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BÅD1ÅÈ�“«ÉÉ[¶”, ú×Ð�“«ÉË–D×ÐË–A¬É[‘W”, Ên…q�“=

‰É[›}”� Å¬2üç��øø{˙åb2, �“}¨?‰N™D�×!…?‰5É[”� .

�uA� 9� Ó� ˇñ� –1, Ls65È, ·ª�/�É[� †j£|ŒAºŸ�v, 6�Û

â�áï�2, v|w2ssÈí®�É[� ×ðÊÓÜ{˙26ç¬.ýÉ[� Wà, Aâr

ñ, vÈD§�È5É[� Cà=Äg�O±í E = MC2 ít�� Google í½©Æ�¶, ø

wFæ¦©!ƒvæÜíbñ�pl�,¥úÔìŒÉVz, Ñø½bíóÉ4N™� ªJ¥š

ƒ, Êbç£�ç2 (¨ÖAÍ� Ad£þ}�ç), J£ÊÞº³, Ab�Ê«n®�8”-,

ù6ÈíÉ[� mubç2íÉ[, ªzÿ˛.�(Ô :

�gÉ[� ú˚É[� ó�É[� r�É[� óNÉ[� �WÉ[� �òÉ[� óY

É[� iDiíÉ[� ò(¸ÆíP0É[� ;D[bíÉ[, · · · �

Lùb� $� Õ¯� ·æÈ, ,bõwÈ�S	à� �−, C©�Tà�

�s�É[ubç2�|Ûí, wøÑƒbÉ[, wùÑÄ‹É[�

Êbç2ƒb(function) í<2×_u¥ší : #ùÕ¯ A D B, â A B B íøú

@(¹©ø A 2íjÖ x, B 2/�øjÖ y D x ú@), Z˚ÑøâAB (C˚øB)Bíƒ

b� A ˚Ñ¤ƒb5ì2�, B˚Ñú@�� �v¢ªzƒb;Aø«œÂ, [ª/øŸex,%

¬ø<Tà, |V/øß¹ y�

ªõ|ƒbíì21„�ØÖÌ„� ÛHbçíê�, ×�áA�þ0�, Aµv–, b

çðÊn�bçv, �ø½æq¶Jƒbí$�V·H� Êœ0D$l³, 6TT�àƒbí–

1� Wà, úøÓœÛï (¹9l.?ãø!‹ítð� õðCh¿2í/<¾), ��Óœ‰b

V·H, 7Óœ‰bwõÿuƒb : ø_âš…˛ÈøBõbíƒb�

úøƒbÉ[, �J

y = f(x) (1)

[5� w2 f Ñƒbí±å, úì2�2íø_x, %¬ f íTà(, )ƒú@�2í y� â

(1) �ªõ|bçíÔH5ø : �ªJ�Ýí¯UV�HøµÆCyÅíÅH�

ƒbÉ[ªzuø�'#íÉ[� #ì x, %â f , Fú@í y Zêrüì� Ä‹É[†

uÊ/cq(Cz‡T) -, ªû_/!�A
� �J·æJ p † q V·H� ¤·æSvÑö?

ÿupA
v, íüªû_ q A
� ç¤·æÑöv, p ˚ÑÄ, q ˚Ñ‹� �v q A
, 6}û

_ p A
� Wà, JÑr�úi$ (p), †úú@i�Å (q)� ¥5, Júú@i�Å (q), †Ñ

r�úi$ (p)� ¤v p D q �ÑÄ‹É[� ÇÕ, JÑr�úi$ (p), †úú@ió� (q),

Oúú@ió� (q), º.øìÑr�úi$ (p)�
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�<ƒbÉ[6uø�Ä‹É[� I y = x2, ¥uNì|Víƒb, 1Ì¶zpëw2�

SÄ‹É[� OÆÞ	Ñš� r íƒb, ¹ A(r) = πr2, w2 A(r) [š� r íÆÞ	, π Ñ

Æ¶0� ¤ƒbÉ[, 4u%¬„p7)ƒí� ¹�·æ

JÆíš�Ñ r, †wÞ	 = πr2.

çÍBbø−ú…W?�

JÆíÞ	Ñ A, †wš� =

√

A

π
.

¢1Ý©øÄ‹É[îÑøƒbÉ[� Wà, J x > 0, † x + 3 > 0, Z.uøƒbÉ[�

¨x³íÉ[, �v³�ØÃ�íì2, à…�øÇáµ†#5®®2í “L$D|�¹”

