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Abstract

This paper is devoted to the study of linear nonlocal problems Dirichlet condition
and Neumann condition modeling integration condition a second class of a class of linear
reaction-diffusion equations. We show the existence and uniqueness of weak solutions to
problems Fadeo-Galarkin method developed to circumvent the resulting complexities due
to the existence of integration conditions. We also seek numerical solutions using finite

difference techniques.

1. Introduction

Nonlinear diffusion equations, an important class of parabolic equations,
which have come from a variety of diffusion phenomena appearing widely in
nature. Complexity of nonlinear evolution equations and challenges in their
theoretical study have attracted a lot of interest from many mathematicians

and scientists in nonlinear sciences ﬂﬁ]

Many natural phenomena can be modeled by partial differential equa-

tions with non-local conditions. However, many phenomena can better be
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described by integral conditions, which are of growing interest. A lot of mod-
ern physics and technology problems are stated using non-local and integral

conditions for partial differential equations E], E], B], ﬂ§], @], ﬂﬂ], ﬂﬂ],

ﬂﬂ] and ﬂa] The first type is given by

/ k(2. u(w, t)dz = (1),
Q

where t € (0,7), Q C R™ and £k is a given function, or the second type,
where the Dirichlet or Neumann condition modelling by integral condition,

for example
w(z,t)] o = /k:(m,t)u(x,t)dw,

can be used when it is impossible to directly measure the sought quantity

on the border, but its total value or its average is known.

The study of problems of evolution equations with different boundary
conditions types (classical and non-classical condition) has been solved by
many powerful and different methods in nonlinear analysis, i.e., fixed-point

theorem, semi-group method, Galerkin @] and energy inequality method
10 e, 1), (1) ana (15

Motivated by this, we study parabolic equation with a classical Dirichlet
condition and an integral condition of second type which is more general than
any integral condition. We show the existence and uniqueness of the weak

solution for the problem by the method of Faedo-Galerkin method.

2. Position of Problem

In the rectangular area @@ =  x (0,7), and T < oco. Consider the

following linear problem:

(%—aAu—i—bu:f(x,t) V(x,t) € Q
u(x,0) = p(x) Vo e (0,1)
u(0,t) =0 Vi e (0,7) (1)
ug(1,t) = /1 k(z,t)u(z,t)de Vte (0,T)

\ 0
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whose parabolic equation is given as follows

u:@—Au—Fbu:f(x,t), (1)
ot
with the initial condition
lu=u(z,0)=¢p(x), x€(0,1),

the Dirichlet boundary condition
u(0,t) =0, te(0,7),

and the integral condition of the second type

um(Lt)::jélk(x,ﬂu(qgt)dx, te(0,7).
We define space V by :
V={ueH (Q) tq:v(0)=0},
where the space V' provided with the norm |v|ly = [[v| g1 is a Hilbert

space.

We are now able to formulate the problem (P2) precisely to study it, we

will need the following hypothesis :

" feL?(0,T; L2 ()  (H.1)
| peHY(Q) (H.2)

Definition 1. The weak solution of the problem (P;) is a function that
checks :
(i) we L* (0,T; H' (Q))NL>®(0,T; H' ().
(ii) w admits a strong derivative % € L?(0,T; L? ().
(iii) u (0) = ¢.
(iv) Identity

(ut, v)+a (g, vz) +b (u,v) = (f,v)+uz(1,t)v(l) YveV, Vte|0,T].
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3. Variational Formulation

By multiplying the equation :

2
9 _ O = f (), (2)
X

By an element v € V', by integrating it on 2 we obtain :

ou 0%u
— vdx — — vdr +b ~vdx = -vdz. 3
Qatvx a/gaxzvx—i—/ﬂuvx /vax (3)
By using the boundary conditions and using Green’s formula, () becomes
(ut, v) + @ (ug, vg) + b (u,v) = (f,0) +ux(1,t)o(1) VoeV, (4

Where (-,-) denotes the scalar product L2 (£2).

4. The Existence of Weak Solution of the Problem (P3)

The demonstration of the existence of the solution of the problem (Ps)
is based on the Faedo-Galerkin method which consists of carrying out the

following three steps :

4.1. Step 1: Construction of the approximate solutions

The space V' is separable, then there exists a sequence wi,ws, ..., Wn,

having the following properties :

w; €V, Vi,
Vm, W1, W2y ...y W are linearly independent, (5)
Vi = w1, wa, ..., wn}) is dense in V.

