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Abstract

We study 2-nondegenerate constant Levi rank 1 rigid C¥ hypersurfaces M® c C3
with 0 € M® given in coordinates (z,{,w = u + iv) as u = F(2,(, % () under rigid

biholomorphisms:
(z:¢w) — (f(2,0), 9(2,0), pw+h(2,0) = (¢, ,w).

In a previous article, a Cartan-type reduction to an {e}-structure was done by Foo-
Merker-Ta. Three relative invariants appeared: Vo, Ip (primary) and @, (derived).

On the other hand, a Poincaré-Moser complete normal form:

2Z+ 5 QZ+* a rb—cxd
u = t2 sz + Z Gabcd( .)ZCZC,
a,b,c,deN
a+c>=3
with 0 = Ga,b,(),o = Ga,b,l,o = Ga7572,0 and 0 = G3,070,1 = ImG1,173,0, has been recently
obtained by the authors.
_aE+ LTl E
T?e model ;,I, = g
(Imz1)* 4+ (Im z2)* with Im zo > 0 deeply investigated by Sergeev.

is equivalent to the future light cone (Imz)? =
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In order to compare the two approaches, we compute (relative) invariants at every

point, not only at the central point, and we ‘discover’ the proportionalities:
G0,1,4,0(F.) x Vo, G0,2,3,0(F.) o 1o, ReG1,1,3,0 (F.) x Q.

With this, a bridge Poincaré <— Cartan is constructed.

In terms of F, the numerators of Vo, Iy, @, incorporate 11, 52, 824 differential

monomials.

1. Introduction

The problem of equivalence for CR manifolds was begun by Poincaré @]
in 1907, who, by a counting argument, pointed out that real hypersurfaces
M?3 C C? must a priori possess infinitely many invariants under biholomor-
phic transformations. In [1], Beloshapka argues that Poincaré’s approach
remains competitive in the study of infinite-dimensional geometry, and the
present article will confirm this statement.

The study of real hypersurfaces M2+t ¢ C"*! is a classical subject,
and there is an intensive activity since the seminal article ﬂ§ of Chern-Moser,
devoted to Levi nondegenerate ones. Moser’s part produces normal forms.
Chern’s part sets up an {e}-structure and even a Cartan connection. The
link between these two parts is usually understood at the origin.

In the recent years, beyond ﬂ§], remarkable achievements appeared.

e Determination by Beloshapka B] of universal models of CR manifolds
of finite type and computation of their Lie algebras of infinitesimal CR
automorphisms.

e Completion by Loboda @ @ Iﬁ after a twenty-five-years study, of
the full classification of locally homogeneous real hypersurfaces in C3

(cf. ﬂg E

e Cartan reductlon and normal form for 6-dimensional enerlc submani-
folds M% c C* of codimension 2 and CR dimension 2 lﬂ

e Normal forms for finite type hypersurfaces M3 c C?

e Normal form for a real hypersurface in C*"*1 at a generic (not uniform)
Levi-degeneracy in the sense of Webster [28].

e Survey of these and of several other results [27].

e Cartan-type reduction for constant Levi rank 1 and 2-nondegenerate

hypersurfaces M°® C C3 ﬂﬁ Iﬂ . @ Iﬁ Iﬁ
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e Normal forms for constant Levi rank 1 and 2-nondegenerate hypersur-
faces M® C C? which are not necessarily rigid E, ,E}

e Cartan-type reduction and normal form for constant Levi rank 1 and
2-nondegenerate hypersurfaces M° C C3 that are rigid B, ]

Most of the time, articles applying Cartan’s method and articles ap-
plying Moser’s method are published separately. On Cartan’s side, com-
putations are known to ((explode)). For instance @], the numerator of
the Cartan curvature of a Levi nondegenerate hypersurface M3 C C? has
~ 1500000 monomials. The present article therefore focuses on certain CR
structures, call rigid as defined below, for which actual computations remain
tamed. The largest number of numerator monomials will be 824.

Cartan’s method studies geometric structures at every point of the base
manifold, and there is a ((complexity price)) to pay for this generality.

Moser’s method is more ‘simple’, computationally speaking, since it usu-
ally proceeds at only one point, often the origin, of a manifold, by manipu-
lating power series expanded at that point.

In comparison to Cartan’s method, Moser’s method seems to capture
invariants only at one point.

But recently, Chen-Merker ﬂa] found an alternative (probably known)
method to capture differential invariants at all points while working only
at one point. This method avoids to move the origin everywhere nearby by
translations, and it works most of the times, namely when the group of trans-
formations is (only) assumed to contain all translations, see especially |6,
Sec. 12]. Hence this method clearly applies to the group of rigid biholo-
morphisms. Chen-Merker studied mainly parabolic (real) surfaces S? C R3
under the group of special affine transformations of R?, and developed an
analog of Moser’s method in this context, see also ﬂ]

Since the technique of ﬂa] seems not to have been well developed or
understood by CR geometers up to now, we decided to write up the present
memoir. Its main goal is to construct a bridge:

Cartan’s method Moser’s method,




136 ZHANGCHI CHEN, WEI GUO FOO, JOEL MERKER AND THE-ANH TA [June

and to exhibit how (relative) differential invariants pass from one side of
the river to the other side, computationally. Reading the simple Section 2
below is enough to understand the key “arch-ideas” of such a bridge. We in-
deed first focus on the ‘toy’ case of rigid equivalences of rigid hypersurfaces
in C? (easily reached results), before passing to the not so simple case of
rigid equivalences in the rigid class denoted €51 by Alexander Isaev which
consists, as written above, of 2-nondegenerate constant Levi rank 1 hyper-
surfaces M° c C3.

Such CR structures whose Levi form degenerates everywhere, but are
not even locally straightenable, were deeply investigated by Sergeev and his
collaborators in several memoirs — e.g. @, , ] — to study for instance

integral representations of solutions to the d-equation in the future tube.

Throughout all of this memoir, concentrated on CR geometry, all CR

manifolds will be assumed embedded, real analytic (¢*), and rigid.

The interest of studying rigidly equivalent — in Alexander Isaev’s ter-
minology — rigid hypersurfaces was pointed out to us during his February
2019 stay in Orsay. In recent publications ﬂﬁ, , , ], Alexander Isaev
integrated Pocchiola’s zero CR, curvature equations W = 0 = ¢/ of tube and

rigid 2-nondegenerate constant Levi rank 1 hypersurfaces M°> C C3.
Relevant background on CR geometry may be found in M, @, @]

A local hypersurface M?"+1 in C**! with coordinates z = (21, ..., Zn11)
is said to be rigid if there exists an infinitesimal CR automorphism, namely
a vector field T tangent to M of the form T = X + X with a nonzero
holomorphic vector field X = E?jll a;(z) 0,;, which is transversal to the
complex tangent space T°M in the sense that TM = T°M & RT. After
a local biholomorphic straightening, one makes X = i% with w = Z,41,
and tangency of X + X = % to M shows that, restricting considerations to
dimensions n + 1 = 2,3, writing coordinates C2 3 (z,w) and C? 3 (2, ,w),

the right-hand side ¢ graphing functions:
M3: w=F(z7%), M°: w=F(z(7%C),

are independent of v, where w = u + 7 v:
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Alexander Isaev’s concept of rigid biholomorphic transformation is as

follows. In C? and in C3, such are biholomorphisms of the form:

(z,w) — (f(2), pwtg(2)), (2.Cw) — (£(2.0), 9(2,C), pwth(z,()),

where f, g, h are holomorphic of their arguments, independently of w, and
where p € R*. The interest is that rigid biholomorphisms send rigid hyper-

surfaces to rigid hypersurfaces: they respect the pre-given CR symmetry.

In C?, on the Cartan side of the bridge, we construct in Section 2 an
absolute parallelism on P® := M3 x C equipped with coordinates (z,%, v, c,¢)

consisting of 5 differential 1-forms:

{p7 Ca Za T, ﬁ} (p=p),
which satisfy invariant structure equations of the shape:

dp=(r+7)Ap+iCAC,
d¢ =mAC, d¢ =7 A,
dr = LRCAC, dr=—LR(N(,

S

where there is only one (relative) invariant function:

R = FzzﬁFzE _FzzEFz%
(FzE)z

We show that M is rigidly equivalent to {u = 2z} if and only if R(F') = 0.

On the Moser side of the bridge, starting from a given
u = Zj+k>1 Fj . 2JZ* passing by the origin, we perform as said above a few

normalizing biholomorphisms in order to reach:

0= Fjo=Fox G211 k>1),
1 :Fl,la
0=Fj1=Fy (G=2 k>2),

and the key feature of the method is to keep track of all performed rigid
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biholomorphic transformations, which will give us at the end:

FyoFy 1 —Fy1 Fio
3
Fy

u:zE+[ }Z252+2223(“')+23§2("')-

From this rational expression of the final F2’72 coefficient at the origin, it is
easy to recognize / reconstitute/ translate Cartan’s invariant R(F) at every

point (up to a nowhere vanishing factor const - F.z).

Now, pass to C3. The class of (local) hypersurfaces M°> C C? passing
by the origin 0 € M that are 2-nondegenerate and whose Levi form has

constant rank 1 is denoted:

&1

The right graphed equation for the model light cone M, c C C? in $o1
was set up by Gaussier—Merker1| in ﬂﬁ]

Z+ 5220+ 572¢
1-¢C

Here, the letter m is from model. By luck, M, ¢ is rigid!

Mc: u = : m(z,C,E,Z).

Start with M° c C3, with 0 € M, rigid, graphed as:

u=F(2,(,%0().

Constant Levi rank 1 means, possibly after a linear transformation in (Cz o
that:

Fz F>
Fr#0=| 7 "% = Levi(F), (1.1)
Fez Fiz
while 2-nondegeneracy means that:
Fs: F-
04| 7 "=, (1.2)
FzzE ZZZ

By direct symbolic computations, Propositions 3.1 and 3.2 in B] establish

1Fels-Kaup showed in m, M], that the Gaussier-Merker model is locally biholomorphically equiv-
alent to the tube over the light cone.
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inwariancy of these vanishing / nonvanishing properties under rigid changes
of holomorphic coordinates.

