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Abstract

This work is concerned with a nonlinear viscoelastic wave system in a bounded do-
main. The system contains a first order perturbation term. Our main object is to prove the

stability of the solution, under appropriate conditions on the parameters of this system.

1. Introduction

In this work, we study the following system

t
utt—Au—i—/ g(t — T)Au(r)dr +a(z)us+F(t,Vu)=0 in Q x RT,
0
u(-,t) =0 on 90 x R, (1)
u(+,0) =up(-) and ue(-, 0) =wuq(-) in €,
where 2 is a bounded domain of R™ (n > 1) with a smooth boundary 952, g
is a positive function, a :  — RT and F € CY(R"*!, R).

In the absence of the viscoelasticity (¢ = 0), many results was estab-
lished concerning global existence and nonexistence of wave equations of the
form

g — Au+ auyg |ug[" =blu|” v in Q@ x RT
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with m, v > 0. When a = 0, the source term b |u|” u causes finite time blow
up of solutions with negative initial energy, we can refer to E, IE] For b = 0,
the damping term au; |us|™ assures the global existence of the solution for
arbitrary initial data see @, IE] The case m = 0, Levine @, Iﬂ] proved
that the solutions with negative initial energy blow up in finite time. The last
Levine’s result was extended by Georgiev and Todorova ﬂﬁ] to the nonlinear
damping case (m > 0) , Messaoudi ﬂﬂ] extended the blow up result of ﬂﬁ]

to solutions with negative initial energy only.

Dafermos ﬂﬂ, Iﬁ] studied one-dimensional viscoelastic problems. He
proved an existence results, then he showed for smooth monotone decreasing

relaxation function that the solutions go to zero as t goes to infinity.

The most results regarding existence, nonexistence and asymptotic be-

havior concerning the single following equation
t
up — Au + / g(t — T)Au(T)dr + a(x)us + h(ug) = f(u) in Q x RT
0

with initial and boundary conditions have been obtained. We refer the

reader to ﬂ, @, B, Iﬂ, , Iﬂ, IE, Iﬁ]

Cavalcanti et al. ﬂa] considered the equation
t
uy — Au + / gt — )Au(r)dr + a(x)u + [uff Pu=0 in QxRF
0

where a :  — RT is a function, which may vanish on a part of 2. Assuming
the condition that a(x) > ap on w C Q, with w satisfying some geometry

restrictions and for two positive constants £; and & we have

—&1g(t) < g'(t) < —Eag(t), Vt>0.

The authors proved an exponential decay result which extended the result of
Zuazua ﬂﬁ] In M], Berrimi and Messaoudi established the result of ﬂa], under
weaker conditions on both a and g. Cavalcanti and Oquendo ﬂ] considered

the following equation

utt—kzoAu—}—/O div [a(x)g(t — 7)Au(T)d7]+b(z)h(u))+f(u) =0 in QxR
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and established an exponential stability result under some conditions on the
relaxation function g and for a(z) + b(x) > f > 0. Also, in E], Cavalcanti

et al. studied the equation
t
|ue|? gy — Au — Aug + / g(t — 1) Au(r)dr — yAu, =0 in QO xRT,
0

they showed that for v > 0 a global existence result and for v > 0 an
exponential decay. Messaoudi and Tatar ﬂﬁ] extented the last result, where
the source term is competing with the strong damping mechanism. In ﬂﬁ],

Messaoudi showed that the solutions of the following equation
t
uy — Au + / g(t — 7)Au(r)dr + aug |ug)™ =blul"u  in Qx RT
0

with negative initial energy blow up in finite time if v > m, and continue to

exist if m > ~.

Cabanillas and Rivera B] studied in a bounded domain, an anisotropic
and inhomogeneous viscoelastic equation and showed that the sum of the first
and the second energy decays polynomially when the relaxation function is
of polynomial decay type. Baretto et al. E] proved that the solution energy
decays at the same decay rate of the relaxation function, which could be

exponential or polynomial.

In the literature, the problem of existence and properties of solution of
wave equation when F' # 0 was considered, we can cite the work of [9, 10, 14,
15]. In all these works, the nonlinear term F, which depends on the gradient,
represents a difficulty in the study since we do not have more information

about the sign of the derivative of the energy.

The main goal of the present paper is to establish the exponential stabil-
ity of (1). We give a positive answer about the influence of the perturbation
on the energy. Precisely, we prove that if the dissipation terms dominate the
term of pertubation, then the energy is decreasing in time and the solution is
exponentially stable. The key of the proof is the good choice of the Liaponov

functional wich makes the proving steps easier.

