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Abstract

This paper is devoted to the existence and uniqueness of solution to a class of
Hadamard fractional differential equation under fractional Sobolev spaces. A novel form
of fractional Sobolev space via Hadamard fractional operator is well proposed and related
properties are also proved. Furthermore, a variational formulation of considered system
is established and thereby the Lax-Milgram theorem is also employed to demonstrate the

existence and uniqueness.

1. Introduction

Compared to the classical calculus reflecting the local changes in dy-
namic process, the fractional calculus can simulate the global variability well.
Generally speaking, depicting the process involved with the historic depen-
dence, long distance interaction in real phenomena, hereditary factor, and so
on, one needs fractional calculus for the time being, and the obtained math-
ematical models are often characterized by fractional differential/integral
equations. In literatures, there exist several versions of fractional integrals
and fractional derivatives, such as, Riemann-Liouville, Caputo, Grunwald-
Letnikov, Riesz, Erdlyi-Kober, Weyl and Hadamard, etc, in which they are
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not equivalent to each other with its own advantages and disadvantages used

to describe certain specific phenomena ﬂﬁ, IE, Iﬂ, IE, IE, @, Iﬂ, Iﬂ, |2__4|]

The two-point problems associated with a second-order differential equa-
tion, which have been enlarged to equations of fractional order between 1
and 2, are among those that have been widely addressed in both ancient and
modern mathematical research. The concept of the weak solution, for which
several formulas were discovered in the case of fractional orders according
to the equations that were studied, received a lot of attention from the re-
searchers. As an illustration, we provide a few works that made use of the

variational approach and critical point theory.

The presence of a weak solution for fractional Euler-Lagrange equations

oL 0L
was examined by Bourdin E] The authors of ﬂl_AI] explored the identical
Euler-Lagrange problem using a generalized fractional derivative of the Ca-

puto type.

Chen and Liu ensure the existence of three weak solutions for the p-
Laplacian problem in their citation H] We discover additional works in ﬂﬂ]
and ﬂﬁ] for systems, respectively.

In ﬂﬂ, Iﬁ], the authors studied a nonlinear boundary value problem of
the type
D (D%u(t)) = VF(t,u(t)), in (0,T),
{ u(0) = uw(T) =0,

In a classic two-point problem with Dirichlet conditions

{ —u” () + AMx)u (x)

u(a) = ug, u(b) = up,

xz), in (a,b),
f(z), in (a,b) 0

if it exists a weak solution of problem (), it belongs to a Sobolev space
adapted to this type of problems, it is the space H'(a,b), which is a space
among the Sobolev spaces W!P(a,b) based on the Lebesgue spaces LP(a, b).

It is obvious to try to find spaces adapted to similar boundary problems,
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but associated to fractional order equations

(P")  (Dy- (Dgyu)) () + Mz)u(z) = f(2), in (a,b).

A classical Sobolev space W1P(a,b) where (a,b) C R is defined by

WhP(a,b)= {ueLP(a, b),3g€ LP(a,b); /

a

b b
wp’=—/ gp, Yo € Cé"’(a,b)}7
(2)

where C2°(a,b) is the set of infinitely differentiable functions on (a,b) with
compact support in (a,b). (cf. H, Ia])

We can define the Sobolev space W'P(a,b) of order n > 1 by
W™P(a,b) = {u € W YP(a,b), v € W 1P(a,b)}. (3)

However, a Sobolev space W™P(a,b) can be described ﬂﬁ] as follows W™P(a,b) =
AC™P(a,b), where AC™P(a,b) is space of functions f from [a,b] to R such
that there exist cg,c1,...,¢,—1 and ¢ € LP(a,b) such that

% z —a)k / o(t)dt, x € [a,b] a.e. (4)

This space has a generalization to the space AC%(a,b);(n —1 < a < n) of
functions f from [a,b] to R such that there exist cg,c1,...,¢,—1 and @ €
LP(a,b) such that

flw) = F(a_nCin)(m—a)a AL a€latloe ()

where I?, denote the left Riemann-Liouville integral. The work was initially
focused on discovering containment relationships between spaces AC“(a, b)
(inclusion, embedding, integration by parts... c.f ﬂﬂ, ]), and later a set of
definitions of fractional Sobolev spaces was proposed (c.f [13]).

