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Ê IMO !!(�œB	˚2˙� =7Í�bç¬ˇ3� Konstantinov Ê¤}‡‚È¤��

ı|�þŠ�=¹MxË–5ˇ9� «Éˇ–5#ÝŸ¶Ñ® Aô±�«ÉF�¡ˇ²G‡

1/2 6áêø�Ý� ù�Ý� ú�ÝÝÕ� 1999�#ÝªWÑ 1:2:3 (¹ø�Ýb¾2F�5Þ

5 1/12); 2000Ó‹7TÝ, #ÝªWZÑ 1:3:6:12 (¹ø�Ýb¾2F�5Þ5 1/44), ±

�® ‡ú±5ÞÞ, Ç#ÞÞÝ; 2001�#ÝªWyZÑ 1:3:6:15 (¹ø�Ýb¾2F�5

Þ5 1/50)�

Ê¥³, Bbøú1999“�ˇíæñTj&XÅq2çÞ£`¡5�

1999“�ˇ Å2 ��»j&

(1) øøòiúi$í�Ò, •Oø‘ò(Â, UòiíÝõ¸úi$Çø_Ýõ½¯, )|ø

_ûi$�

(a) ¥_ûi$s‘úi(ó>, ˛¤}Ñs¨, °©‘úi(ís¨Å�íª0�(ù})

(b) øÂßíûi$�Ò, *Ÿúi$í�ú_ÝõÇá•Oúi(‘Ç, U)Ÿ�ÒAÑ

ú"ü�Ò, càŸúi$íÞ�Ñ1, °|üμ)�ÒíÞ��(ù})
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A

B CD

F

G

Ç (ø)

ü;: (a) ¶MB}Tø<, OÎæñí<2, õ B

Dòiõ C ½¯, ª• FD Â�ABC, U)

B)ƒÇø� âk �FDG D �DGC °ò,

FJ FG
GC

= �FDGÞ	
�DGCÞ	

, BbªJI �FDG

Ñ x, �DGC Þ	Ñ y, ÄÑ ∠FDB +

∠FDC = 180◦, ¢ ∠FDB = ∠FDC, F

J ∠FDB = 90◦, Ä¤ DF//AC� ÄÑ D

u BC í2õ, FJ DF .> AB k2õ, ¹ F u AB í2õ� âk �AFD D

�CFD °ò, † �ADF Þ	 = �CDF Þ	 = x + y, Bb)ƒ �AFG = y, ¢

ÄÑ �ACD D �ABD °ò, † �ACD Þ	 = �ABD Þ	 = 2�ADF Þ	

= 2x + 2y, FJ �AGC Þ	 = �ACD Þ	 −�DGC Þ	 = 2x + y, Í(Bÿ

.}7�

üË: 5õ! ÄÑ FD//AC, FJBb)ƒ ∠GFD = ∠GCA, ∠GDF = ∠GAC, ª7„

p �FDG ∼ �CAG, FJ FG
GC

= DG
AG

, ¹ x
y

= y
2x+y

, ¥šÿ)ƒ x(2x + y) = y2,

¹ 0 = 2x2 + xy − y2 = (x + y)(2x − y), ÄÑ x, y ·u£b, x + y �= 0, FJ

2x− y = 0, ¤¹ y = 2x, 6ÿu x
y

= 1
2
�
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ü;: _! ßØu!

üÔ: wõT¶ªJ
ÀrÖ, ..àƒjøjùŸj˙�� à‹‚àúi$íù82õ©(

.�W�i/wÅ�/Ñ�iíøš54”, y‚à �FDG ∼ �CAG, ª) 1
2

=
FD
AC

= FG
GC

= DG
AG

�

ü;: ßNv! =–V.Ø�! μBttõ (b) ¶M� \, B5óÉ�‘Aù¶M7˛!

üÔ: ŒÀ, 5³�OÎæ<lz B õ¸ C õ½¯Â

ß, —N.?yHÇ, ¥šÿªJ‘A �ADC,

�ADH ¸�BDH ú¶M� (b) ÿubBb°

Çù2í �BDH Þ	� Âß5(, B D C õ

½¯, H õD G õ6½¯, FJ �BDH Þ	

= �DGC Þ	�
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Ç (ù)

ü;: μ
À, �DGC íÞ	u y, �ABC íÞ	u �BDF Þ	í4I� âk°ò, FJ

�BDF Þ	 = �ADF Þ	 = x + y, † �ABC íÞ	u 4x + 4y = 6y, FJ

�DGC = 1
6
�ABC Þ	 = 1

6
�

üw: wõÊ (a) ¶M2, F õu �ABC íÕ-, G õu �ABC í½-, 6ÿuúi$2

(í>õ, ½- G zú‘2(·}Ñù¨, wÅ�íªWÑ2:1�

ü;: üw, 5ÊzBóÚ? =t !

