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Monthly B#EZ| Gilbert Strang #aff
HRE X E, HERNER S, THAFEER
BEEHE L2 EE, EREZSHEBERT
#TF, U Gilbert Strang @ XEBEAR, [
RFHEEHCESHEAZE LB BERE, D
EArf 2 S i =

WX FEHEZ Fredholm Altena-
tive EH, ERENZHEARMELERY
Z2f R atER, (EERR _RAET R R A 2
[, MEMRZESH (functional analy-
sis) Friftseiy £z —,

FEPERYAE:

RRAERIERE, RERERAERE
T KL 5 R AR AR BR 48,

M EZLITRERER R, Hb A 2—
B m x n HEE

ai e Q1np
ao1 e Qo
am1  --- Qmn

aijER, 1§2§m, 1§j§n(2)

A:

ERBMIGER A HEmE (T -
FEREE R A R HE )

A = [A,... Al (3)
Qayj

A, = | 1<j<n (4)
Qmyj

BT Ez#ER, B (1) ANEEE
A BRI A

a1q N AT T

921 e Qo
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X

= [Al,...,An]

Tn
= n Atz A= (5)

1

5t (A): MREFIHE &2 TR A

T
RS, A (5) SRR & AR A, AR
HFELERRTEN, (AERELETE
RFIES, ) MHEAIR

S—

Ty X (%—‘ﬁ‘) + o X (%:TT) B
+zn, X (58 n 17) (6)

i (B): B (5) REMUAME “TF
72" (column space) HIBERS, HILAE
Mg, K AT = b MR, HEDRAE
Ay A, BBHRS TSR D, BIX
(v z,) € R™ 15

5t (C): (5) A& BB B MR
A, —RERIERBEIRRAE R R R
Bkt (linear transformation), K,
MRS SRR R R B B BRI R S,
HEMEIRE, B2AEME, BEINEAK, &
BEMALEFEDH (5) k—EEENEAESR
ZIHIE B AR A A S

A(BC) = (AB)C.

f(5) AR AT BAM A ZITREY
S RIS, MR LIS R

FEE S —-HAENES, HEE R
B = [Bl7B27 T Bk]

B; B B 25 i TR &, HtAhkE A 6
Ml Bz MEsRATR A

AB - A[Bl7BQ,"'Bk]
- [ABh ABQ, Tty ABk]

HIRERE AB BI%E i 1T& (AB), B A
FeHEfE B W5 o TR ADB. 1 (5) 40
AD, EEEEHLERGHR B, B— n #E1T
mE, BIMEE B B— n x k 5

B - [317327”'7314:]
bll R blk]
b oo bk
2, il BC BEERER C R—ExI#
8
Cc11 ... bll
C=[C,--,C]=| :
Cr1 .. Cpgl

HMRAEF B ZE A, 5 (5) A

A(BC,) = A(Ch‘Bl +-+ Ckin)
= cuABr+ -+ ¢ ABy

C15

= [ABy,---, ABy]

Cki

= [ABy, -+, ABL]C;

HXRHMA (5) An B FHEH#

A(BC) = A(B[Cy,---,C))



= A[BC,---,B()]

= [A(BCY), -+, A(BC))]
[((AB)Ch, - -+, (AB)C]

= (AB)[Cy, -, 0]

(

it (D): (5) A EFFEMHETEAIL,
TEH R B Cramer A%, 78T H I
AFIETIIAOMENRE, ERER T
LRV )

—

AT = b
Wi A B— nxn EHEAE T, b MRS
nx 1Kk, BN (A1) £7
— n xn fHE HpERE A =[A4 .- A,)]
2 TARSEE D BB, B

—

AT = (A Ay, B A, A

B (5) XM ATEREAR LR
AEFEZFEARE

[Al o 'Ai—laAT:Ai—l—la o An]

= [Ay, A, m AL+ -+ 2, A, Ay,

Ay

= [Ai, A A A -+ Ay
1 0z 0 O

01 22 0 O
Xt

0O 0 =, 0 1

= A&7

R SR AT = b THES

Al 7] = [A=TD]

EHERBEAEE 3
3B FR B T5IR S
(det A)(det[I——7Z]) = det[A—Tb]
i Laplace BRBATIIRMEE L
det[[——7] = z;, #&
_ det[ATT

i det A

EEME Cramer AR

HEATEIE:

EE b, BFIRATZER (column space)
LR R(A), BHEEM R(A) C R™ . 7T
TaE, TEHBRERECHNEELETIH
& (row vecter), 5% (row space), it

B R(AT) , BEROTEBOT
N(A) = {7 € R"|JAT =0} C R" (7)

N(A"Y ={y € R"|ATy =0} C R™
(
JE THRMEREE B ERIEE N E Tz
, EREETRGMBMEFNELE T
, BB ERERERE R EEEERY
AR FZeERIRR R T 2R, BIA01E 22 R BR
AT R FINBE 2k, A R B KL
FEMR R, RRER s AR T RN
ket Hh R EEN—ER RS (di-
mension) FIREE, HEBERMEREID
EmEEN A,