In M], a definition of fractional Sobolev space based on L!(a,b) is given
as follows

W (a,b) == {u € L'(a,b); I} "u € W' (a,b)},

Wl (a,b) i={u € L'(a,b); I]=*u € Wh'(a,b)},
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which is later extended to WP (c.f E])

In ﬂﬁ], the authors establish a fractional Sobolev space via the Riemann-
Liouville approach. They gave topological properties, inclusions and imbed-
dings, then applied these results to two-point problems related to these
spaces. Other properties and results are treated in the articles M], B], ﬂﬂ],

19,

In our work, we will treat a two-point problem in a bounded interval via

Hadamard approach with homogeneous boundary conditions

{ ("D ("Dgyu)) (2) + A@)u (2) = f (2), in (a,b),
(D% u) (a) =0, u(b) =0.

First, we will give a functional framework adapted to this type of problems,
then we prove the existence and uniqueness under conditions on a, b, A, f,
according to the following methodology: In section two, we give some pre-
liminaries according to some important space and the fractional calculus.
In section three, we establish fractional Sobolev spaces WP(a,b) in a
bounded interval (a,b) for 0 < @ < 1 and 1 < p < +o0. Finally, we present

two theorems of existence and uniqueness of the problem considered.

2. Preliminaries

Let 1 <p< 400, 0<a<1, c€Rand a,b two positive real numbers
such that a < b < 400 .

Definition 1. The space LP (a,b) is the set of measurable functions f on
(a,b) such that || f[|1p(,p) <0, defined by

b :
Loy = ( / \f(w)!”dx> |

for 1 < p < 400, and
1]l oy =supess|f ()]

ze(a,b

The space LP (a,b) is a Banach space. In addition, L? [a,b] is a Hilbert



2023] FRACTIONAL SOBOLEV SPACES AND BVPs VIA HADAMARD DERIV. 65

space with respect to the scalar product

b
<f,9 >:/ f(x).g(z)dx.

Definition 2 (ﬂﬁ]) The space X7 (a,b) is the set of measurable functions
f from (a,b) to R such that

b
/ |z¢ f (z)[P du < +o0.

r
It is a Banach space respect to the norm

b d %
ltn = ([ 1o @P %)

Proposition 1. Let p > 1, ¢ > 1 such that % —l—% = 1, then for f €

X? (a,b) and g € X (a,b) we have a type of Holder’s inequality
Hf'gHXcl(a,b) < HfHXf(a,b) : HgHXg(a,b) : (6)
Proof. Let f € X¥(a,b) , g € XZ (a,b). Then we have

[ s@en = [

Using the Holder’s inequality in LP (a,b), we obtain:

[ we ([ ’”dxf(/a"

1
q q
dr |
hence,

L%ﬁ@%ﬂ%@([ﬁ%@ﬁ%f(ﬁwﬂmﬁg? -

Theorem 1. Let 0 < a < b < 400, XE (a,b) = LP(a,b) and the norms

zig(x)
1

€Ta

v f ()
v

dz.

zig(z)
1

€Ta

v f ()
v

zég(x)
1

xTa

v f ()
v

-l 2o apy s [xzap) are equivalent.
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Proof. Let f be a function from (a,b) into R, then we have

b b
[ s = [t i@ .

If pc —1 >0, then

b b b
ot [apds < [P de <ot [l s,

a

hence f € X? (a,b) if and only if f € LP (a,b) and we have

1 o1
a HfHLp(a,b) < Hf”xg’[a,b} <b Hf”LP(a,b)'

If pc — 1 < 0 then

b
a

b b
pre-t / @) dr < / | f (@) dr < aPo ! / @) de,

hence f € X¥ (a,b) if and only if f € LP (a,b) and we have

1 1
O 1 fll ooy < IFllxzapy < a2 1l Loap) -
Remark 1. If a = 0 or b = +o00 the above theorem is false.

Definition 3 (ﬂﬁ]) We define the following spaces

[March

ACk@M:{fﬁmM—+R,f@):c+/%¢@ﬁm,xekuﬂ,ceR

verfab] ),
ACs [a,b] ={f : [a,b] = R: 0y € AC [a,b]}.

