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Abstract

In this paper, we show that the sub-Laplacian of an asymptotically flat pseudo-
Hermitian manifold defined on suitable weighted Folland-Stein spaces is an isomorphism.
Similarly in dimension 5 a certain Dirac-type operator is shown to be an isomorphism,

which is used to resolve the CR positive mass problem.

1. Introduction

The CR positive mass problem plays an essential role in CR geometry.
As well known, we need a CR positive mass theorem to solve the CR Yamabe
problem for the cases which either the CR dimension n = 1 or the CR
manifold M is spherical with higher CR dimension. When n = 1, this
was shown by Cheng, Malchiodi and Yang E] On the other hand, when
n > 2 and M is spherical, this was finished by Cheng, Yang and the author
E] through showing that the developing map is injective. However in the
case n = 2, we need an extra condition on the growth rate of the Green’s
function on the universal cover of M. So in the case n = 2, the CR positive
mass theorem is not really completed. In the paper @], Cheng and the
author showed that for n = 2, M being spherical, if moreover M has a spin
structure, then we have the CR positive mass theorem built up through a

spinorial approach.
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Recall that in 1982, E. Witten described a proof of the positive mass
theorem using spinors (see ﬂ§, H]) Applying a Weitzenbock-type formula
to ¢ satisfying D?) = 0 and approaching a constant spinor at infinity and
integrating after taking the inner product with 1, we then pick up the p-mass
from the boundary integral and obtain a Witten-type formula for the p-mass.
So the non-negativity of p-mass follows. Therefore, for the CR positive mass
theorem, it suffices to show that the square of the Dirac operator D? on some
suitable weighted Folland-Stein spaces is an isomorphism. In this paper we
prove that both sub-Laplacian A, (see Theorem B.2) and D? (see Theorem

B3) on suitable spaces are isomorphisms.

2. Operations on Weighted Folland-Stein Spaces

For basic material about the Heisenberg group, we refer the reader to
Section 7 Appendix in @] Let H,, be the Heisenberg group and () = 2n+2 be
the homogeneous dimension of H,,. The summation convention applies and
derivatives along €,,1 < a < 2n, may be denoted by subscripts u, = é,u.
The sub-gradient Vyu = 32" | u,é,. The sub-Laplacian Ayu = 32" | (é,)u.
Set

p=(z[*+1)2, o=(1+p"1, (2.1)

Denote Br = Br(0) as the closed Heisenberg ball of radius R and center 0.
The annulus is Ap = Bag \ Bg, and the exterior domain is Eg = H,, \ Bg.

On H,, we have the dilation operator defined by

R(z,t) = (Rz, R*) (2.2)

2.1. The weighted Folland-Stein spaces

For § € R, we define the weighted Lebesgue spaces L, Lg” with weight
§ € R as the spaces of measurable functions in L} (Hy,),Lj (H, \ {0}),

loc

respectively, for which the norms defined by

1
—8,1p~—Q P
(an |U ’LL‘ g dv(z,t)) y P <00, (23)

ess supy, (0 |ul), p = oo,

HUHWS =
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and

==

=0 Pp—Q
||UH;,6 _ (an\{o} p U‘ P dV(z,t)) , P <090, (2.4)
ess supp,\ oy (0~ lul), p =0,
are finite, where dV(, ;) = O A (dO)™ and © = dt + 3 Zgzl(izﬁdéﬂ —iz8d2P).

For k € NU {0}, the weighted Folland-Stein spaces S}, 5,5,? s are the
spaces of u such that

\Vul e Lf_, LY, for0<j<k, (2.5)
respectively, with norms
k
lulleps =D IV ullps—js (2.6)
j=0
k
lullips = D IV7ully5-; (2.7)
j=0
where V,V?2, ... denote the sub-gradient, sub-hessian, - -- for simplcity.

Observe that C3°(H,,), C5°(Hy, \{0}) are dense in S,i’ﬁ, S,'fj&, respectively,
for § <0 and 1 < p < oo and that L{ = LP(H,) for 6 = —Q/p.