Since the Gaussier-Merker function:
22+ 322+ 7%

1-¢¢

is homogeneous of degree 2 in (z,%), it is natural to assign the following

m(z7 C7E7 Z) =

weights to the coordinate variables:

In B], the authors showed that every €* hypersurface M® € €q is
equivalent, through a local rigid biholomorphism, to a rigid ¥ hypersurface
M cc? which, dropping primes for target coordinates, is a perturbation

of the Gaussier-Merker model:

= 1 2~ 152
22+ 52°C+ 52°C d
u = 2 = 2 + E Ga,b,c,d ZaCbZCC )
1—¢¢ a,b,c,dEN
a+c=3

with a simplified remainder G which:
(1) is normalized to be an O, z(3);

(2) satisfies the prenormalization conditions G = Oz(3)+Ogz(1) = O;(3) +
O¢(1):

Gap0,0=0=Gop,cd

Gap10=0=G10.c4d,

Gap20=0=Go0.c4d;

(3) satisfies in addition the sporadic normalization conditions:

G3,0,01 = 0=Go130,

Im G3’0’1’1 =0=1Im G1,1’3’0.

Furthermore, two such rigid € hypersurfaces M° C C? and M’ e
C 3, both brought into such a normal form, are rigidly biholomorphically
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equivalent if and only if there exist two constants p € R*, ¢ € R, such that
for all a, b, ¢, d:

atc—2 - o
Gaped=Ghpeap * €7@Tme2d),

When producing such a normal form, calculations are done only at one

point (the origin), by manipulating only Taylor coefficients.

On the other hand, Cartan’s method of equivalence manipulates func-
tions defined in some neighborhood of the origin. So, Cartan’s method seems

to be stronger.

Our first goal in this article is to show that a suitable enhancement of
Moser’s method enables one to recover Cartan’s curvatures at every point

near the origin while working only at the origin.

Indeed, starting from a 2-nondegenerate constant Levi rank 1 rigid €%
hypersurface M® C C? with 0 € M® in coordinates (z,(,w = u + iv):

_ = _o=d
u="F(20%0) = Y. Fapeaz"¢"zC,
a,b,c,d €N
a+b+c+d>1
we perform a reduction to normal form with conditions (1), (2), (3), and we
keep track of all intermediate changes of coordinates in order to express the
final power series coefficients in terms of the initial power series coefficients:
5 1,27 132
2Z24+ 52°C+ 52°C —d
u= 2722724 N Gapea(F) 2°¢72°C
1 - CC a,b,c,deN

a+c=3

and we express the G q explicitly in terms of the initial F, = {Fa,b,qd}.

For this, we apply the method of Chen-Merker ﬂa], which enables us to

compute (relative) invariants at every point, not only at the central point.

Theorem 1.3. The three normalized Taylor coefficients:

Go1,40(F.) Go2,30(F.) Re G1,1,30(F.)

s L9y

are explicit rational expressions whose numerators have 11, 52, 824 mono-

mials in the initial coefficients Fup c.qd-
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More details are given in Section 4, in which the method is explained,
and the first two numerators are typed. Beyond, we can create further
normalization branches caused by the valued of Iy and of Vjy, see below.

We then ‘discover’ that the obtained coefficients:
Go,1,40(F.) « Vo, Go30(F.) o Iy, ReGi130(F.) < Qp,

are proportional — in fact equal after adjustment — to the (relative) invari-
ants Vo, Iy, @y found by a completely different approach, namely Cartan’s
method.

Before explaining this, let us survey the results of the article hfrom
Cartan’s side of the river, inspired and guided by Olver’s works , ]

Consider as before arigid M° C C3 with 0 € M, which is 2-nondegenerate
and has Levi form of constant rank 1, i.e. belongs to the class €5 1, and which
is graphed as:

U = F(Zl,ZQ,El,EQ).
The letter ( is protected, hence not used instead of zs, since ¢ will denote a
1-form. The two natural generators of TVOM and T%'M are:
LA =0, —iF,, 0, and Ly =0y, — 1 F,, Oy,
in the intrinsic coordinates (z1, 22,%1,Z2,v) on M. The Levi kernel bundle
KYOM c TYOM is generated by:

Fzzfl

H =kl + D, where k= — ;
F2’1§1

is the slant function. The hypothesis of 2-nondegeneracy is equivalent to the

nonvanishing:
0 # Z1(k).

Also, the conjugate .# generates the conjugate Levi kernel bundle K%' C
TYI M.

There is a second fundamental function, and no more:

P— F212151
Fz1§1
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In the rigid case, it looks so simple! But in the nonrigid case, P has a

numerator involving 69 differential monomials!

Foo-Merker-Ta produced in @] reduction to an {e}-structure for the
equivalence problem, under rigid (local) biholomorphic transformations, of
such rigid M® € ¢y 1. They constructed an invariant 7-dimensional bundle
P7" — M5 equipped with coordinates:

(217 22,%1,%22,V, C>E)a

with ¢ € C, together with a collection of seven complex-valued 1-form which
make a frame for 7% P7, denoted:

{pa K, Ca R, Za «, a} (P=p),
which satisfy 7 invariant structure equations of the form:
dp = (a+@) Ap+ ik AR,
dk =aNk+ (AR,
_ 1 1 _
d¢ = (a—a) /\C-i-EI(]Ii/\C—F%VoE/\H,
- 1 _ 1 1= -
da=C¢(N(—-Iy(ANR+ —=Qyr NE+ =Iy( A,
C cc C
conjugate structure equations for d&, d(, da being easily deduced. Since o
is not real, there is no obvious reason that @ should be real. But the fact

that, on the other side, Re G113, is real, led us to suspect that @ is real

too.

Here, as in Pocchiola’s Ph.D. ] partly published as @], there are

exactly two primary Cartan-curvature invariants:

1 Z1(ZL1(ZL1(k 5/ Z1(Z1(k))\?
vy - L y1((}@)( I ( %(k() >)>
S L
e LA @@W) 1 X (Z0) ZA(Z (b))
3 Z1(k)? 3 Z1(k)3
L2 2 (.zl_(ﬁ)) 2.4 (_?1 (k)
3 Ak 3 Zik)
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One can check that Pocchiola’s relative invariant Wy (see @]) which occurs
under general biholomorphic transformations of C3 (not necessarily rigid!),
when written for a rigid M C C3, identifies with:

Io(F(21,22,71,%2)) = Wo(F (21, 22,21, %2)).

Furthermore, there is one secondary invariant whose unpolished expres-
sion is:

1> 1, GA(AER)N\: 15 ZLi(Z1k)\, 14 (Vy)
QO'_igl(Io)"<P_T> 0_5<P_W>IO_5%'

3
Visibly indeed, the vanishing of Iy and V implies the vanishing of @,. In

fact, a consequence of Cartan’s general theory is:
0=Vy=1y, < M is rigidly equivalent to the Gaussier-Merker model.

However, it is not visible from its expression that @y is real.

In ﬂﬁ], by deducing new relations from the structure equations above,
it was proved indirectly that @ is real-valued, but a finalized expression
was missing there. A clean finalized expression of @, in terms of only
the two fundamental functions &, P (and their conjugates), from which one

immediately sees real-valuedness, is:

LA (Z1(k) Z1(Z1 (k)" 1A (Z1(Z1(R) Z1(Z1 (k)

e 9 71k

1. (L1 (k )?( (R)) P 14 (Z1(k) Z1(Z1(R))

9 Z1(k)3 9 Z1(k)?

LA (Z1(Z1(k))P 24 (Z1(k)P 1.2, (L1 (k)P

9 Z1 (k) 9 Zi(k) 9 Zik)

| 4 (20 (Z1 (k) 1— 1= 1|21 (Z1(k))

5 70 *531@)}‘5‘”*5?@

Section 6 discusses briefly the details of the necessary, nontrivial computa-

tions, see also M]

Having @ in finalized form shows that Cartan’s method and Moser’s

method bring complementary information. With this, a bridge between the



144 ZHANGCHI CHEN, WEI GUO FOO, JOEL MERKER AND THE-ANH TA [June

two methods is constructed.

Lastly, we pursue the normalizations as follows, see Theorem [B.1] for a
complete statement.

Theorem 1.4. Within the branch Iy # 0, the hypersurface is, in a unique
way, equivalent to:

s 1 .27 1,221 @ =3, 1 Qy 3-7
u=2Z+52°C+5(Z —|—6|10‘22(z + 6 I ? zZ(
4

+
+

a+b+c+d>67 bd=0

without any harmonic monomial 2/ ("7, ¥n >0,0 < j < n and any mono-
mial 2% C*Z°, Ya+b> 2, c € {1,2}. C’ollectwns of coeﬂiczents. 1_—02, ﬁ and
0

{Fa,b,c7d}a+b+c+d>6 bd—o: OT€ i one-to-one correspondence with biholomor-

phic equivalent classes.

2. Rigid Equivalences of Rigid Hypersurfaces in C?: A Toy Study

We first consider the equivalence problem of rigid hypersurfaces in C?
under the action of rigid biholomorphic transformations. We will solve this
problem with both Cartan’s method of equivalence and Moser’s method of
normal forms. The calculations here are simple, and they will serve as a
toy study for our more substantial problem in C? later. Throughout this
section, we use the complex coordinates (z,w) on C? with w = u + iv, where
u,v € R.

We recall that a real analytic hypersurface in C? is called rigid if it can
be written {u = F(z,E)}, where F' is a converging power series in z,Z. A
local biholomorphic map of C? of the form:

(z,w) — (f(z), aw—l—g(z)), (2.1)

with ¢ € R*, ¢ € R, will be called rigid. Most of the times, we will assume
that the origin is fixed, whence 0 = f(0) = ¢(0).

Since rigid transformations send rigid hypersurfaces to hypersurfaces
which are again rigid, it then makes sense to consider rigid equivalences of
rigid hypersurfaces in C?, as we do here. The homogeneous model here is
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(still) the Heisenberg sphere {u = zZ}, whose rigid automorphisms fixing
the origin can be extracted from the set of general automorphisms of the

sphere (exercise).

As a starter, consider a rigid biholomorphic map (z,w) — (f(2), aw+
9(z)) =: (#,w') between two hypersurfaces {u = F(z,%Z)} in C? and {v' =
F'(2',Z")} in C? too. From:

F’(f(z),?(f)) = F’(z',E’) =4 =au+Re g(z) = aF(z,EH—%g(zH—%y(E),
it comes the fundamental equation, identically satisfied:
F'(f(2),f(2) =aF(2,2) + 3 9(2) + 33(2). (2.2)

Lemma 2.3. Through a rigid biholomorphism between two rigid hypersur-
faces {u = F} and {u' = F'} in C2, it holds:

FzE

2
P P
Proof. Applying 0,05 eliminates g and § above and yields the result. O

Thus, F.z is a relative invariant: it is nonvanishing in one system of
coordinates if and only if it is nonvanishing in any other system of coordi-
nates. Of course, M is Levi nondegenerate in the classical sense if and only

if F,z # 0. We will constantly assume that this holds at every point.