íÉ[� bç³í®�É[, ì2çÍu'püí� Ê�ç³, �Ên�ÓœÛï� úùÓœ‰

b, Bb�;�
wÈ5É[� OùÓœ‰bÈ, %%³�dbç2µópüíÉ[� Êbç³

Jg)/�É[uúí, ÿb „p� bç2A�øPj4RÆ, �\wÑ˝§5šn�)„í

˙å� OÊ�ç³, %%Ì¶àbç2, ÙZÌñí„pøÉ[A
� ‡ÞFù�É¡eíÑû,

w2í„õ, ª.uàbç2,ø¥¥Rû„|e‰D!Ä³f�/�É[�µ¥³„õùåƒ

�uBó<2á? �ç2í„õ, �u%â$l³ícq�ì(hypothesis testing) F)5R

�, ª¡5ôdO (2005) ød�

…dZub«nÓœÛï2, �àÖ
� óÉ� É©� ÌÉ�É[íæ‡�

ù. Ö


$l³�Êdã¿C,lí	T� YÕ’e(, ú„Vdã¿, C,l/<„øí¾� �<

8”íã¿, $lçð%%!GÌµ� Wà, -ø‚—N˘åÝU{, Öø−¬ ©ø‚5åÝ

U{, £dí$lçð, ×�.} d¤ã¿, ÄÑ®‚FÇ|5åÝU{Ñó�Ö
(mutu-

ally independent, �˚Ö
)� ýñ,$l|−œòíU{(�|Û), £−œÿíU{(˝„|

Û), 5v¼S6á? ßd®�−Ü� 9õ,, Ä© U{|Ûíœ0©ŸÌó°, ø−¬ í

’e, úã¿„V, 1³�6Œ� FJ$lçðú¥�ã¿á….é)òp� ÇÕ, Ê�à,l

�$|Û£Þíœ0 p, ¦�íT¶uM/ËIÕ (cqnŸ), $l|Û�_£Þ (cq k Ÿ),

Í(J k/n V,l p� ¥w2ø_�dícqu, ®ŸIÕF|Ûí!‹u“Ö
/�u°}

0”(independent and identically distributed, �˚ iid)� Ê'ÖõÒí8”, š…�ªe

ÑCqÑÖ
� .ý$líÜ�, w!…cq%%uš…Ñ iid�

n�Þº³�=ƒ“Ö
”ùå : 3�Ö
� %ÈÖ
, ÝBÀ$Ö
� $l³íÖ
, ¢

˚ÓœÖ
, D‡HÖ
í<2.`ó°��ÀËƒ, úù9K A, B, J#ì B êÞ, A êÞ
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5œ0.§	à, †˚ADBÖ
� ¹J

P (A|B) = P (A) (2)

†˚ A D B Ö
� ¦�ŸA P (A|B) v, b° P (B) > 0, 9K B ,b�ª?êÞ (¹

P (B) > 0), #ì B n�<2� âkYì2

P (A|B) =
P (A ∩ B)

P (B)
,

â (2) �ù.|, J

P (A ∩ B) = P (A)P (B), (3)

†˚ AD B Ö
� BbZJ (3) �çd AD B Ö
íì2, Ê¤�³, ÿ.b° P (B) > 0�

çÍà‹ P (B) > 0, ¤v (2) �D (3) �ZÌÏ��

>Õ[°vêÞ� (3) �éý, ù9K A D B Ö
, J/ñJ A, B °vêÞíœ0,

�kA, B®AêÞíœ05
	� cq�äÑt£, ¹©Þ|Û5œ0îÑ1/6� IÕ�ø_�

ä, })ƒõb1(9K A) 5œ0Ñ 1/6, IÕ�ù_�ä, })ƒõb2(9K B) 5œ0?

Ñ 1/6� µ®IÕøŸ,�ø_)ƒ1, �ù_)ƒ25œ0ÑS? à‹sŸIÕÑÖ
, ¹�.

§	à, éÍ��Ñ 1/6 · 1/6 = 1/36� ¹� P (A ∩ B) = P (A)P (B)�

�v}� n _9K, n _9KÖ
íì2ÑS?

q�9K A1, A2, . . . , An, n ≥ 3� Jú ∀ 1 ≤ k ≤ n, £ 1 ≤ i1 < i2 < · · · < ik ≤ n,

P (Ai1 ∩ Ai2 ∩ · · · ∩ Aik) = P (Ai1)P (Ai2) · · ·P (Aik), (4)

†˚ A1, A2, . . . , An ÑÖ
9K, Cz A1, A2, . . . , An ó�Ö
 (Ö
)�

ªõ|bð„ A1, A2, . . . , AnÖ
, ÿbðw2L<‘|5 k _9K5>Õíœ0, �

kœ05
	, 7.Éuð„

P (A1 ∩ A2 ∩ · · · ∩ An) = P (A1)P (A2) · · ·P (An).

�<9K.uµóñqõ|Ö
C.Ö
, c-W�

W 1: qø°2�9"��, }�ŸO (a, b, c), (a, c, b), (b, a, c), (b, c, a), (c, a, b),

(c, b, a), (a, a, a), (b, b, b) £ (c, c, c) �� Óœ‚¦ø", cq©ø"��\¦25œ0ÌÑ

1/9� I9K Ak [‚2í��,FŸ5� k _å‚Ñ a, k = 1, 2, 3� à A1 = {(a, b, c),

(a, c, b), (a, a, a)}� éÍ

P (A1) = P (A2) = P (A3) =
1

3
,

P (A1 ∩ A2) = P (A1 ∩ A3) = P (A2 ∩ A3) =
1

9
.
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Ä¤ A1 D A2, A1 D A3, A2 D A3 îÖ
� OÄ

P (A1 ∩ A2 ∩ A3) =
1

9
6= P (A1)P (A2)P (A3),

] A1, A2, A3 .ÑÖ
9K�

9õ,,J A1 D A2 ÌêÞ, † A3 .êÞ, FJ A3 D A1∩A2 .Ö
, Ä¤ A1, A2, A3

.ó�Ö
�

ùÓœ‰bÖ
, [ø−w25øíM, úÇø‰b…Ì	à� £àâ (2) �Æ‰B (3)

�, úù×à�5Óœ‰b X, Y , Bbì2wÖ
, JúF�ª?¦íM a, b,

P (X = a, Y = b) = P (X = a)P (Y = b). (5)

BkúøOíÓœ‰bX, Y , XDY Ö
, [Å—

P (X ≤ x, Y ≤ y) = P (X ≤ x)P (Y ≤ y), ∀x, y ∈ R. (6)

¥uœøOíJ}0ƒbVì2, à‹œ0ò�ƒb(probability density function) æÊ, 6

ªJœ0ò�ƒbV[ý� q f(x, y) [ X, Y 5:¯œ0ò�ƒb, fX(x), fY (y) }�[

X, Y 5iÒœ0ò�ƒb, † X D Y Ö
, J/ñJ

f(x, y) = fX(x)fY (y), ∀x, y ∈ R. (7)