—
where § = T

Now, we give some definitions and properties of fractional calculus.

Definition 4 (@]) Let a > 0, the left and right Riemann-Liouville frac-

tional integrals of order « of f € L? (a,b) are respectively defined by

1

(RLI§+ ) (z) = m /I (x — t)o‘*1 f(t)dt.

(7)
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b
(5 @ =g [, 0= 0 ®

where I'(+) is the Euler gamma function.

Definition 5 (@]) Let a > 0, the left and right Hadamard fractional
integrals of order « of f € LP (a,b) are respectively defined by

1 r o1 dt
H 7o _ - —
(120 @ =g [ (9) 10 (9)
LA A dt
H ra _ _ —
(@ =g [ (w1) 10T (10
Proposition 2. For all f € L? (a,b), we have Hj'gﬁrf7 HIl‘f‘_f € LP(a,b),
Moreover
H 7o (b B a)oz
H Ia+fHLP(a,b) Sapb(a_l)pr (Oé + 1) ‘|fHLP(a7b)a (11)
H 7o (b B a)oz
1755 7 o0y < g (g 3y M oot - (12)

Proof. Let f € LP (a,b), then for all z € (a,b) we have

1

|(T15 ) O] = w7

dt
I'(a) '

t

/x (Inz —1In t)O‘_1 JG)

Using the finite increase theorem for the function In in the interval [¢, z], and

taking into account that for all 7 € [t, z] C [a, b] we have aal,l < Tal,l < bal,l.

Then

o
b 1T («)

[0
1
ab®~ 1T ()

IR
= () ).

aba—l

IN

(P15 5) )]

IN

hence

(120 O < — [(12) @)
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which deduce that

o 1
HHIa+fHLp(a,b) = aphle—1)p HRL +fHLP(a,b)'
Noting that (from theorem 2.6 in ﬂﬂ]) we have

(b—a)

RL 7o
H Ia"'fHLP(a,b) <F(Oé+1) ||fHLP a,b)
then,
Hra (b — a)a
H Ia"'fHLP(a,b) = aPble=1)pT (Oé + 1) HfHLP(a,b) :
The second inequality is made in the same way. O

The following proposition gives a similar formulation of integration by

parts as to the relation (2.20) in ﬂﬁ]

Proposition 3. Let 1 < p,q < +oo be such that % + é <1+ «. Then, for
all f € LP(a,b), g € LP (a,b) we have

X b xr
[to0ng@% = [s@ikerw T

Definition 6 (@]) Let 0 < o < 1, the left and right Hadamard fractional
derivatives of order a of f € LP (a,b) are respectively defined by

("Dgf) (@) = 8 ("1,7F) (@)
_ ﬁ%/ﬂ <ln%)7af(t)%, a<z<b (14)
("Dy-f) () = (=6) ("= f) (=)
T d b/ t\ dt
_ _m@/{r (ln;) F05 a<a<b (15)

Theorem 2 (ﬂﬁ]) Let 0 < a < 1, f € ACjs|a,b], we have

Hrl—«a a N\ a—
(13 DG ) (@) = fm»—ii%zgil(ma) L)

We define the following sets
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Definition 7.
o T\ a—1 o
HACajrp (a,b) = {u /u(x) = (ln—) + (HIaJrf) (),
a
AER, €€ (ab)}, (17)
a—1
HACI‘:;p (a,b) = {u /u(x) = T <ln ;) + (HI{,{C) (),
BER, ¢eLP(a,b) } (18)

Theorem 3 (Integration by parts). Let 1 < p,q < 400 be such that % <
a, % < a. Then for all f € HACY [a,b] and g € TAC,""[a,b] , we have

b X
[ 1@ (D g) @) = (") @@ - (TH9) 01 ()

dx
—

b
+ [ (1D f) (@) @) (19)

Proof. From the definition [7] we have

fa) = % (1n f)“_l + (112:€) ()

and “ ' B
10 =g (07) + (O @),
where &, ¢ € LP (a,b). Then
b dx
| 1@ () @ %
_ /ab % (0 2)" + ("1e) (m)] ¢ (2) %’”
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On the other hand,

b
/ (D2, 1) (z) g ()
B

- /abw) o

o A

Hence,

Noting that
A("L¢) (a)

B ("13-€) (b)
then
A(ML¢) (a) = B(TI54€) (b)

Finally, we get (9.