0]
~—

EH1: (i) dim R(A) = dim R(AT)
(ii) dim R(A) + dim N(A) =n
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(1) XEFEMATEM (colum space)
EAFHZ2R] (row space) HIMEER—R, A0
HRBEBCERMER T —&, REFNTRER
DI 72RO E I E #. HEZ2HERIF
BT RENRAE “BI 77 & T

Bi1:
00000
00 2 0 O
A=
01 0 1 1
04 3 4 0/,
FBL S
0 4 3/0 0
00 200 0
AN 3
11 00 O
\o 0o ofo o
3
)i
dim R(A) = dim R(AT) = 3
dimN(A)=5—-3=2
dimN(AT)=4-3=1

B4 m X n K, EGBITEE (5
FIEE) tTIA S HE LR

f512: A = [Ay - Ay ~
[B---B,,0---0], {By---B,} ZEi#

Wi, A dimR(A) = r, HEHE1H
dimN(A)=n—r,

RS —EEAEHENT
EE2: N(A)LR(AT),

EEHEREMFEMYIERLE (or-
thogonality), HEZEFAMATREBIS
TR A P 2 1 i {52

_§>1
AT = : ]?

W&EDER

Ht 7L, b B,
B 7 L R(AT),
FiIL N(A) LR(AT)
[FH#, B E (transpose) FHHERMHE
T 2. N(AT)LR(A).

2 A — BB Ak 3 BA LT — e

VT € N(A)



MIERHEATHE 5

: Ty _
dim R(A™)= > — 7 dim R(A) =
R(4") R(A)
%R —- o AT =0 7 17z
T=T,+Tn
R" m
0 T =0 R
T N(AT
N (A7)
dim N(A)=n—r dim N(AT) =m —r
EEWHRYE T & MEEE — D +0=1.,

(a) R* LI & T W 5 BB T

& % 5 /8 [ E

R" = R(A") @ N(A)

H R B 8 E M — 8
(b) AR R* L fE— 10 8B 27 %

B 1722 R(A) , T 2 (null
space) & 7 B 0[ &,

(c) # b ¥ 16 47 22 B R(A) |, Bl B
VA1 &ﬁﬁ* - A
2 EDHRFAENAD WA RS S
(D LN(AT)) , BB v 75 R AT =
VERAMK.TMER T JHME =
1
T = T+ T
AT = A(T,+Tn) = AT, + AT

T, B (1) X & % ## (particular solu-
tion) T, B (1) X Z ¥ 5 & (homoge-
+ Ty B — i

neous solution) M T,

(general solution), 7,

N
Iy

T)pJ_?h , VT, € N(A)o (10)

FHAEE —-RORE TS &M
B Ry 22 [d IE #F 2 &% %
N(A):{?hGRnlAl‘hZO}

55 Lk H(c) Fr 3K B 16 % 85 =
MABEHEUNER HEEREZ
% B 4 1 (functional analysis) B &
5> /i 2 (integral equation ) # & & B
Fredholm Alternative &3,

fil (null space)

i B KA B — o & 7 (dif-
ferential operator), 8l (c) Fr & & ¥ 4
FTRELEHHENER BEER
EBWETRSE. FE L RMAME
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MR MERBENEAETHERZATE &
B E K 8.
MREEHS —# Hm=1

A:R"— R (11)

HIAR — B 7 8 M2 & (bounded lin-
ear functional), H Riesz ¥ 3 & H &
FERMATER —-ABZF A

Riesz RIEEEB: A B - B A B BER &
WRBE R A:R" - RE R, &M

Bl % 7 W — 3 € R 18
AT)=(Z,7) VTR (12)

MAE® R BmE—2
ERxRBBE M URZH#EZEHA
BH H Riesz X ¥l E B Y & 1 B &:

EEEE: (R& —BETRALO)

AT) = AT+ Tn) = A(T,) + A(Tn)

FREFHEM A WEZ2 BB
RAT) FHEFI R & 4 P B — R
ERAT) P ER B NRME

It
A(T) = A(T,) = A(P(T))s

A B, 0 R M s R EP(T)2 K &,
IA(T) 2 T2 & th IR & B &

= T+ T TrERAT), TheN

MHEAERS A B — & M3 HE
m=1HA#0, KHitHEHEIA

dim R(AT) = dim R(A) = 1,
4 7 € R(AT), 7 #0, Hl
R(AT) =< 7 >={a7|a € R},
B IE 22 8% % A

P(x) = FE
B LAT) = A(T) = A(P(T))
Z >

z

— ’ Al

N

A(Z)

= <7, -7 >
17272

A —
%yzw;%7W%%*o

Bl GEEEW L &L BB B
BRI, % — e A EZE (inner

(A) produt space) & H,

512 W& &2
Wbk 7 &, 3B & rEE
AEER 2R E A GE E B P T
HELEETHASGERREDE
# (variational principle) 8 N . 7E
"#s % (PDE) EE®H 2% &
(weak solution) 7 7t By & IF # B L
E g!

