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Abstract

In a previous paper we have defined a second basis of the Grothendieck group of
unipotent representations of a split reductive group over a finite field. In this paper we

extend this to the case of non-split special orthogonal groups.

Introduction

0.1. Let S be the set of (isomorphism classes of irreducible) unipotent

representations of

(a) a symplectic or odd special orthogonal group over a finite field, or
(b) an even split full orthogonal group over a finite field, or

(c¢) an even non-split full orthogonal group over a finite field.

(In cases (b), (c) we say that an irreducible representation is unipotent if its
restriction to the corresponding special orthogonal group is unipotent; we

further assume that this restriction is irreducible.)

Let W be the corresponding Weyl group and let Ce(W) be the set of
two-sided cells of W, which in cases (b), (c) are stable under the graph
automorphism of W induced by an element in the full orthogonal group

which is not in the special orthogonal group.
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From ﬂ] (or a slight extension) one deduces a natural partition

§= UCECE(W)SC‘

Thus, the Grothendieck group of the category of unipotent representations
of (a), (b) or (c) is a direct sum @©ccce(w)Z[Sc] where for a finite set Y, Z[Y]

denotes the free abelian group with basis Y.

We now fix ¢ € Ce(W). In E, B] a new basis of Z[S.] with strong
positivity properties with respect to Fourier transform was defined in case
(a). Here we shall call it the “second basis”. In case (b) there were two
versions of such a basis in E] and the second one was adopted in B] under

the name “second basis”.

In this paper we give a somewhat different presentation and refinements
of the results of E, B] and extend them to include case (c).

From ﬂ] (or aslight extension), to ¢ one can attach a pair of finite subsets
U’ C U of N with [U—U’| odd in case (a) and even in cases (b), (c), so that S,
is identified with the set Sy(U’,U) of “symbols”, that is ordered pairs (S, T)
where S, T are finite subsets of U such that SUT =U,SNT =U",0 ¢ U’

and

(d) |S| =T is in 2Z 4 1 in case (a), in 4Z in case (b), in 4Z + 2 in case (c).

(The cardinal of a finite set Y is denoted by |Y'|.) We can identify Sy(U’,U)
with Sy(0,[1, D + 1]) where D+ 1= |U — U’|. (For 4,7 in Z we set

li,j] = {z €Z,i<z<j})

Namely, to (S,T) € Sy(U’,U) we associate (S",T7") € Sy(0,[1, D +1]) where
S’ T" are the images of S — U’,T — U’ under the unique order preserving
bijection U — U’ — [1, D +1]. In this way Z[S.] becomes Z[Sy(0, [1, D + 1])]
and our task becomes that of defining a second basis of Z[Sy(0, [1, D + 1])].

We shall write Syp (resp. Sy}, Syp) instead of Sy (0, [1, D 4 1]) in case
(a) (resp. (b), (c)). Thus,

Syp is the set of ordered pairs (S,T') of disjoint subsets of [1, D + 1] such
that SUT = [1,D + 1], |S] — |T| € 2Z + 1, D even > 0;
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Sy}t is the set of ordered pairs (S,T) of disjoint subsets of [1, D + 1] such
that SUT = [1,D +1], |S| — |T| € 4Z, D odd > 1;

Sy, is the set of ordered pairs (S,T) of disjoint subsets of [1, D + 1] such
that SUT = [1,D +1], |S| — |T| € 4Z + 2, D odd > 1.

Under our identification, the partition of S, according to Harish-Chandra
series corresponds to the partition

Syp = Uscan+15YD, Syp, = {(S,T) € Syp;abs(|S| — |T'|) = s} in case (a);
Syh = Useaz Sy, Syp = {(S,T) € Sy}; |S| — |T| = s} in case (b);
Syp = Useaz+25yp, Syp ={(5,T) € Syp; S| — |T| = s} in case (c).

Here, the absolute value of an integer z is denoted by abs(z).

1. The second basis

1.1. Let I be the field consisting of two elements. Let D > 0 be an integer.
Weset N = D+1if Diseven, N = D+2if D is odd. Thus N is odd. When
N > 3, for any k € [1, D] we define an (injective) map ¢ : [1, N —2] — [1, N]
by (i) =1 for i € [1,k — 1], 1x(i) =i+ 2 for i € [k, N — 2]. Note that

(1) < e(2) < -+ < (N —2) and (i) =¢mod 2 for all i € [1, N — 2].

Let Ey be the set of subsets of [1, N] viewed as an F-vector space in which
the sum of A, Bis (AUB)—(ANB). Let Exy = {X € Ey;|X| =0mod 2}, a
codimension 1 subspace of EN. Let 2ExN be the set of all 2 element subsets
of [1,N]. When N > 3, k € [1, D], we define an F-linear map Ey_o — Ey
by {i} — {ux(i)} for all i € [1, N — 2]; this map is denoted again by tj. It
restricts to an F-linear map Ex_o — FEn.

A subset {i,7} € 2Ey will be often written as ij if
i<jandi—j=1mod2 (we then say that ij € 2F);) or if
i>jand i —j = 0mod 2 (we then say that ij € 2E%,).

In this way, 2Ey = 2E), LI 2EY; is identified with a subset of Ey x Ey. For
ij € 2En we set

li,j] = [i,4] if i < j,i—j = 1mod?2 and
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li,5] = [i, N]U[L, 4] if i > j, i = j mod 2.
We have
i g =j—i+1ifi<g, |[i,j]|=N—i+1+jifi> .
Thus, |[7,7|| = 0mod 2 that is, [i,j]| € En.
When N >3, k € [1,D] and ij € 2Ex_5 we have, using the definitions,
in En:

(a) Ln(i) k()] = (i, ) + efk,k + 1} where ¢ € {0,1}

1.2. Let Py be the set of all unordered sequences X1, Xo,...,X; in 2Ey
such that X, N Xp, = 0 for any a # b. (We have necessarily t < (N —1)/2.)
For B € Py let supp(B) = U;jep{i,j} C [1,N] (this is a disjoint union)
and B! = BN2E), B" = BN2EY; if BY # () we denote by ip the largest
number i such that ij € 2EY; for some j.

We define a subset Prp of Py as follows: if D = 0, Prp consists of
Q% = 0. If D is even > 2, Prp consists of Q% = () and of

B=Q, ={{D+1,1},{D,2},...,{D+2—t,t}} with t € [2,D/2], t even
(we have |B°| = t),

B=Qy ={{D+1,1},{D,2},... . {D+3—t,t—1}} with t € [2,(D+2)/2],
t even (we have |BY| =t —1).

