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Abstract

In this paper, we study the existence of multiple solutions to some sub-critical and
critical systems involving the fractional p-Laplacian operator. Our main tools are based
on variational methods. Precisely, the Nehari manifold method combined with fibering
map are used in the study of the sub-critical case. While in the critical one, we use the
mountain pass theorem combined with Nehari manifold and Brezis-Lieb lemma.

1. Introduction

In this paper, we investigate the multiplicity of nontrivial solutions to
the following elliptic system involving the p-fractional Laplacian

(—A)Zu(a:) = Fu(z,u,v) + A\Gy(z,u,v) in Q, (u,v) >0,
(=A)pv(x) = Fy(x,u,v) + AGy(z, u,v) in Q, (1.1)
u=v=0 on R™M\Q,
where A > 0, © C R” is a smooth bounded domain, 0 < s < 1 < p and
n > ps, the exponents p,r and ¢ satisfy 0 < r < 1 < ¢ < p¥, pk = n’iip
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is the fractional critical exponent. F,G : 2 x R x R — R are smooth
functions satisfy further assumption which will be given later. (=A); is the

p-fractional Laplacian operator defined on smooth functions by

A 21m ju() — uly) P> (u(z) - u(y)

dy,z € R". (1.2
P 0 RN\ B. (z) ‘x_y‘n—i—sp Y, T ( )

Problem involving fractional Laplace operator has been given considerable
attention since the area arises in a quite natural way in many different con-
texts, such as the thin obstacle problem, finance, phase transitions, anoma-
lous diffusion, flame propagation and many others see for instance [1, 2, 3, 4]
and references therein. Recently, the corresponding non-local problems with
nonlinear terms involving fractional Laplacian operator have attracted the
attention of many researchers, both for their interesting theoretical structure

and their concrete applications see for example the papers [6, 31, [28].

In the literature, many papers discuss quasilinear elliptic problem involv-
ing p-fractional operator in which the technical approach adopted is based on
the Nehari manifold method and fibering maps. We refer to 21,132, 133, 137]
for the subcritical case and to [35, 136, 137] for the critical case. The mul-
tiplicity of solutions to problems similar to (LI]) has been investigated in
[20, 130]. In particular, in [20], the authors studied the associated Nehari
manifold using the fibering maps in order to prove multiplicity result for the

following problem

(=A)u = Al u+ 225 u[*Pulo)” i Q,
1 2 .
(~A)30 = o7 o4 22 W o0 i
u=v=0 on R™\Q,
where p < a4 < p* := A and p are positive parameters.

n— sp’
Giacomoni et al. [42], considered the following system

—Apu = fi(z,u,v), ©u>0 in Q,

—Aqu = fo(z,u,v), v>0 in €,
u=v=0 on 0f2.
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In |43], Shen and Zhang studied the existence of positive weak solutions for

the follwoing p-Laplacian system

—Apu = L OF(uy) Aa(z)|u|9%u in ,

p* ou
—Apu = #W + pb(z)|u|?2u in Q,
u=v=0 on 0f2,

where F' is positively homogeneous of degree p*. Note that for a given
function HQ2 x R x R — R and for [ > 1, we say that H is positively

homogeneous of degree [, if for all ¢ > 0, we have
H(z, tu, tv) = t'H(z,u,v), V (z,u,v) € O x R x R,

Motivated by the above mentioned works, the main purpose of the present
paper is to prove the existence of two nontrival solutions to problem (L.T]).
To this aim, throughout this paper we assume that the functions F' and G
are positively homogeneous of degrees ¢ and r respectively, with (0 < r <
1 < p < q<p: . Note that, in this case, the so-called Euler identities
implies the existence of v1,72 > 0, such that, for all (z,u,v) € @ x R x R,
we have

{ F(z,u,v) < (lul?+ [v|7), (13)

Gz, u,v) < yaful” + |v]").

This paper is organized as follows. In Section 2, we present the varia-
tional setting of the main problem and give some notations and preliminaries
about Nehari manifold and fibering maps. In Section 3, we present and prove
the first existence result of this paper which is devoted to the subcritical and
concave case. While, the critical and concave case is presented and proved

in Section 4.