úk n _Óœ‰b X1, . . . , Xn, wÖ
íì2ÑÅ—

P (X1 ≤ x1, . . . , Xn ≤ xn) (8)

= P (X1 ≤ x1) · · ·P (Xn ≤ xn), ∀x1, . . . , xn ∈ R,

C

f(x1, . . . , xn) = f1(x1) · · · fn(xn), ∀x1, . . . , xn ∈ R. (9)

w2 f Ñ X1, . . . , Xn 5:¯œ0ò�ƒb, fi Ñ Xi 5iÒœ0ò�ƒb, i = 1, . . . , n�

…�øÇáTƒ, Êd,lv, �cqš…Ñ iid� Wà, k,l/�$|Û£Þ5œ0 p,

0 < p < 1� YåIÕ n Ÿ, )ƒ X1, . . . , Xn, w2 Xi = 1 C 0, ÿY� i Ÿ)ƒ£ÞC¥

Þ� 'AÍË, Jš…�Ì(sample mean)

Xn =

∑n
i=1

Xi

n
, n ≥ 1,
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V,lp� ÿ×b¶†(weak law of large numbers) µsBb, n → ∞v, Xn }œ0Y

¹(converges in probability) Bp� ¹

lim
n→∞

P (|Xn − p| < ε) = 1, ∀ε > 0. (10)

�ÀËƒ, n '×v, Xn Q¡ p 5œ0'×� ¥w2 X1, . . . , Xn Ñ iid uøÉœ� à‹I

Õ.øší�$, ©Ÿ|Û£Þíœ0.°, † (10) �¦�ÿ.A
7� à‹®ŸIÕ.Ö
,

(10) �6ÿ.c)A
� Wà, �A1„öíIÕnŸ, 7uõƒ�øŸ|Ûí!‹ X1 ÿÎ

y, Ä7)ƒ X2 = · · · = Xn = X1� à¤ Xn = X1, ∀n ≥ 1� 7 X1, .u 1 ÿu 0, ].

� n Ö×, Xn çÍ.}Q¡ p�

ú. c¦

Ö
uø�'ÔyíÉ[, ÿu…ÌÉ[� ¹55óš, úB³�	à� �<9KCÓœ

‰b1.Ö
, .Ö
nqdã¿� Äe5tbld5©æ, Äø−-Ÿí5æ, D¬ í5æ

Öý�<É©� £Þ�¤�Ó, bl7jZí=ß� Oà‹Z¿!Ì�, H=í!‹ª?6Œ.

×� �øŸ5tAôD�ùŸ5tAô, oä™òD�f™ò, pÙ−ÅDDn−Å, ¥<8”

2−£ís_¾, 'ª?·.Ö
� mÍ.Ö
, wÈZÖý�É[� àS[ýwÉ[á?

úÓœ‰bn�É[, 4Nœ0,íÉ[� Ö
ÿuœ0}0˛¤³�LSÉ©, .Ö


ÿuœ0}0�<É©� ç X, Y ùÓœ‰b.Ö
,ø_ªzu|�Àí8”, ÿu X D Y

�ƒbÉ[� à

Y = g(X), (11)

¹ø− X 5M(, Y ÿêr²ì7�

úùÓœ‰b X, Y , ?Dø−w:¯}0ƒb

F (x, y) = P (X ≤ x, Y ≤ y), ∀x, y ∈ R,

C6:¯œ0ò�ƒb f(x, y), † X D Y ÈàS��, C6zù6È5É[ÿêrø−7,

¥ªzuÝ�ÀUíÉ[� Wà, â f(x, y) Bbª°|‘Kœ0ò�ƒb

f(y|x) =
f(x, y)

fX(x)
, (12)

w2à‹u©/�‰b, †

fX(x) =

∫

∞

−∞

f(x, y)dy. (13)
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J X D Y �à (11) �5ƒbÉ[, †#ì X = x, Y = g(x) 5œ0Ñ 1� ¹

P (Y = g(x)|X = x) = 1,

¤v

f(y|x) =

{

1,J y = g(x),

0,J y 6= g(x).

f(y|x) [#ì X = x 5-, Y 5œ0ò�ƒb� Éb X D Y .Ö
, f(y|x) Z.�

k fY (y)� ¹ Y 5‘K}0, ÓO#ì X .°íM7.°� âk‚�MÑÉkÓœ‰b5ø

½bí¾, Ä¤�à‘K‚�M (Eq X, Y Ñ©/�‰b)

E(Y |X = x) =

∫

∞

−∞
yf(x, y)dy

∫

∞

−∞
f(x, y)dy

, (14)

Zuúkù‰b X, Y �}n�íæ‡� �( y(x) = E(Y |X = x), Z˚dc¦�((regres-

sion curve), H[ Y ú X 5c¦� çÍ?ªì2 X ú Y 5c¦�( x(y) = E(X|Y = y)�

çc¦�(Ñò(, ¤vZ˚(4c¦(linear regression)�

ÓœÛï³, ¦�ý�à (11) �, Y ÿu Xíƒb� OJ� (11) �íÉ[, úã¿7

k, çÍu|ê1í� duø−�f™ò (X), oä™ò (Y ) 6ÿüì� ¢7°wŸ, à‹?

