Bulletin of the Institute of Mathematics
Academia Sinica (New Series)

Vol. 18 (2023), No. 1, pp. 15-39

DOI: 10.21915/BIMAS.2023102

LOCAL LINEAR ESTIMATION FOR ERGODIC DATA
UNDER RANDOM CENSORSHIP MODEL
IN HIGH DIMENSIONAL STATISTICS

RACHIDA ROUANEL® SOMIA AYAD'?,
ALI LAKSACI2¢ AND SAADIA RAHMANT!4

lLaboratory of Stochastic Models, Statistic and Applications, Dr. Taher Moulay University of Saida,
20000 Saida, Algeria.

“¢E-mail: rachdia.rouane@univ-saida.dz

YE-mail: [somia.ayad@univ-saida.dz

4E-mail: [saadia.rahmani@gmail.com| and lsaadia.rahmani@univ-saida.dz

2Department of Mathematics, College of Science, King Khalid University, Abha, 61413, Saudi Arabia.
“E-mail: [alilak@yahoo.fr

Abstract

This paper addresses the problem of estimating the conditional density function of
a randomly censored scalar response variable given a functional random variable. Fur-
thermore, we suppose that the data are sampled from stationary ergodic process. We
introduce a local linear type estimator of the conditional density function. Under less re-
strictive assumptions closely related to the concentration of the probability of small balls
of the underlying covariate we state the almost complete convergence with explicit rates
as well as the asymptotic normality of the constructed estimator. As a direct application,

the same properties are established for the conditional mode function.

1. Introduction and Motivations

Let (X;,Y;)i=1,..n be a sequence of stationary and ergodic functional
random samples identically distribution as the process (X,Y’), where the
covariate X takes its values in a semi-metric space F equipped with a semi-
metric d and the response Y takes its values in R. For a fixed x € F and
if the probability distribution of Y given X is absolutely continuous with
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respect to the Lebesgue measure, under a differentiability assumption on the
conditional cumulative distribution function F}¥ (z,.), we denote ff(z,y)
the value of the corresponding conditional density function at (z,y) which
can be written as:

forally € R, f5(x,y) = %Fg(x,y)
In this work, we study the problem of the local linear estimation of the
conditional density of ¥ given X = x when the response variable (Y;)i<i<n
is a sequence representing the survival time which has a common unknown
continuous distribution function L, (Vt € R, L(t) = P(Y <1t)).
In the censoring case, instead of observing the lifetimes Y, we observe the
censored lifetimes of items under study, denoted by C. More precisely, let
(Ci)1<i<n be a sequence of i.i.d. censoring random variables with a common
unknown continuous distribution function G, (Vt € R, G(t) = P(C < t)).
Thus, in contrast to the complete data, censored model involves the triplets
(X5, Ti,0i)1<i<n of ii.d. observations, with T; = min(Y;,C;) and 6; =
L¢y;<c;y, where

5 1, if Y; is observed (T; =Y;),
’ 0, ifY; is censored (7; = Cj), we observe incomplete data.

The aim of this paper is to add some new results to the local linear esti-
mation of the conditional density function for right-censored and stationary
ergodic data. As far as we know, this problem has not been studied in
the literature before and the results obtained here are believed to be novel.
Moreover, our motivation for studying this type of estimator is due to its
easy implementation compared to other local linear estimators introduced

in the literature as well as its interest in some practical applications.

Recall that the framework of the local polynomial fitting was introduced
for the first time by Stone @] and developed and illustrated substantially via
a variety of examples in Cleveland and Devlin [11]. However, vast efforts have
been devoted to this method in the monograph of Fan and Gijbels ﬂﬁ] Their
interest was on methodologies rather than on theory, with a particular focus

on applications of nonparametric techniques to various statistical problems.
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In the last decade, many statistical researchers preferred to use the ker-
nel method for studying nonparametric functional data due to its easiness
of implementation. We can refer to the pioneer work of Ferraty and Vieu