2. Variational Setting and Fibering Maps Analysis

In this section, we will present and prove some important results related

to the analysis of fibering maps. In order to state our results, we introduce
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the following functional space

n+ps

X= {u : R"™ — R is measurable, u € LP(2) and ulz)=uly) e LP(D, dmdy)}
[yl »

endowed with the norm

1
U p P
fullx = (Il 0y + [ 5= o)

where D = R2"\(QC x Q) with Q¢ = R™\Q.
Let

Xo={ue X :u=0in R"\Q}, (2.1)

equipped with the norm

lullx, = ( i %dwdyy, (2.2)

These types of spaces were introduced in [33]. It is readily seen that Xy is
a uniformly convex Banach space and that the embedding Xy — L7(Q2), is
continuous for all 1 < ¢ < pf and compact for all 1 < o < pi.

Through this paper we consider the space F = Xy x Xy, with the norm

1

o)l = (llull, + 01%, )" (2.3)

Associated to the problem (LI]), we define the functional energy Jy : E — R
as follows:

In(u,v) = %H(u,v)H% - /QF(x,u,v)da: - )\/QG(J:,u,v)dx. (2.4)

One readily has that Jy is of class C''. Moreover, for A > 0 fixed, the critical
points of Jy are exactly the weak solutions to (II)). For simplicity, in the
rest of this paper, we use the following notations:

A(u, v) =l|(u, )l

B(u,v) /quv

and
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C(u,v) :/ G(z,u,v)dx,
Q
Then, we can write J) as follows
1
Ix(u,v) = —A(u,v) — B(u,v) — AC(u,v).
p
A simple calculation shows that Jy € C'(E,R), moreover
<J§\(u7 /U)a (U, U)>E = A(U, ’U) - QB - )\T‘C(’U,, /U)'

Since the functional energy Jy is not bounded from below on FE, it is natural
to work in a suitable subset of . A good candidate for an appropriate
subset of F, is the so-called Nehari manifold, which is defined by

N = {(u,v) € E\{(0,0)} : (J3(u,v), (u,v))p = 0}.

It is not difficult to see that all nontrivial critical points of Jy lie on Nj.
Moreover, (u,v) € Ny if and only if

A(u,v) — gB(u,v) — ArC(u,v) = 0. (2.5)

It is useful to understand that the Nehari manifold N, is closely asso-

ciated with the behavior of the fibering maps ¢, , : (0,00) — R, defined as

Cuu(t) = Ia(tu, tv) = %A(u,v)tp — B(u,v)t? — A\C(u,v)t". (2.6)

Such maps are introduced by Drabeket al. in [26] and are also discussed in
[14, 115].

Lemma 2.1. Let t > 0 and (u,v) € E\{(0,0)}. Then, (tu,tv) € Ny if and
only if ¢y, ,(t) = 0. In particular, (u,v) € Ny if and only if ¢, (1) = 0.

Proof. The result is an immediate consequence of the fact that for all £ > 0
and all (u,v) € E\{(0,0)}, we have

Boalt) = (Tt 10), (s 10)). a
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Lemma 2.2. Assume that (ug,vg) € Ny, is a local minimizer for Jy on Ny.

Then (ug, vo) is a critical point of Jy.

Proof. If (ug,vp) is a local minimizer for Jy on Ny. Then, (ug,vq) is a

solution to the following minimization problem

in  Jy(u,v) =J ,
Wi A(u,v) = Jx (uo, vo)

5(“0’ UO) = 07
where 3 is defined by
B(u,v) = A(u,v) — ¢B(u,v) — A\rC(u,v).