M. O. BENMEDDOUR, A. SAADI AND Y. ARIOUA

(3
>

B("12.€) (b) +/

a

dx

X

b a—1
> + ("

1
£@)

b
("12¢

— Agl0) - s (1n9>
- B0 - o5 (ln §>a_1,

Ag(a) — Bf (b)

3. Fractional Sobolev Spaces via Hadamard Operator

[March

("1,7°f) (a) g (@) = ("1;7%g) (b) f (b) .

O

Let 0<a<l, 1<p<+ocand 0<a<b< +oo. As in the classical
Sobolev spaces, following the definitions in ﬂﬁ], and taking into account

theorem [I] we establish the following space
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Definition 8. A fractional Sobolev space via Hadamard operator is given
by
u € LP(a,b) /g € LP (a,b);
H a,p
Wi (a,b)= b dx b dx
‘ [u@ (3 0) @5 = [@e @) T voecEab)
a x a x
(20)

Proposition 4. The function g coincides with HDg‘Jru in [a,b].

Proof. Let u € HW;ip (a,b) , and ¢ € C>(a,b). It is easy to show that
(HDI(){‘P) (x) € L9 (a,b), where % 4 % - 1.
Since ¢ (a) = ¢ (b) =0, we get

(D) (z) = — ("I=6p (1) (2) = — (17 (1)) (@),
and

b T b
/ u(z) (HDg‘_go) (z) d? = —/ u () HI;:O‘ (z¢' (2)) —

Applying I3 we obtain
b d b d
[ @ (D) @) - /Hﬂ (w<»§
= /b Hll x) ¢ (v)dz.

Using the classical integration by parts, we get

b T
[ @) (D) @0

X

b
= [~ (") (1) ¢ ()], + / [ di (Trloe )} () ¢ (z) do

b X b X
= [0 @@ T = [ (D) @) e @)
Since
b dx b dx
[ @ (00 @)% = 9@ 0@,
then

g(x)= (HD2‘+u) (x) aein [a,b]. O
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Theorem 4. "W (a,b) = #AC (a,b) N LP (a,b) .

Proof. Let u € "W (a,b) , then u € L? (a,b) , " D% u € LP (a,b) and
Hrl-«
H _ _ ("1, ") (a) ol
("1, Da+u)( ) =u(x) I () (lna> ,
hence

u(zr) =

H 1—Oéu a T\ a—
% (1n g) = (12 " D) (). (21)

Setting A = (H.Ti:au) (a) and & = D% u, we get the direct inclusion.
Reciprocally, let u € #AC?P (a,b) N LP (a,b) , then u € LP (a,b) and
there exists A € R and € € L (a,b) such that

u(@) = = (05" + (1128) (@),

a
so D¢ u =& € LP (a,b), which gives the reciprocal inclusion. O

Corollary 1. From ([Il) and the above result, we obtain

(1,7 u) (a) ( w)a—l

ot (b—a)” Hp

v = aPble=rT (o + 1)

HLF (ab)’

LP(a,b)
(22)

Vu e HWP (a,b) .

Remark 2. Note that if u take the form (21), then v € LP(a,b) if and only
if
(Hllfau

Clat) (@) (a; @ (12)"" e e,

Hence,
If (1 —a)p>1, then u € LP(a,b) if and only if (HI;IO‘u) (a) =0.
If (Hfiiau) (a) # 0, then u € LP(a,b) if and only if (1 —a)p < 1.

Definition 9. We define in #W " (a,b) , two norms

' H“”Hwa “Plab) HUHLP ap) T HHD uHLP(a b) * (23)
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2 p _|H 71— H
HU||HW;‘+”’(a,b) =1 ()" + || D uHLP(a b) " (24)
Theorem 5. The norm ' H'HHWSf(a,b) is equivalent to the norm 2 H.||HW;+,p(a7b).