�à-É[ :

Y = g(X) + ε, (15)

w2 ε H[ÏÏá, ×�6}IAÅ<�¦�}ú ε dø<cq� àÄuÏÏ, ε �vÑ£, �

vÑŠ, �ÌVz, NvÑ0, FJcq E(ε) = 0� �vÑ7�Z, CuS]ògíÏÏÜ�,

7cq ε ��G}0� g à‹uø'�Àíƒb, à(4ƒb g(x) = ax + b, ÿ}yIAÅ

<� YFYÕƒíbW (x1, y1), . . . , (xn, yn), J,l a, b� ¥jÞín�, ÿu$l³íc¦

}&(regression analysis), u'!…/½bíæ‡�

ç X, Y 5:¯}0ø−, �v;vø_çíƒbg, 1J g(X) Vã¿ Y � 6ÿu X Ñ

BbFøí’m, 7Y Zubã¿íM� ú Y 5ã¿M g(X), BbAÍı�bBQ¡ Y B

ß� O5šuQ¡? ø_H[ÏÏí¾u g(X) D Y 5Ïí"úM |g(X) − Y |, ¹"úÏ

Ï� âk¤ÑøÓœ‰b, ‚�M E(|g(X)− Y |) ÑH[w×üíø_¾� O−£"úMí	

}Cu¸, ¦�œØl�� Éb;;	}
∫

∞

−∞
|x2 + 3x− ex|dx ÿø−7� l�‡bl ¥"

úM, 7 x2 + 3x − ex Sv}£CŠ, 1.ß²ì� FJ¦�5?ÏÏ�j (g(X) − Y )2
5

‚�M E((g(X) − Y )2), CzÌjÏ(mean squared error, �˚ MSE)� ¥ÿdúøÓœ
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‰bU , J E((U − E(U))2) [w‰æb, 1˚w£í�j; [E((U − E(U))2)]1/2 Ñ™Ä

Ï, àV¾¿ U Dw‚�M E(U) R×í×ü� J�ø Y 5ã¿M g(X), U)w MSE |

ü, BbZ˚¤Ñ Y 5|7MSE ã¿M� MSEu$lç2, �àV[ýÏÏíø_¾�

ªJ„p‘K‚�M g(X) = E(Y |X), Ññøí Y 5|7 MSE ã¿M� OJÉ;�

ÀËJø�bVã¿ Y , † g(X) = E(Y ) ªUã¿5 MSE |ü� ¥6j„úøÓœ‰b,

SJ‚�MÑwø�àíH[M� ÄÊÌjÏ|üí<2-, ¤ÑÓœ‰b5|7�bã¿M�

J;Jø(4ƒb g(X) = aX + b Vã¿ Y , †ç E(X), E(Y ), Var(X) îæÊ, ª)

a =
Cov(X, Y )

Var(X)
, b = E(Y ) − aE(X), (16)

w2

Cov(X, Y ) = E((X − E(X))(Y − E(Y )))

= E(XY ) − E(X)E(Y ), (17)

[ X D Y 5u‰æb(covariance, ¢˚›jÏ)� ,H¥<|7ã¿MàS°|, ª¡5ô

dO (2003a)3.5 ��

û. óÉ[b

ø− X, Y í:¯}0, ú X, Y àS��ÖÍêr¦³, O�vBbÉ;ÄIË7jX

D Y ÈíÉ[�Öò~, ¹;Jø�Àí¾V·HwÉ[� ¤£àúøÒ5t, Bb.c)ú

r¶5ÞíAô>E�, �ÌM� ™ÄÏ¥7œ;ø−� ÄÑ¤ùM, ?éA0§Ë7jr¶5

ÞAô5Õ2£à08”� óÉ[b(correlation coefficient, CÉ˚ correlation) í–1ÿ

Ä¤ßÞ�

à‹ùÓœ‰b.Ö
, †ù‰bÈZ�É[, ¤É[ª?#ª?ÿ� à‹uÖ
, †É[

çÍu|ÿí� J®ÑW, I X [®íñ	, Y [®í½¾� éÍ X D Y 5É['#� à

‹¦šÖŸ, ànŸ, øF)íbW (x1, y1), . . . , (xn, yn) åÊ x-y è™�Þ,, †F�íõ

'ª?rÊøò(,Cò(íË¡� ¥uÄÑÓ´í®½¾Dñ	�(4É[� �<bW.Ê

ò(,, ª?uÄ¾¿íÏÏ, C®”.ÓF_� wŸ, JJ X [/A5™ò, Y [wñ½, X

D Y éÍ?�É[, Oª?.d®í½¾Dñ	È5É[µó#� ¾¿ n _.°íAF)5

(x1, y1), . . . , (xn, yn), ×�.}$Aøò(, ÖÍBbE}ã‚Ê x-y è™�Þ,, Ç$u²

¬,ÓÅ, ¹œ×í x �œ×í y 5b²� u‰æb£óÉ[b, ·ªàV�¾sÓœ‰bÉ

[(Ô�u(4É[) í#ÿ�
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Ê…�2, Ñ7�Z, I µX = E(X), µY = E(Y ), σ2

X = Var(X), σ2

Y = Var(Y ), à

‹¥<¾æÊíu� ¢F�!‹í„p, îª¡5ôdO (2003b)3.5��ílç 0 < σ2

X , σ2

Y <

∞, ì2 X, Y 5óÉ[bÑ

ρ(X, Y ) =
Cov(X, Y )

σXσY
. (18)

