Bulletin of the Institute of Mathematics
Academia Sinica (New Series)

Vol. 17 (2022), No. 4, pp. 439-475
DOI: 10.21915/BIMAS.2022405

SOLVABILITY AND BLOW-UP OF THE WEAK
SOLUTION FOR A SEMI-LINEAR BESSEL PROBLEM
WITH NEUMANN INTEGRAL CONDITION

DEHILIS SOFIANE!, TAKI EDDINE OUSSAEIF!?
AND CHEBANA ZAINOUBA'¢

!Department of Mathematics and Informatics, Oum El Bouaghi University, Dynamic and Control Sys-
tems Laboratory, Oum El Bouaghi, Algeria.

“E-mail: dehilissofiane@yahoo.fr]

bE-mail: takieddine.oussaeif@gmail.com|

“E-mail: chebanazainouba@yahoo.com

Abstract

Under the consideration that the non-local condition has a spatial impact to the study
of the boundary values problems, we present a study of the existence and uniqueness of
weak solution for nonlinear parabolic Bessel problem with Neumann integral conditions,
in addition to part devoted to the proof of the finite time blow up solutions. Actually, in
the case p > 1, sufficient conditions of blow up of solutions can be established by Kaplan’s

method backed by the numerical results.

1. Introduction

Since the last century, many mathematicians have been to a meeting
point for practitioners interested in real-world problems and striving to be
part of the international scientific community, breaking down the traditional
models of isolation and partial differential equations formed a fertile ground
to describe evolution, describing a variety of realities. They appear in all
branches of science, such as the vibration of solids, the flow of liquids, the

diffusion of chemicals, the propagation of heat, the structure of molecules,
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the interaction of photons and electrons, and the emission of electromag-
netic waves. Principal scientists of partial differential equations include Eu-
ler, d’Alembert, Lagrange and Laplace,.... One part of them worked on
the parabolic equations which are an important class of EDPs with different
boundary conditions, covering the different types of classical (Dirichlet, Neu-
mann, ... ), non-classical (non-local condition), linear, non-linear . ... Thus,
integral type boundary conditions can be used as a central tool to describe
the domain in cases where the quantity cannot be measured directly on the
boundary whose overall or mean value is known. We have an interest in
phenomena modeled by parabolic equations. One amongst the foremost re-
markable properties that distinguish nonlinear evolution problems from the
linear ones is that the possibility of the eventual occurrence of singularities
ranging from perfectly smooth data, more specifically, from classes of infor-
mation that a theory of existence, uniqueness, and continuous dependence
may be established for tiny time intervals, so-called well-posedness within
the small. On the other hand, we are interested in the solutions that be-
come infinite in finite time due to the cumulative effect of the nonlinearities
we call an explosion phenomenon which attracted firstly special attention
to the early developments by the Russian school. But the researchers drew
attention to the subject after the fundamental work of Fujita who proved
that the Cauchy problem with f = u” has no global positive nontrivial so-
lutions if 1 < p < 1+2/N. Motivated by this in this work we are interested
in studying the solvability and finite time blow-up for nonlinear parabolic
problems with Bessel operator with integral boundary conditions.

2. Formulation of the Nonlinear Problem

Let @ = {(z,t) eR?* 2€Q=1]0,1] and 0 < ¢ < T} . This work is de-
voted to the study of a solution wu(z,t) satisfying the following parabolic

problem:
ou a 0 ou
9% zom :Ea—x>—f(:n,t,u), v (z,t) €Q
u(z,0) = ¢ (2) Ve (0,1)
1 P
%(O,t) :/ zu(z,t)dz Vte (0,T) #)
afL’ 0
ou 1
—(1,t) = / zu(z,t)dz Vte (0,T).
633 0
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For bounded domain € of R with smooth boundary 9. Also, f,p and
the weight function ko are known functions such that ks is continuous on

[0,1], and we have the following conditions:

The function f is Lipschitzian, which means that there exists a positive

constant k such that :

”f (‘Tatvul) - f (x7t7u2)HL2(Q) < k(”ul - u2”L2(Q))7
Vuy,ug € L2 (Q). (1)

We will denote u; and u, to the partial derivative with respect to t, x

respectively, and

u=u(z,t);V(x,t) € (0,1) x (0,7).

3. Study of the Linear Problem

3.1. Position of the problem

In the domain @ = {(m,t) ER?, 0<z<land0<t< T}, consider

the following linear problem:

%_%% (x%>:f(x,t) V (2,1) € Q

u(z,0) = p(z) Ve (0,1)

ug(0,t) = /01 zu(z, t)d, Vte (0,T) (1)
\ ug(1,t) = /01 zu(z, t)de, Vte (0,7),

where the functions f, ¢ and ks are known functions, whose parabolic equa-

tion is given as follows:

ou a0 ou

With the initial condition:

u(x,0) = ¢ (x), Vze (0,1),
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And the integral conditions of the second type
1
uz(0,t) = / zu(z,t)dr, te (0,T),
0

1
ug(1,t) = /0 ka(x)u(z,t)dz, te (0,T),

[December

(2)
(3)

we divide the main linear problem to two other linear problems which are:

vt—%% <m%> =0, vV (x,t) € Q.
v (z,0) = ¢ (), Vz e (0,1).
v.(0,t) = /01 zv(z,t)dz, Vte (0,7).
vy (1,t) = /01 ka(x)v(x,t)dx, Vte (0,T).
and
wt—%({% (aza—:> = f(z,1), YV (z,t) € Q.
w (z,0) =0, Vo e (0,1).
w,(0,t) = w,(1,t) =0, Vte (0,7).