Proof. Let u € "W (a,b) . We distinguish two cases:
Case 1: (1 — ap) < 1, u can be expressed as

_M(l yot 4 H 10! HD u(z).
“= I'(«) e at ¥

Using the same arguments of theorem 24 in ﬂﬁ], we obtain

P (a) o aya-1 b
AR N () ) L AN oy
< o¢! ( 7&00 /a (ln E) dz + HHIafDﬁuHip(a’b)
2! p (b Hiyl-a P
= (a—Dp+ 0070 <1“5> [+ (a)
g 1Dl
a?be—DrT (o 4 1) Lr(ab) *
Hence
! HuH%Wj"Fp(@b) = ||UH ab) + HHD uHLp(a b)
2! AR Hyl—a P
= ((a—1)p+ 1)Ir(a) <ln E) |71, (a)|
20=1(b — a)® g
+ (1 + apb(afl)pr(a +1 > H D UHLP (a,b)
< My (|71 u @ + 7Dl )
= M12 HUHI})IWt‘;;P(a’b) 9
where

Ml = ImMaXx 2p_1 hl é (ail)p+1 1 + 2p_1(b _ a)a
((a—=1)p+ 1)I'P(«) a ’ arble=PT (a4 1) |

Reciprocally, from the integral mean theorem there exists zg € [a,b] such
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that

1
Hj'l+ u(zg) = T HI;IO‘u (z) dx.
a

Noting that we can write

xo d
Hlijo‘u (a) = H11+ u(xg) — / I HI;IO‘u (x) dx
a

I o d
- / HIi;au () dx — / 5Hli;au (x) ?x
1 b o o dx

Then,

b T
HIiIO‘U(a)‘ < 1 / ‘Hli+au(m){dx+/ O{HDC%U(JU)‘%

b—a
1

IN

b_ HH at “HLlab HHD uHLl(ab)

Using the Holder’s inequality, we obtain

1
"1, u(a)| < [ 17 D8 ull

(b—a) alb—a)r~

Let’s apply () to the first term of the right-hand side above, we find

“HLp(a,b) + (a,b) *

1
o (b—a)' s 1 o
M1 u(a)] < aPb—oPT(2 — @) el Lo o) + W HHDﬁuHLl(avb) ’
hence,
1 1 p
. (b—a) ™" > (b—a)' v
|H_[i+ u(a)|p = <apbapf( ) H HLP(ab +T |‘HDa+uHL1(ab

_ 2p71 (b_a)(l a)p—1
a2pb72ap(1“(2 )) H HLP(ab

(b—a)"”
P bl )

We deduce that

_‘Hli;a ‘ +HHD “HLP(ab

2 P
HuHHst_’FP(a’b) )
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<2p—1(b_a)(1 a)p—1
—a2pb—2ap(r(2 )) ” HLP a,b)

2°=1(b — a)P
# (1 Y oy,

<My (ull gy + [ DGl )

_ 1
= My HUHHW:J,rp(me

)

where

2p—1(b _ a)(l—a)p—l 2p—1(b _ a)p—l
My = 1
2 = e { (T2 —a)r ar

Case 2: (1 —ap) > 1. From the Remark [2 we have H.Ti;au (a) = 0. Then,

|HD uHLP(ab

2 ||u||HWa P(a b) | ) ! ||uHHWa P(a b) ’

and
Hiulagyo sy = 1l + 17 Dg-ullLoy

b—a)”
PT(a+1) >HHD e

— 2
a, O
pr(a+1)> H HHW Pab

Theorem 6. The space HWfJ;p (a,b) is complete respect to each norm

! H'HHWL:‘J’rp(a,b) or 2 ||'HHW;‘+"’(a7b)‘

Proof. Using the same arguments from the proof of Theorem 25 in ﬂﬁ], it
follows that is complete respect to each norm 2 ||. || 1o (g,p) - FrOM the equiv-

alence of norms ! ||-||HW§‘+"’(a,b) or 2 ||.||HW:+,p(a7b) , we deduce that W7 (a,b)

is complete respect to each norm ! ||.||HW:¢J,rp(a7b) . O

The following two theorems are established in the same way as the the-
orem 3.5 in ﬂ] (see also Theorem 8.1 in ﬂa theorem 26 and theorem 27 in

[14)).