Hence, the Lagrangian multipliers theorem implies the existence of a real

number J, such that
J' (uo,v0) = 63’ (uo, vo)- (2.7)
Thus
(J'(uo, v0), (uo,v0)) & = 6(B'(uo, vo), (uo, v0)) &- (2.8)
Since (ug,vp) € Ny, then we have

(J' (1o, v0), (uo,v0))E = 0. (2.9)

On the other hand, a simple calculation shows that

(B (10, v0), (U0, 00)) E = Pryg 0 (1) -

So, by combining Equations ([2.8)) and ([23) with the fact that (ug,v) & N7,
we obtain 0 = 0. Finally, replacing ¢ by zero in (2.1)), we get J} (ug, vo) = 0.0

In order to prove multiplicity of solutions, we split V) into the following

three subsets
N ={(u,v) €N, : ¢Z7v(1) > 0}={(u,v)EFE: goiw(l):O, and ¢Z7v(1)>0},
Ny ={(u,v) € Na: ¢y, (1) <0}={(u,v) €E : ¢, ,(1)=0, and ¢, (1) <0},

NY={(u,v) €Ny 1 ¢y, (1) =0} ={(u,0) € E : 9, ,(1) =0, and o ,(1)=0}.
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Note that
O (1) = P A(u,v) — @9 B — Art" 1O (u, ), (2.10)
and
SOZ,v (t)=(p— 1)tp72A(u, v) —q(q — 1)tq72B(u, v) = Ar(r — 1)tr72C’(u, v).
(2.11)
So, from (2.0), we get
Puo(l) = (0= DA(u,v) = q(g — 1)B(u,v) = Ar(r — 1)C(u,v)
= Q(p - q)B(uv U) + )\T(p - T)C(u? U)
= (p - q)A(uv U) + )\r(q - T)C(uv U)
= (p—r)A(u,v) — q(q — r)B(u,v). (2.12)
Put - s
_i q—0p p—r q—p % q—p
(e RS (q(q—r)m> <Spm| > - @)

Then we have the following important result.

Lemma 2.3. If A € (0,\.). Then, for all (u,v) € E\ {(0,0)}, there exist

two positive numbers t1 and to, such that

(tru, t1v) € /\/’;, and (tau,tav) € Ny .

Proof. For (u,v) € E, we define the function v, : [0,00) = R, as follows
Yun(t) =P " Au,v) — gt " B(u,v). (2.14)
By simple calculation, we get

Puw(t) =t (Yuu(t) = XrC(u,v)), (2.15)

and

P (t) ="y, (1) (2.16)

Hence, (tu,tv) € N if and only if ¢y, (t) = ArC(u,v) and 41, ,(t) > 0.
Moreover, (tu,tv) € Ny if and only if 4y ,(t) = ArC(u,v) and 9y, ,(t) < 0.
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It is clear that 1y, ,(t) = 0 if and only if t = 0 or

re ()

Moreover, the table of variations of the function 1, ,, is as follows

t 0 T 00
17/)';,1/ + O _
77/)“,,1, 0 — 1“"1L,1)(T) >0 — o

On the other hand, from (L3), (£I) and Holder’s inequality, we have

B(u,v)

IN

n (lullfe + 1vll70)

ph—q

I (Jlal?,; + ol9,)

ps—

g _4
1l 78,7 (lull, + o), )

IN

IN

SIS

ph—

g _4
nlel 78,7 (lul, + ol )

_g Ph—q
7Sy Q] 75 A(u,v)?. (2.17)

IN

hST S

IN

Likewise
-z ps—T T
C(u,v) <428, 71Q| 5 A(u,v)r. (2.18)

Therefore

Qz)u,v (T) - )\TC(U, U)

p—r

- <q£]—_7“r)> o <Z :f) A(u,v) 77 Blu,v) " 77 — ArC(u, )

> (8, 1005 ) (0 = V(w03
So, for A € (0, \y), we get

wu,v(T) > )\’I”C(U,U) > 0.
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Hence, from the table of variations of v, ,, there exist t; < T < to, such
that:

Yun(tl) = Yuu(te) = )\TC’(u,v),w;w(tl) > 0 and w;ﬂ,(tg) < 0. (2.19)
Finally, from (2.I5]) and (2.I6]), we see that (tju,t;v) € Ny, and (tou,tov) €
Ny O
Lemma 2.4. For all A € (0, \.), we have N = 0.

Proof. We proceed by contradiction. Let (ug,vg) € NY. Then, from (212,

we have
(p — 1) A(uo,v0) — q(q — 7)B(ug, vo) = 0.