3.2. Solving the problem ()

To solve the homogeneous problem P», we use the variable separation

method:

We pose
v(x,t) = X (z)T(t).

Replacing @) in P, we get the problem:

Tx - 41x —arx” =0,
X
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For A = w? > 0, we get:

aX' X" T )
G2 Lt - 2 5
s x T 'x TT v (5)

»Find X (x) : The equality (B gives the following Sturm-Liouville problem
ar?X"(z) + 2 X(2) +w?X =0
1
X'(0) = / zX (x)dx
0
X'(1) = / x X (z)dx
0
So the solution of this problem is given by

Xn(z) = AJ + By.

»Find T'(t): According to the superposition principle, we put:

v(m, t) =Y Xn(z) - Tu(t),

n>0

which implies

v(@,0) =Y X (2)T,(0)

n>0
= p(z)
= Z On - Xp(x)de.
n>0
Then
1
on = /0 () - X (x)da,
o)
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3.4. Solvability of the problem (Ps) by the energy inequality method

wy — 2(rwe)e = f(2,1), Y (z,t) € Q,

w (z,0) =0, Ve (0,1), (Ps)
wg(0,t) = wy(1,t) =0, Vte (0,7),
where f is a known function and Va 2 0, whose parabolic equation is given
as follows :
ow a 0 ow
= == (2% = t).
Lw ot  xdz <x 8:E> f(@,1) (©6)

With the initial condition
w(z,0) =0, Vz e (0,1),

and the integral conditions of the second type

we obtain uniqueness of the solution of the problem (P3) :

Theorem 1. For any function w € C(0,T, Li/E(O, 1)), we obtain the esti-

mate :

lwllg < k[[Lwl g, (8)

where k is a positive constant independent of w, such that :

eT
k= min {1, 2a}’

where E is the Banach space with finite norm

2 2 2
||w||E = ||w||C(O7T, L?/E(OJ)) + ||wm||L2(O7T, LQﬂ(O,l))

and F is a Hilbert space with the finite norm

lwll3 = 11£ 1720 -
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Proof. We first multiply the equation (@) by the following multiplier Mw:
Mw = zw(z,t).

We get
[wt - %(:wa)m] - Muw(x,t) = f(z,t) - Mw(z,t).

Integrating both sides of this identity over @), = (0,1) x (0,7), where

T € [0,T], gives us:

Jo -

= /QT [wt - 5(:pww)w] ~zw(x, t)drdt

]|

(:wa)w] - Mw(z,t)dzdt

_ / wi(, 1) - ww(e, t)dedt — /

, Q-

= fx,t) - zw(x, t)dzdt,
Qr

(%(:pwx)x) - zw(x, t)drdt

where w,, w; indicate the partial derivative with respect to x, ¢ respectively,

such that w, = wy(x,t) and wy = wy(z, t).

Let us use an integration by parts for each term. By taking account of
the initial condition and the boundary conditions, we find :

1/:sz(:vﬂ')dzv—l—a/ rw?drdt = f - xwdzdt.
2 Ja . Q-

Thus, we apply the Cauchy inequality, and it becomes:

1 1 1
—/ zw?(z, 7)dx + a/ rwdrdt < —/ fAdadt + —/ (zw)? dadt.

Applying Gronwall’s lemma, we find :

/xw2(az,7)dw+2a/ zw?drdt < (/ f(m,t)zdxdt>efont
Q . Q
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which implies that

max /a:wQ(ac,T)da:dt+/ zw? (x,t)dxdt,
0<t<T Jq

T

eT

< m(/f(m,t)zdxdt>,
Q

Therefore, we obtain

2 2 2
HIwHC(O:p7 L?/E(OJ)) + HwI”L2(O,T, L? I(O,l)) < C Hf HLQ(Q) ’

N

where

eT

"~ min{1,2a}
finally, it follows that

|wllz < k|| F|z, where k= VC.

This completes the proof. O

Corollary 1. If for any function w € D (L), we have the following estimate:
lwllp < EIFp,

then if the solution of the problem (Ps) exists, it is unique.

3.3.1. Existence of the solution of the problem (P;) :

In this part, we shall establish the existence of solutions for the second

linear problem. Specifically, we shall prove the following items:
(1) The operator

L=(L,0):E—F

is closable.
(2) R(L) is dense in F for any w € E and for any arbitrary F = (f, ) € F.

Proposition 1. The operator L of E in F is closable.
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Proof. Let {w,} € D(L) be a sequence such that :

wy, — 0 in F,
and
Lw, — (f;0) in F. 9)

We must prove that
f=0.