If D is odd, Prp consists of Q%+ =0, Q%f ={D+1,D + 2} and of

B=Q% ={{D+1,2},{D,3}.{D — 1,4},... {D +3 —t,t}} with t even,
Le (D +1)/2

(we have |[B°| =t — 1, ip € 2N, N ¢ supp(B)),

B=Q,) " ={{D,1},{D -1,2},{D —2,3},...,{D +2—t,t — 1}} with ¢
even, t € [2,(D +1)/2] (we have |B°| =t —1,ig € 2N + 1, N ¢ supp(B)),

B=Qp ={{D+2,1}{D+1,2},{D,3},... {D+4—tt—1}} with t
even, t € [2,(D +3)/2], (we have |BY| =t —1, ip = N),

B=Q% ={{D+1,D+2},{D,1},{D — 1,2},...,{D + 1 — t,t}} with ¢t
even, t € [2,(D —1)/2] (we have |B°| =t,ig < N, N € supp(B)).

For example,
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Pry consists of ) and {31};

Pry consists of () and {51}, {51,42};

Prg consists of () and {71}, {71,62},{71,62,53};

Prg consists of ) and {91}, {91, 82}, {91, 82,73}, {91, 82,73,64};

Pry consists of () and {31}, {23};

Prs consists of ) and {42}, {31}, {51}, {45};

Prs consists of () and {62}, {51}, {71}, {71,62,53}, {67}, {67,51,42};
Pry consists of () and

(82}, {82,73,64}, {71}, {71,62,53}, {91}, {91, 82,73}, {89}, {89, 71, 62}.

When N > 3 and k € [1, D] we define a map I : Pny_o2 — Py by

(ij1si2g,s -5 iede) = (e(in)er (), e (i2)er(G2), - -5 k(i) (o), (R b 4 13).

(This is well defined since ¢, : [1, N — 2] — [1, N] is injective with image not
containing k, k + 1.)

We define a subset Xp of Py by induction on D as follows. We set
Xo = Py; it consists of ). We set Xy = Pry U {12}. Assume now that D > 2
so that N > 3. Let B € Py. We say that B € Xp if either B € Prp or if
there exists B’ € Xp_o and k € [1, D] such that B = I(B’). We see that
Prp C Xp and that Ik(XD_Q) Cc Xp for D>2 ke [1,D].

In the remainder of this subsection we fix B € Py and J C [1, N] such
that either J = [i,j] for some ¢ < j or that J = 0; define e € {0,1} by
|J| = emod 2. We say that J is e-covered by B if
(a) there exists a sequence a; < by < ag < by < -+ < @y, < by, in [1, N| such

that aiby, asbs, . .., amby, are in BY and we have

J = [al,bl] L [ag,bz] [ [am,bm] U Jo

where Jy C J satisfies | Jo| = e.

1.3. For B € Py we consider the following property:

(P1) There exists a sequence iy < ig < --- < 'ias in [1, N] such that
BY = {iggiy,i9s 112, ... ,is11is} (it is automatically unique).
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1.4. For B € Py we define ng € {0,1} as follows. If D is even or if D is
odd and |B°| = 0 we have |B°| = npmod2. If D is odd and |B°| # 0 we set
npg =0 if N € supp(B) and ip # N and np = 1 if N ¢ supp(B) or ip = N.
We consider the following property:

(P2) We have |B°| = ngmod 2.

1.5. In this subsection we fix B € Py such that (P1) holds for B. Let
i1 < --- < igs be as in (P1). We consider the following property:

(P3) The following subsets of [1, N] are 0-covered by B:

[i +1,5 —1] for any ij € BY,

i1+ 1o — 1], [in + 1,43 — 1], -+, [is—1 + Lyds — 1], [isp1 + 1, ds50 — 1],
lispo + Lisrs — 1), [izs—1 + 1, d9s — 1] (if s > 1).

(In particular any two consecutive terms of iy,14s,...,is have different par-
ities, hence any two consecutive terms of isy1,%s+2,-..,%2s have different
parities.) In addition, [1,i1 — 1], [ias + 1, N] are 0-covered by B if D is odd
and N € supp(B) orif D is even; if D is odd and N ¢ supp(B), ip € 2N+1,
then [1,i1 — 1] is 0-covered by B and [izs + 1, N — 1] is 1-covered by B; if
D is odd and N ¢ supp(B), ip € 2N, then [1,i; — 1] is 1-covered by B and
[ias + 1, N — 1] is 0-covered by B (again, if s > 1).

1.6. Let Xp be the set of all B € Py that satisfy (P1),(P2),(P3). We
show:

(a) If B € Xp then B € Xp.

We argue by induction on D. If D € {0,1} or if D > 2 and B € Prp, the
result is obvious. Thus we can assume that D > 2 and B = Ij(B’) for some
k € [1, D] and some B’ € Xp_5. Then (P1) for B follows immediately from
the analogous statement for B’.

To prove (P2) for B we can assume that D is odd and |B°| # 0. As-
sume first that |BY € {2,4,6,...}. We have |BY| = |B'°| so that |B°| €
{2,4,6,...}. From the induction hypothesis we see that N — 2 € supp(B’)
and ipr # N — 2. It follows that N € supp(B) and ip # N as de-
sired. Next we assume that |B°| € {1,3,5,...}. We have |B°| = |B°|
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so that |B%] € {1,3,5,...}. From the induction hypothesis we see that
N — 2 ¢ supp(B’) or igr = N — 2. It follows that N ¢ supp(B) or ig = N
as desired. We see that (P2) holds for B. It is easy to verify that if (P3)
holds for B’ then it holds for B. This completes the proof of (a).

1.7. We show:

(a) If B € Xp then B € Xp.

We argue by induction on D. If D < 1, (a) is easily verified. Now assume
that D > 2. Let *B be BY if D is even and BOU{N — 1, N} if D is odd. In
the first part of the proof we assume that B = *B.

If BY = () then B is either () or D is odd and B = {N — 1, N}; in both
cases we have B € Prp and we are done. Thus we can assume that B # ().
Let i1 < --+ < ig5 be as in (P1); note that s > 1. If r € {1,2,...,5 —
1,s +1,s+2,...,2s} and 4,41 — i, > 1, then by (P3), [ir + 1,441 — 1]
is O-covered by B and is nonempty, so that there exists ab € B! such that
[a,b] C [ir + 1,441 — 1]. We have ab € B — *B, contradicting B = *B. We
see that 4,1 =i, + 1 and

(7:177;2) R )7:8)7:8+177:5+27 s 77:28)

= (’il,’il+1,...,i1—|—8—1,’i25—8+1,...,i25—1,i25).

