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1. ‚àûbì2� ì	}ì2°”Ì

âkûb£ì	}Ìâ”ÌFì2, ]ª‚à…bíì2V°”Ì�

W1: q 0 < p < 1, „p lim
n→∞

[(n + 1)p − np] = 0�

„: qƒb f(x) = xp, † f(x) Ê x = 1 Tª�}, / f ′(1) = p, kuâûbì2£

lim
n→∞

np−1 = 0, �

lim
n→∞

[(n + 1)p − np] = lim
n→∞

np[(1 + n−1)p − 1] = lim
n→∞

np−1 · (1 + n−1)p − 1

n−1

= lim
n→∞

np−1 · lim
n→∞

(1 + n−1)p − 1

n−1
= 0 · p = 0.

W2: qf(x)Ê[0, 1],©//f(x)>0, °”Ì: l= lim
n→∞

[

f(
1

n
)f(

2

n
)· · ·f(

n−1

n
)f(1)

]
1
n

�

(,½�x×ç, 1980)

Å: …WÑ,½�x×ç1980�î=û˝Þpçtæ, -°�
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j: ÄÑ f(x) Ê [0, 1] ,©// f(x) > 0, FJ ln f(x) Ê [0, 1] ,ª	� ‚àì	}

íì2

lim
n→∞

ln
[

f
( 1

n

)

f
( 2

n

)

· · · f
(n − 1

n

)

f(1)
]

1
n

= lim
n→∞

1

n

n
∑

i=1

ln f
( i

n

)

=

∫ 1

0

ln f(x)dx,

] l = e
∫ 1
0

ln f(x)dx�

2. ‚à	}í�S<2°	}

ì	}� ù½	}�	}Ì�w�S<2, ú/<Ôyí	}, *w�S<2ªòQl�

	}�

W3: l�: I =
∫ 1

0

√
2x − x2dx� (rÅ, 2000)

j: Ÿ	}¹Ñ
∫ 1

0

√

1 − (x − 1)2dx� âk y =
√

1 − (x − 1)2 (0 ≤ x ≤ 1) [ýÆ

-Ñ (1, 0), š�Ñ 1 í 1
4
Æ¶, ]âì	}í�S<2ø I = π

4
�

W4: l�: I =
∫∫

D
(a −

√

x2 + y2)dxdy, w2 D = {(x, y) | x2 + y2 ≤ a2}�

j: âù½	}í�S<2ø, I [ýòÑ a, �Þš�6Ñ a íÆVññ	, ] I = π
3
a3�

ù. ìÜ� t�íLà

ìÜ� t�íLàuÈQ2&í�c$�5ø, ¥�2&�˛-ÓO©ø_ìÜ� t�7

æÊ, ¥�j¶Êjævª?}�<;.ƒí^‹�

1. ‚à�bY¹í.b‘K°b�”Ì

Bbø−, ç�b
∑

∞

n=1 un Y¹v, .� lim
n→∞

un = 0� úkb� {un}, ªZ¨�b
∑

∞

n=1 un, †ç¤�bY¹v, ªø lim
n→∞

un = 0�

W5: °”Ì: l = lim
n→∞

2n · n!

nn
� (óp	çÍ, 1982)

j: Z¨£á�b:
∑

∞

n=1 un =
∑

∞

n=1
2n

·n!
nn �

ÄÑ

lim
n→∞

un+1

un

= lim
n→∞

[2n+1(n + 1)!

(n + 1)n+1
· nn

2nn!

]

= lim
n→∞

2nn

(n + 1)n

= lim
n→∞

2
(

1 + 1
n

)n =
2

e
< 1,
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â£á�bíªM‡�¶ø�b
∑

∞

n=1 un Y¹, ]â�bY¹í.b‘Kø l = 0�

W6: qb� {xn} Å— |xn+1 − xn| ≤ 2−n (n = 1, 2, . . .), „p: ”Ì lim
n→∞

xn æÊ�

(œ@sÚçÍ, 1985)

„: Z¨£á�b
∑

∞

n=1 |vn| =
∑

∞

n=1 |xn+1 − xn|�
âk |vn| ≤ 2−n (n = 1, 2, . . .), 7�ª�b

∑

∞

n=1 2−n Y¹, â£á�bíªœ‡�

¶ø�b
∑

∞

n=1 |vn| Y¹, ¹
∑

∞

n=1 vn "úY¹, *7�b
∑

∞

n=1 vn =
∑

∞

n=1(xn+1 − xn)