2.4. Cartan’s method of equivalence

Consider a real analytic graphed hypersurface M? = {u = F(z,%)}
passing through the origin in C2. Its holomorphic tangent space THOM :=
(C®TM)NTHOC is a 1-dimensional complex vector bundle on M. One can
check directly that the vector field £ := 6% — ina% generates THOM, in
the intrinsic coordinates (z,Z,v) on M. We abbreviate A := —i F, so that
Z = %—I—A% and & = %—I—Z%.

Assume that M is everywhere Levi nondegenerate, namely F.z # 0.
Next, define the real vector field 7 on M by .7 := —i[£, L] =/ %, where
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l:=—-2F, Asin ﬂﬁ], introduce also the auxiliary function on M:

P o e_Z — FZZE

v F'

Lemma 2.5. The vector fields 7,4, % constitute a frame on C @ TM,
with Lie brackets:

7.4]=-P7.  |7.2|=-P7, [2.9]=-i7.

Next, denote by pg, (o, the (complex) 1-forms on M which are dual
to the (complex) vector fields .7,.%, .7, respectively. More precisely, the
expressions of pg, (o, {, in terms of dv,dz, dz are:

po =3 (dv— Adz — Adz), (o == dz, ¢ = dz.
This gives us an initial coframe for C ® T'M having structure equations:

dpo =P po A Co+Ppy Ay +1io Ao,
dCo = dCy = 0.

We now look at the action of rigid transformations on M in order
to set up an initial G-structure. Observe that if a rigid biholomorphism
h: (z,w) — (f(2), aw + g(z)) =: (¢/,w’) fixing the origin maps a rigid
hypersurface M C C2 to another rigid hypersurface M’ C C'2, then h sends
TYOM to TYOM', i.e. ho(THM) = T1OM'. Without loss of generality,
we can assume that the target M’ = {u/ = F'(z/,Z')} is also graphed, and
is equipped with a similar frame {77/, %’ ,,,?/}. It follows that there ex-
ists a uniquely defined nowhere vanishing function ¢': M’ — C* so that
he( L) =2

Similary, hy(7) = o/ 7+ .L+b 2 . From Definition BZT] it is clear that
h«(0y) = a0y . Since T = L9, and T' = ' Dy, it comes h(T) = afi,f'.
Hence b/ = 0. Furthermore:

he ) =he(—i[L, Z)) =i [h(L), (D) =—i[¢.L, ¢ L =cd T,

with necessarily 0 = ¢”(¢) while expanding the bracket thanks to v/ = 0,

and we conclude that the function a’ = '@ is determined.
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Consequently, under the action of h, the frame {7,.%, . Z} changes as:

T dé 00 T’
he | Z | = 0 ¢ 0 < (¢ £0).
z 0 0e) \Z

This gives us the transfer relation between the two dual coframes, in terms

of a nowhere vanishing function ¢: M — C*:

Po cc 0 0\ [po
h* C(l) - 0 ¢ O C(]

2 - >

Co 0 0 ¢ Co

The initial G-structure is now obtained as follows. Such a function ¢
is replaced by a free variable ¢ € C*, an unknown of the problem. The

structure group is the 2-dimensional Lie group of matrices of the form:

cc 0 O
g = 0 c 0 (c#0),
0 0 ¢
and we introduce the lifted coframe:
P Po
(|=0-|G
¢ Co

We are now in the position to apply Cartan’s method of equivalence to

the G-structure just obtained. First, we compute the Maurer-Cartan matrix

as:
d dc
L [ere 0o
—1b __ C
dg-g— = 0 3 C?_ )
C
o 0 T

and there is only one (complex-valued) Maurer-Cartan form « := %. The
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structure equations are as follows:

1 1— - _
dp = (oz-l—a)/\p—l—EPp/\C—I-EPp/\C-i-iC/\C,
d¢ =a A,
d¢ =anc.

We proceed to absorption of torsion by introducing the modified Maurer-
Cartan form:

o 1
mi=a— P,
in terms of which the structure equations contract as:

dp=(r+T)Ap+iCAC,
d¢ =7 A, dC =7 NC.

At this point, no more absorption can be performed, because if one
modifies the 1-form 7 as @ := m — Ap — B( — C(, which transforms the

structure equations into:

dp=(7F+7)Ap—(B+C)pA(—(B+C)pA{+i(AC,

dC =N +ApAC—CCAC,
all the functions A, B, C must be zero to conserve the same shape. In other
words, the prolongation reduces to identity, and 7 is uniquely defined.

Therefore, Cartan’s process stops, and to finish, it remains to finalize
the expression of:

dr =da, + L LEP N(—LdPANC—L1PdC

=0+ 1(r+LiPOPAC-L(P.dz+Pzdz) ANC— LP7AC
=—L(P.1¢+P:10) NG,

where we need to know / abbreviate just:

PE: FZZHF,(Z?_ngEFzﬁ —. R,

zz

whence:
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Visibly, R = R is real, because F = F is, whence Fyaze = Fiae.

Theorem 2.6. The equivalence problem under local rigid biholomorphisms
for €“ rigid real hypersurfaces {u = F(z,%Z)} in C? whose Levi form is
everywhere nondegenerate reduces to classifying {e}-structures on the 5-

dimensional bundle M3 x C equipped with coordinates (z,%,v,c,c) together
with a coframe of 5 differential 1-forms:

{107 Ca Za ™, f} (p=p),
which satisfy invariant structure equations of the shape:

dp=(m+T)Ap+iC A,
d¢ =7 A,
dr=LXR(AC,

NG,
—zR{NC

B f\l
Il
>1|

U

Another way to see that R = R is real from the structure equations is
as follows, using Poincaré’s relation:

O:dodp:(d7r+d%)Ap (m+7) Adp+id{ ANC—i( AdC
:—RC/\C/\/H— ! RC/\C/\p (7T+f)[(7r+ﬁ)o/\p+zf/\q
+27r/\(/\(—2§/\7r/\§

:%(R—Z_?)p/\g/\z.

Thus, the only invariant here is:

FZZEFZE_FZZEFZE

R = (Fa)?

(2.7)

When R = 0, the structure equations have constants coefficients, which
shows, by Cartan’s theory, that all rigid hypersurfaces with R = 0 are rigidly
equivalent to each other, and equivalent to the model {u = 2Z}. There also
are direct arguments to get this.

Proposition 2.8. A rigid M = {u = F(z,%)} in C? is rigidly biholomor-
phically equivalent to the Heisenberg sphere {u' = 2'Z'} if and only if:

O ER(F) = FzzﬁFzg — FZZEFZﬁ-



150 ZHANGCHI CHEN, WEI GUO FOO, JOEL MERKER AND THE-ANH TA [June

Proof. Recall that the condition R(F') = 0 is invariant under rigid biholo-

morphisms.
Trivially, F':= 2Z implies R(F') = 0.

For the converse, Lemma guarantees that M is of course Levi-
nondegenerate too, and by invariancy of R = 0, we can assume that F' =
2Z + Oz,z(g).

Set G := F.z, a function which is also real-valued, with G(0) = 1. Thus:
0=G.:G—-G,G% <— (log G)ZEEO.

Consequently log G(z,%Z) = ¢(z) +$(Z) for some holomorphic function with
©(0) = 0, whence G(z,%) = 9¥(2) - ¥(Z) with ¥(0) = 1, and

F(z2) = /0 T (o) de /0 O I = f2)- T2,

with f(z) = z + 0.(2). Thus u = f(z) f(%), and the rigid biholomorphism

2" := f(z) terminates. O

We know from Lemma that F,z is a relative invariant. What about
R? It suffices to examine how the numerator of R behaves under transfor-

mations.

Lemma 2.9. Through a rigid biholomorphism (z,w) — (f(2), aw + g(z))
=: (¢/,w'") between two rigid hypersurfaces {u = F} and {u' = F'} in C2, it
holds:
- \3
Fozlz—F..zF.z= 0%2 (fz fE) [Fz/'z'z’z’ F;’E’ — Florg Flizr

2'2'Z S 27z } :
Proof. Differentiate the fundamental identity ([Z2]) four appropriate times:
alz= fZTEF;IE’a
al,z= fzz ?EFz/'z’"i_fz?Efz Fz//zlg’a

alF.== fz?ﬁ F;/g/+fz7z7ze’E/E/>
a Fzzﬁ = fzz?ﬁ Félg’ +fzz7272 F;/z/z/ +fz7§fz F;/zlg’ + fz?zfz?? F;/Z/E/EU
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perform the necessary products, substract, and get the result. O

2.10. Method of normal forms of Moser

In this subsection, following the method of Moser, we will approach the
equivalence problem for rigid hypersurfaces in C? under rigid biholomor-
phisms by constructing a normal form. Notice that although the problem is
(much) simpler than that considered by Moser for general hypersurfaces in
C?, our problem here is not a special case of what is already known.

The goal is to simplify the defining function u = F(z,Z) of a given
hypersurface M3 C C? as much as possible by applying rigid holomorphic
changes of variables (z,w) — (f(2), pw+g(z)) =: (¢/,w’), with p € R*. We
will find step by step changes, so that the transformed graphing functions
F’ for successive M' = {u/ = F'(z/,2')} will contain more and more zero

coefficients.

Take a real analytic hypersurface M = {u = F(z,%Z)} passing through
the origin in C2, and expand:

u = % (w—i—@) = Z Fj,kzjik,
Jt+k=>1

with Fj = Fy j. At first, set 2/ := 2z and:

, .
w Z:w—2ZFj’02’J,

j=1
in order to subtract all harmonic monomials Fj o 2J and Fox. ZF to obtain:
u = Fip27zF = F 12z + Fip 207"
= ik =111 zZ j’kz z .

j=1 j+k>3
k>1 j>landk>1

The invariant property F 1 # 0 characterizes Levi nondegeneracy of M
at the origin (hence in a neighborhood). Switching u — — u if necessary,
we may assume Fp 1 > 0.

