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Abstract

In this paper, we study the existence of solutions for a boundary value problem of
W-Hilfer fractional derivative with nonlocal integral boundary conditions by using the mea-
sure of noncompactness combined with the Mdnch’s fixed point theorem. Two examples

are given to illustrate our results.

1. Introduction

The study of fractional differential equations has many applications in
various areas of science and engineering as in physics, chemistry, biophysics,
hydrology, blood flow problems, thermodynamics, statistical mechanics and
control theory, for example see [7, 11, 14, [18, [19, 24]. In 1999 Hilfer [14]
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has generalized Riemann-Liouville and Caputo fractional derivatives. The
basic work on the theory of Hilfer fractional differential equations can be
found in [6, 12, 25]. The boundary value problem for fractional differential
equations involving Hilfer derivative has been researched in [1,2,22]. In [21]
Sousa and Oliveira have presented the so-called W-Hilfer fractional derivative
with respect to another function, to combine in one fractional operator a
largest number of fractional derivatives and thus, open a window for new
applications.

The notion of so-called measure of noncompactness was introduced by
the fundamental article of Kuratowski [16], and that has played an essen-
tial part in the theory of fixed points. In the last decades, many authors
have used the technique of noncompactness measure to study existence of
solutions to nonlinear integral equations of order fractional and fractional
differential equations, for example see [3,19, (10,113,117, 20] and the references
therein.

The purpose of this paper is to study the existence of solutions for the
following fractional differential equation involving W-Hilfer fractional deriva-
tive with nonlocal integral boundary conditions

HpeP¥a(t) = f(ta (), t € (a,b),

. m N 1.1
z(a) =0, IV (b) =3 6,17z (5), 1)

i=1

where T D5 is the left sided ¥-Hilfer fractional derivative of order o €
(1,2) and type B € [0,1], 1277, I"¥ are the left sided W-Riemann-Liouville
fractional integrals of order 2 — v, n; > 0 respectively, vy = a+ (2 —a) €
(1,2), —co<a<b<oo, b, eR,i=1,2....m,0<a < <d <3<
o < O b, f i [a,b] x E— E is a given continuous function satisfying
some assumptions that will be specified later, and F is a Banach space with
the norm ||.||.

The rest of this paper is organized as follows: In Section 2, we give the
basic definitions and notations. In Section 3, we investigate the existence of
solutions of problem (I.]). Finally, in Section 4, we present two examples to
illustrate the main results.
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2. Preliminaries
Some definitions, notations and results of the fractional calculus, which
will be utilized in this paper are introduced throughout this section.
Let J = [a,b]. By C (J, E) we denote the Banach space of all continuous

functions defined on J endowed with the norm

[2]loe = sup {llz (@)]| = ¢t € J} .

Let L' (J, E) be the Banach space of measurable functions z : J — E that

are Lebesgue integrable with norm and

|zl = /J |z (¢)]| dt.

And C™(J,E) denotes the class of all real valued functions defined on J
which have a continuous nth order derivative. Moreover, for a given set V'

of functions v : J — FE, let us denote by

Vit)y={vt):veV}, tel,
and

VJ)={vt):veV, teJ}.

Now we'’re giving out some fractional calculus results and properties.

Definition 1 (|15]). The left-sided ¥-Riemann-Liouville fractional integral
of order @ > 0 of a function h € C (J, E) with respect to another function
U : J — R that is an increasing differentiable function such that ¥’ (¢) # 0,
for all t € J is defined by

t
0O = s [ VO W0 - 06 ) ds
where I' is the gamma function.

Definition 2 ([21]). Let « >0, n € N, h € C"(J,E), and ¥ € C" (J,R) be
a function such that ¥ is increasing function and W’ (t) # 0, for all t € J.

The left-sided ¥-Riemann-Liouville fractional of a function h of order o with
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respect to W is defined by

: 1 d\" (h—a)w
D*Vh (t) = e I S (
®) (\IJ’ (t) dt> ot ®),
where n = [a] + 1 and [« denotes the integer part of real number a.

