� a1b
λ
1 +a2b

λ
2 ≥ (bρ

1 + bρ
2)

λ
ρ

(

a
ρ

ρ−λ

1 +a
ρ

ρ−λ

2

) ρ−λ

ρ

A

(�UAí‘Ku a1b
λ−ρ
1 = a2b

λ−ρ
2 )

(2) cq n = k v, .��A, ¹

k∑

i=1

aib
λ
i ≥

( k∑

i=1

bρ
i

)λ
ρ
( k∑

i=1

a
ρ

ρ−λ

i

) ρ−λ

ρ

†ç n = k + 1 v,

k+1∑

i=1

aib
λ
i =

k∑

i=1

aib
λ
i + ak+1b

λ
k+1

≥
( k∑

i=1

a
ρ

ρ−λ

i

) ρ−λ

ρ
( k∑

i=1

bρ
i

)λ
ρ

+ ak+1b
λ
k+1

=

(
( k∑

i=1

a
ρ

ρ−λ

i

) ρ−λ

ρ

)(
( k∑

i=1

bρ
i

) 1
ρ

)λ

+ ak+1b
λ
k+1

≥

(
[( k∑

i=1

bρ
i

) 1
ρ
]ρ

+bρ
k+1

)λ
ρ
(
[( k∑

i=1

a
ρ

ρ−λ

i

) ρ−λ

ρ
] ρ

ρ−λ

+a
ρ

ρ−λ

k+1

)ρ−λ

ρ

(â(1) ø)

=
( k+1∑

i=1

bρ
i

)λ
ρ
( k+1∑

i=1

a
ρ

ρ−λ

i

) ρ−λ

ρ
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(w2�ù_�UJ/ñJ
( k∑

i=1

a
ρ

ρ−λ

i

) ρ−λ

ρ
(
∑n

i=1
bρ
i

)λ−ρ

ρ

=ak+1b
λ−ρ
k+1

A)

ã¯ (1)(2) .�� p
n∑

i=1

aib
λ
i ≥

( n∑

i=1

bρ
i

)λ
ρ
(
∑n

i=1
a

ρ

ρ−λ

i

) ρ−λ
ρ

A;

�UA ⇔ a1b
λ−ρ
1 = a2b

λ−ρ
2 = · · · = anbλ−ρ

n

Bk ©2 °Üª„�

4.2.3. ìÜíR�

R�1: (�j¸.��) J xi, yi ∈ R+, n, m ∈ N∗ (n ≥ 2), †
n∑

i=1

xm+1
i

ym
i

≥

(
n∑

i=1
xi

)m+1

(
n∑

i=1
yi

)m

„p: IìÜ ©1 2í λ = −m, ρ = 1, ai = xm+1

i , bi = yi,

¹
n∑

i=1

xm+1
i

ym
i

≥
( n∑

i=1

yi

)
−m[ n∑

i=1

(

am+1

i

) 1
m+1
]m+1

=

(
n∑

i=1
xi

)m+1

(
n∑

i=1
yi

)m .

R�2: (Hölder.��) q ai, bi >0, i=1, 2, . . . , n (n≥2), p, q∈R, 1

p
+ 1

q
=1,

J p>1 v, †
n∑

i=1

aibi ≤
( n∑

i=1

ap
i

) 1
p
( n∑

i=1

bq
i

) 1
q

;

J 0 < p < 1 v, †
n∑

i=1

aibi ≤
( n∑

i=1

ap
i

) 1
p
( n∑

i=1

bq
i

) 1
q

�

„p: IìÜ2í λ = 1, ρ = p,

ç p>1v, âìÜ ©2 ø
n∑

i=1

aibi≤
( n∑

i=1

ap
i

) 1
p
( n∑

i=1

b
p

p−1

i

) p−1
p

=
( n∑

i=1

ap
i

) 1
p
( n∑

i=1

bq
i

) 1
q

�

ç 0<p<1 v, âìÜ ©1 ø
n∑

i=1

aibi≥
( n∑

i=1

ap
i

) 1
p
( n∑

i=1

b
p

p−1

i

) p−1
p

=
( n∑

i=1

ap
i

) 1
p
( n∑

i=1

bq
i

) 1
q

�

R�3: (Cauchy.��) q ai, bi ∈ R, i = 1, 2, . . . , n (n ≥ 2),

†
( n∑

i=1

aibi

)2

≤
( n∑

i=1

a2
i

)

·
(
∑n

i=1
b2
i

)

�

4.2.4. ìÜí·±

âk’sõlÞÊ1982��6‚í �bç¦m� ,íŸT|R�12í�j¸.��, 7

…díìÜ˛¨Ö7¤.��, /@à�˜J£!Zú˚i1, Ä¤˚5Ñ�2íú˚�j¸

.���
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5. ìÜí@à

ÉkìÜí@à, Ô.�Ô, Ìk¹Ù, °6c�ÔsW‹Jzp�

5.1. £à

W5.1.1: q a, b, c Ñ£õb, /Å— abc = 1, t„:

a−3(b + c)−1 + b−3(a + c)−1 + c−3(b + a)−1 ≥ 3/2 (IMO36tæ)

„p: â abc = 1 £ìÜ2í ©1 ø

a−3(b + c)−1 + b−3(a + c)−1 + c−3(b + a)−1

=
1

a(b + c)
(b2c2) +

1

b(a + c)
(a2c2) +

1

c(b + a)
(b2a2)

≥
(bc + ac + ab)2

2(ab + bc + ac)
=

(bc + ac + ab)2

2(bc + ac + ab)
≥

3

2
.

5.2. Là

W5.2.1: õb a, b, c, d Å— 2a2 + b2 + 24c2 + 3d2 =
18

5
, t°

y = a + 3b − 2c + d max £ min�

j:

2a2 + b2 + 24c2 + 3d2

=
a2

(1

2

) +
(3b2)

9
+

(−2c)2

(1

6

) +
d2

(1

3

) =
1

10







a2

(0.5

10

) +
(3b)2

( 9

10

) +
(−2c)2

[(1

6
)

10

]
+

d2

[(1

3
)

10

]







≥
1

10
(a + 3b − 2c + d)2� ¹2a2 + b2 + 24c2 + 3d2 ≥

1

10
(a + 3b − 2c + d)2

∴ −6 ≤ a + 3b − 2c + d ≤ 6

¡5d.
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