|, in which they asked their famous question “How can the local poly-
nomial ideas be adapted to infinite dimensional settings?” The problem has
received special attention in the literature by several scenarios. Firstly and
exactly in 2009, Baillo and Grané B] constructed a local linear estimator for
the regression operator in the case where the covariate takes its values in a
Hilbert space. One year later, that question has been responded by the same
authors who asked it in collaboration with Barrientos-Marin [4]. They have
introduced an estimator of the regression function considering the case of
a polynomial of order one called local linear approach which is flexible and
more general than the kernel method. They studied the almost complete
convergence with a rate of the proposed estimator. The case of the condi-
tional distribution function was addressed by Demongeot et al. ﬂﬁ] In this
work, the authors studied the almost complete convergence as well as the
mean square error with rates of the constructed estimator in the i.i.d case.
Recently Bouanani et al. ﬂa] and H] established the asymptotic normality
of several conditional models in the both cases: a—mixing and indepen-
dent. Other local linear estimation procedures have also been developed for
functional data. For instance, Berlinet et al. B] introduced another local
linear estimator, but their method is restricted because they considered that
the explanatory variable belongs in a Hilbert space. In the case when the
data are observed as ergodic functional times series, Ayad et al. established
the pointwise almost complete consistency of local linear estimators of the

conditional density function the conditional mode.

In all the papers which we mentioned, the results have been established
in the case when the data are functional with complete observed response.
In the local constant approach when the data are functional but incomplete
observed such as missing at random or censored, Khardani et al. @] studied
the almost sure and asymptotic normality of the kernel estimate of the con-
ditional mode when the data are censored and independent. However, in the
dependent case, Horrigue and Ould Said @] established the uniform strong
consistency with rates of a kernel conditional quantile estimator. The asymp-
totic normality of the previous estimator was studied by the same authors in
@] Ling et al. @] constructed a kernel estimator of the regression operator
for functional stationary ergodic data with the fact that the responses are
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missing at random and they established the convergence in probability with
rate and the asymptotic normality of the constructed estimator. The case
when the response variable is a subject of left-truncation by another ran-
dom variable was studied by Derrar et al. ﬂﬁ] Recently, Fetitah et al. ﬂﬁ]
established asymptotic properties of a kernel estimator of the relative error
regression for randomly censored data. Concerning the local linear approach
for incomplete data, there are few results such as Chahad et al. [9]. We can
refer, also, to the recent paper of Rahmani et al. M] It should be noted
that, to the best of our knowledge, no asymptotic results have been avail-
able in the literature for local linear conditional density fitting neither in
the special framework considered in this paper nor for the general case of
polynomial fitting for functional covariate when the data are randomly cen-
sored and assumed to be sampled from a stationary and ergodic process.
Moreover, as will become clear from the following sections, establishing the
almost complete convergence for the functional local linear fitting estimators
is technically more involved than for the classical kernel method.

This paper is aimed at constructing a new local linear estimator of the
conditional density function and establishing its asymptotic properties. The
latter extend previous results established by Ayad et al. [1] to the censored

case.

This paper is organized as follows. Section 2 introduces the construction
of our local linear estimator. The precise goals will be stated in Section 3
after we introduce some notations and hypotheses which are needed to obtain
our main results. An application of the conditional mode function is stated
in the same section. Finally, the detailed proofs of our theoretical results
and all technical lemmas needed are gathered in the Appendix.

2. Local Linear Estimator Construction

Our approach is based on the functional local-linear smoother; see, for
instance, Barrientos-Marin M] Let p(-,-) and d(-,-) be known bi-functional
operators defined from F? into R, where 6(-,-) is lay with the topological
structure of the functional space F, that means |0(z,z)| = d(z,z2); and p
controls the local shape of our model. K and J are kernels, where the
first one is a density function and the second one is a distribution function.
hx = hgr (vesp. hy = hjy) is a sequence of positive real numbers called the
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smoothing parameter. In addition, we denote G(-) (resp. L(+)) the survival
function of the censoring variable C' (resp. the real random variable Y )
defined by: G(t) =1 — G(t) (vesp. L(t) = 1 — L(t)), Vt € R.