(2) I a, b, c Ñcb, 1/Å— a + b + c = 0� cq d = a1999 + b1999 + c1999� ~½:

(a) �³�ª? d = 2 ? (ù})

(b) �³�ª? d u_”b? (ù})

(×k1ícb, à‹É�1£…™íÄb, ˚…Ñ”b�)

ü;: ¥æ'
À, Bà a = 1, b = −1, c = 0 Hp, l�!‹: d = 1 + (−1) + 0 = 0, F

J d .ª?u2, 6.ª?u”b�

üÔ: Bó�Bó�! 5Éuàø�8$Hp)ƒ d = 0, 5ó?\„ d “.ª?” u26.ª

?u”b�

üÜ: ¥æÊ˙ý d “.ª?” u2, ´†, ÄÑ2u”b, μó (b) ¶Mÿ.àT7�

üw: ú! 5z)'ú, Ou¥.u„p�

üÜ: âk a + b + c = 0, à‹ a, b, c �ø_Cø_J,íbu0, † d = 0� à‹ a, b, c ·

.Ñ0, † a, b, c �£, �Š� ¹ a, b, c uùŠø£C6ù£øŠ� .ÜøO4, I b,

c °UOD a .°U, / a Ñ£� μó a1999 = |(b + c)1999| ±×k |b|1999 + |c|1999,
FJ d .ª?u2�
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üw: üÜz).ÀU� Bç¬ùá�ìÜ, μÿu:

(b + c)n = bn +

(
n

1

)
bn−1c +

(
n

2

)
bn−2c2 + · · ·+

(
n

n− 1

)
bcn−1 + cn

= bn + cn + bc
[(n

1

)
bn−2 +

(
n

2

)
bn−3c + · · ·+

(
n

n− 1

)
cn−2

]

;WüÜí;¶, @vuz:

(1) a, b, c 2�ø_Cø_J,íbu0, † d = 0�

(2) a, b, c ú_b.ª?°vrÑ£C6rÑŠ� .ÜøO4, I b, c °UOD a .°

U� FJ a = −(b + c) � Ä¤

d = (−1)nbc
[(n

1

)
bn−2 +

(
n

2

)
bn−3c + · · ·+

(
n

n− 1

)
cn−2

]

ÛÊ n = 1999, âk1999u”b,J 0 < k < 1999, †
(

1999
k

)
øìu1999íIb�

μÿòQRû| d u1999íIb� J d u”b† |b| = |c| = 1, Bbª) |a| = 2,

FJ |d| = 21999 − 2 .u”b, )ø (a), (b) ·u.ª?�

ü;� üÔ: Bb·³ç¬ùá�ìÜ, =zòún}çƒ, μBb5óª?}T¥æ?

üË: �ù−! ¥æ�
Àíj¶, æñ½Bbu´ª?Ñ”b, üÜ¢zæñ˙ý (a) .ª

?, μBb�Œ d u´Ñ/bíIbÿß7�

ü;: 4Ù�, AÍbμóÖ, B5óª?ø− d }u¨ø_bíIbá?

üË: �3, *
À8$íOG�!

üÔ: ß, BV� âk xn D x íJX4ó°, FJ d = a1999 + b1999 + c1999 D a+ b+ c = 0

íJX46ó°� ÄÑ a + b + c = 0 u2íIb, FJ d 6u2íIb� Öô! ßd.

Øí! yVõ d u´Ñ3íIb . . .

ü;: �ø�, éBVttõ, 01999 = 0, 11999 = 1, 21999 ÎJ3ì . . . �, 2ÎJ3 ì2, 22

ÎJ3ì1 . . ., Ú! 2íŸjÎJ3íìb.u�ìí� .W³!

üÔ: �3! 23 ÎJ3ì2, 24 ÎJ3ì1, v, Bø−7, 2íJbŸjÎJ3ì2, ¥š x1999

¸ x ÎJ3íìbó°� a1999 + b1999 + c1999 ¸ a + b + c ÎJ3íìbó°� ¢0u3

íIb, FJ d 6u3íIb� _! BT|V7, d u2�3íIb, çÍ d “.ª?” u

2, 6 “.ª?” u”b� 5š, B�D�pß! .ß<2, .ß<2!

(3) 	Þ,� n ‘ò(, ©‘ò(/ßD1999‘w…ò(ó>, ° n íF�ª?M�(û})

ü;: ¥øæ|
À7, ��u2000‘L<ù‘(·ó>, FJ n íMu 1 + 1999 = 2000�

üw: }.}�w…��á?
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ü;: B.ø−ô�

üÔ: ªJlhô n M'üí8”, à‹�4‘(, (i) L<ù(·ó>, †©‘ò(/ßw…

3‘ò(ó>�(ii) ¥4‘(/Ñù ù‘�W(§A�å$, †©‘ò(/ßDw…2‘

ò(ó>�

à‹�6‘(, †BbªJ§AÇúíú�8”: ©‘ò(/ßDw…í (i) 5‘ (à

Çú (a)), (ii) 4‘ (àÇú (b)), (iii) 3‘ (àÇú (c)) ò(ó>� øO8$ív`B

ªJ¥š;: ¥<ò(}A k #©ø#·� m ‘�Wíò(, Ou.°#íò(·.

