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sÌw · s¯œ · „dl

1999“�ˇ ò2 ��»j&

(1) ø/úi$íq-¸ú_Ýõó©, zŸúi$}’Ñ3_üúi$� ˛øw2ø_üúi

$DŸúi$óN, °Ÿúi$®iíi��(û}) (q-uNúi$íú_qi�}(5

>õ�)

wÜ: ¥æÝ��À, ¥úi$íú_i�u π
7
, 2π

7
, 4π

7
�

Ôœ: wÜ, 55óø−úi$ú_ií��á?

wÜ: '�À! I �ABC íq-Ñ I, .ÜøO4, ;Wæ<BbªJI �IAB ∼ �ABC,

ÄÑ ∠IAB �= ∠CAB, FJBbI ∠IAB = ∠ABC, w2 ∠ABC = 2�IBA,

âk ∠IBA ¸ �ABC 2/_ir�, Ou ∠IBA = 1
2
∠ABC = 1

4
∠BAC, FJ

∠IBA = ∠ACB, ¥šBb)ƒ ∠ACB +

∠ABC + ∠BAC = 7∠ACB = π , FJ

∠ACB = π
7
, ∠ABC = 2π

7
, ∠BAC = 4π

7
�

à‹ ∠IAB = ∠ACB, †°Üª„� Ç (ø)

�é: wõªJ..}ù�8$n�, ÉbBblìßi�í×üÉ[¹ª� .ÜøO4, B

bªJI ∠CAB = α ≥ ∠ABC = β ≥ ∠BCA = γ, âk �IAB ∼ �ABC,

∠IBA = β
2

É��k ∠BCA, ∠IAB = α
2

É��k ∠ABC, ÇÕ ∠AIB = ∠CAB�

6ÿuz β
2

= γ, α
2

= β� ¢ π = α + β + γ = 7γ, FJ γ = π
7
, β = 2π

7
, γ = 4π

7
�

(2) „p: �ÌÌÖ_£Jb n, U) 2n + n .u”b�(û})

Ôœ: ¥æßØu! 5óvÌÌ_á?

wÜ: ÿuvø×éÚ! ¥æ��u n = 6k + 1, w2 k ∈ N�

Ôœ: ÑBó?

wÜ: ÄÑç n uJbv, 2n ÎJ3íìbu2� ç n = 6k + 1 uJb, FJ 26k+1 + 6k + 1

ÎJ3íìb¸ 2 + 6k + 1 ÎJ3íìbøš, 6ÿu 26k+1 + 6k + 1 ≡ 0 (mod 3),

58
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Éb k uAÍb, 26k+1 + 6k + 1 øìu3íIb, ¢ 2n + n íMÓO n ‰×7‰×,

FJ….u”b�( a ≡ b modn uN a − b u n íIb)

Ôœ: ÑBó5}B·.}�

¯;: wõZ¨ÌÌ_Jb n íj¶'Ö, Ôœ, 5;;õ, cb x “.u”b” uBó<2?

Ôœ: ÿuÎ71¸…™5Õ, x ´�w…Äb�

¯;: ß, à‹5;Z¨ø×# 2n + n �ícb, U)cb d ·u…bíÄb, μ5}*¨ø

_ÄbOG?

Ôœ: *2Çá, �! BVTTõ, Ú! .W, ç n uJb, 2n + n 6øìuJb�

¯;: ³É[, 2.W, μ5}ytμø_b?

Ôœ: ß, μóytt d = 3 í8$� ÄÑ n uJb, FJªJI n = 2m+1, 22m+1 +2m+

1 ≡ 2 + 2m + 1 ≡ 2m (mod 3), Éb m u3íIb, † 2n + n 6}u3íIb, F

JI m = 3k, † n = 2m + 1 = 6k + 1� �, B}7, à‹B;ƒí d u5á?

¯;: 5ªJyttõ�

Ôœ: I n = 2m+1, † 2n +n = 22m+1 +2m+1 ≡ 2 ·4m +2m+1 ≡ 2 ·(−1)m +2m+1

(mod 5)�

m ªJ}ÑJ� Xùé:

(i) J m = 2k, † 2n + n ≡ 2 + 4k + 1 ≡ 4k + 3 (mod 5), FJ k ≡ 3 (mod 5)� ¥

š k = 5p + 3, 6ÿu n = 4k + 1 = 20p + 13, p ∈ N �

(ii) J m = 2k + 1, † 2n + n ≡ −2 + 2(2k + 1) + 1 ≡ 4k + 1 (mod 5), FJ k ≡ 1

(mod 5), ¥š k = 5p+1, 6ÿu n = 2(2k+1)+1 = 4k+3 = 20p+7, p ∈ N�

¥šB¢Z¨2 ��7, ø u 20p + 13, p ∈ N , Çø u 20p + 7, p ∈ N�

(3) ˛È2� _�Þ, ©_�Þ/ßD1999_w…�Þó>, ° n íF�ª?M�(û})

¤æj¶DÅ2 ��»� (3) æéN�

ü;: ¥øæ|�À7,��u2000‘L<ù_�Þ·ó>, FJ n íMu 1+1999 = 2000�

üw: }.}�w…��á?