Next, make the rigid biholomorphism 2’ := /F} 1 z with v’ := w, drop

the prime, single out monomials of degree 1 in either z or Z, factorize, and



152 ZHANGCHI CHEN, WEI GUO FOO, JOEL MERKER AND THE-ANH TA [June

point out remainders:

F k
U =27+ N LRV
Z Ttk
k>3 Fiq
j=land k>1

 Am T j 12_2
_ZZ+Z<F3/2 + — F1j+1 ) < 3/2 +Z 1+k /2 )
Jz

Fiq k>3 F1
Fyo Fip
+ 222272y E L
FlU+k)/2
; J+k=5 11
j=2and k>2

Fy Fipn 5 Fio h
:<z+ 3727 2+ ; )/2z]>< 3/2 +Z 1+k

Fii j=3 Fl(,jlJrl Fiq k>3 F1
FoiFi2 9 9 93/ \ 329
i 23 ) B2 ()
B2 ey 1),
Fll

Such a factorization suggests to perform the rigid biholomorphism:

Zi=z + Z F(]—i—l g

1 1 j=3

)

again with untouched w' := w. Its inverse is of the form z = 2/ (1 + 2% ).
SO O(zlEm) = O(z’ by m) and finally, dropping primes, we have proved the

Proposition 2.11. Any rigid M = {u =Y F kz]zk} can be brought, by a

rigid biholomorphic transformation fixing the origin, to:

() 5.

Fyo F11 — Foq Fl,Q}

u=2zz+ [
Ffjl

In other words:

0= Fjo=Fox (G=1 k>1),
1 :F1,1>
0=1F;1="F1 (G =2 k>2).

Can one normalize the graphing function F' further? For instance, can
one annihilate some other F ;7 Not much freedom is left, as states the next
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Lemma 2.12. If two rigid hypersurfaces in C? having the form:

—_ i— — i1k
u=2zZ+ E Fjp 272" and u =27 + g Fiy 277",
Jik=2 Jik=2

are equivalent through a rigid biholomorphism fixing the origin, then there

erist p € R and ¢ € R such that:

2= p'/? e 2, w' = pw.

In particular, this shows that the group of rigid transformations fixing
the origin of the Heisenberg sphere {u = 2z} is 2-dimensional, generated by
these obvious rotation / dilation commuting transformations (solution of the

exercise).

Proof. Write as above (2/,w') = (f(z), pw + g(2)), with f(0) =0 = g(0).

The fundamental equation reads:
pF(2,7) + 59(2) + 59(2) = F'(f(2), f(2)).
Put z := 0, get §(2) = 0. Thus:
p (22 +2°2°()) = f(2)F(2) + F(2)2F(2)° (),
and using f(z) = O(2):
pez = f(2)FE) + 222(-).

Invertibility of the Jacobian yields f,(0) # 0. Apply 62‘0 and get:

so f(z) = Az for some A € C*. Lastly, p = A\, which concludes. O

Corollary 2.13. Two rigid hypersurfaces in C?:

_ i - sk
u=2Z+ E Fjj, 2%k and u =27+ g Fly 277",
J,k=2 Jk=>2
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are rigidly biholomorphically equivalent if and only if there exist p € RY and
© € R such that:

k=2 . .
E=p 2 61‘19(.7 k) F}Ik; (=2, k>2).

£,
At any point (29, wg) € M close to the origin, all these results are also
valid, and using the recentered holomorphic coordinates z — zyp and w — wy,

one obtains:

u—ug = (z — 29) (E - Eo)
4Fzz%(20) FZE(ZO) -2 FZZE(ZO)Z FZEE(ZO)
+ 3
FzE(ZO)

(z—zo)z(E - 20)24-- X

The (2,2)-coefficient at various points zy is, up to a power of F.z in the
denominator, exactly equal to the relative invariant function R found in (2.7])

by applying Cartan’s method.

3. Caves Beneath a Waterfall

This section (whose title will be explained at its end) displays the tech-
nique of calculating differential invariants under infinite-dimensional Lie
group actions thanks to finite-dimensional (power series) approximations.

First, we introduce some notations.

Definition 3.1. The (local) rigid transformation group of C**! fixing the

origin will be denoted:

G = {(Z7C’w) = (ZI’CI?w/) = (f(Z,C),g(Z,C),pw)},

where p € R* and f, g are holomorphic functions near 0 € C? with f(0,0) =

9(0,0) = 0 and with nonzero Jacobian determinant:

fz fC
9z 9¢

0 #

Multiplications and inversions are induced by compositions and inver-

sions of transformations.
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Proposition 3.2. 4 map (2,¢) — (f(2,(),9(z,()) defines a biholomor-
phism between two neighborhoods of 0 € C? and 0/ € c? if and only if its
Jacobian matriz is invertible at the origin.

We will denote the inverse map as:
&) ==, 9=, ¢) = ¢

The power series expansions of f and g can be calculated homogeneous
degree by homogeneous degree from the identities:

¢

FFE a0 =2 g(F(Z.¢), 5. ¢))

At each degree, a linear system has to be solved, for example at degree 1:

J10 foa ) fl,o fo,l _ 10
91,0 90,1 91,0 9o 01

Next, recall that w = u + i v.
Definition 3.3. The space of all Levi-rank 1 and 2-non-degenerate CR
graphed hypersurfaces passing by the origin in C? will be denoted:

H = {u=F(2,(%70)]},

where:

e (real-valued analytic) F' is an analytic real-valued function in a neigbor-
hood of (0,0,0,0) € C*, so that F(E, ¢, 2, C) = F(z, (,z, Z),

e (passing by the origin) F'(0,0,0,0) = 0;

e (no harmonic monomials) agagF(o, 0,0,0) = 0 for any a,b € N and
8%82—1F(O, 0,0,0) =0 for any ¢,d € N;

e (Levi-rank 1) the matrix
F.: F;
Fe= FCZ

e (2-nondegenerate) the matrix

F.z F
FzzE Fzzz

has rank 1 everywhere;

is invertible at the origin.
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There is a natural action of the group G of local rigid transformations
on the space 7. Indeed, from w’ = pw whence v’ = pu, a graphed hyper-
surface u = F(z,(,Z%,() is transformed into another graphed hypersurface
u' = F'(2',¢',2',(') when F and F’ are linked by the fundamental equation:

F'(f(2,0),9(2.0), f(7,€),5(2.0)) = pF(2.(.%,C).

Equivalently in terms of the inverse (f,§):

F'(,¢,7.0) = pF(f(,¢),5(,¢), 1#,0),5F.0)).

This second identity brings convenience to obtain explicit information on
the action.

Both the group G and the space J# are infinite-dimensional in the sense

that they depend on infinitely many independent parameters.

Concerning G, any transformation is defined by p € R* and two holo-

morphic functions f, g with expansions:

o0 n

F(20) =YY bt zi gned,
n=1 j=0
[e.e] n

920 =) Y sty 2 ¢,
n=1 j=0

where f; 1,91 € C, f1,090,1—f0,191,0 # 0. The group G is hence parametrized
by fik, gjk and p.

Concerning 7, any graphed hypersurface in .7 admits an expansion:

__ F,
u=F(z,(,Z,() = Z Z ar%rbcfsl z Cbzcc )

n=2 a+b+c+d=n

where F, .0 € C, Fegap = Faped Fapoo = 0 and conditions of con-
stant Levi-rank 1 and of 2-nondegeneracy are satisfied. The space is hence

parametrized by Fgp ¢ g.

Fortunately these infinite-dimensional objects have finite-dimensional

approximations. They can be truncated by degrees in expansions. Then
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they can be viewed as inverse or projective limits of those finite-dimensional
truncations.

Definition 3.4. The 6" residue group Hs is the subgroup of G with
f(Z7C):Z+O(5)7 9(27C)2C+O(5)7 p=1

One can verify
Proposition 3.5. The group Hj is a normal subgroup of G.

Definition 3.6. The 6" approximation group Gy is the quotient group
G/Hgy1. Each element has a polynomial representative:

d n
F(2Q) =30 sty 29 ¢,
n=1 j=0
6 n
9(2,Q) = > sy s .
n=1 j=0

The group Gy is a finite-dimensional Lie group parametrized by p and
fin—j»9jn—j wWith 1 <n <9, 0 < j <n. Hereis a table.

sl1] 2| 3] 4| 5] 6| 7] 5
dimg G5 |9 | 21 |37 | 57|81 ] 100 | 141 | 262 466 +1

Multiplication and inversion in Gs are obtained by dropping terms of
degree > § 4+ 1 in the multiplication and inversion of G.

Proposition 3.7. For any 6,0 € Z. with § > & there is a projection
Gs — Gy induced by the injection Hy — Hg . For any 6,0',0" € Z with
d > 0" > 0" the following diagram commutes:

Gs — Gy

N\

G,

These projections define a projective system {Gs}scz. . Projections s :
G — G5 are compatible with this system. By the universal property of the
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projective limit, there is an injective morphism:

G — limG(g.
5

Now, pass to truncations of hypersurfaces.

Definition 3.8. For any § > 2, the §'" approximation of # is the algebraic

polynomial hypersurface:

H = { ¢,z Z Z Z 5%'1755' < Cbiczd},

n=2 a+b+c+d=n

where:

e (real-valued) F, 4 cq = Fedap for any a,b,c,d >0 ;

e (passing by the origin) Fy 00 = 0;

e (no harmonic monomials) Fy 00 = Fo,0,c4 = 0 for any a,b,c,d >0

e (2-non-degenerate) the matrix:
Fio1,0 Fi001
Fr01,0 F200,1

is invertible.
[ ] (Levi—rank 1 until degree 5) F1707170, F1’070’1 = FO,LLO and F0717071 are not

all 0 and the complex Hessian of F(z,(,Z,() vanishes up to order § — 2,
1.e.:
FZE F(E

Fe Fe ’

The last condition may look questionable, but it is reasonable, as Propo-
sition [3.10] will show in a while.

But before and as a preparation we must introduce dependent and in-
dependent power series coefficients. The manifolds .77 and 75 are covered
by 3 open subsets: {F1010 # 0}, {F1.001 = Fo11,0 # 0} and {Fy 101 # 0}.
We only treat the case Fi g1, # 0 because the other two cases can be trans-
formed into this one by changes of coordinates (2/,¢') = (2 + (,z — () or

(', (") = (#,¢) preserving the Levi-rank.
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When Fi 91,0 # 0 we have F}, > # 0 in a neighborhood of the origin. The
Levi-rank 1 condition is now equivalent to:

poo et
¢¢ FzE '
By differentiating both sides, all terms F achzegt with b>1and d > 1 can

be uniquely expressed as rational functlons of F o1 iy zor with a+b+d<
a+b+c+dand F et Cd” with a” + 0" + ¢’ < a+ b+ ¢+ d. Moreover,
only powers of I % appears in the denominators. For example:

F.csF; FaiFoz Fa F:Fc

F _
266 Fz? Fz? ng

Taking values at the origin, the coefficients Fj, . q with b > 1 and d > 1 can
be uniquely expressed as rational functions of Fj o with o’ + b + ¢ <
a+b+c+dand Fyr e gr with a” +b" +¢” < a+b+ c+d. Moreover, only
powers of F1 1,0 appear in the denominators. For example:

Fi110F1001 . F2001F0,1,1,0 F2010F1001F0,1,1,0
Fi101= i + i
1,0,1,0 1,0,1,0 Fo1o

Definition 3.9. A coefficient F, ;. q will be called dependent if b > 1 and
d > 1. Otherwise, it will be called independent.