�W, †©‘ò(/ß¸w… (k − 1) ·m ‘íò(ó>, ÛÊI (k − 1) ·m = 1999,

FJªJø− k = 2, m = 1999 C6 k = 2000, m = 1� ÄÑò(u� k ·m ‘, F

J���2�, 2× 1999 = 3998 ¸ 2000× 1 = 2000 � _! B¢T|V7�

(a) (b) (c)

Ç (ú)

üw: MO, 5ÑBóªJcq “©ø#·� m ‘�Wíò(”á?

üÔ: …Vÿu¥š�! ¥š6ªœ�ú˚4, 7/Tj�jZ<�!

üw: .W, .âƒÜânW� Üâu: à‹#b ≥ 2 (¹ k ≥ 2), Lø‘ò(·¸°ø#2

íò(�W, 7¸w…#2íò(ó>� Ê� i #£� j #2®‘|ø‘ò(, IwÑ

L D M , I: r¶ò(bí_bÑ N , � i #ò(í_bÑ I, � j #ò(í_bÑ

J , ¢I L ó>íF�ò(bñÑ l, ¸ M ó>íF�ò(bñÑ m, ÄÑ¸� i #2

íLø‘ò(ó>íò(b�kr¶ò(bÁ � i #íò(b, FJ I = N − l� °

Ü J = N −m� ÄÑ¸ ©ø‘ò(ó>íò(_b·uøš, FJ l = m, 6ÿuz

I = J , FJ©#íò(bñ·.âøš�

ü;: á�¥ó,�á?

üw: bçuJ°öÜ, –1.âöÀUnW�

(4) 2×‚`í A 
�v , ©Ùv‡É�1˛, }‡�24˛; 7øOí�¦v , ©Ùv‡

�s˛, }‡�24˛� cqs�v í Þøš×, v‡� }‡6}�øšÅ, O}‡IÅ

kv‡� s�v  �Év� í…½·�ìPk Þí£,j� ½24üvq, �Öý�8$v
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‡� }‡¸ �Év� íóúP0, ó°Ë|ÛÊs�v , (¥v`s�v éýívÈª

?.°)? (û})

ü;: ¥øæ'õ¦, Ou.Ø� BåÇÿªJÀUËT|��7� Çû (a) u A �í � Ç

û (b) u�¦í � BÉbz A �í ©ø_ k õc, 0 ≤ k ≤ 23, íP0Ç$·å

|V, u�24�, yõõμø�Ç$íóúP0Ê�¦ív ,6}|Û, !‹u12�

(¹ k = 0, 2, . . . , 22)�

23
22

21
20

19

18
17

16
15

14 13

0 0

12

11

10

9

8

7 6
5

4

3

2

1

11

10

9
8

7

6

5

4

3
2 1

(a) (b)

Ç (û)

üÜ: wõBÉå4_Ç, 1õc�2õc�3õc�4õc, A �ív Þ,v‡� }‡¸ÉvíP

0, ÿï,RÜø−2õ�4õ�6õ�. . . 24õ£í A �í Þ,v‡� }‡¸Évíóú

P0u´6}ó°Ë|ÛÊ�¦v �

üÔ: ÑBó5bÉõ©ø_ “cõ” íP0? Ø−w…v…·.Wý?

ü;� üÜ: çÍ.ªJ³! .Í5μsB´�wF��ý?

üÔ: .ªJb°Çö465„p, üwzí “bƒÜânW”� �, Bø−7, A �}‡i§

�uv‡í24I, �¦ í}‡i§�uv‡i§�í12I, âk A �v í}‡i

§�¸�¦ í}‡i§�øš, Ou�¦ ív‡i§�u A �v ív‡i§�í

2I, …bÉ�ÊN² “cõ” í…½n}Ê°øP0, FJnbõcõ�!

üw: æñ.u½Bbs�  “°v” |ÛíóúP0ív…�Öý�? FJüÔíÜâ.r

ú, |(íÜâ�RÏ� Üâ@vu¥ší:

s_ í “Év” …½·.�, }‡i§�øš, BbÉb�ðù�v ív‡Ê°

øP0v, …bí}‡6Ê°øP0, ¹�¦�í u a õ b }íu, † A �í .â

u c õ b }�

âk�¦ íbå x …½D A � íXbbå 2x …½Ê°øP0; 7 A � í

Jbbå 2x + 1 …½u�Ê�¦ íbå x D x + 1 …½í2È� ©Ÿcõv, ù�

v í}‡·u* “Év” …½Çá•, v‡u* “cõ” …½Çá•� à‹v‡� }‡

¸ 	Év
 íóúP0, ó°Ë|ÛÊs�v ,, †.â a = 2c C 2c + 1�
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à‹ 60 > b > 0: âk A �v‡âbå a Çá•íi�u}‡* “Év” …½

•¬i�í 1
24

, �¦v ív‡†u• 1
12

� âk}‡©} ÷7 6◦(360◦
60

= 6◦), ç}

‡÷7 (6b)◦, A �ív‡÷7 b
4

◦
, 7�¦v ív‡÷7 b

2

◦
� Bbb5?ù�8$:

(ø) a = 2c, A �ív‡u*bå a Çá÷7 b
4

◦
, âk 60 > b > 0, † b

2
�= b

4
(.