Theorem 7. The space HW(f;’p (a,b) is reflexive for 1 < p < oo and separable
for 1 <p < oco. The space HWﬁ’Q (a,b) is a separable Hilbert space.
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4. A Boundary Value Problem

In this section we assume that 1 5 <a<l 0<a<b< +oo. Consid-
ering the following two points problem with homogenous mixed boundary

conditions
ey UPEUD50) @)+ M@ () = T @), in (0,),
(D% u) (a) =0, u(b) =0.
wher A € L (a,b) and f € L*(a,b).
Let K be the closed subspace defined by

K ={ve "W (a,b), ("D%v) (a) =0, v(b) =0}.

To establish a variational formulation of this problem, we will multiply the

two terms of the first equation by a sufficiently regular function v, so we get

(HD,‘;‘, (HDg‘+u)) (@)v(x) + AMz)u(x)v(x) = f(x)v(x).

By integrating over the interval (a,b)

b X b X b X
[0 (o) @@ D [ M@ L= [ @ew

x
Using the formula ([I3]) of integration by parts in the first term, we obtain

b dx
[ (D) e ) S

a T

= ("1,7%) (a) ("Dgsu) (a) = T1,7% ("D u) (b) v (b)

b
d
+ [ (Dg) @) (D) ()
b
d

= [ (D) @) (D) () 2

At this step, we can assume that v € K. Taking into account the above as-

sumption and the boundary conditions, we arrive to the variational problem

b X b X b X
PV) [ ("D u)@)(" D) @)+ [ Moo @05 = [ 1 @) @)%
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Reciprocally, let v € K such that

b X b X b X
[ Dz @) (g )@ + [Nl @)e @) T = [ )o@,

Vo € Cg°(a,b), then
b X b X b X
[ DDz ) @6 (@) Tt [N @) e @F = [ @ e@,
hence

[ [(HDsHDgau) (@) +A)u (@)= (=)

X

]so(cﬂ)deO, VpeCX(a,b),

(25)
which deduce that

(HD?FDZ‘+U) () + AMz).u(x)=f(z) aein (a,b).

The following theorems ensure the existence and uniqueness of the so-

lution of problem (PV).
Theorem 8. Assume that there exists Ay > 0 such that
Az) > Ao a.e in (a,b). (26)

Then, the problem (PV') admits a unique solution u € K.

Proof. Putting

b x
A(u,v) = / (HDZ‘+u) () (HDZ‘+U) (x) %
b T
+[A@u@o@ T, @ ek, (27)
b x
L(v) = / f(:v)v(a:)%, v e K. (28)

It is easy to see that A is a bilinear operator and L is a linear operator.
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Moreover, we have

uv]</|HDa+u ) (* D% o) (z ‘——i—/ IA(z )‘d_x

X

A oo (a0
H a7
‘ D UHLQ(ab)+ a ||uHL2(a,b)||v||L2(a,b)

| /\

Dz ] )

mas {1 N (0
—

el 2o 101l 2o
DG ull 2y 17 D50 oy )

2 max {1, H)\HLw(a,b)}

< a ||u||HW;f(a,b) ||U||ngf(a,b) )

HfHL (a,h) HfHL (a,b)

[L(v)] < 20l 20y < HUHHW‘”’(ab)

and

Then, A and L are continuous.

Now, we prove that A is coercive. We have

b x b x
Alu,u) = / (HDCﬁu) (x). (HD(ﬁv)a; +/ Ax)u? (ac)d—

T

>\0
> - HHD uHL2 ab) ||u||L2(a b)
mln{l Ao}
> 0 HUHHW"‘ P (ab) -

Hence, A is coercive. From the Lax-Milgram theorem, the problem (PV)

has a unique solution v € K. O

Theorem 9. Assume that

b
— 2
~<e, (29)
and
b—a)® || M| oo 1
(b~ @) [Ny 1 )

adbAla—=1)12 (a +1) {1 . (ln 2)2(171] b

Then, the problem (PV') admits a unique solution u € K.