The convergence of w,, towards 0 in E implies:
w, — 0 in D (Q). (10)

From the continuity of the derivation of D' (Q) in D’ (Q), the relation (IT)
implies:

Lw, — 0 in D (Q), (11)

Moreover, the convergence of £,, towards f in L?(Q) generates:
Lw, — f in D (Q). (12)

By vertue of the uniqueness of the limit in D’ (Q), we conclude from (L)
and (I2) that

f=0,

which is the result. O

Let L be the closure of L, and D(L) the domain of definition of L.

Theorem 2. If for ¥ € L*(Q) and for any w € C(0,T, Li/E(O, 1)), we have
/ Lw - ddzxdt =0, (13)
Q

then ¥ vanishes almost everywhere in Q.

Proof. The scalar product of F' is defined by:

(Lw,W)p = / Lw - wdxdt,
Q
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where W = (w,wp). The equality (I3]) can be written as follows:

ow -wdxdt —/ a9 <xa—w> ~wdxdt =0, (14)
o Ot o v 0x ox
which implies
8_10 - wdzdt :/ gﬁ <xa—w> - wdxdt, (15)
g ot o T 0 ox

where w, %—Z’ and g—‘g‘c’ el’ (@), with w satisfying the boundary conditions

([@). We put
w(z,t) = /0 z(x, T)dT = Sy2 (16)

By replacing (I6]) in (I5) we get

(\4
/ z - wdxdt = a/ é({% <m8;at:z> wdzdt. (17)
Q Q

During the establishment of the function w,and from this last equality, we

give the function w in terms of the function z as follows:
w =234z

Since z satisfies the same conditions as the function w in (), z, % el (Q),
sow € L2(Q).

Now replacing w in (I7), we obtain :

C\
/ 2z2Szdxdt = a/ RIVE E <$8\stz> dxdt.

According to integration by parts and using the boundary conditions of

Neumann, we get :

1
X
Z(3y2)?

/02(t)

=T o~ 2
da = —a/ z <a“tz> dadt < 0;
7=0 Q Oz

which gives

/ a(z,t) (Sy2)% dadt = 0.
Q
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So

(%tZ) =0.
Therefore, it becomes w = 0 in @), which gives w = 0 in ). Finally, we have
R(L)=F.

This was demonstrated. O

4. The Uniqueness of the Linear Problem

In this section we will study the uniqueness of the linear problem (P;).

Theorem 3. For any function v € D (L), we have the estimate :
lullp < R Lullp

where k is a positive constant independent of u, such that :

max{l, %}

— e2(15T—|—#T—4—5T
min {1, 2a(1 —0)} .

Proof. Assuming that a solution of the problem exists, multiplying the

equation of the problem (P;) by the following multiplicator Mu:
Mu = zu(z,t) ,

and by integrating on the domain @, = (0,1) x (0,7), where 7 € [0,T], we

obtain :
Lu - Mu(z,t)dzdt
Qr
a0, Ou
= /T [&u(aj,t) - E%(:r%)] ~zu(x, t)drdt
= 0. Owu(x,t) - zu(z, t)dzdt — a/QT %({%(az%) - zu(z, t)dxdt

= f(z,t) - zu(x, t)dzdt.
Q-
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After an integration by parts and using the boundary conditions, we find

1

1 1 1 T
—/ zu?(z, T)dx — —/ ro*(x)dx — a/ w(1,t)ug (1,t)dt
2Jo 2 Jo 0

—I-a/ xu? (x, t)dzdt :/ Vaf(z,t) - Vaou(x, t)dxdt.
. Q-

Using the Cauchy with e—inequality, we obtain

1 T
% / zu?(z, 7)dz + a/ zu?(z, t)dzdt — a/ w(1,t)uy (1,¢)dt,
0 ; 0

1 1 [t
< — xfz(a:,t)dmdt—ki/ xuzdazdt—i-—/ ro%(x)dx. (18)
2¢ Jo. 2 Jo- 2. Jo

To find our estimate, we must give an estimate for the third part of the left
hand side in the inequality (I8]). By using integral conditions (B8], ([B) and
the Cauchy with ¢ inequality, we obtain:

/ u(1,t)ug (1,t)dt < 5/ 2(1, t)dt+i/ u?(1,t)dt,
0 2 20 Jo

1 T 1
/ (Lt)dt + — (/ zu(z, t)dr)?dt,
0 20 0

0
2
é/ (1, ¢)dt + 1 T(/l zu(z, t)dz)>dt
2 Jo 2 ’ ’
<0
2

/0 1tdt+—// (Vzu(z,t))>dedt. (19)

Now, we must find the estimate of the first part of the right hand side of
(I9)). Let’s put:

Lo
u(l,t) = [ S (VEu(e )ds + Vau(a, ).
Then, using the inequality |a 4+ b|2 < 2a? + 2b%, we find:
1 o 2
(| seWrute.one + vaute.n)
1 8 2
<2 [ (rule.0)de)” + 200’
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By applying Holder’s inequality, we get

1 1
u?(1,t) < 2/ 12d§-/ ((%(\/Eu(g,t)))ztﬁ+2xu2(a:,t).