In particular :

m

VoeV = J(agm)m € INT, SDm:ZOkawk — ¢ when m — +00.

k=1
(6)

Faedo-Galerkin’s approximation consists in searching for any integer m > 1,
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a function
s i (2,8) = fgm (0w, (),
verifies )
U () € Vi, Viel0,T]
{((um(t))t,wk)+A(um(t),wk)+b(um(t),wk)(f(t),wk) wc:1,nz'

P,)

We have
(o () 108) = ((ﬁ:jgm (0 w) ,wk>

- @ % (1) () w)

= Zzl(wz,wk) ag;m (1), (7)
and

A (up(t),wy,) = A <Z Gim (£) wi,wk>

Bwi ow k _ 8?1}2‘

— oY gin(0)| [ G50 - S0 1) (1)

= aZgim (t) 0 %Mdm—aZgim (t) ow; (1) wk(l)

i=1 Oz i=1 Oz
= > A(wi, wg) gim (1) - (8)
i=1
Also, we have
um (0) = Z Gim (0) w; ()
i=1
= ¥m
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We obtain a system of first order nonlinear differential equations :

m

2 (i) % (a3 (%‘;m %) i () 3 g (1) (1,03

1=1 i=1
(f(t)’wk) +a Z Jim ( )
gim (0) = aim Vi=

(1) wi (1) (Fs)

i=1

We consider the vector

gm = (G1m(t); - gmm 1)), frn = ((f;w01) 5+, (f, wm))

and the matrix

ow; Ow;
By, = i j i<m Am: Za—j
m = (w0 w5))12igm ((ax ax)>1ggm

1<5<m

and

Cn= (G wm), -

1<j<m

We write the problem (P3) in the matrix form, we obtain :

{ Bmag—;n (t) + aAmgm + bBpmgm = fm + aCrgm
gm (0) = (Cim)1<i<m

As the matrix entries B, are linearly independent (because it is a diagonal
matrix) then det B, # 0, so it is invertible, then g,, is the solution of

{ 9w (t) + (aBy,' A + 0By By, — aBy' Cn) g = B fin (Py)
4

gm (0) = (aim)lgigm :

Thanks to the usual existence and uniqueness theorems used for ordinary dif-
ferential systems M, Theorem 3.1, Chapter 3], we have the matrix (aB;,' A,,+
bB,.' B, — aB,;,}Cy,) with constant coefficients and the vector B! f,, with
continuous functions and majorized by integrable fuctions on (0,7"). Then
we can conclude that there exists a ¢, depends only on |a;,| such that in
the interval [0, t,,], the nonhomogeneous problem (P;) admits a unique local
solution gy, (t) € C'[0,t,,] and g, (t) € L?[0,T]. But as the elements of the
vector B! f,, are majorized by integrable functions on (0,7, the solution
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can be extended to [0, 7.
4.2. Step 2: A priori estimate

Lemma 1. For all m € N*, if

K 1 1 2T b K
R | L ) §—H/<:Hi0>0and1—a2—>0,
3 £

the solution u,, € L*(0,T ;Vy,) of the problem (P;) checks

l

where c1,co are two positive constants independent of m.

IN

||um||L2(o,T;H1(Q)) €1
ou,

ot

IN

C2

L2(0,T;5 L*(9))

Proof. Multiply the equation of (P) by gkm(t) and we sum over k, we find

S (0, 0n) - gt +a§;<a“m G gt

k=1

+b Z (U (), wk) * G (t)
k=1

“ “ 8w
Z gkm + azgim ( — ngm ’U)k
i=1

8wi
= (f(t),um(t) + @Y gim (1) 5 b > G (H)wi(1)
i=1 k=1
Thus, we get
1d Oy, 2
LR vl IR
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By using the Cauchy inequality with e, (Jab| < % + 5;’ ), we get

2

L0 oy + 0| 2 b 2
20t " IL2() 0z || 200 mllz2()
1 € i ow; -
< —6HfH%2(Q)+§HumH%Z(g)JraZgim (t)ﬁ(l)ngm(t)wk(l), (9)
i=1 k=1

integrating from 0 to ¢, we get

1 2

2
5 lumlizai) = 5 lum (O iz +a

_%/WMWQ%+L/MMWM
Bwl
+a/ <Zg@-m( ngm wi(1 )dT
0 Ni=1

Now, we must give an estimate of the third part of right hand side of previous

ou,

t
2
% dT+bA HumHLQ(Q) dr

L*(Q)

inequality. So, we have

/Ot<§;gim( awz ngm wg(1 >d7 /()(ag;n (1,t) - u (1,t)>d7;