ü;: B.ø−ô�

üÔ: ªJlhô n M'üí8”, à‹�4_�Þ, (i) L<ù_�Þ·ó>, †©_�Þ/

ßw…3_�Þó>� (ii) ¥_�Þ/Ñù ù_�Wí�Þ§A�å$, †©_�Þ/

ßDw…2_�Þó>�
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(a) (b) (c)

Ç (ù)(�ÞI�Ç)

à‹�6_�Þ, †BbªJ§AÇùíú�8”: ©_�Þ/ßDw…í (i) 5_

(àÇù a), (ii) 4_ (àÇù b), (iii) 3_ (àÇù c) �Þó>�

øO8$ív`BªJ¥š;: ¥<�Þ}A k #©ø#·� m _�Wí�Þ,

Ou.°#í�Þ·.�W, †©_�Þ/ß¸w… (k − 1) · m _�Þó>, ÛÊI

(k − 1) · m = 1999, FJªJø− k = 2, m = 1999 C6 k = 2000, m = 1� ÄÑ

�Þu� k ·m _, FJ���2�, 2× 1999 = 3998 ¸ 2000× 1 = 2000� _! B¢

T|V7�

üw: MO, 5ÑBóªJcq “©ø#·�_�Wí�Þ” á?

üÔ: …Vÿu¥š�! ¥š6ªœ�ú˚4, 7/Tj�jZ<�!

üw: .W, .âƒÜânW� Üâu: à‹#b ≥ 2 (¹ k ≥ 2), Lø_�Þ·¸°ø#2

í�Þ�W, 7¸w…#2í�Þó>� Ê� i #£� j #2®‘|ø_�Þ, IwÑ

L D M , I: r¶�Þbí_bÑ N , � i #�Þí_bÑ I, � j #�Þí_bÑ

J , ¢I L ó>íF��ÞbñÑ l, ¸ M ó>íF��ÞbñÑ m, ÄÑ¸� i #2

íLø_�Þó>í�Þb�kr¶�ÞbÁ � i #í�Þb, FJ I = N − l� °

Ü J = N − m� ÄÑ¸©ø_�Þó>í�Þ_b·uøš, FJ† l = m, 6ÿu

I = J , FJ©#í�Þbñ·.âøš�

ü;: á�¥ó,�á?

üw: bçuJ°öÜ, –1.âöÀUnW�

(4) ˛ø�øì_cb 1, 2, . . . , 100, ø¥øì_cb}Ñ50ú, ©øú2ísb5Ï˚Ñ¥

øúí)U, ~½¥50úr¶í)Uª´/ßÑ1 B50? (û})

Ôœ: ¥øæBt7ß˝·T.|V�

wÜ: à‹ X − Y uXb, † X, Y °ÑJCXb; à‹ X − Y uJb, † X, Y sbÑ

JX®ø, Îæ<Võ, 1 ∼ 100 2�50_Xb£50_Jb, JuªJ§A50ú, Uw

)U/Ñ1B50, μó1B502�25_Jb, FJ.âà 1B100í225_Jb¸25

_Xb, ”-Jb¸Xb®25_, ¥šÿ.ª?§A25ú°JXíbú, FJ.ª?�
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�Ë: B�.°íT¶, ílø¥50ú2©øú×íb[˝i, üíb[¬i, I˝iír¶ó

‹5¸Ñ A, ¬iíbr¶ó‹5¸Ñ B, † A+B = 1 +2+3+ . . .+100 = 5050,

¢ A − B = 1 + 2 + 3 + . . . + 50 = 1275, † A = 5050+1275
2

, .ucb, pe� FJ

¤·æ.ª?�

¯;: wõàL<ù_cb¸DÏ°ÑJbCXbÿªJ7, ÄÑ©øú2íùb5¸D…í

)U°ÑJbCXb, FJ50úícbr¶ó‹5¸D50úí)Ur¶ó‹5¸íJX

4øš, Ou 1 + 2 + 3 + . . . + 100 = 5050 uXb, 1 + 2 + 3 + . . . + 50 = 1275 u

Jb, FJ��u.ª?�

(5) ?.?ø 8× 8 íLb, }’Ñ32_ 1× 2 C 2× 1 íÅj$, 7/Ê©_Åj$qÉ•

ø‘úi(, U)¥32‘úi(2íLSs‘úi(, ·³�u°í«õ? (û})

(Å: ©_Åj$·�ù‘úi(, ø‘*˝,ƒ¬-, Çø‘*¬,ƒ˝-�)

¤æj¶DÅ2 ��»� (5) æ°�

ü;� üÔ� üÜ: ¥æßØí! Bb;…Ì*OG�!