¯)� (ù) a = 2c + 1, A � ív‡*bå a− 1(= 2c) ƒ a b• 15◦� FJz A �

 v‡u*bå a − 1 Çáu•7 ( b
4

+ 15)◦, âk 60 > b > 0, † b
4

+ 15 �= b
2

(.

¯)� FJ.â b = 0, ¥nu “bõcõ” íÜâ�

(5) ?.?ø 6× 6 íLb, }’Ñ18_ 1× 2 C 2× 1 íÅj$, 7/Ê©_Åj$qÉ•

ø‘úi(, U)¥18‘úi(2íLSs‘úi(, ·³�u°í«õ? (û})

(Å: ©_Åj$·�ù‘úi(, ø‘*˝,ƒ¬-, Çø‘*¬,ƒ˝-�)

ü;� üÔ� üÜ: ¥æßØí! Bb;…Ì*OG�!

(a) (b)

Ç (ü)

üw: wõ¥æ.Ø, çLbu 2× 2 D 4× 4 v'

ñqT|V, ÿdÇü, μ5bõ, ¥s_Çü

(a), (b) �BóÉ[á? àS*Çü (a) )ƒ

Çü (b) á?

ü;: Çü (b) ßduÇü (a) [Ê2È, ÕÞyˇ

Oø˛�

üw: ú, μ 6× 6 íLb5óŸ?

ü;: μ 6 × 6 .6ÿuz 4 × 4 íÕÞyˇø˛

ý? Bttõ, _, 5bõ (Çý) 6× 6 íL

bBªJT|V7, yt 8 × 8, �, 6ªJ,

μLS 2n× 2n ·uøšíT¶! ß
Àí!

üw: ú! ü;! 5ß�p! OuøO8$bàb

ç¦Ñ„pCz 2n × 2n Lbè™“yÌ

·HF�úi(íP0, zp…b.}ó>n

W�

Ç (ý)

1999“�ˇ Å2 ò�»j&

(1) à‹ªJø£cb 1, 2, 3, . . . , n ½h§	Aøb	, U)L<©/úá5¸, ·?\¥ú

á2í�øácÎ� à‹¥_b	í|�øáuJb, t° n í|×M�(ú})
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ü;: �1áu2, �2áu1, �3áu3, �4áu4, �5áu5� ¥uBÓZttF)ƒÅ—

æ<í|Åb��

üw: 5Tú7øš, …u|Åí� Ou5ø−ÑBóÅ—æ<íb�|ÅíÅ�u5�

ü;: .ø−!

üÔ: à‹b� a1, a2, . . ., an Å—æ<, †.ª?�©/ùáuXb, ´†¥ùá5(íá

·uXb, æñb°|(øáuJb�

ü;: à‹ ai uXb, ai+1 uJb, † ai+2 uJb� Ou ai uJb μBÿR.|Bó!�

7�

üw: wõ5bs_˛%ƒ|��í3b¶M7, ;Wø_Xb(ÞøìbQù_Cù_J,

íJb� ÎÝQ7ø_Jb5(, c_b�ÿ!!7� âk* 1, 2, . . . , n 2Jbí_b

ªXbí_b|ÖÖø_� FJc_b�|ÖÉ�2_Xb, 7/�øáuXb, 6ÿu

b�.â×ÛXJJXJ ¥šBbàcÕÇ´ªJv|F�Å—æ<í|Åb�|V�

2 ...........
............
...........
............
...........
............
...........
............
...........
............
.........

.....................................................................................................................................................................................................................

1

3

5

..............................................

.............
.............
.............
.......

5

3 .................................... 4

.................................... 4

.................................... 5

.................................... 3 (.¯)

.............
.............
.............
.......

..............................................

1

5

....................................

....................................

4

4

....................................

....................................

5 (.¯)

1

.............
.............
............
........

..............................................

1

3

....................................

....................................

4

4

....................................

....................................

3

1 (.¯)

4 ........................................................................................................................................................................................

..........
...........
...........
...........
..........
...........
...........
...........
...........
...........
.... 1

3

5

....................................

.............
.............
.............
.......

..............................................

....................................

3

1

5

3

....................................

....................................

....................................

....................................

2

2

2 (.¯)

2

....................................

....................................

....................................

5 (.¯)

5

1

� 21345, 23541, 25143, 43125¸45321 uü ���

(2) �ABC Ñ�iúi$, C ′ u AB (¨,5Løõ; A′ u BC (¨,5Løõ; B′ u

CA (¨52õ� °„:

(a) úi$ A′B′C ′ 5Þ�.×kúi$ ABC Þ�íøš�(ù})

(b) Júi$ A′B′C ′ 5Þ��kúi$ ABC Þ�í 1
4

† A′ u BC (¨52õC C ′

u BA (¨52õ; ¥5, J A′ u BC (¨52õC C ′ u BA (¨52õ, †ú

i$ A′B′C ′ 5Þ��kúi$ ABC Þ�í 1
4
�(ù})

C'

B'

A'

C

B

A

C'

B'

A'

C

B

A

C'

B'

A'

C

B

A

C'

B'

A'

C

B

A

(a) (b)
(c) (d)

Ç (ø)
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ü;: ¥æ (a)¶M'
À, àÇø (a)�ì B′, C ′ Ô¡ A õ, A′ õÔ¡ B õ†,�A′B′C ′

}�×, 7 �AB′B íÞ	 = 1
2
�ABC íÞ	, FJ �A′B′C ′ .×k �ABC Þ

	íøš�

üw: à‹Ç$.uÇø (a) 7uÇø (b) 5óŸ?