A local-linear estimator of the conditional density function is given by fz(y)
= @, where

n 2

~ B . d; - _
(@) =argmin | Y o0 =) == B0 ) K (08, X)),

1=

Furthermore, let 77, = sup{y, L(y) < 1} (resp.7¢ =sup{y,G(y) < 1}) is
the upper endpoint of L ( resp. G).
We assume that (C;)1<i<n and (X;,Y;)1<i<p are independent. The “pseudo”
estimator of f*(y) is defined by:

> ;G T K
7j=1

T j Fi(y
o) = . 78 1)
h, Y T,K; 0¥
j=1

where

~ 1 oo

Ty =— N SLGUTHT K I for 1=0,1,

1) B (D) (TEs Ty or
with

L= piKi— <Z PiKi> P>
1=1 =1

where

X _y
o= p(Xsy o) Ko — i (D@D (v T
hK hJ

with the convention 0/0 := 0.

Since G is unknown in practice, it is not possible to use the estimator
(). Thus, in order to obtain the following explicit formula of our local linear

estimator, we use the Kaplan Meier ﬂﬂ] estimator of G given by:

n 1— 6805 \ Lz <vr
. I1 (1 . 7“)) Ty < Ty,
0 otherwise



20 R. ROUANE, S. AYAD, A. LAKSACI AND S. RAHMANI [March

where T(1) < T{9) < -+ <T{y) are order statistics of T; and J(;) is concomi-
tant with T(j)

Thus a feasible estimator of f*(y) is given by

i%éﬁl(Tj)DKij _
Foly) == — fin®) )
- e
h, S DK
j; VR

where

T _ 1 - 1 m. KT,
fl,n (y) = nhE (T15K7) ;5JGn (TJ)P]KJJJ'

Moreover, we assume that there exists a certain compact set Cg C R, such
that f*(y) is unimodal and its conditional unique mode is denoted by O(x)

on Cr. A natural and usual estimator of O(z) is defined by:

-~

8(x) = arg sup 7 (y).
yeCr

3. Asymptotic Theory

3.1. Pointwise almost complete convergence

The main aim of this section is to establish the pointwise almost com-
plete convergence of the estimator fz(y) under some mild regularity condi-
tions. Note that we only give the main results; detailed proofs can be found

in the appendix.

Throughout this paper, when no confusion is possible, we will denote
by C and C’ some strictly positive generic constants and we fix a point x in
F, (respectively, a compact Cg C R) and N, denotes a fixed neighborhood
of this point. Moreover, for i = 1,...,n, let §; be the o-field generated by
((X1,Y1),...,(X;,Y;)), and G; the one generated by ((X1,Y1),..., (X, ),
Xit1).

We assume that O(z) € Cr C (—o0, 7| where 7 < 7¢ A 7, and ¢, (r1,12)
=P(ry < §(X,z) <) is the small ball probability function.
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To state our results we need the following hypotheses:

(H.1) We suppose that the strictly stationary ergodic process (X;,Y;)ien«
satisfies:
(i) For all » > 0, ¢4(r) = P(X € B(z,r)) > 0, where B(z,7) =
{2’ € F/I6(2',x)| <r}.
(ii) For all ¢ = 1,...,n there exists a deterministic function ¢; ,(-)
such that
0 <P(X; € B(x,r)[Fiz1) < ¢ig(r), Vr >0,
n

(iii) For any r > 0, m Z Gi (1) 21 and ne.(r) — oo asr — 0.
i=1

(iv) C and (X,Y) are independent and the first derivative of the

survival distribution function G is bounded.

(H2) (1) 3by>0and by >0, Vo' € Ny and Vy' € Cr :
7 = 17 @) < € (186, )+ ly = /1)

(ii) f*(-) is a bounded function, twice differentiable and its sec-
ond derivative f*)(-) is continuous on a neighborhood of ©(z),
fFW(O(x)) = 0 and f*2(O(z)) < 0.

(i)

[ sl < .

(H.3) The function p satisfies the following condition:
VweF, Clo(z,w)| <|p(z,w)| < (x,w)].
(H.4) (i) K is a nonnegative bounded kernel supported on [—1, 1].
(ii) J is a positive kernel, bounded and Lipschitzian continuous func-

tion, such that:

/|v|b2J(v)dv < oo and /JQ(v)dv < 00.