Elements in the open subset {F} 10 # 0} of # and . are uniquely
determined by the independent coefficients F,, ;. q with bd = 0. Since F' is
real-valued, i.e. F 445 = Fypcd, one has:

dimR%:#{(a,b,c,d):a+b>1,c—|—d>1,a—|—b—|—c—|—d<5, bdzO},
with values given by:
sl2| 3] 4l 5] 6| 7| s8] 5
dimg 5 | 3 | 11|26 | 50 | 85 | 133 | 196 | §(26° + 382 — 50)

We can now state the promised

Proposition 3.10. A polynomial

19
0= Y Jlebed acbzelt

n=2 a+b+c+d=n
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is a degree § truncation of a formal power series F( G20 w th F.= FCE —

z
FZZchzo if and only if F,% CZ_FZZFCEZO( 1).

Proof. (only if) When calculating the complex Hessian of a power series:

= 3 d
A Fab,e.d b=c 7
—E: E: atorera 21 ¢ Z0C,

n=2 a+b+c+d=n

the 0 — 2 degree terms of F. Z — FzZ FCE involve only coeflicients Fa’b’&d
witha+b+c+d <9.

Let F(z,(,Z,() be its degree § truncation:

)
_ = Foue =
zZ,() = Z Z arbrbcrélil z Cb A

n=2 a+b+c+d=n

Then F.z F g — FzFz= Foz Fop— Fp Fez+0(6—1) = O(5 — 1).
To prove the ‘if” part, one shall construct a power series:

P20 =F G20+ Y. 3 Davedacisg

n=0+1 a+b+c+d=n

with Fzg ng — FzZ ch = 0. This can be achieved by taking all the inde-
pendent coeflicients Fa’b’&d =0witha+b+c+d>n+1and bd =0 and
by calculating all the dependent coefficients Fa’b’&d with b > 1 and d > 1 by

their rational expressions in terms of the independent ones. O

Proposition 3.11. For any 6,0’ € Zy with 6 > &' there is a projection
5 — H by dropping terms of degree > &' + 1. For any 6,8',0" € 7.

with § > & > 8" the following diagram commutes:

o —— Ay

N

These projections define a projective system {Hj}sez, . Projections
s H — I are compatible with this system. By the universal property
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of the projective limit, there is an injective morphism:

HC — lim 5.
i

The manifold 775 is a finite-dimensional manifold parametrized by the
independent coefficients F,p.q with a +b+c+d < 6 and bd = 0. The

action of the group G on 4 induces an action on each manifold 75:

H " A
(f,g,p)l
TS v

More precisely, a polynomial F'(z,(,Z,() € - is a degree ¢ truncation of
a (not unique) power series F(z,(,%,() € 2, which is then transformed to

another convergent power series F' (2,¢,%,¢) by the fundamental equation:

)@=, ) +0(6+1).

N}
—
N\
Iy
\;
SN—
o
—
el
~
X
U

1)
Fa (& r
=) D ()
n=2 a+b+c+d=n
The degree § truncation of F’(z’, C’,E’,Z’), denoted F'(2’, C’,E’,Z/) € A, is
then defined as being the image of F(z,(,%,() € #; after the group action.
To ensure that this group action is well defined, let us verify that it is
independent of the choice of a representative F (2,¢,%,¢) and that it depends
only on the coefficients F, ;.4 with a +b +c+d < 9.

Proposition 3.12. There is a group action of Gs_1 on . The group
action of G on J factors through the projection G — Ggs_1, i.e. the

following diagram commutes:

G x M ——= H5

T

G5_1 X %
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Proof. When calculating the Taylor coefficients F” wbe.d I

J
~ — —d
F'(Z,¢ § et (02T 406+ 1),

—rd
we are calculating the coefficients of 2/% ¢("*Z° ¢ with a+b+c+d < § from:

1
Fabod ([ F b7 =\C =my F\d
Py > w(fEO) (9 0) (FE.O)(GE )"
n=2 a+b+c+d=n
Each monomial is a product of at least 2 terms among f(2,¢'), §(2,¢'),
f(?’,zl), 5(_’ ¢ )}. The two power series in 2/, (":

fn] /]CITL]

Jn J /j Cm_j
)

i

start from degree 1. So only fjn —j» §j,n—j; and their conjugates ]?]n —j §jn —j
with n < §—1and 0 < j < n do contribute to F’ wb.c.d with a+b+c+d < 9.

Thus the group action of G5_1 on 75 is well defined and the diagram is
indeed commutative. O

Now, compare the two tables of dimensions:

o012 3| 4| 5] 6 7 8
dimp Gs—1 | 9 | 21 | 37 | 57 | 81 | 109 | 141
dimp 275 | 3 | 11 | 26 | 50 | 85 | 133 | 196

Therefore, the theory of differential invariants of finite-dimensional Lie
group actions applies: the orbit dimension of G5_1 on %3 is at most equal to
dimp G5_1 and the equality is achieved only when the action is locally free.
We see immediately that the dimension of (local) transversals to the orbits,
which is equal to the number of linearly independent differential invariants
up to order 4, is positive when § > 6.

Now, let us explain the title of this Section 3. The infinite-dimensional
Lie group G can be interpreted as an infinitely long flow of water. The space
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¢ can be interpreted as an infinitely high valley. At the beginning, water
fills the space up. But later on as the waterfall grows wider, water cannot
fill the space. Some caves, corresponding to the transversal dimension, or

differential invariants, show up.

* nv *
* nv * *
* v * v *

4. Invariants I, Vj, @, at Every Point

Since the G action on ¢ factors through m5_1 : G — Gs_1, we have
the

Proposition 4.1. A rational function on 7 is invariant under the G action

if and only if it is invariant under the Gs action.

Thus, to calculate differential invariants of order § under G is equiv-
alent to calculate those under the finite-dimensional Lie group Gs_1. The
algorithm goes as follows.

(1) Write down how (f,g,p) € Gs—1 acts on some independent parameters
Faped-

(2) Choose certain (f,g,p) € Gs—1 to normalize as many independent pa-
rameters Fy .4 to 0 or 1 as possible, i.e. (f,g,p) send F,}cq to Fé,lb),c,d
and some Fé,lb),c,d =0or 1.

(3) Calculate how the other independent parameters Félb)c 4 are changed

under this special (f, g, p) action, i.e. express them as rational functions
of Fa,b,c,da fj,n—j, 9jn—j and p.
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(1)

(4) Calculate the “stabilizer”, i.e. the subgroup G, of Gs_; which pre-

serves the current normalizations.

(5) Repeat steps (2), (3), (4) by studying the G(l)1 action on F(b)cd, the
G((f_)l action on F b) & and so on, until no more terms can be normalized,
ie. G, fixes all Fé’? .

(6) Express those non-constant Félz)c 4 in terms of the initial Fy . 4. Obtain

rational functions fixed by G_1, i.e. differential invariants of order < 4.

We fix 6 = 5 in this section. The goal is to show the existence of order
5 invariants and to compute their explicit expressions. Lastly, we compare
the results with similar invariant obtained in [16] through the (completely)
different Cartan method of equivalence.

4.2. First normalization: degree 2 terms = 272

We may assume that F7 1,0 # 0. In this case:

F(2,(,z,() = F101022+F1001ZC+F011042+MCE*‘O@)

»hhs F10,1,0

= Fiopo (2 + FL10 () (7 + 7221 7) 1 O(3)

0

12 R pi2 o F
(Flé 1,07 01/1210 ¢) ( 16,1,0 + 11?20 () +0(3).
i,

=:z/

l\!\l

After the rigid transformation:

;12 F0110 ! ’r_
Z_Fl(JlO 12 ¢, ¢=¢ w=uw,
1010

the polynomial F(z,¢,%,¢) becomes FU (2 ¢, 2, (7) = 22’ + O(3). The
other independent parameters Féb)cd with a +b > 1,c+d > 1,bd =0
can also be uniquely expressed as rational functions of F, ;.4 through the

fundamental equation.

Since all the independent parameters F élb) cd have bd = 0 and F' d) ab =
1)

1 . .
Fé b) e it suffices to calculate Fé beo in terms of Fy . 4. The inverse trans-

formation is:

_ 1 Fo1,1,0 41 Y o
Z—F116210Z leoC ¢=¢, w=uw.
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In the fundamental equality

1)

F, F, —=d
2 : b,e,d Sla /b—c 7d b d ja ~b—<c
a;lb'c'cd' C Z a;lb!c!cd! ? z C
ab.cd a,b,c,d
o 2 : Fab.cd 1 _ Foa0 b 1 77 Fio01 7\c7d
- alblcld! (F1/2 Z TR ,0,1,0 C ) C (F1/2 z Fi0,1,0 C ) C ’
1,0,1,0 1,0,1,0
a,b,c,d
we calculate the coefficient of 2/® (¢’ 2’". On the left hand side, it is F @
a,b,c,0
On the right hand side only F}j ,14—j.c0 with a < j < a+b contribute. Since:
Fjatb—j.c0 1 Fo.1,1,0 la+b—j 1 77 Fio01 7\¢
1(atb—7j)lc! (F1/2 F1,0,1,0 ¢ ) ¢ ( 72 % 7 Fio10 ¢ )
0,1,0 1 ,0,1,0
Fjatb—j.c0 5! 1 na Fo1,1,0 J=0 r1g4b—j 1 TN\¢
_ 2 _ ,1,1, V4
a o 75— 2)" (= et )¢ (=—7)
jl(a+b—j)!c! al(j—a)! (FI,O,LO 1,0,1,0 Fio1,0
+ irrelevant monomials,
we get
a+b
(1) Z Fjatb—j.c0 1 a/¢  Fpii,0\J—a 1 c
Fach a!(j—a)!(a+b—j)!c! (FII{JQI 0) ( Fl,O,l,O) (F116210)
o ,0,1, ,0,1,
b
_ Fa+j,b7j,c,0( 1 )a+c ( . Fo,1,1,0)j
- 2 :a!j!(bfj)!c! P2 Fio01,0/ °
=0 1,0,1,0
We define:

A = {u=FO(2,(,70) =22+ 0@)},

a codimension 3 submanifold of .77 since we have normalized Fl(,l()),l,O =1
and F{) g, = FY 1o = 0. So dimg 74" =50 — 3 =47,

Its stabilizer group Gil)

consists of (f, g, p) such that
f(2,0)=rd?24+0(2), ¢(2¢)=0(1), p=r?

where r € Ry, 0 € [0,27). It is a codimension 3 subgroup of G4, hence
dimg G\ = 57 — 3 = 54.