Integrating over (0,7), we find

/OT w?(1,) < Q/OT Al(%(ﬁu(:n,t)))Qdazdt + 2/OT wu?(z, t)dt.

g/ 1t<5// —umt dmdt+5/mumt

<5 Qf:c(ax(:c ) da:dt+5/ 2u?(z, 1), (20)

So

Under the previous inequalities (I9) and (20), the inequality (I8) becomes:

1 1
—/ .TU2({L’,T)CL’L’+G/ m(%)dedt,
2 0 Q"' (9
<aé x(a ) dmdt+a5/ wuldt + — zuldadt,
633 25 Q'r

1
—l—i/ :L'f2d33dt+5/ a:uzda:dt—l—l/ xo*(x)dz.
2¢ Q- 2 Qr 2 0

Integrating one more time over (0, 1), we get:

1 1
5/0 xuz(x,v-)dm—i-a/QT m(%)zdazdt,

<aé x(g )da:dt+a5/ / wuldtdr + 2 / ruldxdt,

X
+—/ a:f2dxdt+f/ :cu2d:cdt+1/ w0 (x)dz
2¢e Q- 2 Qr 2 0 '
Then, we have

1 1 2 8U 2
5/0 xu”(x, 7)dz + a(l — 0) /QT w(%) dxdt,

1 1!
< (ab+ —=+= ) / rudrdt + — / wf?drdt + / wp*(x)dz.
20 Q- 2e Q- 2 Jo
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By applying Gronwall’s lemma, we get

1
/ IL’U2(IL’,T)dIL’+/ x(@)dedt,
0 o 0

X

max {1 1 } a 1
< ) e 20T+ 4T +eT 2d dt / 2 d )
S min{l,2021 -0 (/11j ratt | xw(m)m)

T

Finally we put

oul|?

dx

ol o520 + |
L (07T,Lﬁ(9)) L2(0,T;Lf/;(9))

2 2
< R(Hf“L%O,T;Lf/E(Q)) + H90HL2(07T;L%/5(Q))

where

1
_ o max {1.2} 200+ T+eT
min {1,2a(1 —9)}

which complete the proof. O

5. Solvability of the Weak Solution of the Nonlinear Problem

Based on the last section, this section is mainly devoted to nonlinear
parabolic problem and the proof the existence and the uniqueness by using

the the linearization method :

(- %(xux)x = f(z,t,u), Y (z,t) € @Q;
u(z,0) = p (), Ve (0,1);
ug(0,t) = /1 zu(x,t)de, Vit e (0,T); (P)
0
ug(1,t) = /1 xu(z, t)dz, Vte (0,7).
0

Putting

u=1y+0,
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such that w is a solution to the following problem:

i 2 (20,0, = 0, Y (e,0) € @
0(2,0) = o (x), Va e (0,1),
0,(0,1) = /lee(x,t)da;, Wt e (0,T), (P)
6,(1,1) = /leQ(x,t)da;, Vie(0,7),

and the solution

y=u—w
satisfies the following problem
a
y(ac,O) =0, V€ (07 1) ’ (22)
Y2(0,1) = ya (1,1) =0, Vte(0,1), (23)

where
G(;C?t?y) = f($7t7y+0)'

As the function f, the function G is also Lipschitzian, so there is a positive
constant k such that:

| G (2, t,u1) — G (,t,u2) ||L2(Q)§ k (||U1 - U2||L2(0,T,H1(0,1))) . (24)

From the result of the previous section, we deduce that the problem
(Py) has a unique solution which depends continuously on the data. So it
remains to prove that the problem (2I))-(23]) admits a unique weak solution.

First, we propose the concept of studied solution.
Let v = v(x;t) be any function of L?(0;T; H'(0,1)). Then, multiplying
2I)) by zv and integrating both sides over @ = (0,1) x (0,7") give us:

dy dy

0
; T (z,t) - xv(x, t)dedt — a/Q 8_x(x8_x

:/ G(z,t) - zv (z,t) dedt.
Q

) - v (x,t)dedt
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Then by using integration by parts and the conditions ([22)) and (23]) we

find:
ZZZ (z,t) - vz, t)dzdt + a gz gi /Q G(z,t,u) - vz, t)dzdt. (25)
It follows from (25) that:
Ay,v) = /QG(ar:,t,u) ~zv(z, t)drdt (26)
where
Ay / 5t (z,t) - v(z,t)dzdt + a %%d dt.

Definition 4. A function y € L? <O,T; H' (0,1)) is said to be a weak
solution of the problem [2I]) — (23)) if (26) and ([23) are fulfilled.

We build a recurring sequence starting with y(®) = 0. The sequence
(y(”))neN is defined as follows : given the element y(™ 1, then for n =

1,2,3,..., we will solve the following problem:
(n) a n n—
@T_E(‘ryi(f ))x:G(ac,t,y( 1))7
y™ (2,0) =0, (P5)
yi(0,8) =y (1,¢) = 0.
According to the study of the previous linear problem each time we fix the

n, the problem (Ps) admits a unique solution y™ (x,t). Now we suppose
A (z,t) = y(”+1) (z,t) — y(”) (z,t),

so we get a new problem which is:
() a n n—
aﬁt - 5($ZQ(U ))m :p( 1)($7t)7
2" (2,0) =0, (Ps)
2 (0,8) = 28"(1,¢) = 0,
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where
p" V(@ t) =G (aﬁ,t,y(”)) -G (w,t,y(”_”) :
Lemma 1. Assume that the condition 24)) is satisfied. So we have the
following estimate
n) |12 n—1) |12
| 2 ”L2(07T;1L11ﬁ(0,1))S cl A HLQ(O,T;Hlﬂ(O,l))

where
E2eT
min {1,2a}

Proof. Multiplying
22M g

S = L), = g 0)

by 2z and integrating it on Q,, we get:

(n)

T

=/ p" Y (@, t) - 22 (1) dadt.