-Y: Y
(i) E (J(572)I05-1) = E (J(5)IX;)
(H.5) The bandwidths hx and h; satisfy:

lim hg =0, lim n*h) = ocowithy =1,2, anda > 1,
n—o0 n—o0
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©s (hi)logn o
Lo TIOET 0, where o, (hic) = Y dia(h

and
hK/ p(u,x)dP(u)zo(/ p? (u,m)dP(u)),
B(z,hk) B(z,hg)

where dP(x) is cumulative distribution of X.
Remarks on the hypotheses

Firstly, hypotheses (H.1)(i-iii) are the same (H.1) in @], whereas, as-
sumption (H.1)(iv) is very standard in nonparametric censoring estimation.
Indeed, the independence between C' and (X,Y") allows us to deduce that
P(Y <C|(X,Y)) =P(Y < C|Y). Hypotheses (H.2) and (H.3) are mild reg-
ularity hypotheses on the conditional density function. Finally, conditions
(H.4) and (H.5) are technical assumptions for the brevity of proofs.

Theorem 1. Under the assumptions (H.1), (H.2) (i), (H.3)—-(H.5), we have

Tx x _ by bo Px (hK) log n
;élcl];lf ()= f (y)I—O(hK>+O(hJ>+O< W) a.co.

Proof of Theorem [l In order to prove Theorem [, we introduce the
following decomposition:

Frw) =) =T @) = f* ) + () = 1" (). (3)
Next, for a sake of simplicity the following notation is needed:

= 1 n _
=—— N E(8GYTH KT F-1 ), ith 1=0,1.
fr W) nh{;E(F1K1) j=1 <] (T)T5 57318, 1) wi

Then, we can write:
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Thus, the proof of Theorem [ is a direct consequence of Lemma 1 of
Louani and Laib @], Lemmas 3 and 5 of Ayad et al. and the following
auxiliary results which play a main role and for which proofs are given in

the appendix.

Lemma 1. Assume that (H.1), (H.2)(i), (H.3) and (H.4) are satisfied. Then,

we have
sup <%—i; —f* (y)) =0 (h;’é) +0 (hf’f) .

yeCr
Lemma 2. Under the assumptions (H.1), (H.3)—(H.5), we have

~ =T z h logn
fg (y) - fO (y) :Oa.co < %) ) (5)
and
i =z B oz (hi)logn
ysél(i <f1 (y) — f1 (y))‘ =0q.co < m> . (6)

Lemma 3. Under the conditions (H.1), (H.2)(i), (H.3)-(H.5), we have

P2 () = J* )] = Ovo (w/ W%) .

3.1.1. Application to conditional mode

sup
yeCr

In addition to the assumptions introduced along the previous section, we
need the following conditions to establish the consistency of the conditional

mode estimator:

(H.6) There exists O(z) € Cg, such that f*(y) < f*(O(z)), for all y #
@(.%'), Y € CR.

Theorem 2. Assume that (H.1)—(H.6) hold, we have

1O(z) — O(z)| = O(h;%) +O(h3?2> +0 ((%)Z> ,  a.co.

Proof of Theorem [2. Before starting the proof of this last theorem, the

following lemma is necessary:
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Lemma 4.
lim [O(z) — O(z)| = 0. a.co.

n— o0

Proof. Since f*(-) is uniformly continuous on Cg, it is easy to see that (H.6)
implies that:

Ve>0,3n(e) >0,[f"(y) — f7(O)] <nle) = ly —O(z)| <e.
Which implies that:

ve>0,317(e) >0, P (|0(2) - 0(@) | >2) <P (|f*(B (@)~ /()| >n(e) ) -
(7)

Then, by a simple algebra, we get

/¥ (B(@)) = f*(O )| < 2 sup |[f*(y) - [ (y)l. (8)

yeCr

Finally, the almost complete convergence of O(z) to ©(z) can be deduced
from the latter together with (@) and Theorem [l O

Next, since f#)(0(z)) = f#)(6(x)) = 0 and by a Taylor expansion of
the function f*, we have:

Fr@() = ;O + 52O (@) (6@ ~0@) . )
where ©*(z) is between ©(x) and ©(z). So, by using (H.2)(ii), we obtain
Je>0, i[@ (|f’”(2)(@*(az))| < c) < . (10)
n=1
Therefore, by combining the statements (&), (@) and (I0) we obtain:

O(2) - O@)P =0 sup [ (v) = 1 (1)), aco

teCpr

Thus, the proof of Theorem 2 can be deduced from Theorem [II
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3.2. Convergence in distribution

The following deals with the asymptotic distribution of f“” (y). For this,
we need the following hypotheses:

(A.1) The hypothesis (H.1) holds and there exists a function ¥, (+) such that:
_ Ga(—hi, thi)
vte|-1,1], lim ——————=
e P 95
(A.2) The hypothesis (H.2) holds and for all (z1,x2,y1,92) € Ny X N %
C]R X CR:
(i)

— W, (1).

[ FxR—R, lim " (y) = f*2(y),

lp(z1,22)[—0
and

lim  f%(y1) = f*(y2).

|y1—y2|—0

(A.3) The hypothesis (H.3) holds and

sup |p(u,z) — o(z,u)| = o(r).
ueB(x,r)
(A.4) The hypothesis (H.4) holds and the first derivative K’ of the kernel K

satisfies:

K*(1) - /1 (K?(u))' Wy (u)du > 0.
-1

(A.5) The hypothesis (H.5) holds and  lim (n — DERL p(h) = 0, for k =
1,2 and [ = 4,5.

In addition, for technical reasons, we need to introduce the following quantity

which will appear in the computation of E(K: { )

1
M; = Ki(1) — / (K7 (w))' Wy (u)du where j = 1,2.
—1
Theorem 3. Under Assumptions (A.1)-(A.5) and if the smoothing param-
eters hx and hy satisfy (nhyo (hi))/? <h1;é + h?f) —0 as n— oo, We
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have,
(mhs6s (i) (77 () = 17 () 2> N (0,05 (@,9)) a5 n—> +oc

where

M, f*(y) /
2 2 2
o ,Y) = —5 =~ [ J(t)dt 11
and 3 denotes the convergence in distribution, N (-,-) the normal distribu-

tion.

Remark 1. The most interesting special case of this result is obtained by
letting G(-) = 1 (without censorship data), which has been established by
Ayad et al. H]

Proof of Theorem [3l. Consider the following decomposition

~

Fw) - 1w = (o -7 o)+ (7w -1 o)
=Dip+ Doy

First, by Lemma [3] the term D;, converges almost surely to zero when n

goes to infinity, where Dy, = Og.. (\/log log n/n> = 04.5.(1). Furthermore,
consider that
Cn(z,y) + Bn(z,y)

Dn:An ) + =
2im = Anl,) Ta )

)

et

4

where A, (x,y) = }08) -7 (y), Culz,y) =A(z,y) <?§ (y) — J?(:)B (y))

and Ba(z,y) = (F () = 1 ) = 17 ) (F ) = Fo ).

The quantity A, (x,y) converges almost surely to zero when n goes to
infinity, using Lemma [l Then, according to the first part of Lemma 2] ,
C,, converges almost surely to zero when n goes to infinity. Moreover, the

asymptotic normality is given by the proof the following lemmas. O

Lemma 5. Under the assumptions of Theorem Bl, we have

(nhjd)z(hK))lﬂBn(x,y) 2, N (0,037K(x,y)) ,  asmn — oo.



2023] LOCAL LINEAR ESTIMATION FOR ERGODIC DATA 27

Lemma 6. Under the assumptions (H.1), (H.3), (H.4)(i) and (H.5), we have
fo (y) =1 =0p(1).

3.2.1. Application to conditional mode

Theorem 4. Under Assumptions (A.1)—(A.5) and if the smoothing param-
eters hy and hy satisfy (nh3¢, (hi))/? (hbl hbf) —0 as n— oo, we

have,
(nh% ¢, (hi))'/? <@(CE) — @(:c)) Ny Y (0,0% (z,0(x))), as n— 400

where

o2 (z,0(z)) = Mof*(O(z)) Jo)da 12
1 Aﬁé@@»@%@@MQA( )

and B denotes the convergence in distribution, N (-,-) the normal distribu-

tion.