Cov(X, Y ) ªJ σXY [5, ρ(X, Y ) �vJ ρXY , C�ÀËJ ρ [5�

ç σX C σY = 0, ¤v Cov(X, Y ) = 0, Bk ρ(X, Y ) †.ì2� âóÉ[b5ì2

ø, ÉbBbTƒóÉ[b, î¿ÖùÓœ‰b5‚�M£‰æbîæÊ, /‰æbî.Ñ0�

è±22, u‰æb¾¿s_Óœ‰b°v‰“í8”� £à‰æb4¾¿øÓœ‰b‰

“í×ü� AÐ�AÐíu‰æbÿu‰æb, ¹ Cov(X, X) = Var(X)� à‹œ×í X

b²k-Óœ×í Y , /œüíXb²k-Óœüí Y , † Cov(X, Y ) øu£í� Ä¤J

X > µX v, œª?� Y > µY , † (X − µX)(Y − µY ) œª?Ñ£; /J X < µX v,

?œª?� Y < µY , † (X − µX)(Y − µY ) 6øœª?Ñ£� à¤øV, Cov(X, Y ) =

E((X −µX)(Y −µY )) > 0� OJœ×íXb²k-Óœüí Y , /œüí X b²k-Óœ

×íY , † (X−µX)(Y −µY ) Zœª?ÑŠ, à¤øV, Cov(X, Y ) < 0� ] Cov(X, Y ) 5£

Š, ¥ø X, Y ÓÅj²5ó°Có¥�JJX, Y }�[�fí™ò£oäí™ò, Bb}ã‚

Cov(X, Y ) Ñ£� JJ X, Y }�[AAãäíñ½£�òíò�, Bb}ã‚ Cov(X, Y )

ÑŠ�

ªJ„pç X D Y Ö
v, Cov(X, Y ) = 0� .¬ Cov(X, Y ) = 0 v, X D Y º.ø

ìÖ
� ÇÕ, ρ(X, Y ) D Cov(X, Y ) 5£Š¯Uó°, /ç σX£σY îæÊv, ρ(X, Y ) =

0, J/ñJ Cov(X, Y ) = 0� ç ρ(X, Y ) = 0, †˚ X D Y ÌóÉ(uncorrelated)�

dÑ¾¿ùÓœ‰b X £ Y 5‰“8”, u‰æb�øÿõ, ÿuwMD¾¿ X, Y 5

���É� Wà, X Jt¯ÑÀP, Y JtfÑÀP, � X Jt© (
jt}) ÑÀP, Y J

tsÑÀP, †‡6°|5u‰bÑ(65 10−6 I� óÉ[b ρ Zª¾Î¥�˚×, …¯±

¦MÊ–È [−1, 1]� |ρ| Q¡1v, éý X D Y �œ#í(4É[, |ρ| Q¡0v, éý X D

Y í(4É[œÿ, 7 |ρ| = 1 v, [ X D Y �ê1í(4É[�

ªJ„p, úùÓœ‰b X, Y ,

ρ(X, Y ) = Cov(
X − µX

σX
,
Y − µY

σY
) = E(

(X − µX)(Y − µY )

σXσY
). (19)

Bbø−, úøÓœ‰b X, F‚™Ä“ÿuø X Á ‚�M, yÎJ™ÄÏ, 7) (X −
µX)/σX� â (19) �ø, óÉ[b¹ù™Ä“(íÓœ‰b5u‰æb� ¢úLùÓœ‰b
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X, Y , £�b a, b, c, d,

Cov(aX + b, cY + d) = acCov(X, Y ), (20)

ρ(aX + b, cY + d) =
ac

|ac|ρ(X, Y ), ac 6= 0. (21)

(20) ��„Bb‡ÞFzíu‰æbDF¦í�� (N a, c í^@) �É� .¬Dè™í��

(N b, d í^@) ÌÉ� (21) �N|, Éb��5Z‰, 1„U X, Y 5Míj²‰Aó¥ (¹

ac > 0), †óÉ[b.‰�

W 2: q X, Y 5:¯œ0ò�ƒbÑ

f(x, y) = 1, 0 < x < 1, x < y < x + 1.

† X, Y 5iÒœ0ò�ƒb}�Ñ

fX(x) = 1, 0 < x < 1,

fY (y) =

{

y, 0 < y < 1,

2 − y, 1 ≤ y < 2.

† µX = 1/2, σ2

X = 1/12, µY = 1, σ2

Y = 1/6� ¢ E(XY ) = 7/12� Ä¤

Cov(X, Y ) = E(XY ) − µXµY =
7

12
− 1

2
· 1 =

1

12
,

ρ(X, Y ) =
Cov(X, Y )

σXσY
=

1/12
√

1/12
√

1/6
=

√
2

2
.
= 0.707.

W 3: q X D Z ÑùÖ
íÓœ‰b, / X � U(0, 1) }0, Z � U(0, 1/10) }0�

I Y = X + Z� ‚à‰bH², ª) X, Y 5:¯œ0ò�ƒbÑ

f(x, y) = 10, 0 < x < 1, x < y < x +
1

10
,

à¤Zª°| Cov(X, Y ) £ ρ(X, Y )� .¬Ä Y Ñ X D Z 5¸, / X D Z Ö
, Bb

ª%â X D Z, à-°| Cov(X, Y ) D ρ(X, Y )�

E(X) =
1

2
, Var(X) =

1

12
,

E(Y ) = E(X + Z) = E(X) + E(Z) =
1

2
+

1

20
=

11

20
,

Var(Y ) = Var(X + Z) = Var(X) + Var(Z) =
1

12
+

1

1,200
=

101

1,200
.
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Cov(X, Y ) = E(XY ) − E(X)E(Y )

= E(X(X + Z)) − E(X)(E(X) + E(Z))

= E(X2) + E(XZ) − (E(X))2 − E(X)E(Z)

= E(X2) − (E(X))2

= Var(X) =
1

12
.

¤TàƒÄ X D Z Ö
, FJ E(XZ) = E(X)E(Z)� â¤¢)

ρ(X, Y ) =
1

12
√

1

12

√

101

1,200

=
10√
101

.
= 0.9950.