2.2. Global weighted inequalities

As R. Bartnik pointed out in M] that the indexing chosen for the weights
has the advantage that it directly describes the growth at infinity (see (2.I8])
below). In addition, the rescaled function, defined by

ur(z,t) = u(R(z,1)), (2.8)

will satisfy the estimates (2.9]) and (ZI0) which follow by a simple change
of variables. We have

1
lurllkps = Rllullkps (2.9)

Similarly, with an obvious notation for norms over subsets of H,,, we have

[ullkpsian = B [urlkpsa (2.10)
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for R > 1, where “~” means “is comparable to”, independent of R > 1. The
estimate (2.I0) is the key to proving global weighted inequalities from local

inequalities.
Proposition 2.1. If1 <p <q<o0, dy <& and u € L , then
Hu||p,51 < CHU||Q,527 (2.11)

and hence L} C L% .
2 1

Proof. The estimate (2I1]) follows directly from the definition and Hélder

inequality. If p = ¢ < oo, we write

|uf? |ul? 1

onptQ  502¢+Q  5(61—02)q"

Then (ZI1I]) holds in this case. If p < ¢ < 0o, we write

ul” _JulP 1

ohrtQ G2t G(E1—62)p | Q(qqu)'

Then by Hoélder inequality

|uf”
\/;‘R 0-51P+Q dV

_ P a/p]P/e ,
/ER <m) /ER o(61—62)p 4 Qla=p)

q

a/(g-p)] (D)1

IN

|u|? p/q 1 (g=p)/q
= -/EY‘R <0-62q+Q> dV:| |:/EVVR <0'(51_62)qp—qp+Q> dV:| Y

where the second term is integrable on Fr. Therefore ([ZI1]) holds. Finally,

suppose that p < ¢ = oo, then

N S T
0—51P+Q - 0—5217 0-(51*52)174»@ — Hu||<>0752 0—(51752)p+Q7 a.

€.

Again that m is integrable on H,, we get (ZII)). Suppose p = ¢ =

0o. We fix a point, since o > 1, we have that (c~!)% is a decreasing function,
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hence (0=1)% < (071)%. And it is easy to see that if

m{(z,t) | 072 |u(z,t)] > M} =0

then
m{(z,t) | 0~ |u(z,t)] > M} =0.
Therefore
[ulloo,s, = ess sup(o™* |ul)
—inf{M | m{(2,8) | o~ |u(z,8)] > M} =0}
<inf{M | m{(,1) | o~u(z,8)] > M} = 0}
= ess sup(o~2[u) = [Ju]lco.s,,

which gives ([ZI1]). Finally, suppose that p < ¢ = oo, since

5 5
lo™ 0 uP|o~ % = |a_72ua_61+72 Po—@
_ 0762|u‘07Q*p51+62

1

<M -—
<M QT almost everywhere,

we have

|ul? M
/Hn o0p+Q AViz) < o, UQJr(per&z)dV(Z’t)

< C ess sup(o%2|ul).
We thus complete the proof. O

Proposition 2.2 (Hélder inequality). If u € Lgl,v € Ly, and § = b1 +
1141
5271_7 — g + Ful §p7Q7T S o0, then

[uvllp,s < lullgs l[v]lrs, (2.12)

Proof. The estimate ([Z12) follows directly from the definition and Hélder
inequality. If 1 < p,q,r < oo, then we write

juolP_ Jul? jvf?
oor+Q@ 05113-1—%
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By Holder inequality, we have

/ r
juop wr N\ o NP\
————dV = —_— dV —_— dV
H, 0-5P+Q Hy, 0.51p+% H, 0.52p+%
This shows (Z12)). If p = ¢ < 0o, r = 00, then

luoP P ol |ul?
oor+Q — F0p+Q go2p — F01p+Q

p
00,027

|l a.e.

This shows ([ZI2)). The case p = ¢ < 0o, r = oo is similar. In the end,
suppose that p = ¢ = r = co. Let My, Ms be two numbers such that

m{(z,t) | o % u(z,t)] > My} =0, m{(z,t) | 0=%v(z,t)] > Ma} = 0.
Then we have
o0 uv| = o u| - 0%|v| < M1 Ms, almost everywhere,
that is,
m{(z,t) | o °|uv| > MMy} =0,
which implies

[uv|oe.s = ess sup(a—°|uv|)
= inf{M | m{(z,t) | 6~ %luv| > M} = 0} (2.13)
< My Ms, for any such My, Ms.
Then ([ZI2) follows. We thus complete the proof. O

The following two estimates, interpolation inequality and Sobolev in-

equality, follow from the technique of rescaling and applying local estimate:

Proposition 2.3 (Interpolation inequality). For any € > 0 and any

non-negative integer s, there is a constant C = C(Q,p, 9, s) such that

C
[ulls+rps < ellullstzpe + —llullope, (2.14)

for allu € S§+275,1 <p<oo.
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Proof. The estimates (2I4]) follow from the technique of rescaling and
applying local estimates. By the usual interpolation inequality, we have, for
1<p< oo,

’|

HUHS-FLP#;?AR <CR" |U||s+1,p75;A1

C

-5

<CR (EHURH5+2,p,5;A1 + gHuR||0,p,6;A1> (2.15)
C

< ellulls+2pan + Zllullopsan:

where C' is a constant independent of Ag, for R > 1. Therefore, writing
U = E;io uj with ug = ulp,,u; = u|A2j_1, we see that (A < B means A <
(const)B)

s+1 s+1 [e'e] 1/p
k k
lalls+1,p6 = D _NVEUllps—k =D | DIV 05015 52,

k=0 k=0 \ j=0

s+1 oo e o Vr
k
< (DD IVRwIE 5, < DMl s

k=0 j=0 J=0

o0 C [o¢] 1/p
=< e My, + - > llugllh , (by @I5),
j=0 §=0
C
S ellullstzps + lullop.s:

This completes the proof. We remark here that the interpolation inequality
also holds when p = co. But we don’t need it in this paper. O

Proposition 2.4 (Sobolev inequality). If u € S} ;, then we have

lull or 5 < Cllulligs: (2.16)
Q—kp’

provided that QQ —kp >0 and 1 <p <gq< Q@%p-
We also have that

[ulloo,s < Cllullkps, 4 Q—Fkp <0 (2.17)

and in fact

lu(z,t)] = o(p®) as p — oco. (2.18)
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Proof. Suppose that p* = Qp/(Q — kp) < oo, we have

ullps 645 = (/A (Uéu)p*deV(Z¢)>
R

< CR™||ugllp+ 54,
< CR?éHURHk,q,&;AU (219)

1/p*

where, for the last inequality, we have used the usual Sobolev inequality
applied to Aj, and by Holder inequality. Rescaling gives

[ullp=s:ar < Cllullkgsan- (2.20)

Now using the same notation u; as above, we see that

C s 1/p*
el = ( /H Jul” o —dez,t>>

0 1/p* 0 1/p*
* 76 * *
<Z/ |U‘p o P Qd‘/(z,t)> = <Z ||UHZ*75;A2],_1>
=07 Ag—1 J—0

o0 1/p*
<O( X lulfpn, ) o (v @)
];00 1/q
<o(Llhultypn, ) - asr
j—0
= Cllullk,g.s- (2.21)

Therefore, we obtain ([ZI6]). The same rescaling argument implies that

Sup o™ = [|ullsos,45 < Cllullkpsian, (2.22)
R

which gives [2.IT). Since [[ul|gp s < 0o, we have
lullkpsa, =0 as R— oo,

that is,

[l ps;ap0(1) as R — oo,

which gives ([2.I8]), by means of ([2.22]). We therefore complete the proof. O
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2.3. Weighted estimates for sub-elliptic operators

The rescaling argument and the standard local estimates gives estimates
in weighted spaces for sub-elliptic operators whose coefficients are well be-

haved at infinity.

Definition 2.5. The operator u — Pu defined by
Pu = a"(z,t)é;é5u + b' (2, t)é;u + (2, t)u (2.23)

will be said to be asymptotic to A, (at rate 7) if there exists @ < ¢ < o0
and 7 > 0 and constants C7, A such that

2n
ACP? < a(2,6)GG < ATHCP, for all (2,t) € Hy, (=Y (éj €€, (2.24)
j=1
and
la® = bijll1.q,—r + 6" ll0.g,—1- + llcllo,q/2,—2—r < C1, (2.25)

where d;; corresponds to the standard sub-Laplacian Ab on H,.

It is clear that if P is asymptotic to Ay, then the map P : Sy s = Shs o
is bounded for 1 < p < g and § € R. In fact the following weighted estimate
holds.

Proposition 2.6. Suppose that P is asymptotic to Ab, l<p<gandd eR.
Then there is a constant C = C(Q,p,q,s,0,C1,\) such that if u € L§ and
Pu e 5’5572, then u € S§+2 5+ Moreover, we have

[ulls2,p6 < CUIPUllsps—2 + ullps)- (2.26)

Proof. Sub-elliptic regularity applies to show that u € Sf 2,00 and the
remaining conclusions follow from the usual interior LP estimates and the

rescaling technique. O

Observe that the same argument gives the estimate (Z28) with the S5
norms instead. We now investigate the Fredholm properties of P. We need

the following lemma:
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Lemma 2.7. Fiz p € (1,00),p" = p/(p — 1), and let a,b € R be such that
a+b>0. Suppose that K(x,y) is the kernel

K(z,y) = |2y~ 2|~y forz £y,
For w € LP(H,,) define

Ku(zx) = . K(z,y)u(y)dVy.

