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Abstract

This note studies the Stokes equations in the half space Ri with the non-slip boundary
condition. We present an explicit solution formula by using the hybrid Fourier-Fourier sine

transform, which is simpler than already known ones.

1. Introduction

In this note we are concerned with the initial-boundary value problem
of the Stokes equations in the half space Ri =Ry xR = {(21,...,29) €
R : 2y > 0} for d > 3 with the non-slip boundary condition:

u —Au+Vp=0 in RL x (0, 00), (1.1)
V-u=0 inR% x(0,00), (1.2)

=0 = 0, (1.3)

uli=0 = a, (1.4)

where u = (u;(x,1t))1<i<q is an unknown velocity field with an associated
pressure p = p(z,t) and a = (a;(z))1<i<q is a prescribed velocity field satis-
fying V-a =0 in Ri.

Our main purpose of this note is to construct a solution operator
{S[-](t) }+>0 such that u(t) = S[a](t) is a smooth solution to the Stokes IBVP
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(CI)-(T4) for ¢ > 0. Such explicit solution formulae play a fundamental role
in establishing various estimates of solutions and the gradient (cf. ﬂ, @, B])

Our solution formula presented in Theorem 3.1 is obtained by using the
hybrid Fourier-Fourier sine transform, which is simpler than already known
ones. Indeed, the first component u; is determined only by the initial data
a; similarly as in the whole space case R?%. As is well-known, each component
u; of a solution u to the corresponding Cauchy problem on R? is determined
only by the initial data a;:

d
u; = Z e tA (0ij + RiRj)a; = e ta,
j=1

for a = (a;())1<i<q satisfying V-a = 0, where e 72 is the heat semigroup in

R? and R; is the Riesz operator in R? with the symbol v/—1¢;/|¢|. In addi-
tion, our formula is not necessary for the compatibility boundary condition
a1]$1 = 0.

2. Preliminaries

We use the standard notation for differentiation: 0y = 9/0t and 0; :=
0/0x; for i =1,...,d.

Let F[-] denote the Fourier transform in R?:
FINE) = [ eV () da,
Ra
and let F~1[-] denote the associated inverse transform in R%:

1

V-lz€ ¢
a7 oY@ ae

F @) =

Let F'[f] denote the z1-tangential Fourier transform of f = f(x) in R%:
fl[f](xhé-/) P / e—\/—_1$/,£/f($17x/) d.ﬁU/
Rd-1

and let F~1[f] denote the associated inverse transform of f = f(z1,£'):

1

G fo, @ g de

Ff) @) =
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where

d
x/:(x%"'vwd)v 5/:(527--'75(1)7 wl'glzzxk&c'
k=2

We define the z-directional Fourier sine (resp. cosine) transform of a
function f = f(z) in RL by Si[f] (vesp. Ci[f]) as follows: for any & € R,

silflena) =2 [ " i) (o) din
(resp. Clf)(e ') = 2 /0 h cos(:clél)f(:vl,x’)d:m)

with the associated inverse transform of f = f(&1,2) in RY:

ST f)(a) = = /0 " sin(m) f6r2') déy.

™

Let O;]-] denote the odd extension operator in x;:

f(z,2") for 1 > 0,

O1[f](z) = {

—f(=xz1,2") for 1 < 0.

Note that O3 [S[f]] = Si[f], O1[ST A = T[]
and F[O:[f]] = \/%—151 [F'[f]]. We have the inversion formula:
I= %f—l[&ﬂf’mnmi = F ST SUF g -

In addition, we have the formal identities:

HOIF[f]] = =Si[F o f]], GSIF[f]] = =Si[F' [0 £,

provided that f = f(x) satisfies f|;,—0 =0 and f(x1,2') = 0 as 21 — +o0.

We define the following two operators:

“po b g
(-8)f =t |- s .

F(g +1) ( 1 1 >
T Ud—2)at - d
d(d — 2)7r% /Ri lz—yld=2  |(z14+y1, 2 —y')|12 fy)dy
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AN ,:L -1 /
(-8 = et [ siF )

1 F(dE) f(z1,9) /
/R Seny) g,

T ot SIS o o =y 2 Y

-5 ]

d
R+

with [¢'] := VZZ:Q &2. The above formulae follow from the kernels of the
Newtonian and Riesz potentials respectively (cf. E] and E, Theorem 2.4.6]

for instance).

For a given function f : R4 — R, let & = 9(z1,&,t) be a solution of the

IBVP of the 1-D heat equation in R with a parameter & € R4
O — R0+ )P0 =0,  Olpy=0=0,  Olmo=FIf]. (21)

Then we can observe that w(,t) := S1[0] is governed by the linear ODE:

d . .

CotlEPh=0, dlgmo=0, dleo=SIFL] (22
and that v(z,t) := F'~1o] = ﬁf*l[w] is governed by the heat equation
in R‘_f_:

o = Av, V|gy=0 = 0, V|t=o = f. (2.3)

Note that the above problems (ZI))-(23]) are equivalent via the inversion
formulae with the restriction on Ri. By the reflection principle, we obtain

the solution formulae for © and v respectively:

0(t) — e lEPt /OOO(G(azl —y1,t) — G(z1 +y1, ) F [fl(y1, &) dyr (2.4)

and

o) = [ (Gl = .0) = Glar +30.0) T] 6w = yst) ) d
+ k=2
= H(t)f, (2.5)
where the 1-D heat kernel G(s,t) = \/i— exp(—% ) In addition, if a function
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w = F'[w](x1,&,t) satisfies the integral form:

W(t) = e €1 /Om(a(xl — )+ Gl + 91, O)) FIf &) dyr,  (2.6)

then we get the solution formula:

d
wt) = [ (61— .6+ Glar+.0) T] Glon = ) ) dy
RY k=2
— K(1)f, (2.7)

which is a solution of the IBVP of the heat equation subject to the zero-
Neumann boundary condition: 0jw|z,—9g = 0. Therefore we deduce the
alternative formulae for (Z4) and (Z6]) respectively:

o(t)=FIH)f], o) = F[E@)f] (2.8)

3. A Solution Formula

In this section, we shall derive the following solution formula.

