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(10 points)

2

i) Find the volume of the solid region cut from the unit ball <2+ y2 +2z“<1 by the

cylinder x2 + y2 &

(15 points)

2 Compute the surface integral
[f (x5 e vas
Q

(Q = [-1, 1%, v = the outer normal of Q)
(2) directly,

(b) by Gauss’ divergence theorem.
(20 points)

3.  Let f:R®—R be defined by
e linl . aevd :
=X V= = Af (x,y) # (0, 0),
(x*+y%)

x2+y
fx, =
) [0 i (x y) = (0,00

(2) Show that f is continuous.

(b) Is f differentiable at (0, 0)7 Why?

(c) Show that the restriction of f to each line through (0, 0) has a local
minimum at (0, 0).

(d) Does f have a local minimum at (0, 0)? Explain why.

86
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(15 points)
4. Let U={(x,y) | X2 + y2 < 1} be the open unit disc in the plane, and let
f: U—R be a continuous function. For each 0 ¢ R, define faz U—R by
f/x, y) = {(x cos0 — y sin0, x sind + y cos0).
Show that f gt f uniformly, as §-— 0, on every compact subset of U.

(15 points)

5. Suppose f:R— R is a differentiable function and there is no x € R such that
f(x) =0 =1/(x). Let Z;= {x € R | f(x) = 0} be the zero set of f. Show that Zs
is at most countable. (Hint: Try to show that Z;n [a, b] is finite for any bounded
interval [a, b)).

(15 points)

6. Evaluate the following integrals

3
(a) f : e * d[x].

2o
(b) f f [x + y) dx'dy , where [x] is the greatest integer < x.
0" 0

(c) f: e'"x2 cos(2xt) dx, where t € R.
(15 points)
s Suppose f:[0,1] — R is a continuous function. Show that
) 1 ef(x)
16_1.1(1)1_{— 0 (x—a)2+.f2

exists for every a € R, and find it in terms of {.

(15 points)

8. Show that for any continuous real—valued function f(x) on [0, 1], there exists a
sequence of polynomials {p (x)}7_; with p (0) = 1(0), py(1) =1(1) forall n

such that p — f uniformly on [0, 1], 25 0 — w.
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B AR
T = the ring of integers. R = the field of real numbers. € = the field of complex numbers.

Mn(F) = the ring of all n x n matrices over F. I = the ring of integers modulo n.

1. (20 points).
A
Let A=A*e M (0).
(a) Show that the eigenvalues of A are real numbers.

(b) Let A2 A

22'"2)‘11 be the eigenvalues of A. Show that )\1 = max <Ax, x> :

2
x#0 X
Xt lI=Il

2. (10 points).

2, R? which carry the line y = x to

Find all orthogonal linear transformations T: R
the line y = 3x.
3. (15 points)
Solve the following system of differential equations
{ xi = X+ X
o T )
where, for each i, x; = x;(t) is a differentiable real-valued function of the real
variable t.
4. (15 points).
Let G = My(T;) and let U= {A € G | Ata=1}.
(a) Compute the order of the multiplicative group U.
(b) Find A, B in U such that A is of order 2, B is of order 4 and ABA = B L

5. (20 points).
ab =
LetAESL2(IR)={[Cd]| ab,cd e R, ad—bc=1}. 1
(a) Explain why there exists a complex matrix P such that P" AP is either

[ (1] }i ] : [_(1) i ] or [ f]‘ g—-l] , where A is a nonzero complex number.

(b) Assume moreover that A # = I and A has distinct eigenvalues A,p.

Show that |A| = |u| if and only if |trace(A)| < 2.
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h

. (15 points).
(a) Classify all abelian groups of order 99.

(b) Show that every group of order 99 is abelian.

-3

. (15 points).
(a) If a,b are integers and 5| = 2b2, show that 5|a and 5|b.
(b) Let R ={a + by2 | a,b € I} and let M = {a + byZ| 5|a and 5|b}.
Show that R/M is a field having 25 elements.

on

(10 points).
True or false. Justify your answers.

(2) Let o be an element of order 5 in S;,. Then there exists s € S such that
O(s) contains exactly three elements, where O(s) = {d'(s)| i € T}.

(b) There is an integral domain containing exactly 15 elements .

¥ T
(5 points)
1. For the function f: ¢ — € defined by

f(x +iy) = (x3 + xy2 +1) + i(:n:2 + y2)

Determine where f is holomorphic and give f’(x + iy) at those points.

(12 points)

2. Evaluate the following integrals

(a) f : cos(xz) dx

DR

0 (2+cosﬂ)
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(9 points)

3.

Does there exist a holomorphic function
f:D={z;|z| <1} — C satisfying the following? Give one if it exists, explain
why if it does not.
1 S
(a) f(3) = ﬁl for all positive integers n.

1
(b) 1(z5) =0, {(ﬁ) =1 for all positive integers n.

1
(c) i(5) =1(- %) — 1—3 for all positive integers n.
n

(10 points)

4. Determine the number of zeros for the function (z) = 2 6243 in
{z;|z] <1},andin {z;1 < |z| < 2} respectively.

(12 points)

5. Let 7 be a rectifiable simple closed curve in C, 7 divides € into two disjoint
connected regions Dy, Dy with D; bounded. Assume that f:Dy=DyU7 —(
is continuous and f|D holomorphic, lim f(z) = A(< ). Show that

2 Z-9®
A A z €D,
f(z) =zeD
(b) if 0 €D, then %{f Lfll';%_d»v:[ 4
7 ZW-W 0 z € D1
(12 points)
6. For the domains G, and G, given as follows, does there exist a conformal map

sending G1 onto G2? Give one if it exists, explain why if it does not.
(a) Gy={z€(; |lz—1| <1, |z—i| <1}, Gy = {z; |z] <1}
(b) Gy={z€(;0< |z] <1}, Go={z€€;1< |z] < 2}