Proof of Theorem ML Based on the Taylor expansion of f’x() in the
neighborhood of O(z) and since f’x(@)(:v)) = 0, we have
(nh5 s (hi) 2" (O(x))

nh3 ¢y (hie))? (6(x) — O(2)) = — = :
(k6. (hic))/? (B(x) - O(@)) Fe(or )

where ©*(x) is between ©(z) and (:)(x)

The proof of the statement below is analogous to that of Theorem
(b3 (b)) 2P (O(x)) D5 N (0,62 (1,0(2)), as  m—s 4o

. M. O(x 2
with of (z,0(x)) = MQQfG(e((x) Jz < ) dt.
Then, where ["*(0(z)) — f"*(©(z)) as n —s +oo, and the fact

that ©*(x) is lying between ©(x) and ©*(z), which gives

F2(0*(x)) — f"*(O(z)), as n — +oo.
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4. Appendix

4.1. Proof of Lemma [l Firstly, remind that

fo(y) fo()

(H.4)(iii) combined with the property of the conditional expectation with
respect to the o-fields G;_1 and Y; with the fact that

Ly, <o (T)) = Lyy, <o,y ¥(Y;), we obtain

1 " _
fily) = WZE(@G NTH)TK;J135-1)

1
= WZE (0 KGE (8,67 (T3) 51051, ;) 85-1)

1 _7
_ W;E@Kp (T )JE(]I{Y<C}] " ]> 13, 1)

1 n
B m;E(FJKij’gj—l) (13)

Furthermore, a double conditioning with respect to G;_1 leads to

Fiw) = Fo ) £ )
1
- (155G B [J51X5] = b £ ()] 185-1).
nhﬂE(rlKl)fo()Z R

Then, using an integration by parts followed by a change of variable, permits
to get

E(J;|X;) = hy /R J () £ (y — hyu) du, (14)

thus, we have

E[J51X,] - hyf* ()] < hy /R T (@) |7 (y — hyu) — 17 ()] d.
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Using (H.2)(i) permits us to find:
Uit () E 1) = bt ()] < by [ () (482 + Iyl 1) du
R

Hence, by assumption (H.4) (ii) and Lemma 6 of H], we can obtain

=r

Fr ) =Fo ) £ ()= (O <h?é) +0 <hbf)> X m gE(TjKJ\&—l)

—o (np)+o (). O

4.2. Proof of Lemma [2l For all [ = 0,1, we have

) = fi (y)
1 o N
:W;%G T3 KT () — B (816 (T))T5 KL (9) 151

:nhl E (' K ZL ),

where Lj(x,y) is a triangular array of martingale differences according to

the o-fields (;-1); -

Similar to the proof of Lemma 2 of H] and under (H.1), (H.3) and (H.4),

we can write
E (L. 0)l§j-1) < 20 Wy (hi).

Then, we apply the exponential inequality of Lemma 1 in @] (with d? =

C'n®hlhi.¢; . (hic) to obtain for € > 0:

vz (hK) logn)

P (!fi” W) = fi (W] >e n?hY¢2 (hi)

. vz (hi)logn
<P <]Lj(m,y)] > nehjE (T'1 Kq) W
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2721 2 opx (hi)logn
n*hy (E(I'K,)) e* e
J
n2h'¢2 (hi)

x hK)logn
2( D, + CnhlE (T, K ¢z (hi) logn
( ORI n2h§¢§<hx>>

<2exp{ —

Then, using Lemma 5(iii) of ﬂ] leads:

~ - « (hi)logn o2
P(!fl W)= fir )| > W)S%C .

Therefore, by using Borel-Cantelli’s Lemma and by choosing ¢ large enough,

we find:

n2hl 2 (hi)

Finally, the proof of the first part of Lemma [2 can be deduced by replacing
[ by 0 in Equation (I3]).

£ W) = Fi (1) = Ouo ( w) : (15)

dn
Now, if we use the compactness of Cr, we can write Cr C U Ck, where
k=1

Cr = (yr — ln, Y + 1), withl,, = n 17 andl,d, = O(1).