Theorem 3.1. Let S[a](t) = (Si[a1](t), S2laz;ai](t),. .., Silaq;ai](t)) be
the operator defined by

Silaa)(t) = (—~A) 72 (1= 0y) (1 - (~A)7Y) H(t)ay
— (1 =0)(=A) " K(t)ay (3.1)

and fori=2,...,d,

Silaisa1](t) == H(t)a; + 0 {(=A) "2 + (1 — 8y)(—A) "L H (t)ay
+0i(—A) 201 (1 — 91)(—~A) K (t)ay. (3.2)

Then u(t) := Slal(t) is a solution to the problem (L.II)-(L4).

Proof. Suppose that {u,p} is a sufficiently regular solution to (LII)-(L4)
on R% x [0,00). Let us set

;= F'lug)(x1,€,t),  p=Flp|(x1,&,t), a;:= F'laj](x1,&") (3.3)
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fori =1,...,d. Applying V- to the first equation (I.T]), we have that Ap = 0,
which yields the following ODE:

(0F — I€')p = 0.
We deduce that
b =plar,€t) = e Ep(0,¢ 1),
Note that p — 0 as [¢/| — oo or z1 — oo and
(01 +1€)p =0. (3.4)
From the first equation (LI]) for i = 1, we get
iy — 0Fty + €120y + 01p = 0. (3.5)
Let
0= |€|dy + 011 (3.6)
From (34)-(33]), we obtain the 1-D heat equation in R™:
o0 — 030 + €20 = 0. (3.7)

On the other hand, we can rewrite by using the second equation (L2]),
d
- 3j“j]
j=2

d
= |¢i — v -1 Zﬁj /]Rd e_mwl'gluj(ml,x',t) dx’,
j=2

—1

0= |§’|ﬁ1 + .7:/[81u1] = ’5/’111 +F

which implies the boundary condition
0z =0 = 0. (3.8)
We also have the initial condition

Bi=o = [¢'|ar + Oran. (3.9)
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In view of (2.1])-(2.8]), we observe that the solution ¢ to the IBVP B1)-(39)
satisfies

. enze [ J .
b = |¢'|F[H(t)ar] + eI |2t/ (G(x1—y1,t)—G(x1 + ylat))a—ylal(ylag)dyl
0
nz, [°° 0 N
= |¢'|F'[H(t)as]—e 1T a—m(G(ﬂfl—yl,t)—G(ﬂfl + y1,t))ar (y1, & )dy
0

n2y [0 .
= |¢'|F/[H(t)ar]+e |2t/ gz, (Glar—y, 1) +Glay + y1,1))a(y1, € )dyy
0
= [¢'|F[H (t)ar ]+ F'[01 K (t)aa].
Here we solve the ODE B0 with @1],—0 = 0 to get
x1 ,
(1, &) = / eI 55, €' 1)ds. (3.10)
0

Therefore we deduce that Si[d;] = S1[F'[u1]] satisfies

Sulin] = /0 ~ sin(z16) /0 =I5 (s & t)dsdas

o0 ! o0 !
:/ e’ 1€ (s, 1) (/ e l¢ Sin(mlﬁl)dm) ds
0 s

— #/Ooo (sin(s&y) + & cos(s&y)) 0(s, & t)ds

! /oo(sin(:vlgl)—i—{l cos(:vlé’l))(|§'[.7-"’[H(t)a1]—i—f’[@lK(t)al]) dxy

er
- Elsiziuon) + Hsrpme) + L o)
+ %Cl [F [0 K (t)a]]
,’glsl[f’[ Wl + 2P0 - s o 00)
- SF R K O]

= Bl s 1710 - oy m@an) +

e SI[F[01(1 - ) K (H)a]]. (3.11)

|€!2
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In the above computation, the elementary identity:

b
€17

is used and the condition aj|;,—o = 0 is not used. Hence we have obtained

O {e ™'l (sin(a1&1) + & cos(z161))}

e ™ sin(z16)) =

2
ul(t) :fil |:’€—1/| (1 - %) Sl[f,[(l - 81)H(t)a1]]

+ Lgl [(F'[o1(1 — 81)K(t)al]]]

d
]R+

Next, we get from the first equation (L.T]) for i = 2,...,d,
Oty — 07t + |€' 0 + V= 1&p = 0. (3.12)

Since (34)-@B.1]), we have

. 1 . R R
D= @(&;ul — Oy + |€ ).
Thus we see that
N . v =1&u )
wi::ui+% (1=2,...,d)

satisfies the 1-D heat equation in R™:
i — O + |€'|*; = 0

subject to
. R . VElGa
Wi |z1=0, Wift=0 = a; + T”
That is,

w; = F'[H(t)a;] + ’€—1,|.7:’[3iH(t)a1].
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Therefore we deduce from (B.I1]) that

Sifis] = S1[F[H(t)ai]] + yg—l,ysl F(0:H (t)ar]] - %51 ]
— S\[F[H()ad)] + yg_lfy‘gl FIOH (t)ay])] — #51 (01— 00) H(t)ar)
- m& F0:01(1 — 00K ()],
which yields wi(t) = Sila; :a1)(¢). O
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