Assume now that D is even. If i > 2 then by (P3), [1,4; — 1] is 0-covered
by B and is nonempty so that there exists ab € B! with [a,b] C [1,i; — 1].
This contradicts B = *B. We see that iy = 1. If N —igs > 2 then by (P3),
[igs + 1, N] is O-covered by B and is nonempty so that there exists ab € B!
with [a,b] C [izs + 1, N]. This contradicts B = *B. We see that igs = N — 1
hence

(il,ig,...,is,is+1,i5+2,...,i25) = (1,2,...,S,N—S,...,N—Q,N— 1),
so that B € Prp.

We now assume that D is odd and N € supp(B) or N ¢ supp(B),ip €
2N +1. If iy > 2 then by (P3), [1,4; — 1] is O-covered by B and is nonempty
so that there exists ab € B! with [a,b] C [1,i; — 1]. We have ab € B — *B,
contradicting B = *B. We see that iy = 1.
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We now assume that D is odd and N ¢ supp(B), ip € 2N. If i1 > 3
then by (P3), [1,7; — 1] is 1-covered by B and has at least 2 elements, so
that there exists ab € B! with [a,b] C [1,i; — 1]. We have ab € B — *B,
contradicting B = *B. We see that 11 < 2. Since i1 = 195 mod 2 and 795 € 2N
we see that i1 = 2.

We now assume that D is odd and N ¢ supp(B), ip € 2N. If N—iy, > 3,
then by (P3), [i2s + 1, N — 1] is O-covered by B and is nonempty so that
there exists ab € B! with [a,b] C [izs + 1, N — 1]. We have ab € B — *B,
contradicting B = *B. We see that 195 > N — 2 hence i9s = N — 1. Thus we
have

(’il,iz,...,’is,is+1,is+2,...,i28) = (2,...,8+1,N—8,...,N—2,N— 1),
with s odd (see (P2)), so that B € Prp.

We now assume that D is odd and N ¢ supp(B), ip € 2N + 1. If
N —i9s > 3, then by (P3), [ias + 1, N —1] is 1-covered by B and has at least
2 elements (since igs + 1 = N — 1mod 2) so that there exists ab € B! with
la,b] C [izgs + 1, N — 1]. We have ab € B — *B, contradicting B = *B. We
see that iog > N — 2; since i9s = 1 mod 2,495 # N, we must have ios = N —2
in this case. Thus we have

(il,ig,...,Z'S,Z'5+1,7;5+2,...,7;25) = (1,2,...,8,N—S— 1,...,N—3,N—2),
with s odd (see (P2)), so that B € Prp.

We now assume that D is odd and N € supp(B), ip # N. If N—igs > 3,
then by (P3), [i2s + 1, N] is 0-covered by B and contains at least three
elements so that there exists ab € B! other than {N — 1, N} with [a,b] C
[ios + 1, N]. We have ab € B — *B, contradicting B = *B. We see that
i9s > N — 2. As we have seen earlier, in this case we have i; = 1. Since
195 = 11 mod 2 we see that ios is odd. Since i9s > N — 2 and ios < N we see
that i9s = N — 2. Thus we have

(11,59, - - isyisp1sistio, .- rizs) = (1,2,..., 8, N—s—1,...,N =3 N —2),

with s even (see (P2)). By (P3), [i2s + 1, N] = [N — 1, N] is O-covered by
B. 1t follows that {N —1, N} € B. We see that B € Prp.

We now assume that D is odd and ip = N hence N € supp(B). In this

case we have
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(il,ig,...,’is,i5+1,’is+2,...,’i25) = (1,2,... 8, N—s+1,...,N — 1,N),
with s odd (see (P2)) so that B € Prp.

We have thus proved that if B = *B then B € Prp; in particular we have
B € Xp. We see that it is enough to prove (a) assuming that B # *B. Then
we can find ab € B! such that when D is odd we have {a,b} # {N — 1, N}.
We can assume in addition that b —a is minimum possible. If b—a > 1 then
b—a >3 and by (P3), [a+ 1,b — 1] is O-covered by B and is nonempty so
that we can find a’'b’ € B! with [¢/,V] C [a + 1,b — 1]; if D is odd we have
automatically {a’,b'} # {N—1, N}. This contradicts the minimality of b—a.
We see that b —a = 1. Thus there exists k € [1, D] such {k,k + 1} € B.
If ed € B—{k,k+ 1} then {c,d} N{k,k+ 1} = 0 (since B € Py). Hence
there are unique ¢/, d’ in [1, N — 2] such that ¢ = 1x(¢),d = 1(d"). We have
dd € ?En_s. Let B’ € Py_s be the set consisting of all ¢/d’ associated
as above to the various ¢d € B — {k,k + 1}. Note that B = I;(B’). One
can verify that (P1),(P2),(P3) hold for B’ since they hold for B. By the
induction hypothesis we have B’ € Xp_o. It follows that B € Xp. This
proves (a).

1.8. For B € Xp we show:

(a) If ab € B,cd € B are distinct (so that {a,b} N{c,d} = 0) then |a,b] N
le,d] =0 or |a,b] C |e,d] or |e,d] C |a,b].

We argue by induction on D. If D € {0,1} or if D > 2 and B € Prp, the
result is obvious. Thus we can assume that D > 2 and B = I(B’) for some
k € [1,D] and some B’ € Xp_5. Then (a) for B follows immediately from
the analogous statement for B’.

Let B € Py and let J C [1,N]| with J = [i,j] for some ¢ < j be
such that J is e-covered by B (where e = |J|mod2,e € {0,1}) and let
a; < by <ag <by<- - <ay<b, beasin 1.2(a). We show that:

(b) the sequence a1 < by < ag < by < -+ < Ay, < by, s unique.

We argue by induction on |J|. If |J| < 1, the result is obvious. Now
assume that |J| > 2 so that J = [i,j] for some i < j. Let a] < b <
ay < by < --- < al, <V 6 bea sequence with the same properties as
a1 < by <ag < by < - < ay < by Now i equals a; or a; + 1 so that
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i € [a1,b1]. Similarly, i € [a},V]]. Using (a) we see that [a1,b1] = [a], b]].
Let J' = J — [a1,b1]. We have |J'| < |J|. The induction hypothesis is
applicable to J’ instead of J; we see that (b) holds for 7.

In the case where e = 1, the unique element in J which is not in
[a1,b1] U [ag,ba] U ... L [am, by is said to be the distinguished element of J.

1.9. Assume first that D is even. We have a partition Xp = I_Iteng]tj where
XL consists of all B € Xp such that |[B°| =t (if t > 0), |B°| = —t — 1 (if
t < 0). The subsets X}, are said to be the pieces of Xp. Note that when
t € 2Z, Q% is the unique element in Prp N X%.