So,

,
qB(uo,vo) = p—A(Uo,Uo)-

Consequently, we get

0 = A(uo,vo) — qB(uo,v0) — ArC(ug, vo)
- T
= A(ug, vo) — %A(Uo,’vo) — ArC(ug, vo)

= uA(u()va) - )\'I”C(U(),’Uo),

which implies that

q—p
C'(uo, = ——— A(ug, vp). 2.20
(uo,v0) PV (uo,v0) (2:20)
Now, as in the proof of Lemma 23] we can prove that )y, ., achieves its
maximum at Ty = T'(ug,vo), moreover, Yy, v, (To) > ArC(ug,vp) > 0. On
the other hand, from (2:20]), we obtain

wu(),vo (TO) - )‘TC(UOa UO)

p—r 1

_ (a=p\ (= N (Al wo)TT T

- (q—r> <q(q—r)> (B(uo,vo)pr ArC(ug, vp)
p—r rp

- () (25) (=) Ao = arctuom
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= &A(Uo,’vo) - )‘TC(U(LUO) = 07
Ar(q—r)
which is a contradiction. So we conclude that N = (). O

Lemma 2.5. For all X € (0, \,), the functional Jy is coercive and bounded
from below on Ny.

Proof. Let (u,v) € Ny. Then, from Equation (Z.35]), we get

1
B(u,v) = —(A(u,v) — ArC(u,v)).
q
Therefore, using (2.I8]), we get

1 1

- T

q
I(u,v) = (———)Au,v - A C(u,v
A(u,v) Pl (u,v) p (u,v)
1 1 N r
> (— - —)A(u,v) — 108, P Q) P A(u, )
P q
1 1 p 7% p:—zr r
= (5 = ) vl =128, 71907 [, 0)ll
p q
Since, p > r, then, J, is coercive and bounded from below on N. O

Note that, from Lemma 2.4] for any A € (0, \,), we have
_ At —
Moreover, from Lemma 23] the following expressions are well defined
oy = inf Jy(w,v) and of = inf J\(u,v).

(u,w)eNy (u,v)eN;

3. First Existence Result

In this section, we will state and prove our first existence result which
is devoted to the sub-critical case (¢ < p%).

Theorem 3.1. Let s € (0,1),n > ps. Assume that 0 <r <1< p < q<pk,
then there exists A\« > 0, such that for all X € (0, \y) , problem (1)) has at
least two nontrivial solutions.
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In order to prove Theoerem [B.I] we need to prove the following propo-

sitions.

Proposition 3.1. If A € (0,\) and 0 < r < 1 < q < pi. Then the

functional Jy has a minimizer (uy,vy) in ./\/’;r satisfying
J)\(UA,UA) = a;\r < 0.
Proof. Assume that A € (0,\,) and 0 <r <1< ¢q < pk.

Since Jy is bounded from below on /\/')\+ . Then there exists a sequence
{(ug,v)} C Ny such that

lim Jy(ug,vx) = inf  Jy(u,v).
k—o0 (u,v)e./\/’;r

From Lemma 25 the sequence {(ug,vx)} is bounded in E. So, up to a
subsequence, there exists (uy,vy) € E such that,

(ug,vE) — (ux,vy), weakly in E as k — oo.

Moreover, by [[33], Lemma 8], up to a subsequence, still denoted by (ug, vk),

we have

(ug,vg) — (ur,vy) strongly in L7(R"), V1 < o < p,
(uk,vk) — (U)\,U)\) a.e. in R™.

Moreover, from [[13], Theorem IV-9], there exist 1 < o < p% and l,ls €
L?(R™) , such that

lug ()] < l1(z) and |vg(z)| < lo(x) in R™.
Now, since we have

{ B(ug, v) < Y1l (ur, o)l Lo o>

Clug,v) < 2l (ur, i) | e s -

Then, from the dominated convergence theorem, we get

B(ug,vy) — B(uy,vy),
{ (s 2k (t3,02) as k — oo. (3.1)

C(uk, Uk) — C(U)\, UA),
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On the other hand, from Lemma[2.3] there exists ¢; >0, such that (t1uy,t1vy)
€ J\/‘;r and Jy(t1uy,t1vy) < 0. Hence, we obtain

a = inf Jy(u,v) <O0.
A (u,v)e./\/’; ( )

Next, we will show that (ug,vk) — (ux,vy) strongly in E. If not, then we

have
[[(ux, vA)llxo < Hminf [[(ug, vi) || -
k—o00
Thus, we get
Jim @y, b (0) = klijgo[tf*lfl(uk, o) — qt{By, — Art]C (ug, vy)]

> tfﬁlA(uA,v)\) — qt‘fB(uA,vA) — Art]C(uy, vy)
= QOQLA,U/\(tl) = 0

That is, ¢}, ,, (t1) > 0 for k large enough.