This paper is organised as follows: in Section 2, we present some as-

sumptions and technical results needed for our work and we state the global
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existence theorem. Section 3 is devoted to the proof of the theorem of sta-
bility.

2. Assumptions and Technical Results

In this section, we introduce some assumptions and present some tech-
nical results used throughout this paper.

We assume that

(H1) The relaxation function g : R, — Ry is a C'(R") positive decreasing
function such that

g(0) > 0 and 1—/Ooog(s)ds:l>0.
(H2) There exist two positive constants & and & such that

—&1g(t) < g (t) < —Eag(t) for all t > 0.
(H3) The function a : Q — Ry, satisfying for all z € 2

0<a <a(x) <ay <oo for some a; >0 and ag > 0.

(H4) The function F € C* (R"*!, R) and
(e, U) < Fo(t) U, ¥t >0, YU € R"

In the next theorem, we state a result on existence and uniqueness of
weak and strong global solutions of system (1).

Theorem 2.1.

1. For any initial data (uo, u1) € HE(Q) x L? (Q) there exists a unique weak
solution of (1) in the class

we O([0, 00); H (Q); v € C (0, 00); L*(Q)).

2. For any initial data uo € HJ (2) N H?(Q) and uy € HJ () there exists

a unique global strong solution of (1) in the class

we L2([0, o0); Hy ()N H*(Q); u € L™ ([0, o0); Hy ()
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u' e L™ ([0, 00); L*(Q)).
The energy functional E associated to the system (1) is defined for all
t >0 by

1 1

B() =5 () + 501 = [ a(r)an) [Vu) + (o0 V)

where

(gou)(t) = /O g(t —7) ||u(r) — u(t)||3 dr.

In the following Lemma, we show that the energy functional E is a

decreasing function.

Lemma 2.1. Suppose that (Hy), (Hz), (Hs) and (Hy) hold. Let u be the

solution of the system (1), then the energy functional E is decreasing in t.

Proof. By multiplying the first equation in (1) by w; and integrating it over
Q, we get

/ a(z) Jug(t)|* da + / F(t, Vu)uy(t)dz
Q Q

S /Q ugupdz + /Q Au(t)uy(t)de — /Q ( /0 t g(t—T)Au(T)ut(t)dT)d:U.

The first term.

d d 2
2/Quttutd:c = %/Qu%d:c = w5

1d .
_ dr = — =% w2
/Quttut T 5 [l 5

we find

The second term.
The Green formula and the assumption on the boundary yield

1d

/QAu(t)ut(t)d:U =— /Q Vu(t)Vu(t)de = 5 [Vu(t)|3.

The third term.
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By the Green formula, we obtain

_ /Q ( /0 t 9(t =) Au(r)uy (1)dr ) da

= —/ g(t — 7')(/ (=Vu(r) + Vu(t))Vu(t)dz) dr
0 Q

+ /0 “alt—1) ( /Q Vu(t)Vut(t)d:c>.

We have
% IVu(t) — Vu(r)]* = 2(Vu(t)) — Vu(r)) Vg (t)

then
1d

=537 [Vult) - Vu(r)|?

(Vu(t)) — Vu(r))Vu(t)

. /Otg(t 1) (/Q < \Vut(t)\Qdm> dr

We apply the Leibniz integral rule to obtain

%%(g o Vu)(t) :/0 %g(f —7) [[(Vu(t)) — VU(T)HS dr

1
2 2

This yields

1

2 Jo 2 dt

[March

= 5 | ot=n) G ITu) =V ir—3 [ gt =0 LIVt o

5 (5 o) 0+ 5 [ ot =5 1Tu(e) - Vu)lar.

=5 [ 9=n) 5 I(Vu(®) -Vl dr=—3 % (g0 Vu) (143 (50 Vu) (1)



2023] STABILITY OF SOLUTION TO VISCOELASTIC WAVE EQUATION 91

For the term % fg g(t—7)d ||(Vu(t)) | dr, we apply the Leibniz integral,

again, to find

ia/og(t—'r) ||(Vu(t))||§d7':%% ; g(S)HVU(?ﬁ)Hgds

:%/09(7)%||vu(t)\|§d7+%g(t)HVu(t)Hg-

This yields

/Q (/Otg(t - T)AU(T)Ut(t)dT>dm

= o0+ (5 o) O+ 35 [ gtt— ) I(Vule) B dr
500 [ u()]3.

Using the definition of E, we obtain

C(t) <3 (o0 Vu) (1)~ 290) Va3 — a el

/FtVu ))ue(t)de.