Y¹�

ÄÑ xn = x1 +
∑n−1

i=1 (xi+1 − xi), ]b� {xn} D�b
∑

∞

n=1(xn+1 − xn) �ó°í

¹à4, kuâ�b
∑

∞

n=1(xn+1 − xn) Y¹ø lim
n→∞

xn æÊ�

2. ‚àƒb4�b�Ç�°ƒbíûb

çƒb f(x) Ê¨Ö x0 /¹�qªJ�ÇA4�b7¤4�b¢ªàÈQj¶×)v,

†ªàw�Ç� f(x) =
∑

∞

n=0
f(n)(x0)

n!
(x − x0)

n ¥¬V° f (n)(x0) (n = 0, 1, 2, . . .)�

W7: ° f(x) = tan−1 x í®¼ûbÊ x = 0 TíM� (‰”	çÍ, 1981)

j: ÄÑ f ′(x) = 1
1+x2 , 7 1

1+x2 u�ª�b
∑

∞

n=0(−1)nx2n (|x| < 1) í¸ƒb, ¹

1

1 + x2
=

∞
∑

n=0

(−1)nx2n (|x| < 1)

FJªø,�* 0 ƒ x Má	}, *7

f(x) = tan−1 x =

∫ x

0

[

∞
∑

n=0

(−1)nt2n
]

dt =
∞

∑

n=0

(−1)n

2n + 1
x2n+1 (|x| ≤ 1).

¢ f(x) =
∑

∞

n=0 f (n)(0)xn

n!
, ]

f (2n)(0) = 0, f (2n+1)(0) = (2n + 1)!
(−1)n

2n + 1
= (−1)n(2n)! (n = 0, 1, 2, . . .).

3. ‚à”-è™t�°	}

Bbø−, Óñí”-è™øOuà	}[ýí, Oâkú/<x�d†$Õ/�ÌGò

�íÓñ, w”-¹Ñw�S2-, ]ª¥¬V‚à”- (¹�S2-) è™t�°/<	}�

W8: l�ù½	} I =
∫∫

D
(x + y)dxdy, w2 D = {(x, y) | x2 + y2 ≤ x + y + 1}�

(rÅ, 1994)
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j: â x2 + y2 ≤ x + y + 1 ) (x − 1
2
)2 + (y − 1

2
)2 ≤ 3

2
, ] D uJ (1

2
, 1

2
) ÑÆ-,

√

3
2
Ñš�íÆ�, wÞ	Ñ 3

2
π, ”-Ñ (1

2
, 1

2
)� â�ÞÇ$í”-t�ø

x =

∫∫

D
xdxdy

∫∫

D
dxdy

, ¹
1

2
=

∫∫

D
xdxdy
3
2
π

,

]
∫∫

D
xdxdy = 3

4
π�

°Üø
∫∫

D
ydxdy = 3

4
π, kuF°	} I = 3

2
π�

W9: l��Þ	}: I =
∫∫

Σ
x2dydz + y2dzdx + z2dxdy, w2 Σ u�Þ (x − a)2 +

(y − b)2 + (z − c)2 = R2 íÕV� (é�ï	“×ç, 1983)

j: â Gauss t�ø I = 2
∫∫∫

Ω
(x + y + z)dxdydz, w2

Ω = {(x, y, z) | (x − a)2 + (y − b)2 + (z − c)2 ≤ R2}.

â˛È
ñí”-t� (ò� ρ = 1) 1·<ƒ Ω í”-Ñ (a, b, c), †�

∫∫∫

Ω

xdxdydz = a · 4

3
πR3,

∫∫∫

Ω

ydxdydz = b · 4

3
πR3,

∫∫∫

Ω

zdxdydz = c · 4

3
πr3,

Ä¤ I = 8
3
πR3(a + b + c)�

ú. ú�dj¶C�„j¶ªW¥jÞ25

1. .��„p2í	}j¶

À‰bƒb2.��í„p×·‚à�}j¶, Ow2�.ý½æí„p6ª‚à	}j

¶�

W10: q f ′′(x) < 0, f(0) = 0, „p: úLS x1 > 0, x2 > 0, �: f(x1 + x2) <

f(x1) + f(x2)� (rÅ, 1992)