üw: wõ¥æ.Ø, çLbu 2 × 2 D 4 × 4 v'ñqT|V, ÿdÇü, μ5bõ, ¥s_

Çú (a), ú (b) �BóÉ[á? àS*Çú (a) )ƒÇú (b) á?

(a) (b)

Ç (ú)

ü;: Çú (b) ßduÇú (a) [Ê2È, ÕÞyˇOø˛�

üw: ú, μ 6 × 6 íLb5óŸ?

Ç (û)

ü;: μ 6 × 6 .6ÿuz 4 × 4 íÕÞy

ˇø˛ý? Bttõ, _, 5bõ ( Çû)

6×6 íLbBªJT|V7, yt 8×8,

�, 6ªJ, μLS 2n× 2n ·u øší

T¶! ß�Àí!

üw: ú! ü;! 5ß�p! OuøO8$bà

bç¦Ñ„pCz 2n×2n Lbè™“y

Ì	·HF�úi(íP0, zp…b.

}ó>nW�
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1999“�ˇ ò2 ò�»j&

(1) à‹ªJø£cb 1, 2, 3, . . ., /ÊÆ¶,, U)Yßv j²LSs_ó¹íb5¸, ·

?D\…bí-ø_bcÎ� ° n íF�ª?M�(ú})

üÔ: ÄÑ , n = 1, 2 £3v, 'ñqÿT|V� Ou n = 4, Bz®�8” ( u6�) ·t¬

7, !‹·.¯¯æ<�

ü;: 5í��.êc, 5àSø−·.Wá? n = 1, 2, 3 véÍA
� ç n ≥ 4 v, à‹Æ

¶,�ù_©/Xb, âk �Yßv j²LSs_ó¹íb5¸,·?D\…bí-ø

_bcÎ�, †ø¨A¥_Æ¶,í©ø_cb·uXb (.¯)� ÄÑÆ¶,.�ø_c

buXb, 7…íLv j²í-ù_b£ßv j²í-_b,·.âuJb� FJJ

bí_bBýuXb_bí2I� âk 1 ∼ n 2, Jbí_bBÖªXbí_bÖ1_,

FJBbªJRû|Æ¶,|ÖÉ�ø_Xb, ¥šJbBÖ�2_, Ä¤ n |Öu3,

ø1�2�3¥ú_bL<§ÊÆ¶,Yßv‡/,,¥šZÅ—æ<� FJ n = 1, 2, 3�

üw: ü;, 5T)'ß, ª¥'0�

(2) Êø"ä$�Ò,�ø<.õ: (a) çF�.õu(; (ù})

(b) L<ú.õ�(ú})

tOø¥"�•ò(Â�Ÿ, OÂ(.ªJ¦¬LS.õ� Í(, Uà�‡�ªÂßí�,

U)‡É¡¬F�í.õ, O.?¡¬w…íõ� °„: Ê (a) ¸ (b) ù�8”-, ,H¡

¶.?AŠdƒ�

ü„: (a) qä$�,�u(í n _.õ, Yå¦±Ñ A1, A2, . . . , An� I Ai, Ai+1 í�ò�

}(Ñ Li, 1 ≤ i ≤ n− 1� Bb•O L1, L2, . . . , Ln−1 YÂmLj¶, ø£ø¥Ë

ú~�"(, ¤v¥ n _õ·}½¯, 7

/‘ò(z�Þ}A n ¶M, FJø‡�

¬.õ, …b¡¬F�í n _.õ, O.

}¡¬w…íõ�

(b) ë�,Lúõ A, B, C (àÇø), Bbª

JÊ B� C õË¡®L¦æk B� C õ

5 B′, C ′õ, U) B′C ′//BC /w�×

.×k d, J B′C ′ Ñú˚W, ¦ BC ò

(5Ÿdò( B′′C ′′�

A

B

C
B'

C'
B"

C"

X

YO P

QR

X'

Y'

Ç (ø)
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qò( B′′C ′′ Dä$5ùi>õÑ X, Y � .ÜøO4, I B′′C ′′ D OR >k X;