In the remainder of this subsection we assume that D is odd. We have
a partition Xp = )(E L X, where

X ={B € Xp;N ¢ supp(B)}, X, = {B € Xp; N € supp(B)}.
For t € 27 we define a subset XB+ of Xg to be

{BeXx};|BY| =0} ift =0,

{BeX};|BY|=t—1,ip € 2N} if t € {2,4,6,...},
{BeXx};|BY = ~t—1,ip € 2N+ 1}ift € {~2,—4,-6,...}.
For t € 27 we define a subset XB_ of X, to be
{BeXx,;|B°=0}ift=0,

{Be Xy;|BY| =t,ip# N}ift €{2,4,6,...},

{Be X,;|B%=—t—1,ip=N}ifte{-2,—-4,-6,...}.

Note that when t € 2Z, Q%Jr (resp. Q%f) is the unique element of PrpnNAXx B+
(resp. Prp N Xltf). From (P3) we see that the subsets X" Xt~ of Xp
(with ¢ € 2Z) form a partition of X'p; these subsets are said to be the pieces
of X D-

1.10. In this subsection we asssume that D is odd and that B € Xp is
such that |B°| > 0 and N ¢ supp(B). Let iy < --- < igs be as in (P1);
here s > 1. If ig5 € 2N + 1 (so that i9s + 1 = N — 1 mod 2) then by (P3),
[igs + 1, N — 1] is 1-covered by B; we denote by up the distinguished element
of [ias+1, N —1]. Note that [i2s+1,up —1] and [up+1, N —1] are O-covered
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by B. If iss € 2N (so that iy — 1 = 1) then by (P3), [1,41 — 1] is 1-covered
by B; we denote by up the distinguished element of [1,i; — 1]. Note that
[1,up — 1] and [up + 1,7; — 1] are O-covered by B.

1.11. For any B € Xp we define B € E as follows. If D is even we set
B=0.If Dis odd and B ¢ Ucaz_(0yXp", we set B = 0. If D is odd and
B e XBJF for some t € {—2,—4,—6,...}, we set B = |up, N| = [up, NJ; if
D is odd and B € XB+ for some t € {2,4,6,...}, we set B = |N,up| =
(N}U[Lus].

For any B € Xp we define ¢(B) € En by
(a) €(B) =>_jepli,j] + B.

(Sum in Ey.) We show:
(b) If N >3,k €[1,D], B' € Xp_s then e(Ix(B’)) = ti(e(B")) + c{k, k + 1}

for some ¢ € F.

We have:
e(Ix(B") = Lijen Lon(i), ()] +{k, k + 1} + Le(B),
w(e(B) = 2ijep w8 5]) + k(B0
Using 1.1(a), we see that it is enough to show that
I(B') = u(B) + cr{k, k + 1}

for some ¢; € F. If D is even, both sides are zero (and ¢; = 0). Thus
we can assume that D is odd. From the definitions we have up = i (up),
N = 1;;(N — 2) so that the desired equality follows again from 1.1(a). This
proves (b).

1.12. Define v: Exy — Z by v(X) = |X N(2Z)| — | X N(2Z 4 1)|. Note that
the image of v is contained in 2Z. We show:
(8) I N >3,k € [LD], B € Xp_y then A(e(I(B))) = 1(e(B")).

Using 1.11(b), we see that it is enough to prove that for any ¢ € F' we have

V(k(e(B) + c{k, k +1}) = v(e(B')).

It is also enough to show that for any X € En_o we have v(t,(X) +c{k, k+
1}) = v(X). From the definitions we have v(1x(X)) = v(X) for any X €
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En_5. Tt is then enough to show that v(ux(X) + {k,k 4+ 1}) = v(X). From
the definition we have ¢ (X) N{k, k& + 1} = 0 hence v(x(X) + {k, k +1}) =
V(X)) +v({k, k+1}) = v(X)+y({k, k+1}) = v(X), since y({k, k+1}) =
0. This proves (a).

1.13. We now describe €(B) and v(e(B)) when B € Prp. If B = (), then
e(B) =0 € En, v(e(B)) = 0.

If D is even and B = Q% with t € [2,D/2], t even, we have
€(B)=1{2,4,6,...,t, D+2—t,D+4—t,...,D}, v(e(B)) =t.

If D is even and B = Q) with ¢ € [2, (D + 2)/2], t even, we have
eB)={1,3,....t—=1,D+3—-t,D+5—t,...,D+1}, v(e(B)) = —t.

We now assume that D is odd. If B = Q%_ then ¢(B) = {D+1,D +2}
and y(e(B)) = 0.

If B = Q%" with t even, t € [2, (D +1)/2], we have
e(B) =1{2,4,6,....t, D+3—t,D+5—t,...,D + 1}, y(e(B)) = t.

If B=Qp,"" with t even, t € [2, (D +1)/2], then
e(B)={1,3,...,t—1,D+2—-t,D+4—t,...,D}, v(e(B)) = —t.

If B= Q" with t even, t € [2,(D + 3)/2], then
eB)={1,3,....t=1,D+4—-t,D+6—t,...,D+2}, v(e(B)) = —t.

If B= QY with t even, t € [2,(D — 1)/2], then

e(B)=12,4,6,...,t,D+1—t,D+3—t,...,D—1,D+1,D+2 e(B)) =t.
() {)7) ) Uy ) ) ) ) ) }77(())

1.14. We show:

(a) If N > 3,k € [1,D], D odd, B € Xp_o, B = I(B') € Xp, then
N € €(B) if and only if N — 2 € ¢(B’).

Recall from 1.11 that €(B) = tx(e(B’)) +c{k, k+1} for some ¢ € {0,1}. Note
that N ¢ {k,k + 1} so that we have N € ¢(B) if and only if N € 1(e(B’))
and this happens if and only if N —2 € €(B’). (From the definitions we see
that for X C [1, N — 2] we have N € 1,(X) if and only if N — 2 € X.) This
proves (a).
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1.15. When D is even we have a partition Ey = UtegzgtD where

£ = {X € Exin(X) = 1},

Now assume that D is odd. We define a partition Ey = Szg Ué&p, by
Eh={X€e€eEy;N¢ X}, & ={X€EN;N€X}.

We have 5;5 = Utegzé’]t)’Jr, Ep = Utegzgg where

Ept ={X € ELiv(X) =1}, £ = {X € Ep;v(X) =t}

We show:

(a) If D is even and B € X}, t € 2Z, then v(e(B)) = t.
(b) If D is odd and B € Xj;", t € 2Z, then ~(¢(B)) =t and N ¢ ¢(B).
(c) If D is odd and B € X};~, t € 2Z, then ~(¢(B)) =t and N € ¢(B).