Then there is a constant ¢ = c¢(n,p,a,b) such that
[ KullLe < cflul|Le
if and only if a < Q/p and b < Q/p’.

Proof. To show that the conditions a < @/p and b < Q/p’ are neces-
sary, suppose that K is a bounded operator on LP(H,). We first define the

function
v(z) = K(z,y)dV,.
lyl<1
Then we have
v(z) = K(z,y)dV, = / K(z,y)u(y)dVy,
‘y|§1 Hy

where

1 <1

u)={ L=
0 |yl >1

Since u(y) € LP(H,) and K is a bounded operator on LP(H,,), we see that
v(x) is in LP(H,). Next, we study the behavior of v(z) at infinity. By the

triangle inequality (see [5]), there exists a constant v > 1 such that

<1+ M)

Uyl ly'a]
&

v oo lz T |

Therefore, for |y| < 1, if |z| is large enough, then K(z,y) ~ W, and

hence v(x) behaves like a constant multiple of |#|~%*?. Then v(z) belongs
to LP(H,) only if p(Q — b) > @, i.e. only if b < Q/p’. On the other hand,
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we define the function w(y) by
w(y) = K(z,y)dVy.
lz|<1

Then, by Fubini’s Theorem and Holder inequality, for u(y) € LP(H,,), we
have

| wtuway, = [ ( ‘ <1K<x,y>u<y>dvx> av,

B /:vgl < Hy K(m’y)u(y)dVy> dVy

1/p
< 1 Ku(@)l| o) ( / 1 de)
lz|<1

< WP Ku(@)| poga,y < ¢ wb/P ull o),

for some constant ¢ > 0, where w,, is the volume of the unit ball B;. That
is, w(y) is a bounded linear functional on LP(H,), and hence belongs to
LP(H,). As we discuss the behavior of v(x) above, it is easy to see that,
for large |y|, w(y) behaves like a constant multiple of |y|~9**. Then w(y)
belongs to L¥ (H,) only if a < Q/p.

To show that the conditions a < Q/p and b < Q/p’ are sufficient, note
first that it may be assumed without loss of generality that both a and b are
non-negative. (If, say, a is negative, then b is positive, and from the triangle
inequality x| < v(|ly| + |[y~1z|) for some v > 1, we have

|z| ( |y >
<vy(1+ ;
ly~lz| ly~Lz|

|| )_“ < |yl >_“
<Cc(1+ ,
(Iy‘lfcl ly~tu|

for some C' > 0. It is seen that

which implies that

C
+ .
S @ Ty Ta@ e tye

K(z,y)

The boundedness of K in this case then follows immediately from the result
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in the case in which both a and b are non-nagative.) And it suffices to show

that
1/p , 1/p
/n - K(z,y)u(y)v(x)dV,dV, <C </ nu(y)PdVy> </ n’u(g;)P dVgC) ,
(2.27)
hence
Ku(x) = - K(z,y)u(y)dV, € (Lp/)*(Hn) = LP(H,)

1/
with operator norm less than C ( i) o, u(y)pdVy) p. By Hoélder inequailty,

and noticing that K (x,y) is homogeneous of degree —@Q), we have

/ K(z,y)u(y)v(z)dV,dV,

e ()7 i () e
(Ll )] oo™ ]

— p/rQl/r, (2.28)

where

:/n/n( ey (U
o, e

Q:/n/n< (e e <|y>Q/p)d”V
:/nvp'(x)< ny<y>Q/p )de (2.30)

From (2.28)),(229)),([230]), we obtain (2.27]), provided that the integral
i, Ktes) ()"
Hy, ’ |z]