D OP >k Y � ÂL�Ò, øõ O, X ½¯, ¦| OX 2õ X1, øõ O, Y ½¯,

¦| OY 2õ Y1� ø�Ò•ò( X1Y1 úÂ, † O õørÊò( B′′C ′′ ,� yú

Â�Òø X1Y1 D B′′C ′′ ½¯, )|Â( X2Y2, y./ø X2Y2 D B′′C ′′ ½¯,

. . .øòY¤j	./- , ,ªJU XnYn D B′′C ′′ 5�×ük d,¥v XnYn D

B′′C ′′ 5ÈuøLÝ�	�íøL “�
”, w �ük d, |(ø¥L�
• B′C ′

ò(² BC j²úÂ¬ � °š, 6ªJÊ �ABC

í AB� AC i,T,H°ší�T� ¤v, Ÿ�Ò

‰A �ABC £Õ¶ú‘Ý�	�í�
 (àÇù),

w � d bÖüÿªJÖü, BbÏ.ÖªJ�I.

l� ¥v

B
C

A

Ç (ù)

(1) à‹ �ABC .u£úi$C�8úi$, †,ª

Jø|si,íù«õúÂU5½¯, àÇú, .Ü

øO4, cq AC > BC > AB, ST ÑÂ½, †

AT = BT , ST⊥AB, ∠CAB = ∠SBA, ÄÑ

AC > BC, ) ∠CBA > ∠CAB = ∠SBA, ] C

õ}rÊ �ABS 5Õ¶ (Çú)� Bbyø B, C õ

L¯, ¹ªà‡°v¡¬¤úõ/.¡¬w…íõ�

BT

C

A

S

Ç (ú)

(2) J �ABC Ñ£úi$C�8úi$, †Y (1)

FH5j¶øŸ�ÒÂA �ABC £Õ¶ú

‘Ý�	�í�
� àÇû, .ÜøO4, J

AB = AC, Bb,ªJvƒ XY ò(ø�

ÒúÂ(, U) AB′ �= AC ′� 1U) A õ

rÊ B′XY C ′ 5Õ¶£ �A′B′C ′ úiÌ

.ó�� ½æ†‰A (1) í8”, FJBb,

?Tƒæñíb°�

C'

B'
Y

X

CB

A

Ç (û)

(3) üê¸ü@3¼Z¨ø_b�, ílL#ø_£cbTÑíá, âüêÇáÓ¼há, F²

Ïíj¶uø‡øáíbM‹,vbí/øPbå (Wà: íáu234, üêª² 234 + 2

C 234 + 3 C 234 + 4); QO²ü@, F²Ïíj¶uøüêh¼íbMÁ vbí/ø

Pbå (Wà: üê²íbu237, †ü@ª² 237 − 2 C 237 − 3 C 237 − 7), à¤.

TË3¼Z¨- � °„: �ø_cb}Ê¥b�2Bý|Û100Ÿ�(ý})
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ü;: à‹ı�/bÊ¤b	 a1, a2, . . . |Û100Ÿ, †BbvàS jæá?

üw: Bı�?„p¥_b	 a1, a2, . . . �,ä, ¹æÊø_ M > 0, U)úkF�£cb n,

·� an ≤ M� ¥šÿ}�ø_cb}Ê¥b	2Bý|Û100 Ÿ�

Bb*æñø−, üê¼íáuXbá a2, a4, a6 . . ., w2 a2n = a2n−1 + x, x u

a2n−1 2í/øPbå, 0 ≤ x ≤ 9� ü@¼íáuJbá, w2 a2n+1 = a2n − y, y u

a2n 2í/øPbå, 0 ≤ y ≤ 9�

à‹ a1 u n Pb, †I Z =

n+3 P︷ ︸︸ ︷
44 . . . 431 > a1� I

A = {1, 2, 3, . . . , Z};
B = {Z + 1, Z + 2, . . . , Z + 9} = {44 . . . 432, . . . , 44 . . . 440};
C = {Z + 10, . . . , Z + 13} = {44 . . . 441, . . . , 44 . . . 444};
D = {Z + 14, . . . , Z + 17} = {44 . . . 445, . . . , 44 . . . 448}.

Bbà X
B−→Y H[˛Z¨íb	2|(øáu ai ∈ X, 3ƒB¼íhá ai+1 }˘

k Y �

à‹b	2˛Z¨íb	2|(øáu ai

(1) ç ai ∈ A, 3ƒüê¼há ai+1 }˘k A ∪ B; 3ƒü@¼há ai+1 }˘k A�

(2) ç ai ∈ B, 3ƒüê¼há ai+1 }˘k B ∪C ∪D; 3ƒü@¼há ai+1 }˘k

A ∪ B�

(3) ç ai ∈ C, 3ƒüê¼há ai+1 }˘k C ∪ D; 3ƒü@¼há ai+1 }˘k B�

(4) ç ai ∈ D, 3ƒü@¼há ai+1 }˘k B ∪ C�(à-Çü);

A üê A ∪ B A ü@ A

B B ∪ C ∪ D B A ∪ B

C C ∪ D C B

D B ∪ C

Ç (ü)