T

If we use integration by parts for each term, taking into consideration the

initial and boundary conditions, we get:

2
1/t 92
- (n) 2
2/0 (2" (xz,7)) da:+a/7:1:< o (a:,t)) dxdt

=/ PV (@) - 22 (2, 1) dudt.

T

When the Cauchy inequality is applied to the second part of the equation,

the following result is obtained:

/ p" D (2, ) - 22™ () dadt

T

— [ V"I, ) - VEL (2,1) dadt
Qr
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< %/T x (]9(”_1)(91:,15))2 dxdt + % /T x (z(”) (:1:,2?))2 dxdt.

On the other hand, we have
] [ s09) -6 st )

Like G function is Lipschitzian, we find :

(p("_l)($,t)(2 < k? (y(”) - y("_l)r

= k? ‘z(”_l)‘z .
Multiplying by x and integrating over @), we find:

/ x ‘10(”_1)(:1:,25)‘2 dzdt < k‘z/ x ‘z(”_l)‘z dxdt.
Q Q

Then

o1, <a2 s

L2(0,T5H',_(0,1)) ~ L2(0,T3H}_(0,1))

(27)
vz

This result gives us the following inequality

2

1 [t 92

- (n) 2

2/0 z(2\" (z, 7)) dm—i—a/q?Tm( pe (m,t)) dxdt,

1 2 1 2
z (n—1) - (n)

< 5 /Ta: (p (ac,t)) dxdt + 5 /TZL‘ (z (:E,t)) dxdt,
k2 n—1) |12 1 n) (|2

S ? || Z( ) ||L2(0,T§H\1/5(071)) +§ || Z( ) ||L2(O,T;H3/E(O,1)) .

Thus, it is easy to get that

|| 2™ \\%3;(0,1) +2a | 9,2 H%%(QT)’

2 n— 2 n) |2
<K 20 1205 0+ 2 WZ20.mim 0,0

Now we shall apply Gronwall’s lemma. We get:

27 122 o) +20 102 122 ()
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2 [Td -1 2
<k efo t || z(n 1) ||L2(0,T;H1¢5(0,1)) .

The result enables us to pass to the maximum in the right part of the last

inequality, and we obtain:

n) 112 n) |12
H Z( ) HLOO(O,T§L%/1—.(071)) + H 8x2'( ) HL%/I(QTV

< ﬂ | 2= )12
= min {1, 2a} L2(0,T5H~(0,1))

Finally, we get :

(B HLQ(O,T;H}/E(O,l))S C | Y ”L2(07T;H1ﬁ(071))7

k2eT
¢= \/ min{1,2a}"

According to the convergence criterion of the series, the series ) 2
n=1

where

") con-

verges if |C| < 1, which implies:

k2eT
— <1
min {1,2a} <5

;2 o mmin {;, 2a}’
e

k< /min {:1F, 2(1}.
e

z(n) (1‘, t) = y(n—l-l) (:L‘v t) - y(n) (1‘, t)7

Y™ = nz_:l 20,
1=1

Then y™ converges to an element y € L*(0,7; H\l/E(O, 1)) . Now, we will

prove that lim, .y (z,t) = y(z,t) is a solution of the problem (Pj)) by
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showing that y satisfies
Aly,v) = / Gl tt) - wo(, t)dad. (28)
Q

Therefore we consider the weak formulation of the problem ([P;)

A(y™ oy dud
(y'",v) = Qw(az,t)-xv(w,t) x t—i—a/@m 9

From the linearity of A we have

A(y™,0) = A (5"~ y,0) + A(y,v),

(n) _
= / zvdxdt + a/ xw@dxdt +A(y,v).  (29)

When the Cauchy-Schwartz inequality is applied to A(y(”) —y,v), we get

A (y(">, v) < IIUIILz(o,T;H;;(m)) H(y(n) B y)tH

On the other hand,

Y —y 220,75 H.,(0,1)),
SO

y®™ sy in L2 <O,T; L (0, 1)) :

=y (0,75 L2,(0,1)),

yf(E”) —y, inL? <O,T; L%/E (0, 1)) .
Let us pass to the limit when n — +o00. We find

lim A (y(") -y, v) =0. (30)

n—-—+oo

According to ([B0) and by passing to the limit in (29]) we obtain

lim A (y("), v) = A(y,v).

n—-4oo

Thus, we have proved the following result : O
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Theorem 5. If the condition ([24) is satisfied, and

k< /min {;, 2a}'
e

Then the problem [2I)) — 23) admits a weak solution belonging to

L2 <O,T; L, (0, 1)) .

Now, we will show that the solution of the problem (21]) — (23] is unique.
Theorem 6. If the condition ([24) is verified, then the solution is unique.
Proof. Let y1,y» be two solutions of L? <O,T ;Hi/5 (0, 1)) 1) — 23), and
then

Y= — Y2

is also a solution in L? (0, T;H - (0, 1)) and we check

1
VE
W_, 12 <:c—> — Glaty), (31)

y B @ B
%(Ovt) - 8x(1’t) - 07 (33)

and
\Ij($7t) = G(:L'vt’yl) - G($7t7y2) .