„: â f ′′(x) < 0 ø f ′(x) ÑÀ|]Áƒb, ]ú t > 0, x1 > 0, f ′(x1 + t) < f ′(t),

.��siú t * 0 ƒ x2 	}:
∫ x2

0

f ′(x1 + t)dt <

∫ x2

0

f ′(t)dt,

¹ f(x1 + x2) − f(x1) < f(x2) − f(0),

] f(x1 + x2) < f(x1) + f(x2)�
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W11: q x > −1, „p: J 0 < α < 1, †

(1 + x)α ≤ 1 + αx; (1)

J α < 0 C α > 1, †

(1 + x)α ≥ 1 + αx. (2)

s�2�Uç/cç x = 0 vA
� (œ@	çÍ, 1982)

„: J 0 ≥ x > −1, ¹ 1 ≥ 1 + x > 0, †ç 0 < α < 1 v, (1 + x)α−1 ≥ 1, w2�

Uç/cç x = 0 vA
� â¤.��ª)
∫ 0

x

(1 + t)α−1dt ≥
∫ 0

x

dt,

¹ (1 + x)α ≤ 1 + αx, (A)

w2�Uç/cç x = 0 vA
�

J x > 0, † 1 + x > 1, Ä7ç 0 < α < 1 v, (1 + x)α−1 < 1, *7�
∫ x

0

(1 + t)α−1dt <

∫ x

0

dt,

¹ (1 + x)α < 1 + αx. (B)

ã¯ (A), (B) ø, ç x > −1 / 0 < α < 1 v, .�� (1) A
, /w2�Uç/cç

x = 0 vA
�

àéNí¥	ª„.�� (2)�

2. ‚àù½	}jì	}½æ

VF¶ø, O±í–0	}
∫ +∞

0
e−x2

dx ÿuaŒkù½	}°jí, ¥�2;6ªJà

VjÇø<ì	}½æ�

W12: °	} I =
∫ 1

0
ln(1+x)
(2−x)2

dx� (rÅ, 1990)

j: I =
∫ 1

0

(

1
(2−x)2

∫ x

0
dt

1+t

)

dx, ÄÑ 1
(2−x)2

Ê [0, 1] ,Ñ©/ƒb, 1
1+t

Ê [0, x] (0 ≤
x ≤ 1),6Ñ©/ƒb, FJ

∫ 1

0
dx

(2−x)2

∫ x

0
dt

1+t
ª>²	}ßå, *7âóª−ìÜ

I =

∫ 1

0

( 1

1 + t

∫ 1

t

dx

(2 − x)2

)

dt =

∫ 1

0

1 − t

(1 + t)(2 − t)
dt

=
2

3

∫ 1

0

dt

1 + t
+

1

3

∫ 1

0

dt

t − 2
=

1

3
ln 2.
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W13: q f(x) uì2Ê [0, 1] ,íø_£MÀ|]Áƒb, °„:

∫ 1

0
f 2(x)dx

∫ 1

0
f(x)dx

≥
∫ 1

0
xf 2(x)dx

∫ 1

0
xf(x)dx

.

(�17�1Å×çÞbç¬ˇæ, 1957)

„: b„í.���gk

∫ 1

0

f 2(x)dx

∫ 1

0

xf(x)dx ≥
∫ 1

0

f(x)dx

∫ 1

0

xf 2(x)dx,

C6
∫ 1

0

f 2(x)dx

∫ 1

0

yf(y)dx−
∫ 1

0

f(x)dx

∫ 1

0

yf 2(y)dy ≥ 0,

¹
∫ 1

0

∫ 1

0
f(x)f(y)y[f(x)− f(y)]dxdy ≥ 0�

I I =

∫ 1

0

∫ 1

0

f(x)f(y)y[f(x)− f(y)]dxdy,

† I =

∫ 1

0

∫ 1

0

f(y)f(x)x[f(y)− f(x)]dxdy,

ku 2I =

∫ 1

0

∫ 1

0

f(x)f(y)(y − x)[f(x) − f(y)]dxdy�

âk f À|]Á, ]úk [0, 1] ,íL< x, y, .� (y − x)[f(x) − f(y)] ≥ 0, *7

2I ≥ 0, Ä7b„í.��A
�

3. 	}½æíûbj¶

'Öì	}½æ, Wà�Éì	}í��C.��í„p·ªJ‚àƒb2;aŒk�}

çj¶Vj�

W14: q f(x) u©/ƒb, „p:
∫ x

0

[

∫ u

0

f(t)dt
]

du =

∫ x

0

(x − u)f(u)du.