Bbø„p: úkLS£cb n, a2n ≤ Z + 17 ¸ a2n+1 ≤ Z + 13:

ç n = 1, éÍ a2 ≤ Z + 17 ¸ a3 ≤ Z + 13�

cq n = k v, a2k ≤ Z + 17 ¸ a2k+1 ≤ Z + 13�

ç n = k + 1 v, ÄÑ a2k+1 ≤ Z + 13 (¹ a2k+1 ∈ A ∪ B ∪ C), â,H�„)

ø, 3ƒüê¼íhá a2(k+1) ≤ Z + 17 (¹ a2(k+1) ∈ A ∪B ∪C ∪ D); â,H�„

)ø, 3ƒü@¼íhá a2(k+1)+1 ≤ Z + 13 (¹ a2(k+1)+1 ∈ A ∪ B ∪ C)�
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âbç¦Ñ¶)ø, úkLS£cb n, a2n ≤ Z + 18 ¸ a2n+1 ≤ Z + 13� Ä¤B

b„p7b	2LSá·.}×k Z + 18�

üÔ: I Z =

n+2 P︷ ︸︸ ︷
88 . . . 870, BbªJI

A = {1, 2, . . . , Z}
B = {Z + 1, Z + 2, . . . , Z + 9}
C = {z + 10}
D = {Z + 11, Z + 12, . . . , Z + 18}

†Õ¯ A, B, C É[¸Çüøš, FJ°Üª„b	2LSá·.}×k Z + 18�

ü;: B�5í;¶øš, É.¬ Z =

n+3 P︷ ︸︸ ︷
99 . . . 980, ¥6uø�£ü���

üœ: Îüwíz¶, BbªJI P = A∪B∪C = {1, 2, . . . , 44 · · ·444}, Q = A∪B∪C∪
D = {1, 2, . . . , 44 · · ·448}, † P

üê−→Q / Q
ü@−→P , ÄÑa1 ∈ P , âüê� ü@3¼

Z¨- , F)ƒíhbøìÊ Q Õ¯2, Ä¤„pb	2LSá·.}×kZ + 18�

(4) � n _ƒ{, …bí”¾}�Ñ 1, 2, 3, . . . , n s, ÊF�ªJíj¶2, H�*si®“

¥s_ƒ{, 7.�à�©�

(a) °„ç n = 100 v, øì?AŠ�(û})

(b) ç n ≥ 4 v, u´úF�í n M·\„?AŠ? (û})

üw: Bí;¶u: ø¥100_ƒ{}Aù [ÊÙ�ísi, U…b�©, .ÜøO4, q”

¾Ñ1síƒ{Ê˝i, ˝iíƒ{·™ L , ¬iíƒ{·™ R�

zF�ƒ{“|V, O/½*üƒ×§Aø	, AÑø_ L, R íå	 a1, a2, a3, . . .

a100 w2 a1 = L, ai ∈ {L, R} (¹ ai u L H[”¾Ñ i síƒ{Ê˝i, ai u R H

[”¾Ñ isíƒ{Ê¬i)� z¥_å	}Ab¨ (Bý2¨), ©¨í™U L C R ·

ó°, O¸-ø¨.°�

L︸ ︷︷ ︸
k_

R(i) É}Aù¨, ˝iu a1, a2, . . . , ak, 7 ¬i

u ak+1, ak+2, . . . , a100� ÄÑ˝iLø_ƒ{·

ª¬iLø_ƒ{/, FJ.ª?*si®“¥

s_ƒ{, 7.�à�©�

(ii) à‹}Ñú¨, ˝iu a1, a2, . . . , ai £ aj+1,

aj+2, . . . , a100 7¬iu ai+1, ai+2, . . . , aj, 2
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Èí¨rBý�ù_ƒ{ (¹ j − i ≥ 2), ´†