By using the Cauchy inequality with ; we obtain

/O<ag;n(1r)u( )>d7</ 17d7+_/

To obtain the estimate, we need the inequalities

1
u? (1,t) < 2/ u? dx + 2u?,
x

which easily followed from the equalities

1
u(l,t) :/ Uy (x,t) de 4+ u (z,t).

Also by second integral condition kind, we have

/Otuz(l,’T)u(l,T)dT
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e (1 I
5/0 u2(1,7)d7+%/0 uZ (1,7)dr
1

t 1t 1 2
< < / [2/ uldr + 2u2} dr + —/ {/ k(x,t)u(x,t) dm] dr.
2 Jo @ 2¢ Jo LJo

So, by using Holder’s inequality, we have

/N

t T
K
/ ug (Lit)u(1,t)dt < 5/ uidmdt—i—s/ u2dt+—/ u?dadt;
0 Q 0 2e Q

where the constant K = max fQ k% (x,t) dxdt. Then, we obtain

2

+ bHumH%Q(O,T; L2(9))

>l +
5 1Umllpee(o,1; £2(Q)) T @
g IO @) L2(0.T; L2())

Oz

1 2 1 2 € 2
< % 1 F N Z20.7; L2002y + 5 lomllz2(0) + B lumllZ20.7; L2002

2 aK

ou 2 2
- + ae [[um|| 20,1y + o lumllZ20.7; £2(02)) -

“+ace B

L2(0,T; L*())
integrating over {2, we get

2
Oy,

1 2
B [tml|Zoo (0,7; L2() + (@ — ag) oz

L2(0,T; L2())
e aK 2
#(b- 5 2= 50) Il e

L 1 2
< oz I Z2.r; 22y + 5 lemllze)

2
Oy,

ox

2
+ lumllz20.7: £2(0))

2
[ttml| o0 (0,75 22(02)) T ‘
L2(0,T;L%(2))

49

< ! ot (1712007 220y + oml3a(qy ) -
2¢e min {i,a(l—s) , (b—%—ae — ?)}
So, we get
2 Oum, 2 2
HUmHLoo(QT; L2(Q)) + ‘ —89L' 20T 1) + ||Um||L2(0,T; L2(Q))

< C1 (1202, 22y + NomlFaey) = e (10)
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where

1

C =
1 2emin {§,a(1—¢),(b—§—ac— %)}

Now, using the same formulation variational () and by multiplying the new

equation by g;gm(t) and we sum over k, we find

O \ 2 Oy, O () T u Au |1
m dedt m m)t . m m
/(m)x”an or ) o o |,
ou,
/ f. %_mdx
Thus
ouy, 2 a || Oum, 2 9
- — - + m
‘ 9 o T2 10w gy T2 Mm@
! aum T aum aum
= t), —— [,t) - [t
| (ro. m)*a | - e o
(9gom
—HtpmH 2 + (11)
L2(Q) ax LQ(Q)
With (), using the Cauchy inequality with e, we get
ou, 2 ou, 2
v (7) HumH 2
‘ 825 LQ(Q) 8,17 2 Q) L
t 1
= / <f(7f),aum> (/ kxtumxt)daz>-au—m(1,t)dt
0 0 ot
(9gom
Hsomll > +
L2(Q) ax LQ( )
Then we get
O |I? a || Oup, 2 b 9
- — - +_ m

< /Ot (f(t),%‘—j) —i—aHkHoo/OT </01um(x,t)dm> -8;—;”(1,15)(#
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ﬁgpm
Or

a 2
5 llomllT2) +
L2(Q)

t Oup, T O,
< /0 (10.%; )+a||ku e L
ﬁgpm
® NemlBaey + o
L2(Q) 85[7 129

IN

t B) ”
/0 <f ®). %)
0% Uy, ouy,

T 1 /0 [ S 2 ) a

&pm
Or

HsomHLz Q>+
t B) m
o)