€

€

We argue by induction on D. For D € {0,1}, the result is obvious. When
B € Prp this follows from 1.13. Assume now that D > 2 and B ¢ Prp. We
can find B’ € Xp_o,k € [1, D] such that B = I};(B’). From the definitions
we have B’ € X4 , (in (a)), B’ € X5, (in (b)), B’ € X5, (in (c)).
By the induction hypothesis we have v(e(B’)) = t (in case (a), (b), (c)),
N ¢ ¢(B') (in case (b)), N € e(B’) (in case (c)). Using 1.14(a) we deduce
that v(e(B)) =t (in case (a), (b), (c)). Using 1.11(b) we see that N ¢ €(B)
in case (b) and NV € €(B) in case (c). This completes the proof of (a), (b),

(©).

1.16. Let t € 2Z. From 1.15(a), (b), (c) we see that € : Xp — En restricts
to a map
(a) X — &L
if D is even, and to maps
(b) xpt = Ept, AL = &
if D is odd. Hence it restricts to maps

(c) Xy = &L Xy = &p.

1.17. For B € Xp let

(a) (B) be the subspace of Ex spanned by the vectors ij € B (viewed as
elements of Ey).
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We show:
(b) e(B) € (B).

We argue by induction on D. If D € {0,1} the result is obvious. We
now assume that D > 2. If B € Prp the result follows from 1.13. Thus we
can assume that B ¢ Prp so that we can find B’ € Xp_s,k € [1, D] such
that B = I,(B’). By 1.11(b) we have ¢(B) = tx(e(B’)) + ¢{k, k+ 1} for some
¢ € F. From the definition of I} we see that {k,k + 1} C (B) and by the
induction hypothesis we have e(B’) € (B’). Thus it is enough to prove that
tx((B")) C (B) or that for any ij € B’ we have t;({i,j}) € (B); this follows
from {ux(7),u:(5)} € B.

Let <p be the transitive relation on Ey generated by the relation for
which X, X’ in Ey are related if X € (e(X")).
Theorem 1.18.

(a) There is a unique bijection € : Xp — En such that for any B € Xp we
have € (B) € (B).

(b) We have €'(B) = €(B) for any B € Xp.

(¢) The relation <p is a partial order on Ey.

(d) The maps 1.16(a), 1.16(b), 1.16(c) are bijections.

When D is even, (a), (b), (¢) can be deduced from the results of E, B],
see §3. The formula for ¢’ given by (a) is simpler than the one in E, EL the
equivalence of the two formulas is proved in §3. The proof of (a), (b), (c)
for odd D can be given along similar lines. Now (d) follows from (a), (b).
1.19. For X € Ey we set C(X) = [1,N] — X and
X*=(XnN2Z+1)u((C(X)N(2Z)) C [1,N],

X" =(XN2Z)UCX)N(RZ+1))=C(X*)C[1,N].
We have
(X*| = 1XNQRZ+1)[+](2Z) N [1,N]| - |X N (2Z)] = (N - 1)/2 = v(X),

| X = (N +1)/2 4+ ~v(X). Hence | X™| — | X*| =2v(X) + 1.
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Assume now that D is even. The assignment X — (X*, X™*) defines

a bijection Fnx — Syp (notation of 0.1); it restricts for any ¢ € 2Z to a
bijection £}, — Sy%bs(%ﬂ).

For X, X' in Ey we set Mx x» = 1if X € (a(X')) and Mx x» = 0,
otherwise. From 1.18 we see that (Mx x/) is an upper triangular matrix
with entries in {0, 1} and with 1 on diagonal. It follows that the elements

(a) Doxermy Mx x' X' € Z[EN] (for various X' € Ey)

form a Z-basis of Z[FE], said to be the second basis. (This basis appears in
E] where it is called the new basis.)

Using the bijection Ex — Syp we see that the second basis of Z[FEy]
can be viewed as a Z-basis of Z[Syp] which is also called the second basis.

We now assume that D is odd.

If X € &} then (X**—{N}, X*) € Sy}, and | X** —{N}—|X*| = 2v(X);
the assignment X ~— (X** — {N}, X*) defines a bijection &}, — Syjh; it
restricts for any t € 2Z to a bijection SBJF — Sy#.

For X, X' in &} we set My, = 1if X € (a(X')) and My, = 0,
otherwise. From 1.18 we see that (M; /) is an upper triangular matrix
with entries in {0,1} and with 1 on diagonal. It follows that the elements

(b) ZXG% My x X' € Z|E}] (for various X' € £}))

form a Z-basis of Z[€}], said to be the second basis. (This basis appears in
E]) Using the bijection £, — Sy}, we see that the second basis of Z[E})]
can be viewed as a Z-basis of Z[SyE] which is also called the second basis.

If X € &, then (X™,X* — {N}) € Syp and | X™| — |X* — {N}| =
2v(X) + 2; the assignment X — (X**, X* — {N}) defines a bijection £, —

Syp; it restricts for any ¢ € 2Z to a bijection ng — Sy%”.

For X, X" in £ we set My , = 1if X € (a(X’)) and My y, = 0,
otherwise. From 1.18 we see that (M y,) is an upper triangular matrix
with entries in {0,1} and with 1 on diagonal. It follows that the elements

(c) ZXESB Mx x X' € Z[E] (for various X' € &)

form a Z-basis of Z[£)], said to be the second basis.
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Using the bijection £, — Sy, we see that the second basis of Z[E]
can be viewed as a Z-basis of Z[Sy )] which is also called the second basis.

1.20. We have
|Syp| = ((5+]]\\[7)/2) if D is even, s € 2N + 1,

|Syp| = ((S+]]\\[7:11)/2), if D is odd, s € 2Z.

Here (z) is defined to be 0 if b < 0 or if b > a. It follows that
N
|gtD| = ((ab8(2t+1)+N)/2) fOr D eVeIl7 t S 2Z7

€571 = (190N /) for D odd, t € 22,

= ((2t+N71)/2

€67 | = ((2t+fjv—+11)/2) for D odd, t € 2Z.