By the Young inequality, we find, for all € > 0

d
th() —S—Q(goVu /\FtVu\ dm—i——/!ut )|? da:
1
=5 [ o 1Tule) do — an el
Q

<= 20000+ (5 o) Il + (<5 - 1) g0 ITuC1E,

_ 1
we take € = 2, to get

4B <~ 20ov00 + (5 - a ) Il + 3 (-3 ) o0 V02,
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this yields

9Bt < ~L(govu)t) — L fuld - 1o IVu@E. (@)

3. Theorem of the Stability

In this section, we prove our main stability result. For this end, we

introduce the Lyapunov functional which is the basis of the proof.
§(t) == E(t) + e19(t) + eax(t)  for all ¢t >0,

where €1 and €9 are positive constants to be chosen later.

P(t) ::/ uupdr  for allt >0
Q

and
t
x(t) :=— / ut/ g(t — 7)(u(t) — u(r))drdz for all ¢ > 0.
Q 0
We need the following lemmas.

Lemma 3.1. The functional § is equivalent to the energy functional E,

which means that there exist two positive constants aq and ag  such that

a1§(t) < E(t) < asF(t) forallt >0
Proof. We have
t
§(t) = E(t)+ el/ﬂu.utdac - eg/ﬂut/o g(t — 7)(u(t) — u(r))drdx

E(t)+€—1/ |u|2da:+€—1/ |ut|2d:c+€—2/ |ug|? de
2 Ja 2 Ja 2 Ja

5 (/Otg(t —7)(ut) — u(r))dr) da

B(t) + 3¢ IVu(t)|3 + (1 + e2) E(?)

IN

IN

+20-0 [ gt =) lu®) — utr)ar
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6163

E(t) +

E(t (61 + EQ)E(t)
1

l
+ea(l —1)cw=

610*

IN

< (1—|—61l*—|—61—|—62—{—62(1—l) > E(t).

Then
a§(t) < E(t).

)+
/0 ot — ) [IVult) — Vu(r)|2 dr

(14 LEB(0) + (61 + ) B(E) + (1~ Deag(g0 Vu)(t)

-1
Where: o7 = <1 + 610* +e1+ et e(l—1I)c > and ¢, is the Poincaré

constant.

‘We have

mozE@—ﬂ/ﬁﬁm—ﬂ/mﬁm—ﬂ/mﬁm
2 Ja 2 Ja 2 Ja

~Ze(1-1)(g0 Vu)(t)

2
€1 + €2 €9
E(t) - —62 IVu()l3 - 5 e (£)]15 — S (1

61 €1 + €2 €
B(t) - SB() - 2 a3 - 2

> (1 - (%cf + 1>61 — (14 (1 — l))) E(t).

Y

Y

Then

E(t) < o (t)
where as = (1 — (3¢ + 1)er — ea(1 + e (1 — l)))f1

By the last two inequalities, we get
a1§(t) < E(t) < asF(t) for all t>0.

Lemma 3.2. We have for allt >0

W) <~ IVuOIE + T (g0 Vu) () + (14

1+ as

—1)(goVu)(t)

2. (1= 1)(g 0 Vu)(t)

2
aze, ) ()3
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1+ a9

arcag(t) [Vu()[3

W (1) :/u%dac—l—/uttudx.
) Q

For the term fQ uyudr, multiplying the first equation of (1) by u and

_l’_

Proof. We have

using the Green formula to find

/Q wpu(t)de = / Au(t)u(t)dz — / ( /0 t g(t—T)Au(T)dT> u(t)da

/ a(z)uul(t d:c—/FtVu) (t)dz

_ /|Vu |da:+/Vu / (t — ) Vu(r)drdz

_/QF(t7 Vu)u(t)dm—/ga(x)utu(t)dx

t
Estimate of the term / Vu(t) / g(t — 7)Vu(t)drdz.
Q 0

We have
/QVu(t) /Otg(t — 7)Vu(r)drdx

é%/\Vu(t)\QdH%/Q(/Ogt_T)yvu Dldr) da

Q
+%/Q(/Otg(t—T)|Vu(t)|d7-)2d:c
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+/Q </Otg(t—T)Wu(T) _vu(t)’d7)</0t9(t—7)!Vu(t)]dr)dx

Applying the Young inequality to get for all 6 > 0

/ Vu(t / (t — 7)Vudrda
/|Vu )2 da + & / / ot~ 7)|Vu(r) — Vu(t)|dr ) de
+§/Q(/O o(t =) [Vu(t) dr ) de
+g/ﬂ</Otg(t—7')|Vu(7')—Vu(t)|d7')2d:c

b [ ([ ot MVu<Nd02

/|Vu |d:c+ /( gt — )|Vu(7-)—Vu(t)|d7->2dx

+<+®A(Am ) [Vu(t)|dr) da

But
t [e%s}
/ g(t —1)dr §/ g(t —7)dr =1—1and (g o Vu)(t)
0 0
t
= / g(t —7) |Vu(r) — Vu(t)|* dr.
0
This yields

/Vu / (t — 7)Vudrdz

/\vu e+ 50+ 5)(1 - D)(g o Vu)(1)

1+5/\vu / (t— TdT) dz

/|Vu |dﬂ:+ (1 1)(g o Vu)(t)

+ = (1+5)1 l/\Vu )|? da.