Using the Lemma[Il we can conclude that
||y||L2 <O7T,H3/5(071)> S OHyHLQ <O7T,H3/5(0,1)> )

from which

(1-0) ||Z/||L2(0,T7H1¢l—.(0’1)) =
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and as C' < 1, then we get

Yl 20,1, 51 (0,1)) = 0,
from which
Y1 = Y2,

This contributes to the solutions uniqueness. O

6. Finite Time Blow-Up for Nonlinear Problem by using
Kaplan’s First Eigenvalue Method

In this section we are interested in the study of the blow-up phenomena
for the nonlinear problem where the diffusion term is given in the following

manner f(x,t,u) = uP.

6.1. Statement of the problem

Let T >0, Q= (0,1) and Q = 2 x (0,7) = { (z,t) € R?, 2 € Q and
0<t<T}.

Consider the following nonlinear problem :

((Ou a0 ou
e B (P R .
ot xdx (3:833) v V(@) € @
u(x,0) = ¢ (), Va €
5 ! (Pr)
52(0,t) = / 1(z)u(z, t)dx, VteQ,
Ju(1,t) = / ko (z Vte (0,T).
\

Assuming that f € L? (Q), ki1, k2 are known functions such that ko(x) >

w > 0 and p > 1, whose parabolic equation is given as follows

Ju a0 ou
BT x8x<x8x> uP, 2 e Qand 0 <t <T, (34)
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with the initial condition
u(z,0) = p(z), 0 <z <1,
and the nonlocal boundary conditions
1
(0, 1) = / ki (2)ulz, )dz, 0<t<T,
0

1
u(1, ) :/ ko(2)u(z, )dz, 0 <t<T.
0

461

6.2. Determining the finite-time blow up solution by using Ka-

plan’s first eigenvalue method

Let 1(x) be the normalized eigenfunction corresponding to the eigen-

value A of the following Sturm-Liouville problem:
o)
13 (#3) = 2,
¥(0) =0,
(1) =0
Let’s find the solution v (z) :

By multiplying the equation in the problem (Pg]) by x,we get

o 0% B
"o T A =0

which is the Bissel’s function, with the following general solution
¥(z) = e1Jo(VAz) + Yo (VAz),

where c1,co are constants and we have

+oo k
WAR =31 ey
k=0
and
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Yo(Vaz) = Tim cos(am)Jo(VAz) — Jo(\/Xx)'

a—0 sin(amr)

Since Yj is not bounded as x — 0%, then we must have ¢y = 0 where
the solution becomes

Y(x) = erJo(VAz).
Let A1 be the first eigenvalue of the problem (Pg)) where J)(v/A1) = 0.

Theorem 7. For p > 1 and V (z,t) € Q, the solution of the problem (P7)
blows up in a finite time T such that:

1 r(1-p)

R (o - )

E
|
=
=

,where TI(0) = <B + r(l};p))ﬁ .

Proof. We based this proof on a sufficiently large initial data, for the study
of one of the most profiles importantant of explosion phenomenon for the
solutions of problem ().

To estimate the finite time blow up of the main problem we use the
Kaplans method by multiplying the equation in (34]) by (xv), and integrating
by parts over the domain Q = (0, 1), we get

Ly ou 1
T —dm /—< > dm-/x -uPdzx.
/o v 0o Oz Ox v 0 v
Then

9 ! 1 1
E/o x - u(z, t)de —a [mzp(az)um\é —/0 Xy - ux] = /0 x - uPdz.

After using the boundary conditions and integration by parts one more time
the last inequality becomes

1 ) 1
%/0 zp - u(x,t)dr —a [w(l)ux(l,t) —1—/0 U%(ﬂwm)dw] :/0 2 - uPda,

Then

o 1
E/o xw-u(az,t)dm—aclJo(\/X)/O ko (x uda:—a/ u— (x1hy)d
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1
:/ 1) - uPdx.
0

On the other hand, we have

1 o 1
/0 u%(mpx)daz = —)\/0 rupdz,

So, the equality (B8] becomes

0
ot

1
:/ x1) - uPdx.
0

Then

ot
Now, by applying Jensen inequality, we find

0

1 1
—/ an[wud:v—l—ak/ ) - udz

> awey Jo(VA) /01 udzx + (/01 :Ewda:)l_p</01 anj)u)p.

On the other hand, we have
1 1 1

/ u(z,t)de > — [ xp - u(z,t)de, where ¢; = |
0 ¢1Jo

Then, the inequality ([B9]) becomes

0

1 1
—/ :m/wuda:—l—ak/ ) - udx

> awJo(VA) /01 ) - udx + (/01 am[)dzn)l_p</ol :m/}u)p.

Finally, we obtain

ot

1 1 1
— / 2 - u(z, t)de — acy Jo(VA) / ko (x)udx 4+ a)\/ - u(z, t)dz
0 0 0

o 1 1 1
—/0 :Ew-udac—l-a)\/o :Ew-uda:—aclJo(\/X)/o kg(ac)udac—l-/o

\xT/JHLw(o,l)-

g/olazip-udw+a<)\—wJo(\/X)) /OIJJTZJ'UCL’L“

463

xp - uPdx.