Definition 3 ([21]). Let n—1 < a <n,n e N, h € C"(J,E), and ¥ €
C™ (J,R). Then, the left-sided ¥-Hilfer fractional derivative DY of a
function h of order o and type 3 € [0, 1] is defined by

) —a)- 1 d\" _ o)
HDayﬁqu — Iﬁ(n a),\I] _ I(l 6)(” a)v‘l/ .
a+ h (t) a+ N (t) dt a+ h (t)

Lemma 1 (|15, 21]). Let o, 3,0 > 0. Then

1) 15V I8 () = I8 R (1),

2) I (0 () = W (a))" " = ayy (@ () — W (a))*

Lemma 2 (|21]). Lety > 0, consider the function f (t) = (¥ (t) — ¥ (a))" ",
where v >n. Then forn—1<a <n and 0 < 6 <1, we have

H rya,3;¥ W) = I'(v) _ W ()]
DUPE (W (t) = ¥ (a))” 7“7_@)(‘1'(0 v (a)) -

In particular, if a € (1,2) and 1 < vy < 2, we have
HpasB¥ (w (1) — W (a))" ! = 0.
Lemma 3 (|21]). If he C" (J,R), n—1<a <n and 0 < <1, then

1) 18 HDeB¥p (1) = h -3 WOV H D0, () where

n— n—k
I = (gga) ).

Now let us recall some fundamental facts of the notion of Kuratowski

measure of noncompactness.

Definition 4 ([5,18]). Let E be a Banach space and {2g the bounded subsets

of E. The Kuratowski measure of noncompactness is the map p : Qp —
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[0,00) defined by

w(B)=1inf{e > 0: B C U B; and diam (B;) < €}, here B € Qp.

This measure of noncompactness satisfies some important properties.

(a) u(B) =0+« B is compact (B is relatively compact),
(b) u(B) = p(B),

() ACB = pu(A) < u(B),

(d) p(A+B) < p(A) +pu(B),

(&) u(cB) = el u(B), c€ R,

(1) 1t (convB) = u (B).

Here B and convB denote the closure and the convex hull of the bounded

set B, respectively. The details of i and its properties can be found in [5, 1§].
Definition 5. A map f:J x E — FE is said to be Carathéodory if

(i) t = f (t,z) is measurable for each x € E.

(ii) x — f (¢, z) is continuous for almost all t € J.

To prove the existence of solutions of (I.1), we need the following results.

Theorem 1 ([|4]). Let D be a bounded, closed and convex subset of the
Banach space such that 0 € D, and let N be a continuous mapping of D into
itself. If the implication

V =conoN (V) or V=N (V)U{0} = p(V) =0,
holds for every V of D, then N has a fixed point.

Lemma 4 ([23]). Let D be a bounded, closed and convex subset of the Banach
space C' (J, E). Let G be a continuous function on J x J and f a function
from J x E — E, which satisfies the Carathéodory conditions, and assume
there exists p € L' (J,RY) such that, for each t € J and each bounded set
B C E, we have

lim i (f (Jup x B)) < p () p(B), here Jup = [t — ht] N

h—0t
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If V is an equicontinuous subset of D, then

u({/]G(s,t)f(s,y(S))ds:ye v}) < [ 166 01p (< n (v () ds.

To obtain our results, we need the following lemmas.

Lemma 5. Let

A= 2O -T@) 5~ F(ei (T (6;) — ¥ (a)" ™" 20, (21)

and for any q € C (J, E), then the nonlocal boundary value problem

HpaPly (t) = q(t), t € (a,b),

r@) =0, 272 0) = 3 002 6), .

18 equivalent to the integral equation
:L’(t) _ (\I’( ) \I(l,f)a))’y_ (Zm:e Ia-i-m, I2+a v, (b)) +I§qu (t) .
(2.3)

Proof. Taking W-fractional integral I COL‘J:P to the first equation of (2.2)), and
from Lemma Bl we get

2 —k
N O (@) K B @)ty pasw
x (t) 321 T —k+ 1) hg "1, x(a)=1q(t), teJ

We have (1 — ) (2 — «) = 2 — . Therefore

W@H-v@) (1 d) o
() (w <t>%> e 0]
(W) @) o
L(y—1) o
W@
=m0
(W (1) — ¥ (a)"2

2 t‘ %Y (1),
Traon e PO el

x(t) =

_|_

()| _ + 1)
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Put

¢ =D (t)],_ and ¢ = 2Vem|  ted

t=a t=a

Then

(U (t) — ¥ (a)" (U (t) =V (a)?
INCENY

o+ I8 ().