4.3. Second normalization: FcE,Qb),l,O =0 for (a,b) # (1,0)
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Now, we study the group action of Gfll) on %”5(1). Any element in %”5(1)

has expansion:

—ezrz( Y Do) ia( ¥ Tabesed) L RGGED)

2<a+b<d 2<a+b<4

Jas)) O _
= (et Y febaoedh) (z4 Y Tebrome®) 4R(:,(,%,0)

2<a+b<4 2<a+b<4

) —
=:z —

. _ = . —e—d . .
whose the remainder R(z,(,Z%,() contains only terms 2% (*Z¢ 2/* with either

(a,b) or (¢,d) ¢ {(0,0),(1,0)}. After the rigid transformation in Gfll):

PO
d=z+ ) “af 22¢h (=¢ W =uw, (4.4)

2<a+b<4

the polynomial F(1)(z,¢,Z,¢) becomes F3) (2, (', 2/, = 2/ 2 + R (¢, (', 7,

¢’). It remains to show that the remainder R'(z’,(’,2',(’) contains only

terms 2 ¢?z°z% with either (a,b) or (c,d) ¢ {(0,0),(1,0)}.

Lemma 4.5. The inverse of the transformation (L4 in Gfll) is of the form:

Z =z +'§E:j£: {6: j'Zan J C ::CI’ u7::ﬂ/.

n=2 j=0

Proof. Tt suffices to show that z := f(2/,¢') = 2/ + O, ¢+(2). From @4):

F(l> F( ~
o Z aafb'l 0 a Cb = Z aa,iylj,o f(zl7 C/)a C/b — z/—l-Oz/,C/(2)'

2<a+b<4 2<a+b<4

In the remainder R(z,(,%,¢), each term 2% (*Z°%¢ is transformed to
(2 + 0.¢(2)" C’b (2" + Oz (2 ) ?d, whose expansion still contains only
terms 2/% ¢ 27° C’ with either (a,b) or (¢, d) ¢ {(0,0),(1,0)}.

The terms F, 5,  such that 2 < a+b+c < 5, (a,b), (¢,0) ¢ {(0,0), (1,0)}
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(1)

can be solved in terms of Fa’b’ ed:

2 1
F(](,l),2,0 = Fé,l),Z,O’
2) (1) (1) (1)
0,1,3,0 — — 3F0,1,2,0F1,0,2,0 + F0,1,3,0>
2 1 1 1 1
F(](,l),4,0 = 15F(§,1),2,0(F1(,0),2,0)2 - 4F0(,1),2,0F1(,
2 1 1 1
Fo(,2),2,0 = - F()(,2),1,0F1(,0),2,0 + Fé,2),2,0>
2 1 1 2 1 1 1 1 1
A0 =3RS0 - FaaPlso - 378807 0as + Filso
2 1 1 1 1 1 1 1 1
Fo(,3),2,0 = 3F0(,2),1,0F1(,0),2,0F1(,1),1,0 - 3F(§,2),1,0F1(,1),2,0 - Fé,ZS),I,OFl(,O),Z,O + Fo(,3),2,0a
2 1 1 1
Fl(,l),2,0 - = Fl(,()),2,0F1(,1),1,0 + Fl(,l),2,0>
(2) 1) 2D (1) (1) (1) (1) (1)
F1,1,3,0 :3(F1,0,2,0) F1,1,1,0 - 3F1,0,2,0F1,1,2,0 - F1,0,3,0F1,1,1,0 + F1,1,3,0a
(2) (1) (1) (1) (1) (1) 2 (1) (1)
F1,2,2,0 :F0,2,1,0F1,0,2,0F2,0,1,0 + 2F1,0,2,0(F1,1,1,0) - F0,2,1,0F2,0,2,0
1 1 1 1 1
- 1(,0),2,0F1(,2),1,0 - 2F1(,1),1,0F1(,1),2,0 + F1(,2),2,07

)

) (1) (1) (1)
030 — 6F0130F1020 1+ F014,00

F2(,20),2,0 - = F1(,10),2,0F2(,13,1,0 + FQ(B,Q,(N
Fy00 =3(F{020) Fra10 = 30205020 = FoaoFaon0 + Faosor
F2(,21),2,0 = 3F1(,10),2,0Fl(,ll),l,OF2(,10),1,0 - F1(,10),2,0F2(,11),1,0 - 2}71(,11),1,01[72(,10),2,0

- F1(,11),2,0F2(B,1,0 + F2(,11),2,07

2 1 1 1 1 1 1 1
Fy020 =3F1020(F3010)* = F{0 20010~ 3Fs010F3 020 + Foao-
Next, define:
AL = {u=F®(2,(,20) =22+ 0(3): FY),,=0V(a,b) # (1,0
5 . {u (’ZaCaZaC) zZZ+ ( ) a,b,1,0 ((I, ) 7é ( ) )}7

a codimension 24 submanifold of 2. So dimg /4 = 47 — 24 = 23,

It will be a bit strange to talk about stabilizer group in this step. We
in fact need to introduce a new definition of stabilizer. But after the final

step, we will recover the stabilizer in the standard sense.

Definition 4.6. For any fixed element F(2) (2,(,%,C) € %”5(2), the subset
of Géﬁ consisting of elements f, g, p which send F®)(z,¢,%,¢) to another
element in %(2), is defined as G(()i)l(F ). It depends on the choice of the

original element F'?).
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The stabilizer GEE)(F ?)) is a codimension 24 subgroup of Gfll) hence

dimpg Gf) (F?)) =54 — 24 = 30. It contains elements (f,g,p) = (ret?z+
0(2),9,7%) € Gil) such that:

_ i0 (2~ -1
Joo=—re F560191,0901
_ i0 (2~ -1
fa0=—re" F3001910901>
_ i0 (2~ -1
Jio=-re Fy'60191,0901

fo2=0,f11=0, fo3=0, f12=0, fo1=0, fo0.4=0, f1,3=0, fo2=0, f31 =0

which are in total 12 conditions on complex coefficients.

4.7. Third normalization: Fz(o)o 1= Fo( 1)2 o=1

yLy<sy

(2)

Any element in 77"’ has expansion:

(2) (2)

FO(2,¢,%,0) = 27 + 2200127 4 f200a52 - | (4).

By 2-non-degeneracy F2(,20),0,1 # 0. So after the rigid transformation:

7 =z, C_F2(001C F(E,l,roa w' = w,

this element becomes a graph u = F®)(2,(,%,¢) = 2z + 222 C+122(+0(4).
The relations are Fé b)c 0= Fé?c B (FO( ) 0)’b.

Next, define:

%”5(3) = {u=FO®(2,¢7%70) =27+ 120+ 122 ¢+ 0(4):
Féi),Lo:OV( )75(170)}3

a codimension 2 submanifold of %’g@). So dimpg %’g@) =23 —2=21.

For any fixed element F3) e %”5(3), there exists some F(?) %”5(2) whose
third normalization is equal to F®). For example, we can take F(2) = F®),
The stabilizer Gf’) (F®)) is a codimension 2 subgroup of Gf) (F®)). Hence
dimg G (F®) = 30 — 2 = 28. Tt contains elements (f,g,p) € G2 (F®)
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satisfying go1 = €%, i.e.:
f(Z C)—?“eaz—%re J1.0% _greSZGF() lng

1. .3i0 (3) 4
—5gT€ ¢ F0019102

g(zag):91,02+€2i9C+O( ), p=r2

4.8. Fourth normalization: F2(0)2 0=

3)

Any element in %”5( has expansion:

FG) (z, C,z()—zz—l—lz2C—|— _2C+1F2(0)2oz 22+ R(2,(,%,0)
=27Z+3 (C‘i'leo)zoz) 37 (C+1F2(0)2032) R(2,¢,%,Q),
:CZI =: ¢

whose remainder R(z,(,%,() = O(4) contains no 22 z% term. After the rigid
3),

transformation in Gi
r_ r_ 11(3) 2 ;o
z =z (=C+3Fg00%" W =uw, (4.9)

the polynomial F®)(z,(,%,() becomes F(#/,¢",2,(7) = /2 + 322 (' +
gz C' + RI(,¢',7,{). The inverse of @) is:

_ _ A 11:(3) 2 o
z=z, (=0 —3F0007% w=w.

So RI(+/,¢",2,0) = R(<,¢' = YF{Y), 22, 7,0 — LEY),  2°) = O(4) with-
out 222" term.

The relations are:

3 3 4
2)2 0 Fl(,l),Q 0~ Fl(,l),Q,(J? Fo(,l),4,0 = F(J(,l),4,07

4 3 4
F(J(,l),S,O = F(J(,l),3,07 Fo(,Q),z,o = Fé
4 3 4 3 4 3
Fo(,2),3,0 = Fo(,2),3,0> Fo(,3),2,0 = Fé,:a),zm F1(,2),2,0 = F1(,2),2,0>
4 3 3 3
F2(,1),2,0 = _%Fo(g),z,o Fz(,o),z,o + F2(,1),2,0a
4 3 3 3 3 3
F3(,0),2,0 %Fl(,l),2,0 Fz(,o),z,o - %Fi%(,(]),o,l Fz(,o),z,o + F3(,0),2,o>
4 3 3
Fl(,l),3,0 = _%Fz(o)z,o + F1(,1),3,0a
1 7
24,

“4)
Fy030 = 21

3 3 3 3
1)30F2(0)20 F2(,0),1,1 Fz(,o),z,o + F2(,0),3,0-
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We define 7 (4), a codimension 1 submanifold of %”5(3) by requiring
Fyts0=0. So dimg 7% =21 — 1 = 20.