(39)
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> ([ o) ([ e

By putting
1
I1(¢) :/ Y - udz,
0

we find

' (t) +a ()\ — wJo(\/X)) II(t) > (/01 aipdz) PIIP(t).

By putting
1
r= (/ zpdz)t™P and d = a ()\ — wJo(\/X)> :
0
the equality (40]) becomes
I (t) + dII(t) > rIIP(t).
Let’s solve the following Bernoulli equation
' (t) + dIL(t) — rIIP(t) = 0

By putting
v =17,
and replacing ([@2]) in (@Il we find

/ p 1 p
vol-r +dvi-r —rul-» =0.

I—p
Multiplying the equation (43) by (1 — p)v%, we get

v+ Kv —r(1 —p) = 0; where K = (1 —p)d.

First, we are going to solve the following homogeneous equation:

v+ Kv=0,

[December

(40)

(41)

(43)

(44)
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which has a known solution given by:

vp(t) = Be K1

Now, we move on to solving the non-homogeneous equation (44]) by the

method of constant variation, where we put
vy(t) = B(t)e &, (45)
SO
vy (t) = B'(t)e ¥t — KB(t)e K. (46)
Combining (45]) and (46) with (44]) where we get

B'(t)e " =r(1-p),

then

_ 1—p)
— B Kt 7’(
e + K ,
S0
(1—p)\ ™7
() = ( Be Kt + -
R
For t =0, we get
» r(l-p)
B = (I1(0)) 77
(11(0)) -
Finally, we get
1
1 o

H — )
" (o)) — ) ekt 4 rO)
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where p+1 > 0, and then

I — oo if <(H(o))1—p - M) LUl )

K K
so we get
T = ! In -
K\ ()= — 022)
is the finite time blow up of the problem (P%]). O

6.3. Determining the finite-time blow up solution numerically

As an important section of the chapter, we establish a numerical study
for the nonlinear problem. We aspire to support the theorical results by
relying on the finite difference technique. For positive integers N and M,
let Ax = 1/M and At = T/N be the spatial and temporal step sizes,
respectively. For ¢ =0,1,...,M and n = 0,1,..., N, denote z; = iAzx and
tn, = nAt. The notations u are used for the finite difference approximations

of u(z;, t,).
6.3.1. The explicit scheme:

We can approximate the time derivative by the forward difference quo-
tient, and use the centred first and second-order approximation for the spa-

tial derivative of first and second order in (P to obtain :

n+1 n n _ _ . n no__ n n
P ey —u g = 2ul ity
- — —a = (ui")’.

At T; 2Azx Ax? ¢

u

This scheme can be written as :

SrYulyy + (ar — oryul

u™ = At (u?)? + (1 = 2ar)ul + (ar + 5 5 1>

)

(47)

fori=1,2,....M —1,n=0,1,...,N, and r = At/Az>

This procedure is explicit. We still have to determine two unknowns ug
and wuys. For this we approximate integrals in (36) and (87) numerically by

trapezoidal rule.
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For w(0,t,41) :

M—1
kr(0)ug 'k (Dul " +2 ) ky(a)ul ™ +o(Ax?)
=1

2
S S (Az)
1 0 - 9

For u(1,tp41) :

M-1
k2(0) n+l+k ( ) n+1+2zk2 5L'z n+1—|—0(A3§‘)
=1

Ax)?
-y =50

Thus, we can write

2 M-—1
0+ Bk ot - B g = (A0 g
=1
(48)
! 2) ko (0)uf ™+ (1 %/@u))uﬂjl =AY ky(a)ul T uif!
=1
(49)
We put
Az)? Az)?
ay = —(1+( ;”) k1(0)), 4y = ;”) ke (1),
Azx)? Azx)?
by = — ( 2) ko (0)ks (1), by = (1 — ( 2) ko (1))ulf ™,
M—1 M-—1
c1 = (Aa:)2 Z k1 (a;z)unJrl u?“, =Ax Z ka(zi)u "+1 + uﬁ/fll

=1 =1

Under the condition a1bs — agb; # 0 which is true for sufficiently small

Az, by Cramer rule we have

c1 b
ntl cy by . c1by — cobq
Yo = = rby — aghy’
ay by arby — asby

az by
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ap €1
oy a2 €2 |  ajca —azcy
= = .
ap by a1by — asby

as by

The consistency and stability of the scheme

We shall analyze the forward-centered scheme (7)) as usual, by estab-
lishing consistency and stability. Let u]' = u(z;,t,) denote the restriction of

the exact solution. We have the finite difference scheme

n+1 n n _ ,n n n n
i U a Ujpq — Ui u g —2ud g
- — —a 5 = (u;)". (50)
At T 2Ax Az

u

1-Consistency:

By using Taylor’s formula, we have

AR S At
B — (i, ta) + S (i, €0). (51)
Then
’U,n — un_ AIL’2
M ) 4 S o, ), (52)
and thus
ul = 2ul +ult Aa?
- sz2 = = ux:v(l'ia tn) + ?uu) (7727 tn) (53)

Combining (B1), (52) and (B3) with (B0)), we find

(@, tn) — gum(ﬂvi, tn) — Qg (i, tn) + 0(At) + o(Ax?) = uP (x4, ),

i
such that

A Ax? Ax?
o(At) = {utm,&) and o(Az?) = —— =2 4® (ny, t,) —a = u® (2, 1,,).
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While o(At) + o(Az?) — 0, we obtain

a 8( 8u)
x; 0x " Ox

ug (i, ty) — = uP(x;, ty).