Yl Q/r’
‘) ) avy,dvy,

Y| Q/p’

|> ) (2.29)
|

H

E%

and

il

dV; has an upper bound which is independent of y,
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and [, K(z,y) (%)Q/p

x. Actually, fixing y and by a change of variables, we have

ly| Q/P O ly| Q/P
K(z,y) () av, = v,
LK y><|x\> /n‘ K |y\)<\x|>

dVy has an upper bound which is independent of

= / K(z,y*)\er/p dV, z:i, and y*:i
Hy Y vl
1
:/ . v, (2.31)
H a+-7 *\—1 — b
n 2| | (y*) T 1e] Q- (ath)
where
al-‘-Q ,x~0
1 ‘Z‘ v’ 1
~ 1o LR (2.32)
at 31| Q—(a+b) [CRRE R
2|7 e z 1 N
217 (7)1 e

Sincea<%andb<§,wehavethat0<a+§<Q, 0<@Q—-(a+b)<Q

and Q + 1% —b > Q, thus the integral [, K(z,y) (M) o dV, converges,
depending on y* which belongs to the unit sphere. Therefore, it has an upper
bound which is independent of y. Similarly, [ , I (z,9) (EDQ/IJ dV, has an
upper bound which is independent of x. Therefore, we have completed the

proof. O

Theorem 2.8. Suppose that § < 0, 1 < p < o0, and s is a non-negative
integer. Then the map

Ap: 8P, 5= 8%, (2.33)

is an isomorphism and there is a constant C' = C(Q,p,d, s) such that

[ullst2ps < CllAbulll pso- (2.34)

Proof. 1t suffices to prove (234]) for s = 0. We first assume that —2n < § <

0 and show that the distribution inverse has convolution kernel Ky(z,y):
coKo(z,y) = co®o(y'z) = |y Lo 72" (2.35)

Let us first show that (Z35) defines a bounded operator from Si’s_, to S{'s.
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Lemma [2.7] shows that the kernel
_§—2n+2 §—04 2nt+2
K(z,y) = || v Ko(a,y)lyl" "

defines a bounded operator LP — LP when —2n < § < 0. Then we have

1/p
1Kol 5 = / Kou(z)Ple| - 2av,
Hy\{0}

P 1/p
_ ( / dvx>
H,\{0}

1/p
= </ [(KU)()[? de) , where U(y) = U(y)\yr(aﬁ)*%
Hy\{0}

= ||KUl|rr < c|U||r (by Lemma [27)
= cllull, 5o (2:36)

5. Q
/ 2|0 Ko, y)uly)dv,,
H,\{0}

Thus we have shown that Kj : .S’(/)p(;_2 — S(/)pé is bounded when —2n < § < 0.

Recall that we have KoAyu = u, for all u € C3°(Hy, \{0}), so the boundness
of Ky gives

lullys < CllAull, 55, for all u € S,

since C§°(Hy, \ {0}) is dense. This and the estimate (2.20]) yield ([2.34).

Now suppose that {u;} C Sg s 1fi} C Sg? 5_o are sequences such that
fi= Auj and f; — f. By [234), {u;} is a Cauchy sequence and hence is
convergent to u € S;% with Au = f, since A : S;% — 561?672 is bounded.
This map thus has a closed range. On the other hand, by (2:34]), the kernel
of this map is trivial. Also, by ([234]), we have Kof € Sg? 5, and hence
A(Kof)(x) = f, for all f e C§°(Hy, \ {0}), so it is also surjective and this
establishes the isomorphism for the cases —2n < § < 0. For the other cases
6 < —2n, we need the following commutative diagram

A, . QP N
Ab : Ss+2,51 5575172
A, . QP N
Ab : Ss+2,52 5575272

where 9 < 41 and the vertical maps are the inclusions, which, by Proposition

2.1 are continuous. Suppose that Ay : S7

D . . .
sr28 53,5172 is an isomorphism,
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then from the above diagram, it is easy to see that the map Ab : Sng, 5
S;Z”(;Q_Q is one-to-one. Since Ay is self-adjoint, the map Ay : 5212752 —

S;p 5,_o is onto, and hence an isomorphism. We claim that (Z34) holds for
do. For a contradiction, we assume that (Z34]) does not hold for ds. Then

there exists a sequence of u; € S;ZQ 5, such that HujH’SJFQ’p’(S2 =1 and
2 1
1Apul% 5,2 < I (2.37)

Thus there exists a subsequence {u;} converges weakly to . such that

!/
5)p’52

to that A is one-to-one. We therefore get a contradiction, and thus have

234) for all 6 < 0. O

[ucolsra,s, = 1 and | Aptoo || _, = 0, which implies that us, = 0, due

The scale-broken estimate (2.38]) below is the key to proving Fredholm

properties.