[\

95



96 MOUNIA MESSAOUDANI AND ILHEM HAMCHI [March

So, for all n > 0 and § > 0, we have
W) < —%/Q\Vu(t)IQdﬂc—i—%(l—i-é)(l —l)2/Q]Vu(t)\2dx
50+ 50 - D(go Vo) - [ @t

/FtVu dﬂ:—|—/|ut| dz

——/\vu )+ 5+ 8)(1 1) /yvu ) da

5+ 50 = D(go Vo) - [ @t

—/|FtV|d:c+ /|u|dx+/|ut|dx

__/ (Vu(t)[? dw+%((1+5)(1—l) )/ Vu(t)|* de

+1<1+§><1—Z><gow><>+%/rut\ o+ axf [ fu(o)do

/|u )2 dx+ ()/Q|Vu(t)| d:c+/ﬂ|ut| dx.

IN

IN

This yields

’

() < —/Q\Vu(t)]de—i—%(l—l—(l—i—é)(l—l)2)/Q]Vu(t)]2dm

+%(1 + %)(1 —1)(go Vu)(t) + g(GQ +1) [lu(t)]3

a1 2 a2 2
+—gt/Vut dx+<1+—>/ ug|” de.
Thatt) [ 19u(e) 52 ) [ 1w

By choosing § = 1L—l’ the last inequality becomes

/ 1 1

) < gm0+ as)e ~ ) [Vu@)E + T (g0 Vu) (1)

1+ ;‘-77) g ()12 + j—;g@) IV u(t)]|?.

By choosing n = we obtain

l
2(1+a2)c* ’

Y1) < 5 IVu@B+ 1 (g0 Vu) (1)
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1+ as 1+ ao

1+ —Zage) [l + — Zarcag(®) [V (@)

Lemma 3.3. There exists tg such that the derivative of the functional x
satisfies for all t > tg

90

(1) < _ 2 2 90
X () < 17 (12007 [Vu(®)lly +

4(1 4+ ag)

g(t) [ Vull3+c(goVu)(#).

for some ¢ > 0.

Proof. We have
/utt/ t—T

/ut</ gt —7)(u(t) - ulr ))kh)dm

/utt/ t—7) ))drdx /ut/ (t—7) 7))drdx

—(/0 ()ds)/ﬂutdaﬁ

For the term — [, uy fg g(t —7)(u(t) — u(r))drdz , we multiply the first
equation of (1) by fo (t — 7)(u(t) — u(r))dr to obtain

/“tt/ (t—7)( (7))drdz
/ Au(t / (t — 7)(u(t) — u(r))drdx
+/ (/ g(t = m)Au(r)dr )(/Oth(t—T)(u(t) — u(r))dr)dz
/ @)uy / (t—7)( (1))drda

/FtVu/ (t — 1) (u(t) — u(r))drdx

u(T))drdx

This implies that

/ Va(t < / (t—r (Vu(t)—Vu(T))dT> da
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_ /Q ( /0 t g(t = 7)Vu(r)dr ) ( /0 gt = 7)(Vult) ~ Vu(r))dr ) dz

—i—/ga(ac)ut(t)/o g(t — 7)(u(t) — u(r))drdx
+ / F(t, V) / ot = P)(u(t) — u(r))drdz

/ut/ (t—r1) ))drdz — (/Otg(s)ds>/ﬂu§dm.

For the first term, Young inequality yields

/Vu </ (t—7)(Vu(t)— Vu(r ))m) dm<5/|Vu| do+ 45l(goVu)(t).

For the term

/Q</Otg(t_T)VU(T)dTX/Otg(t_T)(VU(t)_vu(T))dT>dm’

we apply again, the Young inequality to find

/( / otV u(r >d¢)( /Otg< - ><w<>_vu<7)>d7)dx

—7)(Vu(t)—Vu(r)dr)

2

g(t—7)Vu(r)dr dx

<5/ / (t=) [Vu(| dr)’
w1 [ ([ ste=miwatn- u(T)!dT)>2dm
<5/ / (t=7) |Vu(r +Vu(t)—Vu(t)\dT>2dx
3 /Q /0 =) [(Vu(t) = Vu(r)|dr ) /0 tg(t—T)\(Vu(t)—Vu(T)\dT)dx.