Bzum T O,
talbl om0 220 [/ [ Gmacs [ % oo a

&pm
oz

L2()

IN

HstHLz @ +

o)
L Oy,

a0kl .7 m))[ e -y )

L2(Q)

IN

&pm

S lemliam + 5 ||

o)

L2(Q)

IN

oS I T, 42| (| S+ [ S <x,t>)2H
ol + (5 + 2) 22
12(Q)
2
< ;—5165‘—? LQ(Q)+§HinQ(Q>
ra IR e, o+ | 2 | G ;(m 2| % ;@)D
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a 2 dp
+g lomla + (5 +2) |22

L2(

Therefore, we get

G525 G- )50,
2 20 93 L2(Q)
b
+ (5 = K1) w7, 1200y

a 2 a a 2 (S 2
< S lemlza ey + (5+2) 1emalia + 5 1/ 1220)

Oy,

ot

Lo°(0,T; L2())

So, we finally get

and

&2 = s (111 2y + om)alaey + lomla@))

Hence, we have

It follows from (I0) that the solution to the initial value problem for the
system of ODE (P3) can be extended to [0,7]. This confirms what we have
demonstrated in the first step. When m — +o0 in (I2]), we obtained

Oy,

En < ¢9. (12)

L2(0,T; L())

Uy, uniformly bounded in L>(0,T; L? (9))
Uy,  uniformly bounded in L?(0,T; H' () . (13)
(um), uniformly bounded in L? (0,7 L* ()
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4.3. Step 3: Convergence and result of existence

Theorem 1. There is a function u € L*(0,T; H' (Q)) N L>(0,T; L*())

with % eL? (O,T;L2 (Q)) and a subsequence denoted by (Um, ), € (Um),, ,

such that

—u  in L*(0,T ; H' (Q))

O, O
ot ot

U,
in L2 (0,T ; I2(Q))
when m — +00.

Proof. We deduce from lemma (1.2) there are subsequences denoted by
(U ) 5 <M) of (up,) and (u,), respectively, such that

ot
Uy — U in L2(0,T; H'(Q)). (14)
Pome v in L2(0,T; L2(9)). (15)

We know that according to Relikh-Kondrachoft’s theorem that the injection
of H' (Q) into L?(Q) is compact, and like the results of Rellich’s theorem,
any weakly convergent sequence in H'(Q) has a subsequence which con-

verges strongly in L% (Q). So
Uy, —> U in L?(Q). (16)

On the other hand, from lemma (1.3) there is a subsequence of (), is

still denoted by wu,,, converges almost everywhere to u, such that
Uy, —> U almost everywhere Q. (17)

It remains to demonstrate that w = %, for that it suffices to prove :

u(t) =¢ —|—/0 w(T)dr. (18)

Um,

— in L2(0,T;L% (2)),

k

then, the proof of (I8), is equivalent to demonstrate that

Unp =9 +x  in L*0,T ;5 L*(Q)),
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which means

lim (wy,, —¢ — X,’U)LQ(O7T 12 =0, Vv € L*(0,T ; L? (Q)),

as

Using equality

t
Uy, — Prmy, = /0 8:;"”“ dr, for all t € [0,7],

T

which results from w,, € L?(0,T; Vin,) and (um, ), € L? (0,T; Vy, ) that

t
(umk —p— / w(r)dr, v)
0 L2(0,T ; L2(2))

t
= <umk — Pmy, —/ w(r)dr, U) +(80mk—90’v)L2(0,T : L2(Q))
0 L2(0,T ; L2())

b Oum, )
= —w(T) ) dr, v) +(om, —p,v) _ ,
</0 ( or L2OT s 12(Q) K L2(0,T ; L2(%))

for all t € (0,77,

by virtue of (ii) of Lemma (1.6), it comes

t
<umk — —/ w(T)dT, v>
0 L2(0,T ; L2(Q))

b Oum, >
= —w(T),v AT+ (pm, — ¢, v) . ,
/0 < or L2(0,T ; L2(2)) * L2Q.T; 13
for all t € [0,T7].

On the one hand, we have

t
lim <8umk — w(7),v> dr =0,for t € [0,77]. (19)
0 or L2(0,T ; L2(Q))

k— o0

Also, we have

lim (me — Y, U)LQ(O,T D L2(Q) = 0. (20)

k—>o00
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So we get
lm  (up, — ¢ — X’U)L2(O,T 2 =0, Ve L? (0, T;L* ().

k—o00

Theorem 2. The function u of the theorem () is the weak solution to the
problem (P3) in the sense of the definition ().