For any fixed element F(Y) ¢ %”5(4), the stabilizer G514)(F @) is a codi-
mension 1 subgroup of some Gf’) (F@W). Hence dimg GE:I) (FG)=28~-1=
27. Tt contains elements (f,g,p) € Gf) (F®) satisfying:

—21 4 i 4 .
g2 =e "’ Fo(,2),2,0 gio+e° ’ F2(,0),0,2 g0 —e " g029 to—¢€ " Jozg10°
4 0 () _ .
- 2F1(,1),2,0 gro—2€*" F2(,0),1,1 gio+2e " giogi1+2e8 " grogia

+ 3621'09170% . 641‘9%‘
In other words

2 —4i9 (4 —6i0
Re (‘3 21692,0) :Re{— 4 F(J(2)209%0_€ o 9029%,0
—2e _ZZQF(1)20910+26 91,091,1+%91,0m}-

4.10. Fifth normalization: Fé5b)20 =0for 2<a+b<3and (a,b) #
(2,0)

(4)

Any element in JZ7' "~ has expansion:

_ = Fyday —asb

FW(z,(70) =22+32 (C+ Y i;?l;?‘bzac)
2<a+b<3

_:?
122 F¢54E320 a ~b = 7~
+ 57 (C—I— Z L0 2 C)—I—R(z,(,z,(),
2<a+b<3
= ¢
whose remainder R(z,(,%,¢) = O(4) contains no 2z ¢*z% term for any 2 <

a+ b < 3. After the rigid transformation in G( )( @):

(4)
2=z (=C+ Z Fc;’f’l’j’o 20¢0, W =w, (4.11)

2<a+b<4

the polynomial F®(z,¢,%,¢) becomes FO) (2 ¢ 2, ) = 2/ 2 + 22+
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%?2 "+ RI(Z, (2, {). The inverse of (I is

S0 R0 3T) = R+ 04T+ Osgl®) = O wihon
2 (’bz terms for any 2 < a+ b <
The relations are:
5 4 5 4
Fé1)30:F(§1)30> Fé,1)4,0:F(§1)40a
5 4 4 5 4 4 4
Fé 2)3 0= _2F(§ 1)3 oFé 2)2 0+F(§,2),3,0> Fl(,l),S,O = _2F(§,1),3,0F1(,1),2,0 + F1(,1),3,0-

We define %”5(5) a codimension 12 submanifold of ,%”5(4) where I 1575,372’0 =0

for:
(a,b) € {(1,1),(0,2),(3,0),(2,1),(1,2),(0,3)}.
So dimg /4" =20 — 12 = 8.

For any fixed element F(®) ¢ %”5(5), the stabilizer Gf) (F©®)) is a codi-
) (%)), Hence dimg Gf) (FO)Y) =27-12 =
15. It contains element (f,g,p) € G514)(F(5)) satisfying:

mension 12 subgroup of some fol (F

go,2 =0, 9112—2€4i9.91—0, 903 =10, g12=0,

92,1 =2¢€%" 26419}7?50)019107
s
93,0 56219}7:’50)01910910 te 19F350)0291 26’MHFS(,O),M 91,0
419F(O)Olg20

Since (f,g,p) € G514)(F(5)) we have

Re (6—21'092’0) = Re (— 391,0 m)

Thus e 2% go g = —3 91,0 G1,0 + i ba,o for some by g € R. So the last equation
becomes
93,0 = 262’9F§301910910+6 Z01}7350)02910 -2 410F3§o)1191,0
26219F3(,0),0,1 bQ’O.
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The stabilizer Gf) (F©®)) is parametrized by 3 real variables by ,7,60 and 6
complex variables g1, gj4—; for 0 < j < 4.

4.12. Final normalization: F0(761)7370 =0 and Im F1(761)7370 =0

()

Any element in /77" has expansion:

- _ _ _ 5
FO)(2,(,7,0) = 22+ 3220+ 32+ 3RS, o BB+ 3R 15T
1F1(13OZC_3+6F3(0)112 ZC+ 5 0140C
) _
+ 24F4(001Z4C+12 023OC2Z +12F3,0,0,223C +¢¢(-- ).

We study how g1 and by act on this object, i.e. we consider an arbitrary
(f,9,p) € Gf) (F®)) with r = 1 and § = gj4_; = 0. They have the form:

This transformation sends F®) to F'5) ¢ %’3(5) such that:

Féfg,)O,l = F3(,50),0,1 + 3910,
5 5 5 5 L L .
Féfo,)1,1 - F3(70)11,1 - 3FZS(,O),O,I 910 — F:’f,o),o,z 910 + % 91,0910 — 3ibay.

So by a unique choice of g1 o and by o, namely:

5 5 5 5 5 5 5
91,0=— lFé 1)3 0 ba,o= Ls (Fo(,2),3,0 Fé,l),:a,o _FS(,O),O,ZFB(,O),O,I +3F1(,1),3,0 _3F3(,0),1,1)>

/(5)

we can normalize Féfg?(]’l to 0 and F3707
FO)(2,¢,%Z,¢) becomes:

11 to areal number. The polynomial

FO(, ¢, 7.0
=T T YT T L T 00T
+ ﬁFAE?(J),o,lel? + 11_2F0(?2),3,0512?3 + %an(?()),o,2zl3?2 + ()
=27 + 3270 + L7+ 1Qu (7 + 1QuSTT
+ 24V0C'z +24Voz'4C’ 1 1 C'Qz + 121 z’3§’ + (),
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where Iy := Fég),w eC,Vy:= F0(761)7470 €C, Q= F1(761)7370 e R.

The relations are:
5 5
Iy = FO(,Q),S,O +2 FS(,O),O,D
5 5
Vo= —% (Fo(,l),3,o)2 + Fé,l),4,0’
5 5 5 5 5 5 5 5
Q= %Fé,;,?),OFO(,l),B,O—i_%F?E,(]),O,lFé,l),3,0+%FB(,O),O,QFB(,O),O,I+%F1(,1),3,0+%F?E,0),1,1'

We define N' = %”5(6) a codimension 3 submanifold of ,%”5(5) by requiring

6 6
Fy) 1o =0and Im (F%, ) = 0.

For any fixed element F(©) € N, the stabilizer Giﬁ) (F©) is a codimen-
sion 3 subgroup of some GEE)(F(@). Hence dimp GEIG)(F((S)) =15-3=12.
It contains elements (f, g, p) € Gf) (F©)) of the form:

f(z,0)=relz gz, =e0s4+04), p=r
This group sends Iy, Vo, @, to I, Vi, @, with relations:
16 _ T_l e_iel(], V6 — ,',,—2 621'9 VO; Q6 — T’_2 QO

So if we ignore dilations and rotations (2, ¢, w’) = (re*? z,€2% ¢, r> w), then
Iy, Vi, @ are invariants.

Each Fétzc 4 1s a rational function of F éf;,li, o fort=15,4,3,2 and each
F é’lb)’ cd is a rational function of F, y ~ 4. By composing these rational func-

tions, one can express Iy, Vo, @ in terms of original coordinates Fy, j . 4:

52 terms in degree 9

IO - 3/2 )
F1o1.0(F0,1,1,081,0,20 = F0,1,2,001,0,1,0)(F1,0,0,1£2,0,1,0— F1,0,1,0F2,00,1)
v 11 terms in degree 4
0= s
3F1,0,1,0(F0,1,1,0F1,0,2,0 — Fo,1,2,0F1,0,1,0)?
Q 824 terms in degree 18
0

6F701.0(F0,1,1,0F1,0,2,0—F0,1,2,0F1,0,1,0)(F1,0,0,1 F2,01.0— F1,0,1,0F2,00,1)*
The numerator of I is shown in M], and the numerator of V is:

2 2 2
3E51.1,081,02,0F1,04,0 — 5F5110F 0,30 — 3F0,1,1,0F0,1,2,0F1,01,0F1,0,4,0

+ 12Fp1,1,0F0,1,2,0F1,0,2,0F1,0,3,0 + 10F0,1,1,0F0,1,3,0F1,0,1,0£1,0,3,0

by
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2

—12F511,0F01,30F7 020 — 3F0,1,1,060,1,40F1,01,0F1,0,2,0
2

—12F55 90F101,0F1,030 + 12F0,1,20F0,1,3,061,0,1,0F1,0,2,0

P 2 2
+ 3F0,1,20F01,40F7 01,0 — 5F01.3,0F70,1,0

We define %”5(6) a codimension 3 submanifold of ,%”5(5) by requiring

6 6
Fy o =0and ImF9,, =0.

For any fixed element F(©) ¢ %(6), the stabilizer Giﬁ) (F©) is a codi-
mension 3 subgroup of some Gf) (F©)). Hence dimg Gf) (FO)=15-3=
12. Tt contains elements (f, g, p) € Gf) (F(©)) of the form:

f(z><):reiaz> g(zag):€219C+O(4), p:7"2.

Note that this stabilizer group no longer depends on the choice of F(©) e
%”5(6). We simply write it as Giﬁ).

4.13. Passing to the infinite dimension

After these six normalizations, we have killed fo1 and g19. It is a
miracle that now we can work directly on the infinite-dimensional objects.

We define #(7) to be the subspace of . consisting of all power series
_ (M _
u=FD(2,(,7,() = hedze bz Cd such that:

’ 7
o« F0 =0, %(a,b) # (1,05 F o= 1;

’ 7
o E1),0=0,Y(a,b) # (0,1); Fy7pg =15

M _ M _ @
® F3001=0,F3011="F 130
It is both infinite-dimensional and infinite-codimensional in 57, but it

has a finite-dimensional stabilizer.

By definition, any element in (") has its degree 5 truncation in %”5(6).