Since (ug,vg) € Ny, then ¢, , (1) = 0. Moreover, we can see that
v (t) < 0, for t € (0,¢1). Therefore, we must have £ > 1. On the
other hand, ¢, 4, (t) is decreasing on (0,¢;) , then we get

Ia(tiun, t10x) = Quy 0y () < Puy oy (1) 1= Ja(unr, vy)
< lim J)\(uk,vk)
k—o0

= inf Jy\(u,v),
(uw)eN;T

which is a contradiction. Hence, (ug,vr) — (ux,vy) strongly in E. This
implies that

Ia(ug,vp) = Ja(ur,va) = inf Jy(u,v).
(uw)eN;t
We deduce that (uy,v)) is a minimizer of Jy on Nj O

Proposition 3.2. Assume that 0 <r <1< g <pk If A€ (0,\), then Jy

has a minimizer (uy,vy) in Ny, satisfying

J)\(a)\,’ﬁ)\) =, > 0.
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Proof. Since Jy is bounded from below on Ny, then, there exists a sequence
{(uk,vg)} C Ny, such that

lim Jy(ug,vg) = inf  Jy(u,v).
k—o0 (u,w)eNy

By the same arguments given in the proof of Proposition B, there exists
(uy,vy) € F such that, up to a subsequence, we have

A(uk,vk) — A(ﬁ)ng),
B(uk,vk) — B(%,'ﬁ)\),
C(ug, v) = C(tr, vy).

Moreover, from the analysis of the fibering map ¢, ,(t) , we know that there
exists to > T such that (tau,tou) € Ny .

Next, we show that (ug,vr) — (uy,0)), strongly in E. To this aim, we
proceed by contradiction and we assume that

1 53) 1 < lim inf g, )
For {(ug,vr)} C Ny, we have

Ia(ug, vg) > In(tug, tog) Vi > T.
So we get

SO th
J)\(tQU)\, tQ'U)\) = ﬁA(u, U)Q — t%B(u, ’U)Q — )\tSC(u, ’U)Q

tp
< lim (2 A(ug, vg) — t3B(up, vg) — M5C (ug, vg)

k—oo D

= lim Jy(toug, tovy) < Jy(ug,vx) = inf  Jy(u,v),
k—o0 (u,w)eN,

which is a contradiction. Hence, (ug,vg) — (uy,v)) strongly in E. There-
fore, we deduce that

J)\(uk,vk) — JA(%,%\) = inf JA(U,U),]C — OQ.
(u,)eEN

Hence, (uy,vy) is a minimizer for Jy in Ny . O



368 S. ZEDIRI, A. KAMEL AND G. ABDELJABBAR [September

Proof of Theorem [3.1l From Propositions [3.I] there exists a minimizer
(ux,up) € Ny, such that

Ja(uy,vy) = af <0. (3.2)

On the other hand, from Proposition [3.2] there exists a minimizer (uy,vy) €
N, such that

J)\(a)\,’ﬁ)\) =, > 0. (33)

Now, from Lemma [Z2] we get that (uy,u)) and (uy,vy) are solutions to
problem (I.)). Moreover, from ([B.2)) and (B.3]), we see that these solutions
are nontrivial. Finally, the fact that N ;r NN, = 0, implies that (ux,uy)
and (wy,vy) are distinct. This finishes the proof of Theorem 311

4. Second Existence Result

In this section, we will state and prove the second existence result of this
paper which is devoted to the critical case (¢ = p%). The main difficulty is
that the Sobolev embedding for the critical exponent is not compact. Since
the embedding Xy < LPs (R™) is not compact, the energy functional does
not satisfy the Palais-Smale condition globally. But it is true for the energy
functional in a suitable range related to the best fractional critical Sobolev
constant, that we can denoted by the following expression:

[ull’,
= mn D .
ueXo\{0} |[ul|7

(4.1)

Our second main result of this paper is the following theorem.