Because tlim (U (t) — ¥ (a))”? = o0, in the view of boundary conditions
—a

z (a) = 0, we must have

62:0.

Replacing co by their value in (2.4)), we get

o+ 1giq (1) (2.5)

Next, we use the second boundary condition to determine the constant c;.

Applying I "“ on both sides of equation (Z1]), we get

C1

Ty (PO - V@) R, (20)

i
I (t) =

From the condition z (b)) = 3 6; 1"z (§;) and (26), we have
=1

ZG I77“ x (

=Yy = (T )7 4 § :9 18 g (8,) . (2.7
C1 Zer(/y_'_Th)( ( ) ( )

From equations (2.5)) and (2.7]), we have

127 (b) = w L2 (b)

:Clzr i : (\If (51) ’Y+771—1_|_Zela+m,
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Thus, we find

1 - a+n;; ¥ 24+a—y; ¥
CIZK<ZM 1Y (5;) — I3 q(b)>.

Substituting the value of ¢; into (Z3]), we obtain the equivalent fractional
integral equation (2.3]) to the problem (2.2)).

Conversely, suppose that z is the solution of the fractional integral equa-
tion (Z3). Applying fractional derivative # D*#¥ on both sides of equation
(23) and using the Lemma 2l and Lemma [3] we get

H Dby (1)
1 e e B _
=T () (Zeﬂain“‘yq (6:) — I} Wq@)) DY (W (1) =W (a))
i=1
+ HpoB ooy =q(t), te J. (2.8)

This proves z satisfies the first equation of (2.2)). Next, we prove that x
given by equation (2.3)) verifies the boundary conditions. From equation

23), clearly
z (a) = 0. (2.9)

Now we prove that z satisfies the nonlocal integral boundary conditions.
From equation (2.3]), we have

) () =) (S -
v () = O (ZM g () - 12 %“an)))
I ).

Therefore

Ze I
AZ v (a))" (i I (5 — e (b)>

7+m)

+Ze I g (5) . (2.10)
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From equation (21), we have

m ytmi—1 _
P ’y + m) r'(2)
Thus, equation (2.I0) reduces to
ZG,IZZ;’ x
i=1
o 1 (\II (b) - \II a+n;; ¥ 2+a—y; ¥
_K<r—2) ><Zez -1 q(b)
+ Z 0 1771+a W
1 (W atni; ¥ 2+a—y; 0 2+a—y; ¥
:K—<ZHI s — LT g (b)) + 10 g (b).
(2.12)
Now from equation (2.3]), we have
2— ;W 1 (W (b) ot 2ra—y; ¥
el x(b):K— Zez s — 2TV (b)
+ I (). (2.13)
From equation (2.12) and (2.13]), we obtain
2y Z 017" & (2.14)

From (2.8)), (2.9) and ([2I4)), it follows that the x defined by equation (2.3)
satisfies the problem (2.2]). O

3. Main Results

In the following, we prove existence results for the boundary value prob-
lem (L.I]) by using the Ménch’s fixed point theorem. The following assump-

tions will be used in our main results.
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(H1) The function f:J x E — E satisfies the Carathéodory condition.
(H3) There exists a py € L' (J,RT) N C (J,RT) such that

I|f(t,x)|| <pg(t)lz], for t € J and each z € E.
(H3) For each t € J and each bounded set B C E, we have
lim p(f (Jep x B)) <pg(t)p(B), here Jyp = [t —h,t]NJ.

h—0t

Theorem 2. Assume that the assumptions (21 and (Hy) — (Hs) hold. If

197l (T (B) = W (@)1 sl (T (5) — @ (a))

b= Z'Q' AT T @tntD AT Gra—7)

sl (¥ () — ¥ (@)
* T(at1)

<1, (3.1)
then the boundary value problem (I1l) has at least one solution.

Proof. We transform the problem (I.1]) into a fixed point problem by defin-

ing an operator

&:C(J,E)— C(J,E),

as

R U@ (I
(@) (1) = L (Zez 1Y £ (82 (1)

SR e )] ) I e ().