2. Tables for Xp
2.1. In this section we give tables describing Xp and the map ¢ : Xp — Ey
for D = 1,2,3,4,5,6,7. The table for Xp is given by a list of elements
of the various pieces of Xp; each such element B is written in the form
(7,7,...,7,[7,7,...,7]) where each 7 stands for an element of B and the ?
inside the bracket [,] are such that their sum in Ey is equal to €(B). The
elements of Xp are written in an order in which B € X preceeds B’ € Xp
whenever ¢(B) <p e(B’).
2.2. Table for X 5.
XQO:
([0]), ([12]), ([23])

—2
Xy
(131])

2.3. Table for X 4.
XAE):

([01), ([121), ([23]), (134]), ([45)), ([12, 34]), ([12, 45)),



2023] ON BASES OF CERTAIN GROTHENDIECK GROUPS 121
(123,45)), (23, [14]), (34, [25])

X2

([51]), ([34,51]), (23, 51]), (45, [31]), (12, [53])

X2

(51, [42])

2.4. Table for Xg.
.9(0:

([0D), ([12]), ([23]), ([34]), ([45]), ([56]), ([67]), ([12, 45]),

([12,67]), ([23,45]), ([23,56]), ([23,67]), ([34,67]), ([45,67]), ([12, 34]),

([12,56]), ([34,56]), (23, [14]), (34, [25]), (45, [36]),

(56, [47)), ([12, 34, 56]), ([12, 34, 67]), (45, [12, 36]), ([12,45,67]), ([23, 45, 67]),
(56,[12,47]), (56, [23,47]), (23, 56, 14]), (23, [67, 14]), (23, 45, [16]), (25, [34, 16]),
(

34,[67,25]), (34, 56, [27]), (36, [45, 27])
X2
[71]), ([56, 71]), ([45, 71]), ([34, 71]), ([23, 71]), (67, [51]),

12,[73]), (123,56, 71]), ([34, 56, 71)), ([23, 45, 71]), (67, [34, 51)),

[
12, [45,73)), (67,23, 51]), (12, [56, 73]), (34, [25, 71]), (45, [36, 71]),

~—~~ o~~~

45,67, [31]), (12,34, [75]), (12,67, [53]), (47, [56, 31]), (14, [23, 75])
X2

(71,1[62]), (71, [34,62]), (71, [45, 62]), (71,23, [64]), (71, 56, [42]),
(73,[12,64]), (51, [67,42])

x5

(62,[71,53))
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2.5. Table for X;.
07+-

X

(o)), ([12])
07_.

X

([23])
_2)_.

2

[31]

2.6. Table for X'3.
07+-

X3

([0, ([121), ([23]),
([34]), ([12, 34]), (23, [14])

X, 0t

(31])

Xt

([42])

Xy

([45]), ([12,45]), ([23,45]), (34, [25])
Xy 0

([51), (51, 34]), ([51,23]), (12, [53])

2.7. Table for X5.
XE?’+:

([00), (112]), ([23]), ([34]), ([45]), ([12, 34]),

[June
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([12,45]), ([23,45]), (23, [14]), (34, [25]), ([56]), ([12, 56]), ([34, 56]),
([12,34,56]), (23, 56]), (23, [14, 56]), (45, [36]), (45, [12, 36]),
(23,45, [16]), (25,34, 16])

)C'572’+:

([51]), ([34,51]), ([23,51]), (45, [31]), (12, [53]), ([31, 56])

X52’+:

([62]), ([34,62]), ([45,62]), (56, [42]), (23, [64]), ([12, 64])

.9(50’_:

(1671), ([12,67]), ([23,67]), ([34, 67]), ([45,67]), (56, [47]),
([12,34,67]), ([12,45,67]), ([23,45,67]), (23, [14,67]), (34, [25,67]),
(56, [12,47]), (56, [23,47]), (34,56, [27]), (36, [45, 27])

X572’7:

([71]), ([23,71)), ([34, 71]), ([45, 71]), (56, 71]),

([23,45,71]), ([23,56, 71]), ([34, 56, 71]), (34, [25, 71]), (45, [36, 71]),
(12,[73)), (12, [45,73]), (12, [56, 73]), (12, 34, [75]), (14,23, 75])
X52’7:

(51,[42,67])

X5_4’_:

(62,[53,71])

2.8. Table for X'7.

.9(70’+:

(10D), ([12]), ([23]). ([34]), ([45]), ([56]), ([67]),

([12,45]), ([12,67]), ([23,45]), ([23,56]), ([23,67]), ([34,67]), ([45,67]),
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12, 34]), ([12, 56]), ([34, 56]), (23, [14]), (34, [25]), (45, [36]),

56, [47]), ([12, 34, 56]), ([12, 34, 67]), (45, [12, 36]), ([12, 45, 67]),
[23,45,67]), (56, [12, 47]
23,45, [16)), (25, [16, 34]

56, [23,47]), (23, [14,56)), (23, [14, 67]),

— =

34, (25,67

) ( D, (

) ( 1), (34,56, [27]), (36,27, 45]),
78]), ([12,78]), ([23,78]), ([34, 78]), ([45, 78]), ([56, 78]), ([12, 34, 78]),
), ([ ] (34,56, 78]),

67, [58]), (23, [14, 78]), (34, [25, 78]), (45, [36,78)), (67, [12,58]),

67, [23,58)), (67, [34,58]), ([12, 34,56, 78]), (23, [14, 56, 78]), (45, [12, 36, 78]),

(
(
(
(
([
([12,45,78)), ([12,56,78)), ([23,45,78]), ([23, 56, 78]),
(
(
(67,[12,34,58)), (45, 67, [38]), (47, [38, 56]), (23,45, [16, 78]), (25, [16, 34, 78]),
(
(

[
45,67,[12,38)), (23,67, [14, 58], (23,45, 67, [18]), (47, [12, 38, 56]),
[

25,67, [18,34]), (23,47, [18,56]), (27, [18, 34, 56]), (27, 45, [18, 36])

_2)+.
XAt

[71]), ([56, 71]), ([45, 71]), ([34, 71]), ([23, 71]),
67, [51)), (12, [73]), ([23,71,56]), ([34, 71, 56]), (|23, 71, 45]), (67, [34, 51]),

12,73, 45)), (67, [23,51)), (12, [73,56]), (34, [T1,25]), (45, [T1, 36]),
45,67, [31]), (12, 34, [75)), (12, 67, [53]), (47, [31, 56]), (14, [75, 23]),

(
(
(
(
([51,78)), ([34,51, 78]), (45, [31, 78]), (23,51, 78)), ([31, 56, 78)),
(

12, [53,78]), (67, [31, 58])

27+-
X? .