F�™ L Uíƒ{5,½¾.}�k™U R í

ƒ{5,½¾�

L L

ia 1�ia ja
1�ja

Ä¤¦¬,Ç2íû_ƒ{: ˝ií ai, aj+1 £¬i ai+1, aj, † i+ j +1 =

i + 1 + j, FJªJ*si®“¥s_ƒ{, 7.�à�©�

(iii) à‹}Aû¨, /˝iu a1, a2, . . . , ai £

ai+2,7¬iu ai+1 £ ai+3, . . . , a100, †

ÄÑ˝iLù_ƒ{·ª¬iLù_ƒ{

/, FJ.ª?*si®“¥s_ƒ{,7

.�à�©�

L RR L

i ( 2�ia( 1�ia

(iv) à‹}Aû¨, /˝iu a1, a2, . . ., ai £ aj+i,

aj+2, ak 7¬iu ai+1, ai+2, . . . , aj £ ak+1,

. . . , a100, w2 k − j ≥ 2 C6 j − i ≥ 2� †

° (ii) í�„, ªJ*si®“¥s_ƒ{, 7

.�à�©�

L R L L

↑ ↑
Bý�ø¨�2_C2_J,íƒ{

(v) à‹}A5¨C5¨J,, /˝iu a1,a2, . . . , ai

£ aj+1, aj+2, . . . , ak £ al+1, al+2, . . .,

7¬iu ai+1, ai+2, . . . , aj £ ak+1, . . . , al,

. . ., †.° (ii) í�„, ªJ*si®“

¥s_ƒ{, 7.�à�©�

L LR R

ia 1�ia la 1�la
kj a,,1 �

�

â,H�„)ø, à‹u8$ (i) ¸ (iii) †.ª?*si®“¥s_ƒ{, 7.�

à�©� FJBb5?8$ (i) ¸ (iii):

à‹u (i), †æÊ k U)

1 + 2 + 3 + . . . + k = 1
2
k(k + 1) + 1 = 1

4
n(n + 1)

à‹u (iii), †æÊ k U)

1 + 2 + 3 + . . . + k + (k + 2) = 1
2
(k + 2)(k + 1) + 1 = 1

4
n(n + 1)

}&êF�8”(, éBbyõæñí½æß!

(a) n = 100, ÄÑ 1
2
· 70 · 71 + 1 < 1

4
· 100 · 101 = 2525 < 1

2
· 71 · 72 .ª?u (i) £

(iii)� ]É?u (ii)(iv)(v), ¹.ªJ*˝¬®“¥2_ƒ{U)EH�©�

(b) n�øOí n� ¦ n = 20, k = 13 †ª?}A (i) íÕ”, FJª?U˝¬®“¥

2_ƒ{U)EH�©�
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(5) Êø_'×íLb,, w2� 2n _üj�\+,�H, 7¥ 2n _üj�§�íj�, ª

éø(É?Dd•Cò•íLä, *Lø�H�ä.à¡¬³�+Hí�ä, Z?Êb¥�

�(, ƒ®LSw…í�H�ä� °„ªJø¥ 2n _�H�ä}’Ñ n _ä$ (¨�£

j$)�(ÿ})

üw: ø_�Hüj�¸…í,� -� ˝� ¬í�Hüj�˚Ñ…bó¹� I T Ñø#�Hü

j�F AíÕ¯� *LS T 2ø_�Hüj�Çá, ©Ÿ·ªJ*Lø�H�ä�

ƒDwó¹í�Hü�ä, ?Êb¥�(, ƒ®LSw…í�H�ä� Bb˚ T Ñ©

¦� æñí<2uN¥ 2n _�Hüj�$Aø_©¦¶M� ¥øæøàbç¦Ñ¶„

p, OuBÉ}�Àí8$�

ç n = 1 C2v, éÍA
� cq n ≤ k v, æñuA
�

ç n = k + 1 v, Bbøz 2n _�Hüj�}As_©¦íäÕ¯, …b}
�

2s D 2(k + 1− s), âcqªø…bªJ\}’Ñ s ¸ (k − s) + 1 _üä$, FJu

� k + 1 üä$� à‹¥ 2n _�Hüj�\}Aú_Cû_©¦íäÕ¯, C6}A

s_Jb_üä$©¦íäÕ¯, Bÿ.}7�

üË: B}� Bø„pø_yøOíìÜ�

ìÜ: Êø_'×íLb,, w2� _©¦üj�\+,�H, †ª Jø¥ _�H�ä

}’Ñ m
2
� _ä$ (¨�£j$)�

üÔ: á�? μ.uyØ„p7ý?

üË: ¥ubç,�àíj¶, ÄÑ„pXb8”v.âàƒJb8$í!‹, múXbT¦Ñ

¶ÿT.- 7�

ìÜ„p: Bbøàbç¦Ñ¶„p,Hs�8$°vA
�

ç m = 1 C2v, éÍA
� cq m ≤ p v, æñuA
�

ç m = p + 1 v, Bb5?ù�8”: (a) m uJb¸ (b) m uXb

(a) ç m = 2k + 1 v, Bb“¥/øüj� A, ”-í 2k _�Hüj��

(1) à‹…b´u©¦í, âcqBbªJø¥ 2k _�H�ä}’Ñ k _ä$, ‹

,�Hüj� A, Bbz¥ 2k + 1 _�Hüj�}A k + 1 _ä$, )„�

(2) à‹…bªJ\}A r _ (r > 1)©¦¶M C1, C2, . . . , Cr †Bbz¥ 2k+1 _

�Hüj�}Aù)©¦¶},ø)u C1, ÇÕur¶pÎ C1(= A∪C2∪Cr)�

¥ù)©¦¶}¨Ö�Hüj�í_bJX.°�

âcqBbz¥ 2k + 1 _�Hüj�}A k + 1 _ä$�

â (i), (ii) £bç¦Ñ¶ª)„�
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(b) 5? m = 2k + 2 8$� âkLb,LSüj�|ÖD4_üj�ó¹, Bb5?ú