ü;: μuøší, ú˚��

üw: à‹Ç$uÇø (c) CÇø (d) á?

ü;: çÇ$uÇø (c) ¸Çø (d) í8$, J C ′ Ô¡ A, B í2õ M íu, �A′B′C ′ í

Þ	}�V�×, B′M//BC FJ �MB′A′ íÞ	 = 1
4
�ABC íÞ	 < 1

2
�ABC

Þ	� ¥š �A′B′C ′ Þ	 < 1
2
�ABC Þ	Ú! 5ó¥ó,�³�

üw: 55óø−çõ A′ D C ′ BQ¡…bFÊií2õv, �A′B′C ′ íÞ	}B×? ¥�

òhíhô!‹1.Ãã, .?“VçT„píÜâ, 5´ubøÜâzÀUnu, ´†

.?�êcË��½æ�

ü;: ¥_BAÐ6.ø−v5óznß, 5bÕ�ªœÃãí„p, μsBßý�

r

t

s

r

p

q

C'

B'

A'

C

B

A

Ç (ù)

üÔ: ß,�i! ´b}μóÖ�8”n�� B|¡è7"�2`¤Oí 	�Þ�Sh˜
, B

;¥_æñ@ªJàÞ	É[Vj� cq B′ u AC 2õ, C ′, A′ }�Ñ AB, BC (

¨,íL<õ� cq AC ′ = p, BC ′ = q, A′B = s, A′C = t, AB′ = B′C = r� ;

WuiìÜ

�A′BC ′

�ABC
=

qs

(p + q)(s + t)

�A′CB′

�ABC
=

rt

2r(s + t)
=

t

2(s + t)

�B′AC ′

�ABC
=

pr

2r(p + q)
=

p

2(p + q)

�A′B′C ′

�ABC
= 1− �A′BC ′

�ABC
− �A′CB′

�ABC
− �B′AC ′

�ABC

= 1− qs

(p + q)(s + t)
− t

2(s + t)
− P

2(p + q)

=
2(p + q)(s + t)− 2qs− t(p + q)− p(s + t)

2(p + q)(s + t)

=
2ps + 2qs + 2pt + 2qt− 2qs− tp− tq − ps− pt

2(p + q)(s + t)

=
ps + qt

2(p + q)(s + t)
=

ps + qt + qs + pt− qs− pt

2(p + q)(s + t)

=
1

2
− qs + pt

2(p + q)(s + t)
≤ 1

2

(
ÄÑ

qs + pt

2(p + q)(s + t)
≥ 0

)
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üË: ..}¥óÖ8$n�, ÉbBbzF�íÞ	·Ø×2IÿªJ7�

C"

A"
D

C'
B'

A'

C

B

A

Ç (ú)

üÔ� ü;: 5óz?

üË: Tø_�Wûi$ ABCD (àÇú)�ôÅ
←→
C ′B′

> CD k C ′′,
←→
A′B′ > AD k A′′, ©Q

C ′A′′, A′′C ′′, A′C ′′, ÄÑ B′ u AC 2õ,

FJ AB′ = B′C, ÄÑBC//AA′′, FJ

∠B′A′C = ∠B′A′′A, ¢ ∠A′B′C = ∠A′′B′A,

FJ�A′B′C ∼= �A′′B′A� † A′B′ = A′′B′�

°Üª„ C ′B′ = C ′′B′� ÄÑsú}(�ó

�WFJ�Wûi$ A′C ′′A′′C ′ u�Wûi$,¥

š, Bbø−

�A′B′C ′ Þ	=
1

4
�Wûi$A′C ′′A′′C ′Þ	

≤ 1

4
�Wûi$ABCDÞ	

=
1

2
�ABCÞ	, )„

ü;: (b) ¶M
ÀÖ7, à‹ C ′ u AB 2õ, μu B′C ′//BC, ÄÑ°�¢°ò� FJ

�B′C ′A′ Þ	 = �B′C ′B Þ	, ¢ C ′ u AB 2õ, FJ

�B′C ′BÞ	 =
1

2
�BAB′ Þ	 =

1

4
�ABC Þ	

à‹ A′ u BC 2õ, °Üª„�

h

A B

C

B'

A'

C'