Theorem 4.1. Assume that s € (0,1),n >ps and 0 <r <1<p<gq=p}.
If there exist ty > 0 and (up,vo) € E\{(0,0)} satisfying

5

n

1 : Y
EA(UOa vo)th — to° B(uo, vo) = —(piy1) s Sp” (4.2)

Then there exists \* > 0 such that, for all X\ € (0, \*), problem (LI has at
least two nontrivial solutions.

Remark 4.1. The condition (£2]) can be guaranteed by Lemma 2.11.
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In this section, we will put

—r nr(pt—r P ps—r
() () o
p PipS)p

where S, is defined in Equation (@.1)).

>p% , (4.3)

Proposition 4.3. Assume that 0 < r <1 < q=pi. If X € (0,\), then
every Palais-Smale subsequence at level ¢, with

y

¢ < Z(pim) 5] — MAT, (4.4)
n

has a convergent subsequence.

Proof. If {(ux,vi)} is a Palais-Smale sequence at level ¢, with ¢ satisfying
(#4), then, Lemma [Z.5] implies that {(ug,vg)} is bounded in E. So, up to a
sequence, there exists (uy,v,) € E such that

(ug,vp) = (ux,vs), weakly in FE.
Moreover, from [|33], Lemma 8] and the Sobolev embedding, we get

(g, V) = (uy,vy) weakly in LPs(R™) x LPs(R"),
(tx,vy4) strongly in L"(R™) x L"(R™), V1 <r < pi,

(Uy,v4) ace. in R™ x R™.

Moreover, from [[13], Theorem IV-9], there exist I1,lo € L"(R™) such that,
for all 1 <r < p}, we have

lup ()| < I1(z) and |vk(z)| < lo(z) in R,
Therefore, by dominated convergence theorem, we have that
C(ug, vk) = C(us,vy), ask — oo. (4.5)
On the other hand, from Brezis-Lieb Lemma [[40], Lemma 1.32], we obtain
A(ug, vg) = A(u, v)(up — Uy, vk — v4) + A(u, v)x + o(1),

(4.6)
B(ug,vi) = B(u,v)(ug — ts, v — vx) + B(u,v) + o(1).
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By combining ([43]) with ([.0]), we get
(I (up, vr), (ug, o)) B
= A(uk’ Uk) - p:B(uk’ Uk) - )\’I”C(uk, Uk)
A, 0) (g — ther 0 — 02) + A, V) — (B, 0) (0 — 1, 05 — v2)
+B(u,v)s) = ArC(ug, vg) + o(1)
= (J5(ts, Vi), (s, 0:)) 2 + A, v) (Ug — Ui, Vp — Vi)

—paB(u, v)(up — s, v — V).

Since (J} (U, V4), (s, v5)) g = 0 and (J3 (ug, vg), (uk, vx))E — 0. Then,

we have
A(u,v)(up — U, v — vx) — b and piB(u, v)(ug — Uy, v — vs) — b (4.7)

If b = 0, then the proof is completed. Assume that b > 0. From (217, we
get

P

PEB(u, ) — 1y, v — 02) < P Sy 7 (Al 0) (g — ey v — 02))

L3|r::3ae

which yields to
b> (piy) 7 Sp°

Therefore, one has

¢ = lim <1A(uk,vk) ~ Blu,v) — )\C(uk,vk)>

k—oo \ P
1
= lim (—A(u,v)(uk—u*,vk—v*)—B(u,v)(uk—u*,vk—v*)—)\C(uk,vk))
k—oo \D
1
——A(Us, v4) — B(us, v4) + 0(1)
p
1 1
= In(ts,v4) + 0= — —
e ) (p pz)

S TR s
> J,\(U*,U*)-l-ﬁ(ps’h)sl’s Sp°.