�8”: (1) à‹æÊ�ø_�Hüj� A, …/D2_�Hüj�ó¹; (2) F�í

�Hüj�, ….}/D2_�Hüj�ó¹, OuæÊ�ø_�Hüj� A, …/D

4_�Hüj�ó¹; (3) F�í�Hüj�, ….}/D2_C4_�Hüj�ó¹,

7/¥< 2n _�Hüj�.}¨Ö4_$Aáå$í�Hüj��

(1) à‹æÊ�ø_�Hüj� A, …/D2_�Hüj�ó¹, IwÑ B, C, ‘¥

�Hüj� A, Bb5?”-í 2k + 1 _�Hüj�, …bBÖ$As_©¦¶

}�

(i) …b$As_©¦¶}, †w2�ø_©¦¶}�Jb_�Hüj�,ø_©

¦¶}�Xb_�Hüj�, Jb©¦¶}:Õ A EÍu©¦í� ¥šBb

)ƒ2)Xb_�Hüj�í©¦¶}, â (a) )„�

(ii) …b$Aø_©¦¶}, y‘¥�Hüj� B, Bb5?”-í 2k _�Hü

j�2¨Ö C í©¦¶} X, à‹ X ¨ÖXb_�Hüj�, †r¶í�

Hüj�‘  X F”-í�Hüj�6u©¦í; à‹ X ¨ÖJb_�H

üj�, ø X :Õ A }$Aø_¨ÖXb_�Hüj�í©¦¶}, ‹,

ÇÕ”-í¶}6}$Aø_©¦¶}, ¥šBb)ƒ2)Xb_�Hüj

�í©¦¶}, â (a) )„�

(2) F�í�Hüj�, ….}/D2_�Hüj�ó¹, OuæÊ�ø_ �Hüj

� A, …/D4_�Hüj�ó¹, IwÑ B, C, D, E, ¥< B, C, D, E 2.

�ø_üj�¸3_C4_�Hüj�ó¹ (à‹ B, C, D, E ·É¸�Hüj�

A ó¹, † m = 5 (.¯)), Bbø−¥ 2k + 2 _�Hüj�øì¨Öø_â

4_�Hüj� Aíáå$� ‘¥¥4_áå$í�Hüj�, Bb5?”-í

2k − 2 _�Hüj�:

(i) à‹…b¨ÖXb_�Hüj�í©¦äÕ¯, †â (a) )„�

(ii) à‹…b¨Ös_Jb_�Hüj�í©¦äÕ¯ X D Y , âkF�í�H

üj�, ….}/D2_�Hüj�ó¹, FJáå$í4_�Hüj�·}

D X C Y ó©� .ÜøO4, cq X Dáå$2í/ø_�Hüj� P

ó¹, Y Dáå$2í/ø_�Hüj� Q(P �= Q) ó¹, ¥š X :Õ

P }$Aø_¨ÖXb_�Hüj�í©¦¶}, ‹,ÇÕ”-íF�¶}

6}$Aø_¨ÖXb_�Hüj�í©¦¶}, ¥šBb)ƒ2)Xb_

�Hüj�í©¦¶}, â (a) )„�

(iii) à‹…b¨Ö4_Jbí©¦äÕ¯ X, Y, Z, W , cqáå$í4_�Hü

j� B, C, D, E 2�ø_�Hüj� P É}D©¦äÕ¯ X, Y, Z, W 2
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/ø_ó©, IÑ R, ¥š©¦äÕ¯ R :Õüj� P }$Aø_¨ÖX

b_�Hüj�í©¦¶}, ‹,ÇÕ”-íF�¶}6}$Aø_¨ÖX

b_�Hüj�í©¦¶}, â (a) )„� cqáå$í4_�Hüj�2©

ø_�Hüj�·}D©¦äÕ¯ X, Y, Z, W 2/ù_ó©� cqáå$

í4_�Hüj� P D Q ó©, †�Hüj� P D Q .}D X, Y, Z, W

2/ø_ó©, IÑ R, q�Hüj� P D X, Y, Z, W 2/Çø_ó©,

IÑ S, ¥š R :Õ S :Õ P :Õ Q }$Aø_¨ÖXb_�Hüj�

í©¦¶}, ‹,ÇÕ”-íF�¶}6}$Aø_¨ÖXb_�Hüj�

í©¦¶}, â (a) )„�

(3) F�í�Hüj�, ….}/D2_C4_�Hüj�ó¹, 7/¥< 2n _�H

üj�.}¨Ö4_$Aáå$í�Hüj�� Bbø·|¥�8”-¥ 2n _�

Hüj�íÇ$}dÇ$íÇý c C d�
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Çý (a) Çý (b)
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A1 A2 A3

B1

B2

B3

B4

B2k−1

A2k A2k−1

Çý (c)
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............. ............. .............
.............
.............
............. ............. .............