So the explicit schema is consistent.

2-Stability

Next we establish a stability result. Suppose that a mesh function u}'
satisfies (B0). We want to bound an appropriate norm of the mesh function
ul’ in terms of an appropriate norm of the function (u]")P on the right hand

side. For the norm, we use the max norm :

Ul oo = miax fu].

Write

M, = max |u}'|, F" = max |(u]')P].
1<i<M 1<i<M

From (B0) we get by putting r = %

1 1
u;wrl = At (u])? + (1 — 2ar)u} + (ar + ET)U?H + (ar — ET)U?—D
and thus
jul | = ‘At (ul)? + (1 — 2ar)ul + (ar + ;r)uﬁrl + (ar — %T)un_l‘
< At|(u)?P] + 1 = 2ar] |ul| + ‘ar—k ‘ |ul+1‘ —i—‘ ar — —r‘ ‘uz 1|
Now we make the assumption that r < 5-. We get :

[uf T < AtF™ + |(1 - 2ar)| M, + (ar + %T)Mn + (ar — %T)an

S0 it easily follows that
[ul T < M, + AtF™ (54)

We deduce by passing to the maximum on (U?H)l <i<pp and (B4) becomes
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My < M, + AtF™.

By recurrence

Myy1 < My + AtF™ < My_y + A(F" + F"Y) < My_g + At(F™ + F" 1 4 F72)
< o S Mo+ AH(FY+F L4 P24 FY),
Putting
F = max |F"|.
0<n<N
We obtain
My 1 < Mo + AtF,
S0

||U||L°° g HUOHLOO + ||F||L°° )

which is a stability result. We have thus shown stability under the condition
that r < % We say that the forward-centered difference method for the

heat equation is conditionally stable.

The implicit scheme:

Basically an implicit scheme contains information at the current level
which requires solving of simultaneous equations where the scheme are very
stable and can have much larger timesteps. So we write the scheme at the

point (x;,t,) so that the difference equation now becomes:

n+1 n n+l _  ntl n+l n+1 n+1
u; U a Ui — Uy Uity —2ug T +uly p 55
- —a 2 - (uz) ) ( )
At T 2Ax Az
after,
n+1 n n+l _  n+l n+l n+1 n+1
L S i | _a“z’+1 2ui" Uit (ul)P
At i 2Azx Ax? v

alt

n+1 n (IAt n+1 n+1 n+1 n+1 n+1 _ n\p
i T W TR (uiy — i) A2 (uity =207 +ut)) = At ()’

u
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By putting R = Z—%é, we obtain:

R
u?H_u?_? (u:fll —ui) — R (u?:ll 20 +uh) = At(u)?,

R <1 - 1> (14 2R) WM + R <—1 + 1> upl = At (uf)P —uf,
7 1

to get the first line and the last line of the matrix:

<(A235)2k (0)+1> n+l 4 (A;)le(l ntl 4 Ai: n+1_u?+1’
2
<(A;) Ky (0)+1> ntl g @kl(l)unﬂ ((Ax) k(1) — 1) ntl
M-1
+ (Az)? Z Ky (zg)u ™ = 0.
i=2

M—2
<A°””)2k2<o>u8“+<(A§)Qk<1> 1) T (A2 Y et
=1

+ (A2 ka(aar ) + 1) wiy =0,

Now when we simplify this expression, the matrix once and at each

timestep perform. In particular if we write the system as

An+1Un+1 — Bn+1 (56)
which
k(0) k(1) k(2) --- - kK(M-1) k(M)
r 0 0
s 0 0o —d9 0 0
0 Onr—1 T —0p—1

p(0) p(1) p(2) - - pM=1) (M) ] iy are
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with

2
0) = 22k, (0),

UTL—‘rl —

Bn+1 —

6.4. Numerical examples

In this section we will use the two discrete finite equations derived (ex-
plicit and implicit). Three numerical experiments will be considered.
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Problem 1:

Problem 2:

N\ 7

\
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ou_10 o

ot  xz0x 133833

u(0,t) = / zu(z,t)de, Vte (0,T),
0

y=u3, z€0.1],t>0,

1
u(l,t) = / zu(z,t)dr, Vte (0,T),
0
u(z,0) = —sin(z) +1, =z €][0,1].
ou 10, ou, 4
u(0,t) = / zu(z,t)dz, Vte (0,T),
0
1
u(l,t) = / zu(z,t)dz, Vte (0,T),
0
u(z,0) = —sin(z) +1, 2z €][0,1].

Since the analytical (exact) solutions to problems 1, 2 and 3 with the as-
sociated initial condition are known, we can only estimate numerically the

blow-up times.

Figure 1:

Figure 2:
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