-_n n

Since ¢ < %(pzyl)%Sf, then, we obtain Jy(us,vs) < 0. In particular, u.
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and v, are nontrivial. Moreover,
1
By, vy) > EA(U*,U*) — AC (U, vy). (4.8)
Now, by combining (2.1I8]) with (£.8]), we obtain

c= lim J,\(uk, Uk)
k—ro0

T 1
= lim | Jx(ug, vp) — —<J£(Ukavk),(Uk7vk)>E}
k— ool p
_ ek p—r
= lim (——1) (B(u*,v*)(uk—u*,vk—v*))—i—B(u*,v*)—)\(—)C(uk,vk)}
k—oo|\ D p
— lim |2Ps (B (s, v4) (U — Use, U — V) +B(u*,v*))—)\<ﬂ>0(u*,v*)]
k—oo| N p
S w TR P, SDs p—r
> ) Sy 7Bl va) = AP ) Ol va)
S xR o S ITNE: s s r . spy
> k) 7S] = 2928y 71005 (B ) (Al ) + TR A v2)
S IR L
= E(ps’yl) SPs S]f — h,(A(U, 'U)p), (49)
where
_r pj;;r * *
R(n) = M2, P[0 5 (Bl )y = 2y
p np
We note that the function h attains its maximum at
1
A = —r pi=r\ p—r
o = <M§pz’m| PE )p )
SPDPs
Moreover, we have
h(10) = sup h(n) = MAZ™7, (4.10)

n>0
where M is defined in (Z3)).
Now, if we combine (£.9) with (£10]), we obtain

¢ > Z(piy) 7S] — MATT,
n

which is in contradiction with (44]). Hence, b = 0. Therefore, we conclude

that (ug,vr) — (u«,vs) strongly in E. This completes the proof. O
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Proposition 4.4. There exist \* > 0, tg > 0, and (ug,v9) € E, such that
for all X € (0,\*), we have

P
r

Ix(touo, tove) < = (piyr)#E SPT — M. (4.11)

S|

In particular,

n

ay < %(p:%)%s;_s MNP (4.12)

Proof. Since A € (0, \.), from Equations (2.13) and (43]) and using the fact

n

‘chau‘50<%(p_r)5 < 1, we get

pE—T

(pim)#: Sg7 — M~

—n n 1 — =
s (1-1(222)7 ) s

*
r\pg —r

s —n £
S i) s - >

>

Sle 3w

The above inequality implies that

p—r

S e (R g
A< A 1= (n—M(ps’Yl)‘”’s Sp ) ’

From condition ([.2l), there exist to > 0 and (ug,v9) € E\{(0,0)} such that

1
J)\(touo, tovo) = EA(U(), Uo)tg - th(uo, 7)0) - )\tSC(Uo, 7)0)
8 s \TH aps r
= E(ps’h)‘”’s Sp* = MoC (uo, vo). (4.13)
Let "
Ps—T
t’l"Jr]. Is
I (%) A€ (0, M)
we denote

—AEC (ug, vo) < —MAFT .
Thus, we obtain that (£II) hold. Finally, we set \* = min{ ., A, Ass }
by the analysis of fibering map ¢, ,,(t) = Jx(tu, tv) , we get

p

_ s —n B
ay < (i) FEST = MATT,

for A € (0, A2). This completes the proof. O
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Proof of Theorem 2. Let {(u},v})} be a minimizer for Jy in Ny, and
{(uy , vy, )} be a minimizer for Jy in N}, That is

Il vf) = af, Ja(uf v =0, (4.14)
and

Ia(uy ,vp) %a;,J;(u;,vk_) —0. (4.15)

From (412]), we see that

b

s —n n
a;\r <0< a;\r < E(p:'yl)spi Spo — M.

So, from Proposition L3, up to a subsequence, there exist (uy,vy) € N, ;r
and (uy,vy) € N, , such that

(uf,vi) = (ux,vx), and (ug, vy ) — (Ux, Dy).

Therefore, from Lemma 2.2, (uy,vy) and (uy,v)) are solution to problem

(TI). Moreover, from equations ([B.2) and B3)), (uy,vy) and (uy,vy) are
nontrivial. Finally, the fact that N NN} # 0, implies that these two

solutions are distinct. This finishes the proof.
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