DW2ªœ, ÊW32, X D Y íóÉ[b'Q¡1� BbøsW2U f(x, y) Ñ£5

(x, y) íÇ$ú|, cÇ1�

Ç1. (a) W22Uf(x, y) > 05–�, (b) W32Uf(x, y) > 05–��

Ç1(a) £ 1(b), éý X D Y ×_�(4íÉ[, OÊÇ 1(b) 2, (4É[œ# (–�

œ�)� 6ªJÇøj�Võ¤(4É[í#ÿ� ÊW32, Ä Y = X + Z, ]#ì X = x, Y

� U(x, x + 1/10) }0� 7ÊW22, 6ªð„#ì X = x, Y � U(x, x + 1) }0� ]ø−

X = x (, ÊW32, ªÊW22, TXœÖÉkY 5’m (‡6ÏÏ.�¬0.1, (6ÏÏ.�

¬ 1)� Ä¤ÊW32, X D Y íóÉ[bœ×�

óÉ[bªàV¾¿ùÓœ‰b5É©˙�(degree of association)� O…TÑø_N™,

3bu¥øùÓœ‰b5}0í(4É[5#�££Š¯U� Ä¤óÉ[bÑ 0, c[ýùÓ

œ‰b5(4É['Q, 7Ý[ýù‰bœ0,ÌÉ(probabilistically unrelated), 6ÿuù
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‰b.øìÖ
� ÝBùÓœ‰bÈ, ª?�#ËíÉ[, OvÉ[1Ý(4, FJóÉ[bE

ª?Ñ0� c-ùW�

W 4: q X D Z ÑùÖ
íÓœ‰b, / X � U(−1, 1) }0, Z � U(0, 1/10) }

0� I Y = X2 + Z� ªõ|#ì X = x, Y � U(x2, x2 + 1/10) }0, Ä¤ X D Y �'

#íÉ[, Éu1Ý(4� ¢ª°| X, Y 5:¯œ0ò�ƒbÑ

f(x, y) = 5, −1 < x < 1, x2 < y < x2 +
1

10
.

à¤Zª°| Cov(X, Y ) £ ρ(X, Y )� .¬

à°W3, BbJ-Hj�°5� âk X �

U(−1, 1) }0, ]

E(X) = E(X3) = 0.

¢Ä X D Z Ö
, ]

E(XZ) = E(X)E(Z) = 0. Ç2. W42U f(x, y) > 0 5–��

Ä¤

Cov(X, Y ) = E(X(X2 + Z)) − E(X)(E(X2 + Z))

= E(X3) + E(XZ) = 0,

/ ρ(X, Y ) = 0�

W 5: qX�U(−1, 1)}0� IY = X2, Z = 2X + 3, W = −2X + 3� †

E(X) = 0, E(XY ) = E(X3) = 0,

]

Cov(X, Y ) = E(XY ) − E(X)E(Y ) = 0,

/ρ(X, Y ) = 0� óÉ[bu¾¿(4É[í#ÿ,7Ý¾¿wFÝ(4É[5#ÿ� ]¤TÖ

Y Ñ X í�j, ù6�ø�À/ò~íÉ[, E)ƒ X D Y ÌóÉ� ²Æuz, ÌóÉ1Ý

.óÉ�

ÇÕ,

E(XZ) = E(X(2X + 3)) = 2E(X2) + 3E(X) =
2

3
,

E(X)E(Z) = 0,

Var(X) = E(X2) =
1

3
, Var(Z) = 4Var(X) =

4

3
,
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]

Cov(X, Z) = E(XZ) − E(X)E(Z) =
2

3
,

/

ρ(X, Z) =
Cov(X, Z)

σXσZ

=
2/3

√

1/3 ·
√

4/3
= 1.

°Üª) ρ(X, W ) = −1�

X D Z �(4É[, /ÓÅj²ó°, ]óÉ[bÑ1� X D W ?�(4É[, ÉuÓ

Åj²ó¥, FJóÉ[bÑ−1, øO7k¥uúí�

u‰æbú7jÓœ‰b¸5‰æ�'×í6Œ� �-l#øù‰b¸5‰æbít�,

w2çÍbcq Var(X) £ Var(Y ) îæÊ�

Var(X + Y ) = Var(X) + Var(Y ) + 2Cov(X, Y ). (22)

]J X D Y Ñ£óÉ, ¹ ρ(X, Y ) > 0(Ä¤ Cov(X, Y ) > 0), † X + Y 5‰æb,

ªX, Y‰æb5¸´×� ¥5, J X D Y ÑŠóÉ, † X + Y 5‰æb, ª X, Y ‰æb

5¸´ü� çŠóÉv, X D Y ø_Mœ×, ÇøMZb²kœü,7w¸ÿ.Bkµó”«,

Ä¤ X + Y 5‰æÁü� °Üªú Var(X − Y ) dn��

‚àO±íÍ?c.�� (Schwarz’s inequality), ¢˚5a-Í?c.�� (Cauchy-

Schwarz’s inequality), ªJ„púLùÓœ‰b X, Y , Éb 0 < σ2

X , σ2

Y < ∞, †wóÉ

[b�k£Š15È� ¹|ρ(X, Y )| ≤ 1, / |ρ(X, Y )| = 1, J/ñJ P (Y = aX + b) = 1,

w2 a, b Ñù�b� ¢ ρ(X, Y ) = 1 v, a > 0, ρ(X, Y ) = −1 v, a < 0� âkóÉ[b

íM�k£Š15È, /çwM�k +1 C −1 v, ù‰b�ø(4É[5œ0Ñ 1, ¥Zzp

7à‡FH, óÉ[buàV¾¿ù‰b5(4óY8$� ç |ρ(X, Y )| = 1 v, Bb˚ X D

Y ÑêróÉ(completely correlated)�

ç 0 < σ2

X < ∞, Bb·<ƒ ρ(X, X) = 1� AÐDAÐíóÉ[bÑ1, AÍu¯Ü

í� 9õ,, úLù�ba, b, / a 6= 0, ρ(X, aX + b) = 1� ¢è6ª¡5ôdO (2003b,

pp.221-223) FTXízp, J7jÑSSàóÉ[bV¾¿ùÓœ‰bíu(4�

à°úø Óœš… X1, . . . , Xn, n ≥ 2, J

X =
1

n

n
∑

i=1

Xi, S2 =
1

n − 1

n
∑

i=1

(Xi − X)2,
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[š…�Ì£š…‰æb (�vJ Xn, S2

n[5, ¤TôI—™ n)� ús Óœš… X1, . . . , Xn,

£ Y1, . . . , Yn, J

S2

XY =
1

n − 1

n
∑

i=1

(Xi − X)(Yi − Y ), (23)