B/ _FD:



B> Fredholm Alternative T
WE—EEEERERR/N_IJS (least-
square). FINTEZEA, # b FBBIT
Z2ff (column space) BB AI2HH (HHREE
A MR BRI —ERTE)

AT =1
R RS H A, (BB HEER, #if5—
EFEE RGN ERN, AR MEFER
SR DN ApZ i DE Y-8

BMHENT: HAK—EH: b =
C + Dt H—## b = C + Dt + Et?
B (t1,01) - (L, b)) SEEEEE?

BB B R S L REA, B
C+ Dty =by

C + Dt,, = by,
C+Dt+E2=b  (13)

C + Dt,, + Et?, = b,

R B FEiinT RS A% (O, D)
(B 3EFHY (C, D, E) ) NEHE m {8
£ii2 R, EEREERBS, FEZMS
E e

= (C,D,E)!
(14)

m A BIE— mx 23 mx 3 HEE Hit

AT = b B, WE—TTRER 55 LD

IR EATEE 7

EIER—ES E (SEmsr), B Y B
AR A 27200 b, sEREAE b 2R
SBA, BT AT MR Ry /5 2 s (e, B
KiE 7 5

AT — V2 REBRE (15

HEERAR T H5
n= (A% — 1) (A7 —b) = |AT
ZEBR/N (16)

Bt AT RiERITAER, R ki FEEH
ERE

Rig b BTZEMs BEERE  (17)
TR, RIS AR (m@
Jectlon) EHW. & 7 BAE b ET%E
be#E, Aag e = ? 7 BRTK, ﬁﬁ
B @ #EfTMER B ¢ < JQMAU
ATe = AT(V —F)=0 (18)
=
T =AT (19)
Rt (18) FE & FFEM
ATAT = ATD (20)

(20) At dEH AR IERIG R (normal
equation), HIZ#ER A LABIZRFE R,
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5l 22 T 172 M
(row sjf)acéx 7 (coﬁmn space)
- Az =] 7
A7 =b Ob=p+¢ \\qu
0
RN -

| Bz

(null space)

ERMAGEAABSATBHBHSTM AR-FBETH

(R B 4 B ) i N () — dim N(AT) — ¢
WT) = nlore o) 1) {dimmA) _N—q 24
(AT =) (AT - T) . N
 (Ar o Ars) sy BB A BN G E X

P, P P =1, 17

1] 877:0 i=1,---N PTAP = (0 0) (25)
B ATAT = AT D = PTAT(AP) = (AP)T(AP)
BT HE S

A=ATA p=AT
DB — (N—q)x (N —q) % 14 [, g
AEEAMAEANTRE S

. Agt1 0
AT =0 (23) D ( ) (26)

ZHEAEBHNZCEETERERE 0 AN
AREBHE A = ATA —E R
fE <t 78 77 7, #§i E B Fredholm-
Alternative & ¥ 3 7£ 5 7] Ik £ A 5,
(B EEBRAERSLERHER

BLN(AT) P = [?17”'?q7 Sq-i-l"”??N] (27)

(22)

HdetD # 0, % 3B £ R E B P,
H] B
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P l<i<q E,q+1<j<NBF = (0,,0,(A)" D, (AN)TD)
mE o (Al (24) XEH XK
span{@, -+ 7} = Ker(4) AREREA
7 (24) 7] 15 2z B W
(33)
AP:[(AP>17 : "7(AP>2<AP)q+17';a (AP)N]E& BRkeza EG
=[AF, AT LA ALY g NO(AT. D)
:[07"'07A?q+17"'7A?N] (28) T = 212le+ Zl )i gz (34)
= i=q+ ?
H# ke
R B T — R B (24) 7 41 AT A7 = ATD
(AP);- (AP); = (AP){ (AP); =0 (I
) =7 < — — —
17 i=isy br=T =30 -B)¥, (35
j=1
(AP); - (AP); = (AP)T(AP); = A A 7] &
J>4q (20) B AT b,
i B b2 KM E
Ker(AD)" = [AT AT ™
[Ker(AD]" = (A€ AT FRRAAT =T BRZHH I E
= [(AP)q+1,~-~,(AP)N] V=
(30)

EI: (Fredholm Alternative)
FREAT =0 B2 E H b

BT E TS D € Ker(AT)Y | T B 3 #
Z=P'7 = (2 -2n)" (31) Eji%%q N _> _>)
= i Pt P —)z
5 H TE B 82 R (28),(29) 41 =2 EP F§1 o ©
0 0\_, 2 Hpz 2, BEEF B WE b =
(0 D) & (32) ?R,ﬁUﬁEﬂE—‘W*EKeT(AT)l Ed
= PTAP7 = PTATAPP T B AT = D po

—

= PT(ATAZ)=PTATY = (AP)TD
= (0,-+,0, A1, AEN)TD SZEHR



10 EEEE +hEe8"H R84%F6H

1. Gilbert Strang, The Fundamental The- Jovanovich (1988).
orm of Linear Algebra American, 3. Gilbert Strang, Introduction to Linear
Mathematical Monthly, 100 (1993), 848 Algebra, Wellesley - Cambridge Press
- 855.
(1993).

2. Gilbert Strang, Linear Algebra and Its
Applications, 3rd ed., Harcourt Brace — AR TINR R RN K EEE 72—