.............

.......................................

A1 A2 A3

B1

B2

B3

B4

A2k−1 A2k+2

Çý (d)

ç n = 1, 2 v, Ç$ÑÇý a, b� cq n = k v, Ç$àÇý c C d� ç

n = k + 1 v, Bb.â‹2_�Hüj�ƒÇý c C d ,, ÄÑF�í�Hü

j�, ….}/D2_C4_�Hüj�ó¹, 7/¥< 2n _�Hüj�.}¨
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Ö4_$Aáå$í�Hüj�, FJh¼í2_�Hüj�.â°v‹ƒÇý c

C d 2íD A1 C Ak+1 ó¹í™(j�,�

¥vF�í Ai, 1 ≤ i ≤ k + 1 $Aø_ä$, ÇÕ©ø_�Hüj� Bj ,

1 ≤ j ≤ k ÖA$Aø_ä$, FJ¥< 2k + 2 _�Hüj�,u\}’A

k + 1 _ä$�

*,H�„, âbç¦Ñ¶)„Êø_'×íLb,, w2� 2n _©¦ü

j�\+,�H, †ªJø¥ 2n C 2n − 1 _�H�ä}’Ñ n _ä$�

(6) cqø_oÖÞñ�_ 10n Þ, °„w2Bý� n _Þ, …bíib·ó °�(ÿ})

üÔ: ¥øæØØ7, êr³�–1 vj��

üw: ÖÞñít	5=¬μ<á?

üÔ: B=¬«…t	:

v − e + f = 2 (1)

w2 v, e £ f H[ÖÞñ2Ýõí,_b, ií,_b£Þí,_b�

üw: 'ß, w2 e, v, f 5È�BóÉ[á?

üÔ: u! Bø−ø_t	:
v∑

i=1

deg(vi) = 2e (2)

w2 deg(vi) H[JÝõ vi Ñ«õíi5,_b, C6zu¸Ýõ vi ó¹íi5,_

b�

üw: 'ß! 5ø−ÑBóý?

üÔ: .ø−�

ü;: Bø−, ÄÑ©_i·�ù_«õ, FJl�D©_Ýõó¹íi5,¸vóçk©_i

·�¬sŸ�

üw: 'ß, *¥_t	 (2) n�ÖÞñv, BbªJRƒ

2

3
e ≥ v (3)

5ø−ÑBóý?

ü;: ÄÑÖÞñ©_ÝõBýDú_ió¹, ´†ÿ.A
ñ, 7uÊø_�Þ,7� FJ©

_ deg(vi) ≥ 3, 6ÿu 2e =
v∑

i=1
deg(vi) ≥ 3v�

üw: Ý�ß� °Ü, 56ªJRû| e D f íÉ[³!
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ü;: �, âk©‘˘ (i) ·/˘kÖÞñís_Þ, FJ

f∑

i=1

fi = 2e (4)

°Üí©_ÞBý�3_i, FJ©_ fi ≥ 3, 6ÿu 2e =
f∑

i=1
fi ≥ 3f�

f ≥ 2

3
e (5)

üÔ: N”7� ¥øæBb1.Ûbt	 (4)� â (1) £æñíÅHª)ƒ

2 = v − e + 10n

â (3) Bbª)ƒ

2 ≤ 2e

3
− e + 10n = 10n − e

3

=⇒ 10n − 2 ≥ e

3

Ä¤Bb)ƒ

30n − 6 ≥ e (6)

à‹ 10n _oÖÞñ³�ó°ibí n _Þ, âk©_ÞBý�3_i, †¥ 10n Þ

F¨Öíib5,¸Bý ≥ (n− 1)(3 + 4 + . . . + 12) + 13 · 10 = 75n + 55, ât	

(4), Bb� 2e ≥ 75n + 55, ¹ e ≥ 37.5n + 27.5� ¥Dt	 (6) .¯� FJBý� n

_Þ, …bíib·ó°�

Ðá : …¹d?ß‚|�, T6bb>á˜±ö, �J�²=£ëÅ˚í�‡£TX		,

°v6áá©»í`¤�4
bTXçÞ		’e, °v6ááÏ£�Þ=6�H

å�

—…dT6sÌwÿèk”øÞ2ø��� s¯œÑ2Ûû˝ÍbçFû˝º, „dlÑ�ı

|�þŠ
A—