Theorem 2.9. Suppose that P is asymptotic to Ab at rate T > 0 and Q <
q < oo, and § < 0, s is a non-negative integer. Then, for 1 < p < q, the

map
. QP P
P Ss+2,6 - 58,672

has finite-dimensional kernel and closed range. In addition, for any u €

S

f+275, we have

ulls+2,p,6 < CUIPullspo—2 + l[ullLr(Bg)); (2.38)
where C, R are constants depending on P,§,Q,p,q.
Proof. Tt suffices to prove ([Z:38]) for s = 0. Define the operator norm

1P = Apllop = sup{lI(P = Ap)ullps—2 : u€ S5 |lullzps =1}

and let || - [|op,r denote the same norm restricted to function with support in
Er = H, \ Br. For ([238), first, we claim that

P = Apllop.r = 0(1), as R — oc. (2.39)
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If suppu C FER, since Q < q,

(P = Ap)ullps—2 <[(a” (z,) — 6;5)05u + b (2, £)0u + c(z, t)ullps—2
<|[(a” (z,t) = 6i)Dijullp.s—2:E5 + I (2, 1)Oiullp5—2 24
+ [le(z, ullp. o285, (2.40)

t
t

where

1(a¥ (2,) = i) ijullps-oms < sup {[a" (z,t) = 0ijl } 10sjullp.s—2:m5;
[(z,0)[>R
(2.41)
16, D00l < 10l vl go 5 by @D
< C[b'lg, 1.2 l10wull1 ps—1, by EIE)
< Ol g-1-m5p | 0ull1 ps-1, by @ID);  (2.42)

and, similarly, we have
le(z, tullps—2r < Clicllgr2,—a—rpp lull2p.s- (2.43)

Substituting ([2.41]),([242) and (243) into (Z40]), we obtain

(P — Ab)u\|p,5—2 < sup {\aij(%t) - 52']'\} 1035ullp,5—2: 25
|(z:8)[>R

+ Ol g —1-rikg |0t 1.p.6-1 + Cllellgjz,—2-riplull2ps:

and hence (2:39) holds.

Let x € C§°(B2) be a patch function, 0 < x < 1,x =1 in By, and set
xr(z) = x(R™tx). Writting u = ug + Uso, Up = XRU, Uso = (1 — X g)u with
R a constant to be determined, the sharp estimate (234)) yields

[tool2,p.5 < CllAptios]lo,ps—2
< C(|[Pusollops—2 + (P = Ap)uocllop,s—2)
< O([|Puscllops—2 + I[P — Apllop, rllUco |2,p,6)

in which the second term of the right hand side can be absorbed into the
left hand side, for R sufficiently large, and we estimate

| Pucsllop,s—2 = |[Pu — Pugllops—2
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S HPUHO,P,CS_2
+]12a” (9u) (95X )+ (0" By X+ b xR )ullop,5-2:45
< [1Pullo,po—2 + Cllullip,s45-

We therefore get

[tooll2,p.6 < C(II1Pullop,s—2 + [[ull1,p,6:45;

for R large enough. Using this (Z26) and the interpolation inequality
214) gives ([Z38)). Now suppose that {u;} is a sequence in kerP satisfy-
ing ||u;||2,p,s = 1, so that by the Rellich lemma we may assume, without loss
of generality, that {u;} converges strongly in LP(Bg). Estimate ([Z38) now
shows that {u;} is a Cauchy sequence and hence convergent in Sg’ 5 Which
implies that kerP is finite-dimensional. To show that P has a closed range,
as the argument in Theorem 2.8] it suffices to show that there is a constant
C such that

[ullo.p.s < CllPullops—2, forallueZ,

where Z is a closed subspace such that Sg s = Z + kerP. For if this were
not the case, there would be a sequence {u;} C Z such that |juj|l2ps = 1
and || Pullops—2 — 0. The usual Rellich lemma applied to (Z38]) shows
that {u;} has a subsequence which is Cauchy in Z and whose limit
is a non-zero element of kerPNZ, which is a contradiction. Therefore, P has
closed range. O

We are interested in the dimension of the kernel of P, which will be
denoted by

N(P,6) = dim ker(P : S5, — SF, ,) (2.44)
with 1 < p < g, where Q =2n+ 2 < ¢ < c0.
Proposition 2.10. Suppose that P and its formal adjoint P* both satisfy

conditions ([Z24) and 220) with Q < q < o0, and —2n < 6 < 0, q% <

p <q. Then P : Sgﬁ — 557672 18 a Fredholm operator with Fredholm index
t(P,§) = N(P,0) — N(P*,2—Q — ).
Proof. Suppose that the formal adjoint