Proof. We have proved the continuity of A and L, it remains to prove the
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coercivity of A. For this we have

1 o 2 ||>‘||L°° a,b

Alwyu) = 5 7 D32y = ull 2y -

From (22]), we have
2
(H1'7%) (a) x\a-l (b—a)?® " 2
u——9¢ 2 -~ (In— >~ Dg u a,b) ’
@ )|, S 1P
Note that
2
(HI17%u) (a) /, a1
u — T (11’1 —>

L2(a,b)
Hrl—«a 2
o 2 ( Ia+ u) (CL) A
= Nllfeon + |5 (%)

2 Hfiiau) (a) [ T\ -
2 F(a)—/au(x)(lna) g

L2(a,b)

From the Hoélder’s inequality

b a—1 b b a3
T
— < —
/a u@) (ln a) “V2a-1 <1n a> lullz2(a)

then

_2(M") (@) / b () <1n f) ot

F(Oé) a
2v/b N7 s
- V2a—1T' (o) <ln 5) (11,7 ) (a)] lull 22 (a,p)
Vb . b\ o3
=2 [W_—M (11,7 %) (a)‘] [(hﬁ a) HUHLQ(aJy)]

b b 2a—1
> _mwﬁigau) (a)|” - <1na> lllZ2(ap)
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and since

("1,7"u)(a) ¢ aya-1
I'(«) <

we get

a (ln 3)2(171 —b

(20 — 1)I2 (a)
(b—a)*
- a4b4(a—1)r2 (a + 1)

(1) (a)|” +

b 2a—1 )
1- () ] 0B

2
“HL2(a,b) :

I DG

Then,
b2 b—a(lnl)* . 2
[1 - <ln E> ] [ 20— D12 () |(71} %) (a)]

(b _ a)2a
atb @112 (q + 1)

+ 1" Dgs

“HL2(a,b) ’

)2a

From (29]) we deduce that (ln% < 1, then

b—a (111 2)2(%1

1- (In g)m“] (20 — )2 (a)
(b —a)*@
ab =12 (a + 1) [1 — (In 3)20‘71]

2

[ull?2 s < { |("1,7 %) (a)]

HHD3+“HL2(a,b) )

hence

[RY -
R A

b—a(m)? ] A e - ,
- [ - (m)* | aa =1 (a) ("1, %u) (a)|

(b —a)** Il poo(a.p) |
a2 (a + 1) [1 = (n2)* 7]

s,

2
“HL2(a,b) ’
a
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then
Alu,u) = pma(ng) ) M (1) ()]
W Ty e D)
1 (b—a)” HAHLOO(Q b) g 9
Ty~ : Diiu||7z2,
b gBpAa=DI2 (o + 1) [1—(1ng)2a*1} 17D w12 ay
>

2
M HUHHWL;’;;P(G,{,) )

' p\ 201 b 201 b—a (ln 9)20*1
Since ( In — <—wegetb—alln— > 0, o5 > 0.
2 a 1=

(0 — a)® [IAll oo (a,p)
_ py2a—1
a’be=31? (a4 1) [1 — (In¢) }

From (B0) we deduce that 1 —

> 0, then

2
A(U,U) Z M HUHHW:_’Fp(a,b)’

where

b— lg?afl A .
(52

1= (m2)™ " ) a2a— D) (a)’

1 (0= a)® Il oo (a,p)
b @b (a+1) [1- (nd)

20471}
Hence, A is coercive. So, one can apply the Lax-Milgram theorem, it follows
that the problem (PV') has a unique solution u € K. O

Remark 3. In the same conditions to f and A we can prove the existence

and uniqueness from the following problem

iy [ DR (1D0) () + Medule) = £ (0), in 0,0),
(Hfizo‘u) (a) =0, u(b)=0.

The unique solution belongs to
K ={ve HWf;p (a,b), (Hfiiav) (a) =0, v(b) =0}.

Remark 4. Since A is symmetric, we deduce from the Lax-Milgram theo-
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rem ﬂa] that the unique solution of (P) is also the solution of minimization
problem

veK

1 b 9 b
min {5/ ((HD3+U) (z) + A(z)v? (:U)) dx — / f(x)v(:c)d:c} .
The unique solution of (P’) is also the solution of minimization problem

min {% /ab (("Dgv)” (@) + A@)e? (2) ) dar /abf(a:)v(:n)d:c} .
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