(é�ï	“×ç, 1981)

„: I ϕ(x) =
∫ x

0

[

∫ u

0
f(t)dt

]

du −
∫ x

0
(x − u)f(u)du (x ≥ 0),

† ϕ′(x) =
∫ x

0
f(t)dt −

∫ x

0
f(u)du− xf(x) + xf(x) = 0,

] ϕ(x) ≡ C (�b)�
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¢ ϕ(0) = 0, FJ ϕ(x) ≡ 0, *7Ÿ��A
�

W15: q f(x) Ê£–È [0, 1] ,©/, ÊÇ–È (0, 1)qª�}, / f(0) = 0, 0 <

f ′(x) ≤ 1, „p:
[

∫ 1

0

f(x)dx
]2

≥
∫ 1

0

f 3(x)dx.

(�34�1Å×çÞbç¬ˇæ, 1973)

„: I G(x) = 2
∫ x

0
f(t)dt − f 2(x) (0 ≤ x ≤ 1), †� G(0) = 0, /

G′(x) = 2f(x) − 2f(x)f ′(x) = 2f(x)[1 − f ′(x)].

âk 0 < f ′(x) ≤ 1, f(0) = 0, ]ç 0 ≤ x ≤ 1 v, f(x) ≥ 0, G′(x) ≥ 0, *7 G(x) ≥ 0�

yI F (x) =
[

∫ x

0
f(t)dt

]2

−
∫ x

0
f 3(t)dt (0 ≤ x ≤ 1), †�

F ′(x) = 2f(x)

∫ x

0

f(t)dt − f 3(x) = f(x)
[

2

∫ x

0

f(t)dt − f 2(x)
]

= f(x) · G(x),

â‡F„, ] F ′(x) ≥ 0, *7 F (x) Ê [0, 1] ,À|]Ó� ¢ F (0) = 0, FJ F (x) ≥ 0, Ô

�� F (1) ≥ 0, ¹�
[

∫ 1

0

f(x)dx
]2

≥
∫ 1

0

f 3(x)dx.

4. àÖ‰bƒb°û¶jÀ‰bƒb°û½æ

/<œµÆíÀ‰bƒbíûb6ªJàÖ‰bƒbí¯Aƒb�}¶ j�

W16: q y =
(1 + x2) ln x

sin x + cos x
, °

dy

dx
�

j: I y = vw
u

, w2 u = sin x + cos x, v = 1 + x2, w = ln x, †�

dy

dx
=

∂y

∂u

du

dx
+

∂y

∂v

dv

dx
+

∂y

∂w

dw

dx

=
−vw

u2
· (cos x − sin x) +

w

u
· 2x +

v

u
· 1

x

=
1

(sin x+cos x)2

[

(sin x+cos x)
(

2x lnx+
1 + x2

x

)

−(cos x−sin x)(1+x2) lnx
]

.

5. �[bÝ5Ÿ(��}j˙Ô�jí¯¼j¶

5?ù¼�[b(��}j˙:

y′′ + py′ + qy = f(x) (p, qÑ�b)� (3)



�	}ç2íÈQ2& 37

Bbø−, (3) í¦jÑwú@5Ÿj˙í¦jDwA™íÔ�j5¸� úk f(x) í.

°é�, (3) íÔ�jí°¶6�Ö�, Wà: ¡b‰q¶, Laplace ‰²¶, �ä¶, &ì[

b¶, ±¼¶�� Bb-Þ�Üíu¯¼¶� Ìk¹Ù, ¥³É#|õW, øO4ín�ª¡©

[5]�

W17: °�}j˙ 2y′′ + 5y′ = 5x2 − 2x − 1 íø_Ô�j�

j: j˙siú x °ûb, òƒ¬iÑ�b, )