82]), ([82,34]), ([82, 45] 56]), ([82, 67]

[ ) (
82,34, 56]), ([82, 34, 67)), ([82,45, 67]), (23, [84]), ([84, 12]), (23, [84,56]),
[ ) (
) (

( [82 [ );
( ( D, (1 ] [
([84,12,56)), (23, [84,67]), ([84, 12, 67]), (45, [82, 36]), (23,45, [86]),
(45, [86,12]), (25, [86,34]), ([86, 12, 34]), (23, [86, 14]), (56, [82, 47]),
( [62 [4

78,[62]), (78,62, 34]), (78, 45)), (78,56, [42]), (78, 23, [64]),
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(78,[64,12]), (58, [42,67])

x4t

(62,[71,53])

Xt

(73,82, 64))

X0

([89]), ([23,89]), ([34, 89]), ([45, 89]), ([56, 89])

(167, 89]), ([78,69]), ([12, 34, 89]), ([12,45,89]), ([12, 56, 89]),
([12,67,89]), ([23,45,89]), ([23, 56, 89]), (23, 67, 89]), (34, 56, 89]),
(34,67,89)), (45, 67,89]), (23, [14, 89)), (78, [12,69]), (78, [23, 69]),
(78,34, 69]), (78, [45, 69]), (34, [25, 89]), (45, [36, 89]), (56, [47, 89]),
(56,78, [49]), (58, [67,49]), ([12, 34, 56,89]), ([12, 34, 67, 89]),
([12,45,67,89]), (123,45, 67, 89]), (45, [12, 36, 89]), (78, [12, 34, 69]),
(78, 12,45, 69]), (78, [23, 45, 69]), (56, [12, 47, 89]), (56, [23, 47, 89]),
(23, [14, 56, 89]), (23, [14, 67, 89]), (23,45, [16,89]), (34, 56, [27, 89]),
(23,78, [14,69]), (34, 78, (25, 69]), (25, [34, 16, 89]), (56, 78, [12,49]),
(56,78, [23,49]), (36, [45, 27, 89]), (58, [12, 67, 49]), (58, [23, 67, 49]),
(34,56, 78, [29]), (34, 58, [67, 29]), (36, 78, [45, 29]), (38, [45, 67, 29]),
(56,38, [47,29]), ([12,89]), (34, [67,25,89))

X2

([91]), (191, 23]), ([91, 34]), ([91, 45]), ([91, 56]),

(91, 67)), ([91, 78]), (12, 93]), (|91, 23, 45]), (|91, 23, 56]), (91, 23, 67]),

(91,23,78)), (91, 34, 56]), ([91, 34, 67]), ([91, 34, 78]), (|91, 45, 67]),

125
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(91,45, 78]), ([91, 56, 78]), ([91, 23,45, 67)), ([91, 23,45, 78]), ([91, 23, 56, 78]),
(91, 34, 56, 78]), (34, [91,25)), (45, [91, 36]), (56, [91, 47]), (67, [91, 58]),
(56,[91,23,47]), (67, [91, 23, 58]), (34, [91, 25, 67]), (34, [91, 25, 78]),
(67,[91,34,58)), (45, [91, 36, 78]), (34, 56, [91, 27]), (45, 67, [91, 38)),
(36,[91,27,45]), (47, [91, 38, 56]), (12, [93, 45)), (12, [93,56]), (12, [93, 67]),
(12,[93,78]), (12, 93,45,67)), (12, 93,45, 78]), (12, [93, 56, 78]),

(12,56, [93,47]), (12, 67,93, 58]), (12, 34, [95]), (14, [23,95]), (12, 34, [95, 67]),
(12,34, [95,78]), (14, [23,95, 67]), (14, [23, 95, 78]), (12, 34, 56, [97]),

(

14,56, [23,97)), (12, 36, [45,97]), (16, [23,45,97]), (16, 34, [25, 97])

27_.
X? .
(71, [62,89]), (71, (62,89, 45]), (71, (62,89, 34]),
(71,23,[64,89]), (73, [64,89, 12]), (71, 56, [42, 89]), (51, [42, 67, 89]),

(51,78, [42, 69))

_47_.
X? .
(82,[73,91]), (82, (73,91, 45]), (34,82, [75,91]),
(84,[75,91,23]), (12,84, [75,93]), (82, [73, 91, 56]), (67, 82, [53, 91]),

(62, [53,91,78))

3. Comparison with E]

3.1. In this section we assume that D is even so that N = D + 1. The
vectors e; = {1,2},e2 = {2,3},...,ep = {D,D + 1} form a basis of Ex.
When N > 3 we denote by €/, ¢5,..., €}, _, the analogous vectors in En_»;
for k € [1,D],j € [1,D — 2] we have tx(e}) = e; if j+1 <k —1, i(e);) =
ejtejritejaif j=k—1,u(e}) = ejy2if k <j,j+1 < N—2. Let S}, be
as in E, | where we take a = N. We have a unique bijection 7 : Xp — S7,
which maps ij to |i,j| € Sp for any ij € B. The bijection S;, — Ey in

| becomes via 7 a bijection € : Xp — Ex which, by E, E], satisfies the
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requirement of 1.18(a) hence is equal to € in 1.18(a). We show that for any
B € Xp we have

(a) é(B) = ¢(B),

so that 1.18(b) holds (for our D). From E] we have

éB)= Y [ml{kk+1} + npl{1, N}
ke[1,D]

(sum in En) where ng = [{ij € B;{k,k+ 1} C [i,j|}| for k € [1,D] and
npi1 = |B°| (for n € N we set [n] = n(n + 1)/2); we view [n;] as integers
mod 2.

From 1.11(a) we have

B = 3 mfk}

ke[1,N]

(sum in En) where my = |{ij € B;k € |i,7]}|; we view my, as an integer
mod 2.

For any k € [1,D + 1] we set k' = D+ 1,k =2 (if k = 1), k¥ =
E—1,K'=k+1(fke[2,D)]), k¥ =D,k"=1(if k=D +1). To prove (a)
we must show that [ng] + [ni] = my for k € [1, D + 1] (equalities in F).

Let Z, = {ij € B;{K,k,k"} C |i,j]}, Z, = {ij € B;{K,k} C
i3] K" ¢ [id]}, 2 = {ig € Bi{k, K"} C [i,5], K ¢ i,j]}. We have
g = |Zk| + |2}, ne = | Zk| + | ZL], i = | Zi| + | Z}| + | Z}!]. From 1.8 we see
that |Z;| € {0,1},]Z}/| € {0,1} and that at least one of |Z;|,|Z}'| must be
zero. From 1.8 we see also that if |Z;| > 0 then there is a unique igjo € Zg
such that |, jo| C [4, 7] for any ij € Z;. Using (P3) we see that

(b) if k € [2, D] then there exists ij € B! such that k € [i,] and [z, /] G
L0, JoJ;

(¢) if k = D+ 1 then there exists 7j € B! such that j = k and [4, j] S lio, Jo)
(we use that iss < D 4+ 1, with notation of (P1));

(d) if k = 1 then there exists 7; € B' such that 7 = 1 and [, j] G lio, Jo) (we
use that ¢; > 1, with notation of (P1)).