M

ÇøjÞ, cqõ A′ .u BC 2õ,

õ C ′ .u AB 2õ� J AC ′ < BC ′, †

∠B′C ′B + ∠CBA < 180◦, 6ÿuz C ′B′

D BC íôÅ(.>køõ, ç A′ õBQ¡

C õv, * A′ õFT C ′B′ í�ò( h íò

�}Ó5]Á; ç A′ õBÔ¡ B õv, �ò

( h íò�}Ó5]Ó, Ä¤�A′B′C ′ íÞ

	6}BVB×, É�Ê A′ õu BC 2õM vn}U)�A′B′C ′ Þ	 = 1
4
�ABC

Þ	 (à¬Ç)� çAC ′ > BC ′v, °Üª„�
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üÔ: ÎB�nÞ	„íj¶

�A′B′C ′

�ABC
=

1

4
⇔ qs + pt

(p + q)(s + t)
=

1

2
⇔ 2ps + 2pt = ps + qs + pt + qt

⇔ (p− q)(s− t) = 0

⇔ p = q C6 s = t, FJ)„�

üË: 56ªJà[×íÇ „p (b), −ÜD„p (a) Ï.Ö, �E�íuªJtõõ�

(3) �100_ƒ{, …bí”¾}�Ñ1,2,3, . . ., 100s, ÊF�ªJø¥100_ƒ{}Aù 

[ÊÙ	ísi, U…b	©íj¶2, t„: øìªJ*Ù	5si®“¥s_ƒ{, 7

.�àÙ	í	©�(ü})

üw: Bí;¶u: ø¥100_ƒ{}Aù [ÊÙ�ísi, U…b�©, .ÜøO4, q”

¾Ñ1síƒ{Ê˝i, ˝iíƒ{·™ L , ¬iíƒ{·™ R�

zF�ƒ{“|V, O/½*üƒ×§Aø�, AÑø_ L, R íå� a1, a2, a3,

. . . , a100 w2 a1 = L, ai ∈ {L, R} (¹ ai ∈ L H[”¾Ñ i síƒ{Ê˝i, ai ∈ R

H[”¾Ñ i síƒ{Ê¬i)� z¥_å�}Ab¨ (Bý2¨), ©¨í™U L C R

·ó°, O¸-ø¨.°�

(i) É}Aù¨, ˝iu a1, a2, . . . , ak,7¬iu ak+1,

ak+2, . . . , a100 � ÄÑ˝iLø_ƒ{·ª¬i

Lø_ƒ{/, FJ.ª?*si®“¥s_ƒ

{, 7.�à�©�

L︸ ︷︷ ︸
k_

R

(ii) à‹}Ñú¨, ˝iu a1, a2, . . ., ai £ aj+1,

aj+2, . . . , a100, 7¬iu ai+1, ai+2, . . ., aj , 2

Èí¨rBý�ù_ƒ{ (¹ j − i ≥ 2), ´†

F�™U L íƒ{5,½¾.}�k™U R í

ƒ{5,½¾�

L L

ia 1�ia ja
1�ja

R

Ä¤¦-Ç2íû_ƒ{: ˝ií ai, aj+1, £¬i ai+1, aj, † i + j + 1 =

i + 1 + j, FJªJ*si®“¥s_ƒ{, 7.�à�©�

(iii) à‹}Aû¨, /˝iu a1, a2, . . . , ai £

ai+2,7¬iu ai+1 £ ai+3, . . . , a100, †

ÄÑ˝iLù_ƒ{·ª¬iLù_ƒ{

/, FJ.ª?*si®“¥s_ƒ{,7

.�à�©�

L RR L

i ( 2�ia( 1�ia
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(iv) à‹}Aû¨, /˝iu a1, a2, . . . , ai £ aj+i,

aj+2, . . . , ak, 7¬iu ai+1, ai+2, . . . , aj £

ak+1, . . . , a100, w2 k − j ≥ 2 C6 j − i ≥ 2

� †° (ii) í�„, ªJ*si®“¥s_ƒ{,

7.�à�©�

L︸ ︷︷ ︸
i_

R L R

↑ ↑
Bý�ø¨�2_C2_J,íƒ{

(v) à‹}A5¨J,, /˝iu a1, a2, . . . , ai

£ aj+1, aj+2, . . . , ak £ al+1, al+2, . . .,

a100,7¬iu ai+1, ai+2, . . . , aj £ ak+1,

. . . , al †.° (ii) í�„, ªJ*si®

“¥s_ƒ{, 7.�à�©�

L LR R

ia 1�ia la 1�la
kj a,,1 �

�

L

à‹u (i), †æÊ k U) 1 + 2 + 3 + · · ·+ k = 1
2
k(k + 1) = 1

4
n(n + 1)�

à‹u (iii), †æÊ k U) 1 + 2 + 3 + · · ·+ k + (k + 2) = 1
2
(k + 1)(k + 2) + 1 =

1
4
n(n + 1)�

ç n = 100 v, ÄÑ 1
2
· 70 · 71 + 1 < 1

4
· 100 · 101 = 2525 < 1

2
· 71 · 72 .ª?u (i)

£ (iii)� ]É?u (ii)(iv)(v), ¹.ªJ*˝¬®“¥ 2 _ƒ{U)EH�©�

(4) Ê n× n Lb,í�1	[0 n _.HLä, Ê� n 	[0 n _ëHLä� ©Ÿ	�ª

JøLSø_Läd•Cò•ø¥ƒó¹í˛��t½: Ê-	ù�8$2, bUF�í.