2y′′′ + 5y′′ = 10x − 2,

2y(4) + 5y′′′ = 10,

ªœj˙si, ª¦ y′′′ = 2, yâ 2y′′′ + 5y′′ = 10x − 2, y′′ = 2x − 6
5
, HpŸj˙, ø

y′ = x2 − 6
5
x + 7

25
, FJ y = 1

3
x3 − 3

5
x2 + 7

25
x ÑF°íø_Ô�j�

W18: °�}j˙ y′′ − 5y′ + 6y = xe2x íø_Ô�j�

j: I y = u(x)e2x, † y′ = e2x(u′ + 2u), y′′ = e2x(u′′ + 4u′ + 4u), HpŸj˙1c

Ü, )

u′′ − u′ = x.

siú x °ûb: u′′′ − u′′ = 1,

]ª¦ u′′ = −1� yâ u′′ − u′ = x, ku u′ = −x − 1, *7ª¦ u = −x2

2
− x� Ä¤

y = −1
2
(x2 + 2x)e2x ÑF°j˙íø_Ô�j�

û. ‚àjæíªL4Ÿ†

à‹jæv£Þ§®, ªL²25� ‚àì2„pb�Cƒbí”ÌÑ/Mv, �à¥�

j¶� ¢à, Ê„pøéD�}ÌMìÜ�Éí·æv, ÉkàSZ¨.Œƒb, 6�à¥�2

˜�

W19: qƒb f(x) Ê–È [a, b] ,©/, Ê (a, b) qª�}, „p: Ê (a, b) qBýæ

Êøõ ξ, U)
bf(b)−af(a)

b−a
= f(ξ) + ξf ′(ξ)� (,½‹%çÍ, 1985; rÅ, 1994)

„: qø f(ξ) + ξf ′(ξ) = [xf(x)]′|x=ξ, Ä7ªq.ŒƒbÑ F (x) = xf(x)�

âk F (x) = xf(x) Ê [a, b] ,Å— Lagrange ÌMìÜ‘K, ]Ê (a, b) qBýæÊ

øõ ξ, U)
F (b) − F (a)

b − a
= F ′(ξ),
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¤¹
bf(b)−af(a)

b−a
= f(ξ) + ξf ′(ξ)�

W20: qƒb f(x) Ê–È [0, 1] ,©/, Ê (0, 1) qª�}, / f(0) = f(1) = 0,

f(1
2
) = 1, t„:

(i) æÊ η ∈ (1
2
, 1), U) f(η) = η�

(ii) úL<õb λ, .æÊ ξ ∈ (0, η), U)

f ′(ξ) − λ[f(ξ) − ξ] = 1.

(rÅ, 1999)

„: (i) I ϕ(x) = f(x) − x, † ϕ(x) Ê [0, 1] ,©/, ¢ ϕ(1) = −1 < 0, ϕ( 1
2
) =

1
2

> 0, ]â£–È,©/ƒbí2ÈMìÜø, æÊ η ∈ ( 1
2
, 1), U) ϕ(η) = f(η)− η = 0,

¹ f(η) = η�

(ii) JúL<õb λ, æÊ ξ ∈ (0, η), U)

f ′(ξ) − λ[f(ξ) − ξ] = 1,

† ξ @Å—ø¼(��}j˙ f ′(x) − λ[f(x) − x] = 1, C f ′(x) − λf(x) = 1 − λx�

j¤�}j˙) f(x) = x + Ceλx, *7

C = e−λx[f(x) − x] (C ÑL<�b),

]ªq.Œƒb F (x) = e−λx[f(x)−x] (0 ≤ x ≤ η)� âk F (x) Ê [0, η] ,©/, Ê (0, η)

qª�}, / F (0) = F (η) = 0, ú F (x) Ê [0, η] ,«à Rolle ìÜ, *7æÊ ξ ∈ (0, η),

U F ′(ξ) = 0, ¹

e−λξ[f ′(ξ) − λ(f(ξ) − ξ) − 1] = 0,

C f ′(ξ)−λ[f(ξ)−ξ] = 1.