In case (b), by the minimality of |ig, jo| we have [i,7] ¢ Zj; since k € [i, j]
we must have either [i,j] € Z} or [, ] € ZI. In case (c) we have [i,]] € Z};
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in case (d) we have [i,j] € Z. Setting A = |Z;,|, A" = |Z}|, A" = |Z}!|, we
see that we have either

(i) A>0,A=1,A"=0, or

(i) A>0,A=0,4"=1, or

(i) A=0,A"€{0,1}, A" € {0,1}.

The equality to be proved is
(A+ANYA+A+1D)24+(A+ AN A+A"+1))2=A+A+A" (in F).
In case (i) this is the same as
(A+1)(A+2)/2+AA+1)/2=A+1,

that is A2 +24+1 = A+ 1 (in F). This is obvious. Now case (ii) is
completely similar. In case (iii) we must show that

AA+1)2+A"(A"+1)/2=A"+ A" (in F);
this is obvious when A" € {0,1}, A” € {0,1}.
This completes the proof of (a).

4. Even Special Orthogonal Groups

4.1. In this section we assume that we are in case 0.1(b) or 0.1(c). In this
case, S. (see 0.1) admits a fixed point free involution whose orbits are the
pairs of unipotent representations in S, which have isomorphic restrictions
to the corresponding even special orthogonal group. As in 0.1 we identify
S, with Sy}, (in case 0.1(b)) or with Sy, (in case 0.1(c)); here D is an
odd integer > 1. The involution of S, becomes the fixed point free invo-
lution (S,T) ~ (T,S) of Sy}, or Sy;,. The set of orbits of this involution
can be identified with the set S, of unipotent representations of the special
orthogonal group attached to 0.1(b) or 0.1(c).

4.2. Via the bijection 5'5 — SyB (resp. £, — Syp) in 1.19, the involution
of Sy} (resp. Syp) in 4.1 becomes the fixed point free involution X +— X P=
X +[1,D + 1] of &}, interchanging Et’+,6’5t’+ for any t € 2Z, (resp. of
&5, interchanging X5, X' for any ¢ € 2Z). Via the bijections 1.16(c)
this becomes a fixed point free involution B — B' of X;, interchanging
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XB+,X5t’+ for any t € 2Z, (resp. of X, interchanging XB_,)CBt_Q’_ for
any t € 27).

4.3. We define a partition 5%+ = ’5%+ L ”5%+ by

et ={Xe&lD+1¢ X},

TPt ={Xe&tiD+1e X}

Note that the involution X — X' interchanges ’ 5%+, " S%f

We define a partition Xg’+ = ’X?f L ”Xg’+ by

/Xg,+ ={B¢c Xg’+;D +1 ¢ supp(B)},

”Xg’+ ={B¢€ X%JF;D + 1 € supp(B)}.
We show:
(a) If B e ’Xg’+ then e(B) € '5%+.

Indeed, since €(B) € (B) (see 1.17(b)), we see that ¢(B) is the sum in Ey of
certain elements ij € B; now each such ij satisfies it ¢ N — 1,7 ¢ N — 1 so
that N — 1 ¢ ¢(B), proving (a). We show:

(b) If B€"X)" then ¢(B) € "&yT.

By assumption there exists ¢j € B such that ¢ = N —1 or j = N — 1; the
first possibility does not occur since B® = () and N ¢ supp(B). Thus we
have {h,N — 1} € B for some h € [1,N — 2|; since B € Py, such h is in
fact unique. If ab € B — {h, N — 1} then we have ab € B' since B® = ) and
a<b<N—1. Wehave ¢(B) = [h,N — 1]+ > ycg_(n n—13[a, b] where the
last sum does not involve N — 1; thus N — 1 appears with coefficient 1 in
€(B) so that N — 1 € ¢(B), proving (b).

From (a), (b) we see that the bijection X%Jr — 5%+ in 1.16(b) restricts
to bijections ’X]%Jr — ’€%+, ”Xg’+ — ”5’%+. It follows that the involution
B~ B' interchanges ’X%Jr, ”Xg’+.

4.4. One can verify that the following properties of <p hold.
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If X e SB+,X’ € 5}t)’,+ are such that X <p X’ (with t € 2Z,t' € 2Z),
then we have t = t' or max(¢, —t) < max(¢', —t'); if in addition X’ € ’€%+,
then X € ’E%f

If X € €5, X € €Y7 are such that X <p X' (with ¢ € 2Z,t' € 2Z),
then we have t = ¢’ or max(t, —t — 2) < max(t/, —t’ — 2).

4.5. Let
4+ t,+, ,700,+
ELT = Ueaz>0€p U'ELT,
+—- _ t+ | 700,+
ELT = Ueazi<0Ep U'ELT,
—4 t,—
EpT = Ueazi>0€p
£ =U gL
b = Uie2z,i<0€p -

Note that each of 55*,557 is a set of representatives for the orbits
of the involution X ~— X' of Szg and that each of 55*,55* is a set of
representatives for the orbits of the involution X — X' of Ep.

For X, X' in E5T let M, = {Z e {X, X'}; M} ., = 1}.

For X, X' in &7 let M{~, = {Z e {X, X'} M} ., = 1}.

For X, X' in E57 let My, = {Z € {X, X'} M, ., = 1}.

For X, X' in £57 let My, = {Z € {X, X'} M, ., = 1}].

From 4.4 we see that (M;g},), (M;g;(,), (Mg},), (My y/) are upper
triangular matrices with entries in {0, 1,2} and with 1 on diagonal. It follows
that
(a) 2X655+ M;},X’ € Z[EST] (for various X' € £57) form a Z-basis of

Z[EST] and
(b) ZXE%_ M;}},X’ € Z[€}7] (for various X' € £;7) form a Z-basis of

Z[ES ).

It also follows that
(c) ZX685+ M)_(},X’ € Z[€5T] (for various X' € £5T) form a Z-basis of

Z[E, 1] and
(d) ZXESB_ My X" € Z[EL™] (for various X' € £7) form a Z-basis of

Z[Ep™ ]
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4.6. Let EE (resp. €p) be the set of orbits of the fixed point free involution
X — X +[1,D +1] of &; (resp. £5). The orbit maps £} — €, & — &
define bijections €5 — &l &L — gl Eyt = Ep, €y~ — Ep from which
we get bijections €57 — S., &5~ — 8. (in case 0.1(b)) and £, — S,
£, — S, (in case 0.1(c)).

Hence 4.5(a), (b) can be viewed as bases of the Grothendieck group Z[S)]

(in case 0.1(b)) and 4.5(c), (d) can be viewed as bases of the Grothendieck
group Z[S!] (in case 0.1(c)).
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