ëLäP0�|, |ý®b•Ö ý¥?

(1) ç n = 8 v; (ú})

(2) ç n = 7 v�(û})

ü;: °øW2í.ëLäú|,¥2_Lä|ÖÉ�ø�æHLä.•ò(, à‹Lä•ò(,

†…Býbª•ò(Ö1¥� ç n = 8 v, •ò(Ûb7¥, Bý�8_Lä.•ò(�

FJ, r¶Býb 8× 7 + 8× (7 + 1) = 120 ¥� •¶uYÎ-Þú_Ç$â˝B¬:

Bbø−ç n = 7 v, .•ò(íLäª•ò(íLäÖ•ø¥,J/ñJ�…•ƒ

½7Wí®«, J.•ò(íLä�ƒ°øWí®«†…ª•ò(íLäÖ•ù¥� à
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‹TÊ.u½7íw…W, †}ª•ò(íLäÖ•s¥, ÄÑ n uJb, .ª?©Á

Lä·u•ƒ½7W, FJBýb 7× 6 + 7× 7 + 1 = 92 ¥� •¶u:

(5) üê¸ü@3¼Z¨ø_b	, ílL#ø_£cbTÑíá, âüêÇáÓ¼há, F²

Ïíj¶uø‡øáíbM‹,vbí/øPbå (Wà: íáu234, üêª² 234 + 2

C 234 + 3 C 234 + 4); QO²ü@, F²Ïíj¶uøüêh¼íbMÁ vbí/ø

Pbå (Wà: üê²íbu237, †ü@ª² 237− 2 C 237− 3 C 237− 7), à¤.

TË3¼Z¨- � °„: �ø_cb}Ê¥b	2Bý|Û100Ÿ�(ÿ})

ü;: à‹ı�/bÊ¤b� a1, a2, . . . |Û100Ÿ, †BbvàS jæá?

üw: Bı�?„p¥_b� a1, a2, . . . �,ä, ¹æÊø_ M > 0, U)úkF�£cb n,

·� an ≤ M� âkBbªJÌ¤`ËZ¨¥_b�, ¥šÿ}�ø_cb}Ê¥b�

2Bý|Û100 Ÿ�

Bb*æñø−, üê¼íáuXbá a2, a4, a6, . . ., w2 a2n = a2n−1 + x, x u

a2n−1 2í/øPbå, 0 ≤ x ≤ 9� ü@¼íáuJbá, w2 a2n+1 = a2n− y, y u

a2n 2í/øPbå, 0 ≤ y ≤ 9�

à‹ a1 u n Pb, † Z =

n+2 P︷ ︸︸ ︷
44, . . . , 431 > a1�I

A = {0, 1, 2, 3, . . . , Z}
B = {Z + 1, Z + 2, . . . , Z + 9} = {44 . . . 432, . . . , 44 . . . 440};
C = {Z + 10, . . . , Z + 13} = {44 . . . 441, . . . , 44 . . . 444};
D = {Z + 14, . . . , Z + 17} = {44 . . . 445, . . . , 44 . . . 448}.

Bbà X
B−→Y H[˛Z¨íb�2|(øáu ai ∈ X, 3ƒB¼íhá ai+1 }˘

k Y �

à‹b�2˛Z¨íb�2|(øáu ai
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(1) ç ai ∈ A, 3ƒüê¼há ai+1 }˘k A ∪B; 3ƒü@¼há ai+1 }˘k

A ∪B�

(2) ç ai ∈ B, 3ƒüê¼há ai+1 }˘k B ∪C ∪D; 3ƒü@¼há ai+1 }

˘k A ∪B�

(3) ç ai ∈ C, 3ƒüê¼há ai+1 }˘k C ∪D; 3ƒü@¼há ai+1 }˘k

B�

(4) ç ai ∈ D, 3ƒü@¼há ai+1 }˘k B ∪ C�(à-Çû);

A üê A ∪ B A ü@ A ∪B

B B ∪ C ∪D B A ∪ B

C C ∪D C B

D B ∪ C

Ç (û)

Bbø„p: úkLS£cb n, a2n ≤ Z + 18 ¸ a2n+1 ≤ Z + 13:

ç n = 1, éÍ a2 ≤ Z + 18 ¸ a3 ≤ Z + 13�

cq n = k v, a2k ≤ Z + 18 ¸ a2k+1 ≤ Z + 13�

çv n = k + 1 v, ÄÑ a2k+1 ≤ Z + 18 (¹ a2k+2 ∈ A ∪ B ∪ C ∪D), â,H

�„)ø, 3ƒüê¼íhá a2(k+1) ≤ Z + 18 (¹ a2(k+1) ∈ A ∪B ∪C ∪D); â,

H�„)ø, 3ƒü@¼íhá a2(k+1)+1 ≤ Z + 13 (¹ a2(k+1)+1 ∈ A ∪ B ∪ C)�

âbç¦Ñ¶)ø, úkLS£cb n, a2n ≤ Z + 18 ¸ a2n+1 ≤ Z + 13� Ä¤B

b„p7b�2LSá·.}×k Z + 18�

üÔ: I Z =

n+2 P︷ ︸︸ ︷
88 . . . 870, BbªJI

A = {0, 1, 2, . . . , Z} B = {Z + 1, Z + 2, . . . , Z + 9}
C = {Z + 10} D = {Z + 11, Z + 12, . . . , Z + 18}

†Õ¯ A, B, C É[¸Çûøš, FJ°Üª„b�2LSá·.}×k Z + 18�

ü;: B�5í;¶øš, É.¬ Z =

n+2 P︷ ︸︸ ︷
99 . . . 980 ¥6uø�£ü���

üœ: Îüwíz¶, BbªJI P = A∪B∪C = {1, 2, . . . , 44 · · ·444}, Q = A∪B∪C∪
D = {1, 2, . . . , 44 · · ·448}, † P

üê−→Q / Q
ü@−→P , ÄÑa1 ∈ P , âüê� ü@3¼

Z¨- , F)ƒíhbøìÊ Q Õ¯2, Ä¤„pb�2LSá·.}×kZ + 18�
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(6) �ø"ä$í�Ò, q¶Ó<‘¥7 N _üä$í , ¥<üä$íi·DŸV�Òíi

�ó	W� JÌ
¥ N _ àS}0, øì�j¶?ø¥"� N _ í�Ò‘Ñ M _

ä$ü�Ò, t° M í|üM�(Å: ä$¨�£j$) (�})

üÔ: BÉ}„p: L< N _ í�ÒBÖªJ‘A 3N + 1 _ä$�

•O©ø_ í�òj²íi,-‘Ç� òƒíƒw… í®�j²íiC6ä$

�ÒíiÑ¢� BÖ‘7 2N „�

ø‘Å‘$³8‘øä$, }z¥Å‘$}Aù‘, FJ©Öø_“ ”BÖ¨AÖø

Ò, ]BÖ� 2N + 1 + N = 3N + 1 Ò�

üw: Ñ7b„p M = 3N + 1, Bb´b„p M ≥ 3N + 1� 6ÿuz: úkL< N , Bb

bvø_� N _ íÇ, U)¥_ÇBýb}A 3N + 1 _ä$�

5?Çü, Bbø„p¥_ÇBýb}A 3N + 1 _ä$�

¥_Ç� N _ , *˝,ƒ¬- ( )UÑ1, 2, 3, . . ., N , � i + 1 _ Ê� i _

í‰œj�) ø� i _ í‰� a� œ� ”i,í2õ}�)UÑ ei, wi, si, ni� DzF

� ni, ei, si, wi ( øu� 4N _õ) }A N + 3 _Õ¯à

A0 = {n1}, A1 = {w1}, Ak = {ek−1, sk−1, nk, wk}, 2 ≤ k ≤ N

AN+1 = {eN}, AN+2 = {SN}.

hôÇü(, Ì�5óø¥"� N _ í�Ò‘Ñ M _ä$ü�Ò, Bbø−
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n1

w1 e1

s1 n2

ek

sk

nk+1

nN

wk+1

Ç (ü)

(i) ‘ê5(íüä$�ÒBÖÉ?°v¨Ö ek, sk, nk+1, wk+1 ¥û_õ2íù_õ�

7/¥ù_õ.âu {ek, wk+1}, {ek, nk+1} {sk, wk+1} C {sk, nk+1}�
(ii) à‹üä$�Ò¨Öû_õ ek, sk, nk+1, wk+1 52íù_õ, †ÇÕùõ.u.ª

?˘k°øä$�Ò, àÇý�

ek

sk nk+1

wk+1

ek

sk nk+1

wk+1

ek

sk nk+1

wk+1

ek

sk nk+1

wk+1

Ç (ý)

(iii) ‘ê5(íüä$�Òà‹¨Ö Ai Õ¯2íõ, †øì.}¨Ö.°Õ¯ Aj 2

íõ�

â (i), (ii), (iii) ø−, ‘ê5(¨ÖF� 4N _)Uõ522_õíüä$�Ò

|Ö� n− 1 _� FJ M ≥ 4N − (N − 1) = 3N + 1�

üÔ: B6ªJ¥šz: ÄÑ‘ê5(íüä$�Òà‹¨Ö Ai Õ¯2íõ, †øì.}¨Ö

.°Õ¯ Aj 2íõ, 7 Ak, 2 ≤ k ≤ N , Bý.â\¨Ökú_.°íüä$�Ò�

ÇÕ´�û_ÀjÖíÕ¯ A0, A1, AN+1, AN+2, FJ M ≥ 4+3(N−1) = 3N +1�

(-‚/…ò2 ��»£ò�»)

—…dT6sÌwÿèk”øÞ2ø��� s¯œÑ2Ûû˝ÍbçFû˝º, „dlÑ�ı

|�þŠ�A—