Proof. From the theorem(l]), we have shown that the limit function u
satisfies the first two conditions of the definition ().

Now we will demonstrate (iii). According to the theorem (I, we have
U, (0) = u (0) in L2(€).
On the other hand, we have

Uy, (O) — ¢ in L2(Q),
SO

Um, (0) — ¢ in L*(Q).
From the uniqueness of the limit, we get
u (0) = .
Still to demonstrate (iv) :
(ug,v) + a(u,v) +b(u,v) = (f,v) VoveV, andVte[0,T].

Integrating (P) on (0,7, we find Vk = 1,m, and Vt € [0, 7]

t

/ (Cm(®)), ) dr+ / " (1), w) dr b [ttt w1 tn
- /0 (F(wp)dr  (21)

using (I2)) and that V}, dense in V' and passing to the limit in (ZI]) , we find

T T T T
/0 (ug, wy) dT+/O a(u,wk)dT—i—b/O (u,wk)dT:/O (f,wg)dr, YVt €[0,T],

so (iv) is verified.
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Corollary 1. The uniqueness of the solution of problem (Py) comes straight
through the estimate (10) .

5. Numerical Experiments

For the numerical solution of the considered main problem we apply
the finite difference technique. First, we simplify the presentation of the
interval [0,1] in m by taking Az = L and the interval [0, 7] and by taking
At = % By uf we denote the approximation to w at the i* grid-point
and k' time step, the grid point (x;,t,) are given by : z; = iAx, i =
0,1,...,m. t, = kAt,k=0,...,m. uf = u(iAz, kAt). The notations uf are

used for approximations respectively. By using the finite difference scheme,

we obtain:
k+1 k k k k
wy T — ut ;= 2u +ul
Lt -a = Ag ik = fF vik=0,....m
x
alAt
u?“— f—A—xQ (uf_l—Quf—i—uﬁl) +bAtUY = AtfF Vik=0,...,m
by putting
_ aAt
Az?
we get

ul ™ = (1= bAt — 2r)uf +ruf |+ ruf AL Vik=0,...,m
for the initial condition, we obtain
u?:goi Vi=0,...,m
and the boundary conditions, we find

Vk=0,...,m,

ko _
Uy =

0
1

e (0,1) = / K(ai, t)u(ei, t)da
0

Ax m-!

= S [k, t)ub + R (L )k, +2 D ki te)ulf | +o(Aa)?, (22)
i=1
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k k
- Aw
bl 2 (bl + kb, + 2 § :k’“ ‘]

Az
Wk =k (Ag (kb + 2 Z o]
m—1
= <1 + (A;) kzk>u + (Az)? Z Kk,

i=1
So, we obtain

fort=0:
§+1—rulf+Atff Vk=0,...,m

fori e {0,...,m—1}:

ul ™ = (1 — bAt — 2r) ul + ruf_ 1—|—7“u2+1—{—Atfk VkE=0,...,m,
Vi=1,...,m—1

fori=m:

ul = (1= bAt —2r)uf, +ruf, | +ruf + ALfE

m—1

2

A
= r<1+( z) kzk>ufn—FT(A:C)QZszuf—l—(l—bAt—Qr)uer

i=1
+rug, g + Atfy,

= (r( (A;C)Q k:fn) +(1—bAt—2r) )uf,ﬂ— <7“ (Az)? kF | +r) uf

m—2
+r (Az)® Y kfuf + ALf),
=1

57
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6. Examples

To test the above algorithm described in Section 3.3 , we use two exam-

ples with known analytical solutions as follows:

% —0.002Au + 0.09u = x>

u(z,0) =z

u(0,t) =0

1
ux(l,t)z/o 2u(z, t)dx

Y (z,t) € Q
Ve (0,1)
Vte (0,T)

Vte (0,7)

for a=0.002, b=0.09 and

The second test example to be solved is

% — 0.001Au + u = sin(27x)
u (z,0) = sin(27x)
u(0,t) =0
1
uz(1,t) = / cos((t + 1)m)zu(z, t)dx
0

Y (z,t) € Q
Ve (0,1)
Vte (0,T)

Vte (0,7T).
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for a=0.001, b=1
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