Thus, we obtain

sup |77 () — F1 ()| < sup | FF (y) — F7 (2) |+ sup |fF (2) = F1 (2)|

yeCr yeCr yeCr
©1 ¢
~r ~r
+ sup |fy (2) = f1 (¥) |-
yeCr

C3

For the term %), by using assumptions (H.4)(ii) and (H.5), we obtain:

%1 < sup
yeCr

1 noo_
TR 2 0 0~

Cly — 2| 1 N
< su ‘ G T: F-I{-‘ ,
yeCIu)g hy thE(FlKl)jzl (T5)I'; K;
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< 2 ‘f 0 (y)\
J

Next, using Lemma 3 of H] allows to have:

—Q

Since [,, = n~'~ and by using the first part of (H.5), we obtain:

b _ [ #alhi)logn
h? n2hyp2(hg) |-
So, for n large enough, we have

I
Cgl - Oa.CO ( P (hK) Ogn) .

n2h ;¢ (hi)

Similarly, for €3, by using Formula (I3]) we obtain:

[
C3 < Ch—2|f0 ()l
J

Therefore, by using Lemma 6 of H], we get:

l
Cr < C—=.
h

Using similar arguments as %7, we can obtain for n large enough:

B ©r (hi)logn
ng — Oa.ca ( n2h‘]7¢% (hK) .

31

(17)

Concerning %, by using (I5) for [ = 1, we get for g9 > 0 and for all z € C:

N — 2 (hi)1 ) _Cye?
P(Iﬁ (2) = F1(2)| > 0 %) < OO
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Therefore, we have

P (sup Fr =) =11 @) > e M)

yeCn n2h¢2(hx)

éP(né%xW(z)—ﬁ(z)mO M)

. o z (hi)log

S C/n*C1€g+1+a‘

By choosing &g such that Coe% = 2+ 2a, we find

N = vz (hi)logn ;1
P | su T (z) — z)| > 2| < (O'nT
(yECI;‘fl ( ) fl( )’ n thJ¢%(hK) =

Then, by Borel-Cantelli’s Lemma, we get

B vz (hi)logn
(52 - Oa.co < W) . (18)

Finally, the second part of LemmaPlcan be deduced directly from the results

(I6), (0 and ([I8). O

4.3. Proof of Lemma Bl From the explicit formulas () and ([2)) and by
using Lemma [2] we have

sup | () = 7 v)
= mz‘”“ (é = >‘é<1Tj>>
sup |Gn(y) — G(y)]
< VECs Gn(T) o (1F1K1 Za T, K, ;G (T))
S;lg’ |Gnly) = Gy)|
= e f(w,y)‘
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Since G(7) > 0, in conjunction with the strong law of large numbers and
the law of the iterated logarithm on the censoring law (see formula (4.28) in
Deheuvels and Einmahl [14], 2000), the result is an immediate consequence
of Lemmas [T and 2 O

4.4. Proof of Lemma [Bl. It is easily seen that, for all j =1,...,n,
(nhu(hi)"? Bu(w,y) = fj@-, (19)
j=1
where §; =n; —E (n; | §-1), with
o= ()" ) s

The summands in ([I9) form a triangular array of stationary martin-

gale differences with respect to o-field §;_1. The asymptotic normality of
B, (z,y) is assembled by applying the central limit theorem for discrete-
time arrays of real-valued martingales. Nevertheless, the establishing of the

following statements is a must :

() SSE[€2]55-1] — o3 x(z,y),

Jj=1

(ii) nE [gfnugjbeﬂ = 0(1) holds for any € > 0 (Lindeberg’s condition).

Proof of part (i).