Theorem 4.14. Any element u = F(2,(,%,C) in € can be sent to some
element u = F((2,¢,%Z,C) in A7) by some (but not unique) element in
G. The ambiguity can be controlled in the following sense: any element
(f.g,p) € G sending one element F(T) € ) to another F'D e 7 has

the form f(z,¢) =rel®z, g(2,¢) = €219¢, p=r2.
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Proof. One shall simply use the six normalizations above with a slight
modification: in the second (killing F,;1,0) and the fifth (killing Fj,p20)
normalization, we normalize for infinitely many (a,b). More precisely, we
start from u = F(2,(,%,() in 2. After the six normalizations above we get
u= F©)(z,¢, %) whose degree 5 truncation s (F(G) (z, (,E,Z)) is in %(6),
i.e.:

o Fﬁ),l,o =0,V2<a+b<4 Fl(,ﬁo),l,o =1
° Fc56b)20_0, V2<a+b< 4 Féi),20_1’

(6) (6) (6)
® [3001 =0, F3011 = Fi130:

Then we do 2 more normalizations. First:

/
z =z+

a+b>5

(6)
K, b
et ¢
gives us v’ = F'(/, (', 2, ') with:

® I 10=0,Ya+b>2 I,0=1
¢ Flyoog=0,Y2<a+b<4 Fy,0=1

/ . / . /
® F35001=0,F3011="Fi130
Then:

Fl
"o "o § : a,b,2,0 _a ~b /
Z=Z, C - C + a'b! z C ’ w =w,

a+b=5
gives us v = F"(2",¢", 2", (") with:
° F'blO—O Va—l—b/2 F{/OI,OZ]';
‘F,bzo—ova+b> Fyi00=1;
o F3,0,0,1 0, F: 301 1= F1,1,3,0
So w = F"(2",¢", 2", ") is in (7). It is the form we want.

Now suppose that (f,g,p) € G sends one element F() e () to
another F'(" ¢ (. In the truncated setting, m4(f,g,p) € G4 sends
m5(F() € %’3(6) to ms5(F"(M) e %”5(6). So the truncated action m4(f, g, p)
should be in the stabilizer Giﬁ). That is to say:

f(z,0)=re?2+0(5), g(z,¢0)=e*C+04), p=r
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Recall the fundamental equation:

D(2,6,2,0) = F'(£(2,0),9(2,), f(2.0), 9(2.C)).

When we compare the coefficients of 27 ("7 Z for any n > 2 and 0 < j < n:

0= Coefzjcn—jE{Fl(7) (f(Z>C)> ( C) >g Z,C))}
= Coef,; cn-i:{f(2,¢) F(2,Q)} + Coef s n-sz{ > (-
0,d

c=

20"}

=1

+ Coelyygniz{ 3 ()= 90"}

c+d>2

the last two terms are 0 because they only contain monomials with deg; =
—i0 _fin—j

=T Hence

0 or degz—I—degC 2. The first term gives us 0 = re
fzQ)=refz

When we compare the coefficients of 27 ("7 %2 for any n > 2 and 0 <

J<n
0= Coef j<n7j32{F ( C) f(Z,C),g(Z,C))}
:Coef gCn sz{f C }+C0e JC"*J‘EQ{
c= 0,d:1
—2
—|—CO€ijCnij2{%g(Z, C)f(za C) }—l—COGf J¢n—iz? 12(% C) ( ’C)
c= =
2 c d
+Coels sz 3 ()90 Q) J4+Coebusn s S+ ) (7 O 9z 0"}
c=0,d=2 ctHd>3
each term, except the third, is 0. The third term gives us 0 = % 2 j‘?gr’;: JJ)
Hence g(z,¢) = e2%9¢. O

5. Branches Iy #0, Vo #0 and I, =0 =V,

To get a normal form under the full rigid transformation group, including

rotations and dilations:

2 =re z C,:€2i9C7 p:TZa

we should normalize Iy or V. Such a rotation and a dilation would send
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(IO>V0>QO) to ( 6, 6,Q6) with:
I6 :7"_1 €_i910, %:7“_2e2i0V07 Q6 :r_2Q0-

We avoid the mixed type and focus on the 3 possible branches:

o Iy # 0;
e Iy =0 but Vo #0;
.I(]EOEVO.

5.1. Branch Iy # 0

In this branch we can normalize I to 1 by choosing re'? = I;. More
precisely, for any surface in (7 graphed by:

FO(2,(,7, Q=272+52C+3 C72+6Q02C53+1Qoz Z(+ o9 Vo(zt
+ﬂVOZ C+11—210C253+11—210z ( ‘|‘CC("-)—|—O( ),
where I # 0, after the transformation

1'2
Z/ :IO Z, Cl |I |2 CJ P = |IO|27

the polynomial F(7)(z,¢,%,¢) becomes:

+24V C/Z —|—24VZ’4C’ 12C/2Z/ +ﬁz’3C’
+ () +0(6),

where

We define 73 a codimension 2 submanifold of #(7) by requiring
Iy =1.

For any fixed element F(&1 € 781 the stabilizer G(®) is the identity.
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5.2. Branch Iy =0 but Vy #0

In this branch we can normalize Vj to 1 by choosing 12 e=2%? = V. This
equation has two solutions: re'? = +x, where 22 = V and arg(z) € [0, 7).
More precisely, for any surface in (7 graphed by:

FO(2,6,20) =22+ 1220+ 1¢2+1Qy2¢Z +1Q,2°%(

_ 5 4= _ — 32
+ ﬁVoCZA'i‘ 21—4V02:4C+ %I()CZZ:;'F ﬁ[oziac

=0, when Inp =0

+CC () +0(6),
where Vi # 0, after the transformation

Vo

|V0|C p=|Vol|

d=xz

the polynomial F(7)(z, ¢, %, ) becomes

FEA (T, 0) =2+ 5220+ 50T+ 5Qu (7 + 1@ 27T
_4 P P
+ 52+ H5 T+ () +0(6),

where QO = ‘?,—& We define 732 a codimension 2 submanifold of (7 by
requiring Vo = 1. For any fixed element F(82) ¢ s#(32) the stabilizer G(&2)
is a group of two elements: the identity and (—z,(,1).

5.3. Branch I =0=V,

Since @, can be generated by Iy, Vi and their differentials, we have

Qo = 0. The structure equations degenerate to the model case. The surface
1125, 1 27
is equivalent as the Gaussier-Merker model u = FEtalPtar

1-¢¢
To conclude, we draw the branches from our root assumption.
Iy # 0 Vo #0
Pz #0=FzF—FozF,¢ Iy=0 Vo=0

where Iy and V| are relative invariants of order 5.
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Theorem 5.1. The following three statements hold true.

(1) Within the branch Iy # 0, the surface is, in a unique way, equivalent to:

u=zzZ+ s z(—i— 72 é‘IQTQzCz —i—lQO 3z¢

1 A 1 AT 2~ 1
+24—2 +2412 <+12C 4 1ZC

+CC()+ Z afb:’clcdlf aCbZCCa

a-+b+c+d>6,bd=0

without any harmonic monomial 27 ("7, ¥n >0, 0 < j < n and any mono-
mial 2% (*Z°, Ya+b > 2, c € {1,2}. Collections of coe]fﬁczents: I_—%, |fQ0(\)2 and
0

{Fa7b7c,d}a+b+0+d>6 bd—o: OT€ i one-to-one correspondence with biholomor-

phic equivalent classes.

(2) When Iy =0 # Vy, the surface is, up to z — —z, equivalent to:

l\JIH
=

ACH IR+ IR 2B+ IR PR+ 47+ 4240
d

) Z F?b.c 1d! 2" Cb—cc )

a+b+c+d>6,bd=0

N l\)l»—\

+¢ Z
without any harmonic monomial 22 ("7, ¥n > 0, 0 < j < n and any
monomial 2% C°Z¢, Ya +b > 2, ¢ € {1,2}. Pairs of collection of coefficients:

Qo

+
‘V0|’{Fa’b’cud}a+b+c+d>6,bd:O’ |V K { JTTEE

Fape d}a+b+c+d>6 bd=0
are in one-to-one correspondence with biholomorphic equivalent classes.

(83) When Iy = 0 = Vy, the surface is equivalent to the Gaussier-Merker
2Z+1¢27+122¢

model u = ¢t , and conversely.

6. Finalized Expression of @,

In this section, we briefly revisit the secondary invariant @,. Our goal
is to transform @ into a new expression which makes transparent two in-
teresting features of @,: that it is real-valued and that it is of order 5 (not

6 as it was first obtained by Cartan’s method in ﬂﬁ])
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Proposition 6.1. The secondary invariant @, can be brought into the fol-
lowing form
[ylyl (k)

=) }+ é Re (Z1(P)).  (62)

S - 2
= BIy+BIly—BB+—-Re< .4
Qo 0 0 3 e{ 1 gl(k)

Let us first recall the formulas of Iy, Vj, @, from ﬂﬁ]

11X 22 (k) +1%§1(k)§1§1(/@) +g$1$1(5) +2$1 Z1(k)
T3 @k 3 (G 3 Ak 3 Zik)
(6.3)
vV, — _1§1g1§1(k) L0 (yl_gl(k))Q 1224 (R)P 102”1(P)—1PP,
3 Zik) 9 (Zik)?2 9 2.k 3 9

(6.4)

and B

_ 1 7 B () A (V)
Q) = {BIO + Z1(1o) A0 Z1 (k) }, (6.5)
where

In order to transform the expression of 18‘?1 (k) ‘QQO, one makes use of
the following identities.

Lemma 6.6. We have the following identities:

(1) #(P)=—PZ\(k) — Z1 Zi(k),

(2) #Z,(P) = —Z\(k)-2Re (Z1(P)) — P21 Z\(k) — Z1 21 Li(R),
(3) A (L) = (—2) 1o - Zi (k).

Proof. The identities (1) and (3) are obtained in Lemma 2.7 and Lemma
10.6 of @], respectively.

For the identity (2), we use the relation [, %] = # L1 — L1 H =
~Z1(k) £ from (2.9) of ﬂﬁ] to deduce that

H ZL\(P) =21 H (P) — Z1(k) A (P)

. [ _PZ\k) - D L (k)} ~Z.(k) AP)  (using (1))

NN
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= —Z21\(P) Z\(k) =P L1 Z1(k) = L1 L1 Zi(k) — Z1(k) L (P)
= ~Z\(b)|Z:(P)+ £(P) | - PZ\ Z\(k) — 21 21 41 (R)

= —yl(k) -2Re (gl(P)) —P,,?l gl(k) —,,?1 ,,?1 gl(k) O

Proof of Proposition Intermediate computations appear at the end
of [4], until we reach

182, (%)’ @ = 2| Z1 (k)] (3B 3, + 3B 31, — 3B 33)

7.7\ (k)
S )

+6|Z1(k)|” Re (Z(P)).

+ 12| 2y (k)] Re{gl[ (6.7)

Finally, simplifying the factor 18|-%; (k)’2 on both sides of (6.7) gives
us the desired expression (6.2]) of Q. O

When we fully expand @ from the expression (6.2]) using the formulas
of Iy and B, we arrive at the following long expression of @, which only
involves in the fundamental functions k and P, and their derivatives:

L
I

Ol OIN O ©OIN ol

_|_
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