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I.(20%) Test for convergence or divergence of the following infinite series

@3 ) Ohsers
> 1 > 1
OF ey 020 @ X o

I1.(15%) Compute the following integrals and differentiation

al? dt 27
(a)/ s (a<1) (b)/ sin 22""'dr  (n > 0 integer)
0 a?— 0

(C)% where f(x,y,2) = ¢p(ze *,ye ) - e, P(u,v) = e

IT1.(15%) Find the maximum and minimum of f(x) = 3z — 2y + z subject to the
condition z2 4 3y? + 622 = 1.

IV.(10%) Let A, B be compact subsets of R". f: A — Bis 1-1, onto and continuous.

Show that f~! is continuous.

b
d) with det A < 0. Show that A is diagonal-
c

V.(5%) Given 2 x 2 matrix A = (a

izable.

VI.(5%) Let A be an n x n matrix with the property A* = 0 for some k > 0, integer.
Show that both I — A, I + A are not invertible.
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1 a - Qy,
—Qa 1
0
VII.(10%) Let A =
0
—a, 1
(a) Find A™! (b) Find all eigenvalues of A.

VIII.(10%) (a) Define an “inner product” space.

(b) State and prove the Cauchy-Schwarz inegaulity for an inner product space.

IX.(10%) Prore or disprove following statement:

Let V be any vector space T': V' — V is a linear map. If T is 1-1, then T is

onto!

HatS
(20%)1. Let X1, Xs,---, X, be a random sample of size n from the distribution
with p.d.f. f(2;0) =021, 0 <2 <1,0<0 < 0.
(5%)(a) Find the method of moments estimator of 6.

(5%)(b) Find the maximam likelihood estimator of 6.

(10%)(c) Let n = 1, find the most powerful test with significant level o = .05

for testing Hy : 0 = 1 versus Hy : 0 = 2.

(20%)2. Let X, X5, -+, X, be a random sample of size n from N(u,c?), where
both p and o? are unknown. For testing Hy : 0% = of verses H, : 02 # of,

show that the likelihood ratio test is equivalent to the x? (Chi-squared)

test for variances.
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(25%)3. Consider the simple linear regression model:
Y, = Bi+tbwite 1=12,-- n
where var(e;) = o and cov(e;, €;) =0 i # j.

(10%)(a) Derive the least squares estimates of 3y and 3, (denoted by 3, and 3,

respectively).

(10%)(b) Show that E(f;) = f; and find Var(3)

(5%)(c) Show that cov(Y, 3;) = 0

(25%)4. Let X1, Xy, -+, X,, be a random sample of size n from U(0, §), the uniform
distribution over (0, 6).

(5%)(a) Show that X, is a sufficient statistic for 6, where X(,,) = max(Xy,---, X,,).

(10%)(b) Construct a 100(1 — )% confidence interval for € based on the sufficient

statistic X ).

(10%)(c) Find the best unbiased estimator of 6.

(10%)5. Let X be a random variable with continuous distribution function F', and
let F~! be the inverse of F. Show that the random variable Y = F(X) is

distributed as U(0, 1).

Sl emyh=s
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1 Part I:BfBEIE5E

Reminder: The answer will not be accepted without proper explanation.

1. Let P(z) = 9.52%° + 8.1z + 7.2z'% + 6.52%. What is the least number of
multiplications required for evaluating P(z)? (10%)
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2. What is the polynomial P(z) with the least degree which satisfies P(0) = 1
P'(0) =0, P(1) =4 and P'(1) =97 (10%)

Y

3. Let f(z) = (x —1)%, 2 € R. Suppose that the initial 2(® = 0 and 2™, n > 1,
is defined by the Newton’s method. Will the sequence {z(™} converges to 1?7 If

so, what is the order of convergence? (15%)

4. Let the system Ax = b be nonsingular where A € R™*"; ;b € R". In particular,
we may actually solve the perturbed system Ay = b+ Ab with ||Ab|| small under
some vector norm. Let cond (A) be the condition number of A under some

matrix norm. Show that — 1( )””Abl"'” < ”3|/| ﬁ”” < cond(A)%. (15%)

2 Part II: StE#ARMET

1. AALPEN—REERFES (B C, Fortran, or Pascal, etc.) fHFFEEER a0
RetE e 5 B —EEIRE . (10%)

2. BREFTAREE AR ER T B R (B0 IBM PC and SUN Work Station, etc.),
oAt PR o e D B Ee it i PR R R (RT DGk, s BEURAEIBA 75 T R B 23 MR RE ) o
(15%)

w

. ERGEFT AR R A LRI T IR EE BT AR MK ER R
7 ARGEM MR R A E RS, - RMAEZ BT ERRRREENR S BRI,
AR AR E By B fve?  (FTLASL &R #0&R File and Data Structures 84
Z)o(15%)

4. —{& Computer Word (BIFRE 4 bytes) AIREFFHE —E#E4 (Instruction), HATA]
REMURRE IR —HE R (Data), FHEBRBTZ AR HRIEBIVE? M 3 Zhg i — T fth
& B BEFEEAR? FIIEHL Instruction Formats MK HBLEAREAEER Data?
(AT ARG BRI SR 12 ) (10%)

IRITHEL
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1. For vectors z = [z1,...,x,] and y = [y1,...,¥y,] in the vector space R", the

length and the inner product are given by the following:
||$||2:$2++$i> <ZL‘,y>:Z$’]’yj
j=1
Suppose that vq,...,v,,, m <n, is an orthonomal set of R", i.e.