ZE(£]2|SJ*1) = Z 77]|%J 1 Z 77]|13:l 1
=1

j=1 =1

By always using a double conditioning with respect to G;_; and Lemma
5 of of [1], we obtain

> En; | 35-1]
j=1

- (" )>1/2E<riK1>E (5 (e s ) 150)
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1/2 1
< nh, > (FlKl)E(FjKJ (Jj = hsf*(y)) | §j-1)
1

i () )

C (nhyos (hi))"/? <hb1 + hb2>

Thus, by using (H1) (iii), we find

i (E (85-1) >2 = Oa.co<th¢aC (hx) <h§; + hf’,?)Z),

j=1

Therefore, the statement of (i) follows then if we show that

lim ZE (72 1 §j=1] — 0% k(. p). (20)

n—oo

Observe that

Y En] 1351
=1
(b)) 22 ( 0 R ’
_<thE(p1K1 >ZE[FK< G(T ) Jf()) |3]1]
(
E(

7j=1

s o) e e (i) 1) 18]

~(

Using the definition of the conditional variance, one gets

Jj=1

5 2
E (TémJj—th”ﬁ(yO | Xj1

= Var{GfJTJ)J | X; } {E (%%)Jj |X@-> - i"uf’”(y)}2 = Ln1+ Lna.

For the second term, using the same argument as those used in the proof of

Lemma [I], we verified that it’s negligible .

For the first term, we have

P P IT O ES
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By applying the change of variables and using a Taylor expansion of order
one of G(-), leads to the existence of some y* is between y and y — th; such
that:

i)

-2 g (M) 19 1]

2w’ (52) 1%
/G ( JZ> #5i(2)de.

hJJ2
—thy)dt
/G _th Xi(y — thy)

SOy tho)dt g [ 12O ) thg)atofh)
W &) ’

:Bl +B2a

Under assumption (H.1)(iv) and (H.2)(iii), we have:

2
o < C s [ 720 05 = thoyie + o)) = 0(13).

On the other hand, with integration by parts we get:

_hy
b= | Gy’ O —thidt,

— hy 2 Xj(n _ _ g hy 2 rx
- g [ PO G- m) - Frwas gL [ 0w

< Gh(Jy) (C/RJQ(t) (hl;§+ |t]72 hf’;) du—l—fz(y)/]RJQ(t)dt)
0<h*;;+hb;) + éh("z ) (v) /R J2(t)dt.

Similarly, the second term of 21]is treated directly by evaluating its square

root that is negligible,

“{aop” 1) = () 1}
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:O<h’;§+hbj> +th$(y)/RJ(t)dt
—0 <hl}§ +hbj> + R ().

By Lemma (A.2) (iii) of E], we obtain

lim <M> S E[T2K2L,1 | §j-1]

n=o0 \nhyE (I K1)* ) =
_ gy [ 2 _ o) \S gk s
B G(y)f (y)/RJ (t)de x <thE (F1K1)2> ;E [FJKJ | 3]—1]
My 7 (y) Jg J2(t)dt
ME o Gy
= U?],K(x7y)'

Proof of part (ii). The Lindeberg’s condition results from Corollary 9.5.2
in Chow and Teicher (1998) which implies that

nE |1, | < ANE [ L o)

Let @ > 1 and b > 1 such that 1/a+1/b = 1. Through Hélder’s and Markov’s
2a
E| |a/b. Taking Cy a

nj
S e
:| 2+§>

¢z (hi) ErofR g 2+¢ x ()N 124s
<a(%52) EmeR T R [ - P )

inequalities, we write, for all e > 0 E [77]2‘11[|nj|>e /2}]

positive constant and 2a = 2 4 ¢, we get that
2
4nkE [nj 11[|m|>s/2}]

%(hK))(QH)/z n [ .
§C°< nhy ) E@EDE L

0.

T;})Jj - thx(y)

By changing variable, we get
E[1; - ha ) | X;]
—Cohy [ () £y~ hyw)du + 131 ()P
R

<uhs ([ T 0~ howhdo -+ B )P)
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which implies that

. (h (2+¢)/2 h
el ) B )

4nE [77? ﬂ[lnj\>6/2}] =Co (TU (E (1 K0)2H
< ( /R TES () Y5y = hyw)dw + BE(F (1))
=0 (nhﬂﬁx(hk)> z

This yields the claimed result. O

4.5. Proof of Lemma

Observe that

Frw) =1= ) —fow)+Jo () —1.

11 12

Since Iy — 0 almost completely as n — oo in view of (H1) (iii), it suffices
to show that I1 = o(1) as n — co. Indeed, by using the first part of Lemma
we obtain

15 (y) — fo (y) = o(1) almost completely asn — oo,

which completes the proof of the lemma. O
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