So

dm—i—

/ (/tg( )\Vu(r )dT> </Otg(t —7)(Vu(t) - VU(T))dT>dx

<5/ / (t—7)[Vu(r) = Vu(t)| + [Vu(t) dr ) d
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415(1_1/ t—T/\vu u(r)|? dzdr

<2501 — 12 /Q|Vu| d:v+(25+4—5)(1—l)(goVu)(t).

For the term [, a(z)uy f(f g(t—7)(u(t)—u(r))drdz, using the assumption

(H3), we get

/Q alz)u, /0 tg(t — ) (u(t) — u(r))drdz

ga25/ g dm+45 (/Otg(t—T)(u(t)—u(T)dT>2d:c

§a25/ g2 dar + 25 (1 — 1) (g 0 V) (D).
o IS

We have

/ F(t, Vu)/ g(t — 7)(u(t) — u(r))drdx
Q 0

< g /Q |F(t, Vu)|* dz + %(g o Vu)(t)

a 1—1)ecy
<690y 19l + + 5% (g o vy

~ [ [ =m0 -

(
<2 [P ar+ o [ ([ 96-n00 - ueir) do
/ Jue? dz C*g( )<g’ovu><t>-

and

T))drdx

Since ¢ is a positive function then there exists ¢y > 0 such that
t to
/ g(s)ds > / g(s)ds = go > 0 for all ¢ > .
0 0

. . / .
Then, replacing in x , we arrive at

X (1) S8(L+2(1 = D) [[Va(®)]3 + algg(t) IVu(t)ll3
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+(5(a2+1)—g0)/ﬂ\utIQdm—l—(l—l) (25+i(1+c*(%+1)> (g o Vu)(t)

26 2
cxg(0)

5% (g/ o Vu)(t).

This gives

i

X (8) < 6(1+2(1 =) [[Vult)ll; + algg(t) IVu®)l3

+(8(az +1) — go) /Q w2 dz + e1(8)(g 0 V) (1),

where
1
20

a6 =1-1) <25+ (1+c)+ C*g(o)gl> > 0.

26

We choose 0 = 1 ffzu to find

’ 90 2 2 90 2
1)< 1+2(1—1 t —q(t t
X (1) < 1+a2( +2(1=1)%) [ Vu( )||2+a14(1+a2)9( ) [[Vull3+c(goVu)(t),
(5)
where
90 go  l+as (1+a2)c.g(0)
= =(1-=10(2 14cy)+—m-——= 0.
¢ Cl<1+a2> ( )< T+as | 240 (I+e.)+ T

We then state our main exponential decay result.

Theorem 3.1. There exist two positive constants ¢ and w such that

BE(t) <ce ™ for all t > to.

Proof. By using the assumption (H2), exploiting (4) and (5), we easily get

F(t) < E@)+ad () +ex ()
< —%(g o Vu)(t) — % el — ig(t) V(b))
_qi IVu(t))? + 6112—_/ (g0 Vu) (t) + e (1+ ! +l 2 age,) fue(1)]3
o L9 g0 V@) + 2 (1 4+ 201 — 1) [ Vu(t)]2

41 1+ as
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90
+€2a1mg(t) Va3 + e2c(g o Vu)(1)).

3/(t) < <—% +€112—ll +620> (g o Vu)(t)

1+ as

1 1
+ ——+61(1+ +a2a20*> /’Ut‘de
2 l o

) a(t) [ Vu(t) 2.

# (5 e 20 - 02 o))

—1 (14 a2) 90

We choose €1 and €3 such that

N 52 1-1 >
p1—<2 €1 5] eac) >0,

(4 - (e 7)) =0

1 1
e (3 ) o

2

s

and
1 (1+ag) 90 )
- . — 01—} > 0.
- <4 VT e TNy ) T

Putting
p =inf(p1, p2, p3, pa)

This yields

§(0) < =280 =p(1= [ or)ar) Vw0l =p Vw0l =patt) | Tu(O)

IN

< —2pB(t) < ~2penF(0).

By a simple integration, we obtain

g(f) S g(to)e2a1pt0672a1pt.
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By exploiting (3), we arrive at the desired result

E(t) < Xe™™, Vit > to,

where
A= 0423({0)620‘1”’50 and pu = 201 p.
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