Clearly, the fixed points of operator ® are solutions of the problem (L.TI).
Let M > 0 and consider the set

QO={zeC(JE): 2| < M}.

Clearly, the subset €) is closed, bounded, and convex. We will show that
® satisfies the assumptions of Theorem [II The proof will be given in three

steps.

Step 1. ® maps (2 into itself.
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For each z € Q, by (H2) and (3.1) we have for each t € J

(@) )]

(W) - @) (N | et
<Srey (Bt esonl,,

FIET O] )+ I e )]

M lpsll (% (B) = W (@)™ M pg]l (¥ (B) = @ (a))
S;W IAIT ()T (a+mn+1) T AT (T B+a—n)
M |lpysll o (¥ (D) — W (a))®
I'(a+1)

Il (¥ () = (@) pgll (¥ (5) — W (a)**
SM(;'G' AT Tatn+D) " ATGTGTa—1)
sl (¥ (5) — @ (a))°
+ T(a+1) >
<Mk < M,

where ky is given by (B.1]).
Step 2. ¢ () is bounded and equicontinuous.

By Step 1, we have ® () = {®z:2 € Q} C Q. Thus, for each z €
2, we have || ®z|, < M, which means that ® (£2) is bounded. For the
equicontinuity of ® (2). Let t1,t2 € J such that ¢; < t2 and for x € €, we
get

(@) (t2) — (D) (t1)]]
(P (t2) = W ()" — (¥ (tr) — ¥ (a)""
- AT ()

¢ |QZ| bi / o+ —
X s [ )~ w6 (s o) s

1
_|_—
r2+a-7)

tra [ VO (@) v ) - () - ()

b
/ W () (U (0) =W ()" |1f (5,2 () d8>



394 K. ALI KHELIL et al. [December

%I (.2 ()] ds + ﬁ / W (5) (U (ta) — U ()7 |1f (5,2 (5))] ds

(@) v @) - (v ) - @) ) Myl
8 AT ()

“ 0; % e —
X (Zﬁ/ T (s) (U (6;) — W (s)*T L ds

i=1
+ ! ’
re+a-—7) J,

M |Ipyll o o
T s (U =¥ (@) = (¥ (0) = ¥ (a)").

U (s) (U (b) — W (s5))*T7 ds>

As t1 — to, we see that the right-hand side of the above equation tends to
zero and the convergence is independent of x in €, which means ® (£2) is
equicontinuous.

Step 3. @ is continuous.

Let {x,} be sequence such that x,, — z in C (J, E). Then, for each
t € J, we have

22) () - 02) 0]
(¥ 1)~ 0)) "~ -
< OO O (5™ 0 20 11 0 ()~ 1 . O]

i=1

PR (1 <t>>—f<t,x<t>>ll1t:b>+1a+ 1 (toen ()= £ (2 ()]

t=0;

Since f is a Carathéodory function, the Lebesgue dominated convergence
theorem implies that

[(®,) (1) — () (£)]] = 0 as n — oo,

This shows that (®x,) converges pointwise to ®z on J. Moreover, the
sequence (Px,) is equicontinuous by a similar proof of Step 2. Therefore
(®xy,) converges uniformly to ¢z and hence ® is continuous.

Now let V' be a subset of Q such that V' C conv ((®V)U{0}). V is
bounded and equicontinuous, and therefore the function v — v (t) = p (v (t))

is continuous on J. By assumption (H3), Lemma[d] and the properties of the
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measure p we have for each ¢t € J

v(t) < p((@V) (#) U{0}) < p((2V) (1))
(

ot <Z\\9\\Ia+"“ O o)l

<

F LT g () (V (1) L:b> I Dy (O V(1)

0]l oo 127l o (¥ (b) — W (@)t
IAIT (7) T (41 + 1)
HUHoo ||pf||oo (\II (b) - v (a))l-l-a N ||U||oo pr”oo (\Ij (b) v (a))a
AIT(NTB+a=9) e
N (a))a-i-m-i-v—l

g 1Prlle (W (B)
< vl oo <;|9z| AT (V)T (a+mn+1)

Ips oo (¥ (b) = W (a)° L Pyl (9 () — ¥ (a))”
AT TB+a—7) I'(a+1)