(vi, v;) = {

Prove that for any vector g in R",

1 ifi=j,
0 ifij.

m

> o) = Ngll®. (15%)

j=1
2. Let W and V' be vector subspaces of R". Prove that
dim W+ dim V = dim (W + V) + dim(W N V). (15%)
Here dim X denotes the dimension of X.

3. Find real constants ¢y, ¢; and ¢, so that the following integral has minimal value.

1
/ (e® — ¢y — 10 — cpx®)?du. (20%)
0

. oo n
4. For any n x n matrix A, we define e = Y fl—,.
— v

(a) Prove that eA*P = e4eB if AB = BA. (10%)

2 3
(b) Find et if A = [ ] (5%)
0 2
0 1
(c) Find e? if B = [ 0]. (5%)
1 1 1
(d) Find the general solution to % = Auif A= |0 1 1. (10%)
0 0 1

0 1 O
5.Let A=|0 0 1. Find max |Az|| and ”ITPPI |Az]]. (20%)
6 —11 6
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(20%)41.

(20%)#2.

(15%)#3.

(15%)#4.

(15%)#5.

(15%)#6.

n~°. Show that f is continuous on [2, c0).
1

Let f(s) =

08

Let f(z) = 32>+ x + 100, Vz € R". Show that f is not uniformly

continuous on R'.

S C R™. Suppose for each z in S there exists an open set N(z) such that

N(z) NS is countable. Show that S is countable.

Let f be an one to one and real-valued continuous function on [0, 1].

Show that f is strictly monotonic on [0, 1].

Let f be a positive continuous real-valued function on [0, 1]. Suppose

M:o%?éf(x)' Show that

lim ( /0 ' (a)da)E = M

f and the derivative f” are continuous on [0, 00). Suppose that [ |f'(z)|dx <

oo. Show that the limit of f(z) exists as x tends to oco.

M52

1. Solve the following Differential Equations (50%)

, x+4y —2
a. = —
Y = & _y+1
Y
b. y = ——
4 yey — 2x
;%Y
c. Yy =
x+yx
d. ¢y = ———— hint: let u = 2% + 1
Y iy +y+y3 ( )

e. 2% +ay+y=0
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2. Solve the following system: Y’ = AY + B where

(1) ae ) o)

3. By the method of infinite series, find two linealy independent solutions for y;zy’+
2y =0 (15%)

4. Let y = f(z) satisfy v = zy, y(0) =0 ¢/(0) = 1.
(a) Show that f(x) is strictly positive in (0, 00).
(b) What is 3}520 f(z)? (10%)

5. Prove the uniqueness of the solution for the differential equation 3’ = sin y,

y(o) = 1. (10%)

BIED 1T

Reminder: The answer without the proper explanation will not be accepted.

1. Suppose a simple zero « of a C? function f : IR — IR is to be approximated by
applying the Newton’s method under the tolerance e. We may have two possible

stopping criteria:
(A) [f(zn)] <€ or (B) [n1 — 2| <€

where {x,} is the sequence of Newton’s iterates in the program. Which criterion
is better? Why?

(15%)
2. Given a data table as follows:

e 3 2 a1 0 1 2
p@) |62 -15 0 1 6 33

where p(z) is a polynomial with deg(p) < 5. What is the expression of p(x)?
(10%)
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3. Let I(f) = Jy f(x)dx where f € C[0,1]. A quadrature of I(f) is defined by
L.(f) = X", a;f(z;) for some nodes x; € [0,1] and coefficients a;. Also let
P; = {p(x) : p(x) is a polynomial on [0, 1] with deg(p) < 3}. Show that the
quadrature I,(f) derived from the Simpson’s rule is exact for all p in P3. Hint:

I(p) =L.(p). (20%)
4. Given an initial value problem (IVP)
dy/dx = f(z,y), =€l0,1], y(0) =yo € R,

where f is Lipschitz continuous in y. Derive a weakly stable numerical method
for solving (IVP). (15%)

5. For any matrix A eR™ ", it is known that A = @) - R where @ is orthonormal

and R is upper triangular in R™*". Suppose

1 1 1
A=12 -1 -1
2 —4 5
What are Q and R? (15%)
-4 1 0
6. Given a linear system A-z =bwhere A=| 1 —4 1 |andb=][1,1,1,]7.
0 1 —4

Please derive an iterative method for solving the system whose iterates convege

for any choice of initial guess in R?. (15%)

7. Let
5 =1 0 0
-1 3 2 0
“lo 2 31
0 0 1 1

Show that all the eigenvalues of B must lie in the interval [0, 6]. (6%)