£

r =

∑n
i=1

(Xi − X)(Yi − Y )

(
∑n

i=1
(Xi − X)2

∑n
i=1

(Yi − Y )2)1/2
, (24)

}�[š…u‰æb(sample covariance) £š…óÉ[b(sample correlation coefficient)�

ªõ|

S2

XY =
1

n − 1
(

n
∑

i=1

XiYi −
1

n

n
∑

i=1

Xi

n
∑

i=1

Yi), r = S2

XY /(S2

XS2

Y )1/2,

w2 S2

X , S2

Y }�Ñ X1, . . . , Xn £ Y1, . . . , Yn 5š…‰æb�

Bb�Ç3Vzp� Fh¿ƒíbW (x1, y1), . . . , (xn, yn), J×¶}·rÊ–� I £ III,

† r øÑ£ (£óÉ); J×¶}·rÊ–� II £ IV, † r øÑŠ (ŠóÉ); Jà0Ê I, II,

III, IV�û_–�, † r øQ¡0(ÌóÉ)�

Ç3. (x, y)5à08”DóÉ[b5¯U�

|(, Ë�øT, úù9KA, B, JÅ—0 < P (A), P (B) < 1, †ªà-ì2wóÉ[b

ρ(A, B) :

ρ(A, B) =
P (A ∩ B) − P (A)P (B)

√

P (A)(1 − P (A))P (B)(1 − P (B))
. (25)

DÓœ‰bíóÉ[b�ø<éNí4”� ¹ |ρ(A, B)| ≤ 1, / ρ(A, B) = 1, J/ñJ

A = B; ρ(A, B) = −1, J/ñJ A = Bc, w2 Bc [ B 5ìÕ� ¢ ρ(A, B) = 0, J/

ñJ A, B Ö
�
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ü. óÉDÄ‹

à‹ŒÂîE5Ÿb (X) DîE˛�Ú7íbñ (Y ), wóÉ[bÑ£, /.�Øü, à

0.5, †éý�¼ŒÂîEBäõ, îE�íÚ7b�BÖíb²� ¥šøV, �¼AÍ§ƒ2

¥, }£kŒÂîE� ùÓœ‰bJ.Ö
, Zu�É[� �v}z�É©(association), Cÿ

zóÉ� ÖÍÊ,ø�2˛�Ü, �àÌóÉ� £óÉ� ŠóÉ, £êróÉ�, ·�Ô�íì

2, OAb´u�Á$íJóÉøÈ, [ýùÓœ‰b5È�/�É©, 6ÿu.Ö
� óÉ[

b3bu¾¿ù‰bÈí(4É[� Ê,ø�W4£W5õƒ, ¹UóÉ[bÑ0, ù‰bEª

?�ò~É[� Î7óÉ[b5×üÕ, �àø_‰bÓOÇø‰b5Ó×, 7�œòíœ0

Ó×, Cœòíœ0‰ü, 6·[ù‰bóÉ� óÉ4Ñd²µv5ø�^íYW� O±í“�

ÓD±z”9K, ×ðª?=¬� Wal-Mart u1Å|×íøðìŒ©�ç, '®Å˛Ó¾}&

(market basket analysis)� Fb�Œèîí˛ÓÀÀ, êÛ±zD�Ó, °v|ÛíªW'

ò� %¬|ŒêÛ, 'Öðê3v}L‘lÞ-Úv��Ó�Ûb�Óíðê,,uð2�|o,

7}��ÓílÞ, ×J6œèð� &Êð2Îè|o, ,.? kgCdØù·í9, ku¦

�ÿõõÚeJHêvÈ, ¥v±zÿÛb7� öÀU(, Wal-Mart ¯Ê®“Ò, ø[Þ,õ

–Vêï�.ó£í�ÓD±zÖÊø–,!‹�ÓD±zí�»¾ÂÂ×Ó�

æÒæ˜ívH, U’mí½©£f]yZ¡� O±íæ˜zç=ï\ (Amazon), *

w“èîzÇ”2, ª7j�¥…zíèî, 6�µ<z� ¥�©èíóÉ, úè6£|�þ, ·

uø½b’m�

.�»çC¼“,, ÝB'ÖwFíä�, ·��óÉ4íû˝� Wà,

¬Ü44ö£−¹íóÉ4,

×çç¿AôD×çAôíóÉ4,

�l×üD�ÈêÞ0íóÉ4�

�È�±vÞ�×§Ä5‡�±, ®�“XXD�ÈíóÉ4”5û˝'Ö, ©�l×ü·ª“V

«n� {�ø†h9, ™æÑ“1\�OG|ŒàSD½è±»9KóÉ4”� ½è±»%�à

S? ŸV1Å4˚¼®˚œ¶, �ø¶êÞ½è×¾±», 1Å\�¯ªW|Œ, õu´DçË

½�, ½›Æ32íàS;ÑÍ$�É� Ob·<íu, óÉ4'ò, .[w2.�Ä‹É[�

‡k³µ†“#5®®”, ÖX|L$D|�¹�'òíóÉ4, ù6Èwõ1.}�Ø×É©�

—N.ª/0Ëú$l,õ–VN˛óÉís_ÄÖ, 	-!�zwÈ�Ä‹É[� Ä‹É[

u´æÊ, 1Ý$lÜ�ªJ„õ� ÿ�‚à$l³ícq�ì, Q§��Ó6, ¢�±zíª

W, òk¢�wFïe (à‹�� ª—�) 5cq, 61„„|��Ó6, ú±zíÛ°œò� Ä

‹É[Û�ŒwF�çj¶V‡ì, Ì¶ÉÔ$l� c�-ùõW�
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W 6: 1958�,O±í$lçð R. A. Fisher ê[ø¹�<2ídı, ™æÑ Cigarettes,