P (885 5)" — (Shy)"
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of P is also asymptotic to Aj, which satisfies the condition (Z24]) and Z25).
Here (S; s)" is the subspace of D'(H,) consisting of those distributions which
extend to give bounded linear functionals on Sg’ 5> endowed with the dual
norm. From the Holder inequality (212]), we have

luvll1,—q < |ullps—2v|ly2—g-s,

which implies that : (S5 ,)* = Sgichw where p' =p/(p—1). If —2n <6 <

0, which implies that —2n < 2—Q —¢ < 0, and moreover q_il < p < g means
that 1 < p’ < ¢, then Proposition shows that Ker(P*) C Sg/Q_Q_é and

hence
dim coker P = dim kerP* = N(P*,2 — Q — ).
This is finite by Theorem 2.9 hence P is Fredholm with Fredholm index
t(P,§) = N(P,6) — N(P*,2—Q —9). (2.45)

O
Let &y = ker © be the standard contact bundle on the Heisenberg group.

Instead of the standard pseudo-Hermitian structure (Jp, ©), we consider an-
other pseudo-Hermitian structure (J,0) with ker 6 = £;. Let P = A, be the
corresponding sub-Laplacian, then P* = P. We write

Ay = gij(z,t)éiéj + - -
We have the following corollary.

Corollary 2.11. Suppose that g;; is uniformly sub-elliptic in (R**1 &)
and (gi; — 0ij) € Si{ﬂ_ for some QQ < q < oo, and that —2n < § < 0 and
qiil <p<gq. Then Ay : S§+275 — 557572 s an isomorphism.

Proof. From Proposition 210} the sub-Laplacian A, : Sgﬁ — Sg 5o 18
Fredholm. And since —2n < ¢ < 0 if and only if —2n < §* < 0, where
0* =2—@Q — 9. It suffices to show that N(Ap,0) = 0. But if Ayu = 0 and
u € Sg’é, then u = o(1) at infinity and the strong mazimum principle for
weak solutions (see ﬂa], Theorem 8.19) shows that u = 0. O
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3. Asymptotically Flat Pseudo-Hermitian Manifolds

Definition 3.1. A (2n+1)-dimensional pseudo-Hermitian manifold (NN, J, #)
is said to be asymptotically flat pseudo-Hermitian if N = NyU N, with Ny
compact and N diffeomorphic to H,, \ B,, in which (.J,0) is close to (J,0)

in the sense that

6 =(1+caAp™ 2" +0(p™ 2" )+0(p 2" 1) d=" +O(p~2" 1) 5d;

05 =0(p " V)I+0(p 2" 2) 542" + (148, Ap~ "+ O (p~ 2"~ 1))V/2d2°,
(3.1)

for some A € R and a unitary co-frame 6 in coordinates (27,27, t) (called
asymptotic coordinates) for Noo on which p = ((35_, [°[*)? + tH/4 s
defined. We also require the Tanaka-Webster scalar curvature W € L1(N).

Suppose that (M, J) is a spherical in a neighborhood of a point z € M.
If we blow up at = through the Green’s function of the CR invariant sub-

Laplacian

_ a’_n —2n
Go =5 p "+ 4+ 0(p),

which is expressed in terms of the CR normal coordinates, then we obtain
an asymptotically flat pseudo-Hermitian manifold (see @] for more explana-

tion). We denote such a manifold by N(x). In such a case, we have

0= (1+cadep™™ +O(p~>""1))b;

o 3.2
9 — O(prnfl)e + (1 + énAxp72n + O(piQnil))\/idZa, ( )

where ¢, = ;‘Tﬂn and ¢, = 737”" Let {Z,,Z5,T} be the frame dual to

{0%,0%,0}. Tt is easy to see that
Zo = (1= & Aup P+ 0(p " V) Za + O(p™ 2" 25 (3.3)

On the other hand, from the structure equations of pseudo-Hermitian man-
ifolds, we have the asymptotic behavior of the pseudo-Hermitian connection

forms

0.7 = O(p~2" )0 + B.”,d2" + C.P5d7, (3.4)
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where for any fixed a;, we have

Caﬂﬁ O(p_2n_2)v for /3 7& a, Y 7& «Q

—incp, Ay 2Pw

Cola = et +O(p~*?), for B # «
Cos = _m{cn;ﬁz At O(p~>"?),
and Baﬂv = —m. Therefore, we have
Ay = <1 + 4?21:90) Ay + higher decay order, (3.6)

which implies that Ay is asymptotic to Ab for some ¢ with Q) < ¢ < co. We
remark that if the manifold (M, J) is not spherical, then, in general, formula
(B8] does not hold.