< 165

gt

_l’_

< [l K1
where k; is given by ([B.)). This means that
[0]l o (1 = k1) <0

By ([B1)), it follows that ||v||,, = 0, that is v (t) = 0 for each ¢t € J, and then
V (t) is relatively compact in E. In view of the Ascoli-Arzela theorem, V' is
relatively compact in Q. Applying now Theorem [, we conclude that ® has
a fixed point, which is a solution of the problem (L.TI). O

4. Examples

In this section, we consider some particular cases of the nonlinear frac-
tional differential equation to apply our results in the study of existence.
Consider the nonlinear fractional differential equation (FDEs) of the form

Hp&P¥a (t) = f(tx(t), t € (a,b),

z(a) =0, 12772 (b) = ; 011" 2 (6;) .

(4.1)



396 K. ALI KHELIL et al. [December

The following examples are particular cases of the (FDEs) given by (4.1)).

Example 1. Consider the (FDEs) given by (41). Taking \If( )= t 8 — 0,
a=0b=1a=360=30=3 m=3m=326=1306=3 andf
is a continuous function defined by

exp (—tz)

f(tz)= 5 % forx € R, t €10,1].

Then, the problem (A1) reduces to the following problem

RLD%W (t) =
0+ 2 exp(t2

l(; € (0.1), )

v (5)+ lgw (3),

which is a nonlinear fractional differential equation involving Riemann-Liouville

fractional derivative. In this case v = % Let

o
E=1'= {:p: (1,22, Tpy-v.) Z|ajn| <oo},
n=1

equipped with the norm

)
z(0) =0, 12’ (1) = 313,

lzlp =" lzal -
n=1
Set
x=(r1,22,...,Tpn,...) and f = (f1, fo, s frny---),

and

Fo(tn) = — teJ

n 7':U’I’L - 2eXp (tz)xm .
For each x, and t € J, we have

n t, n S D 19 |t 4.
2] € s b (13)
€X] —¢2

Hence conditions (H1) and (H2) are satisfied with ps (t) = p(2 ! ) By

(@3], for any bounded set B C !, we have

1

p(f(t,B)) < W p(B) for each t € [0,1].



2022] FRACTIONAL DIFFERENTIAL EQUATIONS 397

Hence (H3) is satisfied. The condition

sl (% (B) = T (@)1 [lpsll (T (5) — @ (a))
XNWH nMw<yua+m+n AT T B a7
195l (T 1) — ¥ (@))°
* T(atl)
~0.95 < 1,

is satisfied with ||py|| = % Consequently, Theorem [2] implies that problem
(#2) has a solution defined on [0, 1].

Example 2. Consider the (FDEs) given by (4I). Taking ¥ (t) = logt,

ﬁ—)o,azl,bZE,Oé:%,91:%,92:%,771:%,772:%,51 %,52:2
and f is continuous function defined by
log (¢
f(tz)= W, forx e R, te€l,e].
Then, the problem (1)) reduces to the following problem
7
i (t) = e ), te (1), )
Logt L.logt 5:logt ’
(1) =0, Iy " w(e)=3ly = (3) +plor  =(2),

which is a nonlinear fractional differential equation involving Hadamard frac-

tional derivative. In this case v = % Let

o
E=1= {x:(ml,wg,...,:vn,...):Z|$n| <oo},
n=1
equipped with the norm

oo
Izl = lwnl.
n=1

Set
x = (x1,22,...,&n,...) and f = (f1, fo,.. .\ fny--.),

and
cos (log (1))

n 7”27'”7 17 *
fn (t,20) g Tn, t € [1,€]
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For each z, and t € J, we have

cos (log (t)) . (4.5)

|fn (ta$n)| < At

Hence conditions (H1) and (H2) are satisfied with py (t) = 4. By (5] , for
any bounded set B C I', we have

w(f(t,B)) < %t,u(B) for each t € [0,1] .

Hence (H3) is satisfied. The condition

L gl () = T (@) gl (8 ()= W (@)
b= IO T T m 7D AT G a7
sl (¥ (5) — @ (a))°
I'(a+1)
~041 <1

is satisfied with |ps| = i. Consequently, Theorem [2 implies that problem
(44) has a solution defined on [1,€].
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