cancer and statistics(î¼� ÈTD$l)�Ó(k 1958, 1959 �¢ÊãŠð±í Nature Æ

Ð,ê[ Lung cancer and cigarettes? £ Cancer and smoking ùd� ŸV4¼[ Fisher,

úµ<‚¼}û_(Èíû˝Ý�.Å, FwÑw2íF‚“„W”, �u�¡jí� Wà, �<

bW\…<¿Þ, û˝Ñµu%¬Ù²CtZ�� Fg)\�ÿu;àø~‰¾,é×ðQ§‚

¼íª"¸·Ô� è6ª¡5sQdå (2001) øz��ÿı“‚¼}_Èý?”ød, Ék¤9

K5V÷ 0�

vBDn, j�¥¼A=›‰Ë�û, E�rÖÊÔä, S”uü��‡� ÖÍû˝éý,

(ÈD‚¼íóÉ4'ò, Oà°‡ÞFH, óÉ4ò1..Íû_wÈ�Ä‹É[�µ<û¼

6, çÍy.}/qÄø<$l}&7g¼� ÿd ë326, .}Ä“Ï _Èíœ0u‚�

í1-2NI”5Ñû («2•,»�Ù1pT|í), 7ZÑÏÖ� âkBVBÖíû˝N|‚¼

úUì.ß, 7/‚ùG¼6'.ß, y‹,¥¼Èñ×‰Yz, BÅ
¶Íok¬Å86�, Z

¦¬“¼ïÊµ¶”, ×ÙÌòÜ¼ÒF�

W 7: 2004�5~, Ê1ÅÒSG (New Orleans, 2005�9~`µ#q¿ê½“í1Å

œ¶×Í), ËÇíøûn},, ��íø_»Wü T|Ñµ, Fb*1ÅA¬ š_0�−

™ïeí�Ì¾�, vƒ¸ë−È�60TòíÉ©� Ñµ2N|, 1ÅA�Ìø�ïà−™ï

eí¾, ¬ 50�Ó‹7450%,7¬ 25�V,1ÅëAã4ë−È�60, 6×ÛpéÓ‹

í�‘�

�A”O¥z.ìÉuÍ¯, Cà‡FHª?uwFŸÄF¨A� ÑBózª?uÍ¯?

ÓO%Èß�, CW�AŠ, .ýß¹�»¾×Ó� ¬ 50�.É−™ïeí©A©��Ìí

ïà¾, �š˛�, ëYŸb, J£'ÖwFí¾‘, ªJ;d·u×ÙÓ‹� O,.?z·D

ë−È�É� .¬vû˝ü T|�çíÜ�!�, ¹−™ïe}é)¶�3, û_¾“¯L

¼, 7¥uë−ÈßÞíŸÄ5ø� Fbíû˝´êÛ, −™ïeí¾�, ¸ë−ÈÓ‹íÉ©,

Ñør74í�‘�

s‰bõ–V�É©, �vª?uw2/<àÊ‰bF¨A� O±í:�Þ��(Simp-

son’s paradox), 6uNÄÇø‰bí�p, 7Us‰bíÉ[¥¬V,côdO (2006) W6�

-W?Ñø��cí8”�

W 8: {�/×çÞçÞ�$, v�û˝FúÞÞœ.t�, Är�û˝FÞÞí,“¦

035%, péœãÞí44%Q�v�û˝F'Ö, Aw2‘|6_œ×íû˝FVªœ, ª)[

1(c Freedman et al. (1991, p.17))�
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6_û˝F2, � A, B, D, F �4_û˝F, ÞÞ“¦0òkãÞ; ãÞ“¦0òkÞÞ

í, c� C, E �2û˝F� OJ6_û˝Fø–õ, ��44%íãÞ\“¦, ºÉ� 30% í

ÞÞ\“¦, óÏò®14%� ¤peuàSßÞí?

[1. 6_û˝FãÞÞ“¦0�

F� C~ “¦ “¦0

Þ 108 89 82%
A

ã 825 511 62%

Þ 25 17 68%
B

ã 560 353 63%

Þ 593 201 34%
C

ã 325 120 37%

Þ 375 131 35%
D

ã 417 138 33%

Þ 393 94 24%
E

ã 191 53 28%

Þ 341 24 7%
F

ã 373 22 6%

Þ 1835 556 30%
¯l

ã 2691 1197 44%

à‹���Œ[1, A, B ùû˝FœqC~, /�øšJ,íãÞ (u1385A) C~¤ù

û˝F, 7 C, D, E, F û_û˝FœØC~, º��¬ 90% íÞÞ (1702A) C~� ²Æu

z, ãÞœÖC~œñqªíû˝F, ÞÞœÖC~œØªíû˝F� Ä¤mâ[Þ,r�û˝

F,“¦05òQ, VR¿w“¦úÞÞ.t, 1./ç� 9õ,, �ª?r�©øû˝F·u

ÞÞ“¦0œò, Or�ø–õ, ºuãÞ“¦0œò�
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