ü. ¥½æ

bçí!�øO·JìÜC·æí$�|Û, çBbû˝£·æ(%%´b5?wL·æ

u´A
� Wà: „p7Y¹b�.ì�ä(, ªJ5?�äb�u´.ìY¹? Ìäb�u

´.ìêà? êàb�u´.ìÌä? ¢à: ƒb f(x) = ax (a 6= 0) Å— f(x + y) =

f(x) + f(y), ¥5, Å— f(x + y) = f(x) + f(y) íƒbu´øìu f(x) = ax? �	}

2æÊ×¾éNªJ*¥ÞT|í½æ, Bb.^˚5Ñ“¥½æ”� T|¥½æ1j²¥½æ
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úBbàSrÞ5?½æJ£T|h½æ� hcju�6Œí� Ìk¹Ù, BbcJs−bç¬

ˇæ8Jzp�

W21: qƒb f(x) úkL<í x £ a Å—

1

2a

∫ x+a

x−a

f(t)dt = f(x) (a 6= 0),

„p f(x) u(�ƒb� (�þ�”@
×çÞ (Ýbçù“) bç¬ˇæ, 1995)

„: â

f(x) =
1

2a

∫ x+a

x−a

f(t)dt (a 6= 0) (4)

ªø f(x) u©/í, 7 f(x) TÑø_©/ƒbí	}, FJŸƒb6.uª�}í, /wû

b f ′(x) ©/� ½+¥_RÜ¬˙ø f(x) L<¼íûƒbÌæÊ�

â (4) ø
∫ x+a

x−a

f(t)dt = 2af(x). (5)

ÄÑ (5) úL<ÝÉí a ÌA
, ]siú a °û, )

f(x + a) + f(x − a) = 2f(x). (6)

(6) �si}�ú x , ú a °ûb, )

f ′(x + a) + f ′(x − a) = 2f ′(x)

f ′(x + a) − f ′(x − a) = 0

s�ó‹, )

f ′(x + a) = f ′(x).

â a íL<4ªø: f ′(x) = k (k Ñ�b), *7 f(x) = kx + b (b Ñ�b), ¹ f(x) Ñ(

�ƒb�

Å: JI x − a = t1, x + a = t2, †â (5) ø

∫ t2

t1

f(t)dt = (t2 − t1)f(
t1 + t2

2
). (7)

VF¶ø,
∫ t2

t1
f(t)dt ≈ (t2 − t1)f( t1+t2

2
) Ñ	}¡Nl�í2ä$t�, ç f(t) Ñ(�ƒb

v, 2ä$t��üA
, ¹ (7) �A
� 7W21†„p7: úL<õb t1, t2, ç2ä$t�

�üA
víƒb f(t) .Ñ(�ƒb� úk	}¡Nl�2íG$t��Simpson t��6

�éN!�, ~è6AW„p�
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W22: q u = f(x, y, z), f uª�ƒb, J fx

x
= fy

y
= fz

z
, „p u cÑ r íƒb, w2

r =
√

x2 + y2 + z2� (��ù�”@
×çÞ (Ýbçù“) bç¬ˇæ, 2000)

„: T7è™‰², ¹I

x = r cos θ sin ϕ, y = r sin θ sin ϕ, z = r cos ϕ,

w2 r ≥ 0, 0 ≤ θ ≤ 2π, 0 ≤ ϕ ≤ π, †

u = f(x, y, z) = f(r cos θ sin ϕ, r sin θ sin ϕ, r cos ϕ).

I fx

x
= fy

y
= fz

z
= t, † fx = tx, fy = ty, fz = tz, ku

∂u

∂θ
= fxr(− sin θ) sin ϕ + fyr cos θ sin ϕ

= txr(− sin θ) sin ϕ + tyr cos θ sin ϕ

= t(−xy + xy) = 0,

∂u

∂ϕ
= fxr cos θ cos ϕ + fyr sin θ cos ϕ − fzr sin ϕ

= tr2(cos2 θ sin ϕ cos ϕ + sin2 θ sin ϕ cos ϕ − sin ϕ cos ϕ)

= tr2(sin ϕ cos ϕ − sin ϕ cosϕ) = 0.

]âJ,s�ø u cu r íƒb�

Å: J u cu r íƒb, ¹ u=f(r), 7 r=
√

x2+y2+z2, 6ÿu u=f(
√

x2+y2+z2),

†qø fx

x
= fy

y
= fz

z
, ]â…Wªø: ƒb u = f(x, y, z) cÑ r íƒbík}.b‘Ku:

fx

x
= fy

y
= fz

z
, w2 f Ñª�ƒb, r =

√

x2 + y2 + z2�
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