As used in Corollary BTl the strong maximum principle implies the
following theorem.

Theorem 3.2. Suppose that (M,J) is a CR manifold which is spherical
in a neighborhood of a point x € M. We consider the blow up manifold
N (z) at this point ©. Choose q > 2n + 2 such that Ay is asymptotic to Ab,
q%’1<p§qand—2n<(5<0. Then

Ay 8P, 5(N(@)) = 75 ,(N(x)) (3.7)

is an isomorphism.

3.1. The Weitzenbock formula for n = 2

In this subsection, we will give an isomorphism theorem for Dirac op-
erators on spinor bundles. More details and notations on the geometry of
context of spinors here may be found in @] Suppose (M, J,0) is a spherical
CR manifold with a spin structure Spin(§) on the contact bundle £ = ker 6,
together with the Levi metric Ly. Let A% (n) and Af(n) denote the real
and complex vector spaces respectively, spanned by {w/t A -+ Awlk | 1 <
j1 < -+ < jr < n} (view symbols w!,--- w" as independent vectors).
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Recall, from H], that there is a canonical representation N of the Clifford
algebra Co,(—1) such that A (n) is an irreducible Cs,(—1)-modules, and
A% (n), A%4(n) are two irreducible Spin(2n)-modules. We hence have the

following three associated vector bundles:
S=8pin(&) xxw Ag(n), ST =8pin(€) xw AZ" (n), S~ =Spin(&) xx A& (n),

which are called spinor bundles. On each spinor bundle there is associated
a unique spin connection V, constructed from the pseudo-Hermitian con-
nection, and hence a Dirac operator, which is denoted by D;. We have a

Weitzenbock-type formula as follows:

n
D =V'V+W =2 esenisVr,
B=1

where {e1, - ,ez,} is a local orthonormal frame field such that e, 3 = Jeg
for 1 < B < n. Fortunately, due to some algebraic properties in the case

n = 2, we reduce the formula to
D =V*V+W, onS*t (3.8)

It is this formula that makes Witten’s approach work on this geometry.

Actually we have the following isomorphism theorem for Dirac operators.

Theorem 3.3. Suppose n = 2 and suppose that (M,J) is a CR manifold
which is spherical in a neighborhood of a point x € M. We consider the blow
up manifold N(x) at this point x. Suppose that ¢L1 < p < q (q is specified
as in Theorem B.2) and —2n < § < 0. Then

2. qp
D?: s

P s(ST) = ST (ST (3.9)

18 an isomorphism.

Proof. Let ¢ = ¢”s) be a spinor spanned by a frame field of spinors {sy}.

We compute

2n
ViVe=-Y VI ¢

a=1
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2n
= — Z (VeaveaSO - vv&aeaw)

a=1

2n
== Z(eaeago’\ - (veaea)SO)\)S)\ + Q(GaSOA)veaS)\
a=1

+ 90)\ (VBGVBGSA - VVEGeGSA)
= —(AppM)sy + Lo, (3.10)

where
Apf =tr(Vdf) = eqeqf — (Ve eq)f, for a function f

Lo.t. = 2(eqp?) Ve, 51 + (VeuVeasa — V., eaS)) -

Therefore the principal part of each component of Dg is the sub-Laplacian
Ay, which is asymptotic to Ab at rate 7 > 0. Therefore, Dg satisfies the
scale-broken estimate (2.38]), and hence is Fredholm with adjoint

2 %2 . ap’ !
Di=Dg: 80,55 o 5(57) = ST o 5(57).

On the other hand, from (2:38]) again, we see that ker (Dg, J) C C°(N(x)),
thus if ¢ € ker (Dg, §), then |¢|? — 0 at infinity and from (B.8) we have

1
5 Aelel* = Voe|* + Wlgl* > 0.

The strong maximum principle implies that [p|?> = 0. Since that —2n < § <
0 if and only if —2n < 2 —@Q — § < 0, this shows that for —2n < § < 0, both
ker Dg and ker DgQ are trivial, and hence Dg is an isomorphism. O
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