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Abstract

In this paper, we show that the sub-Laplacian of an asymptotically flat pseudo-

Hermitian manifold defined on suitable weighted Folland-Stein spaces is an isomorphism.

Similarly in dimension 5 a certain Dirac-type operator is shown to be an isomorphism,

which is used to resolve the CR positive mass problem.

1. Introduction

The CR positive mass problem plays an essential role in CR geometry.

As well known, we need a CR positive mass theorem to solve the CR Yamabe

problem for the cases which either the CR dimension n = 1 or the CR

manifold M is spherical with higher CR dimension. When n = 1, this

was shown by Cheng, Malchiodi and Yang [3]. On the other hand, when

n ≥ 2 and M is spherical, this was finished by Cheng, Yang and the author

[2] through showing that the developing map is injective. However in the

case n = 2, we need an extra condition on the growth rate of the Green’s

function on the universal cover of M . So in the case n = 2, the CR positive

mass theorem is not really completed. In the paper [1], Cheng and the

author showed that for n = 2, M being spherical, if moreover M has a spin

structure, then we have the CR positive mass theorem built up through a

spinorial approach.
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Recall that in 1982, E. Witten described a proof of the positive mass

theorem using spinors (see [8, 7]). Applying a Weitzenbock-type formula

to ψ satisfying D2ψ = 0 and approaching a constant spinor at infinity and

integrating after taking the inner product with ψ, we then pick up the p-mass

from the boundary integral and obtain a Witten-type formula for the p-mass.

So the non-negativity of p-mass follows. Therefore, for the CR positive mass

theorem, it suffices to show that the square of the Dirac operator D2 on some

suitable weighted Folland-Stein spaces is an isomorphism. In this paper we

prove that both sub-Laplacian ∆b (see Theorem 3.2) and D2 (see Theorem

3.3) on suitable spaces are isomorphisms.

2. Operations on Weighted Folland-Stein Spaces

For basic material about the Heisenberg group, we refer the reader to

Section 7 Appendix in [1]. LetHn be the Heisenberg group andQ = 2n+2 be

the homogeneous dimension of Hn. The summation convention applies and

derivatives along e̊a, 1 ≤ a ≤ 2n, may be denoted by subscripts ua = e̊au.

The sub-gradient ∇̊bu =
∑2n

a=1 uae̊a. The sub-Laplacian ∆̊bu =
∑2n

a=1(̊ea)
2u.

Set

ρ = (|z|4 + t2)
1
2 , σ = (1 + ρ4)

1
4 , (2.1)

Denote BR = BR(0) as the closed Heisenberg ball of radius R and center 0.

The annulus is AR = B2R \BR, and the exterior domain is ER = Hn \BR.

On Hn, we have the dilation operator defined by

R(z, t) = (Rz,R2t) (2.2)

2.1. The weighted Folland-Stein spaces

For δ ∈ R, we define the weighted Lebesgue spaces Lp
δ , L

′p
δ with weight

δ ∈ R as the spaces of measurable functions in Lp
loc(Hn), L

p
loc(Hn \ {0}),

respectively, for which the norms defined by

‖u‖p,δ =







(

∫

Hn
|σ−δu|pσ−QdV(z,t)

)
1
p
, p <∞,

ess supHn
(σ−δ|u|), p = ∞,

(2.3)



✐

“BN17N32” — 2022/9/15 — 13:39 — page 311 — #3
✐

✐

✐

✐

✐

2022] SUBELLIPTIC OPERATORS 311

and

‖u‖′p,δ =







(

∫

Hn\{0}
|ρ−δu|pρ−QdV(z,t)

)
1
p
, p <∞,

ess supHn\{0}(ρ
−δ|u|), p = ∞,

(2.4)

are finite, where dV(z,t) = Θ∧ (dΘ)n and Θ = dt+ 1
2

∑n
β=1(iz

βdz̄β− iz̄βdzβ).

For k ∈ N ∪ {0}, the weighted Folland-Stein spaces Sp
k,δ, S

′p
k,δ are the

spaces of u such that

|∇ju| ∈ Lp
δ−j , L

′p
δ−j , for 0 ≤ j ≤ k, (2.5)

respectively, with norms

‖u‖k,p,δ =
k
∑

j=0

‖∇ju‖p,δ−j , (2.6)

‖u‖′k,p,δ =
k
∑

j=0

‖∇ju‖′p,δ−j (2.7)

where ∇,∇2, · · · denote the sub-gradient, sub-hessian, · · · for simplcity.

Observe that C∞
0 (Hn), C

∞
0 (Hn\{0}) are dense in S

p
k,δ, S

′p
k,δ, respectively,

for δ < 0 and 1 ≤ p <∞ and that Lp
δ = Lp(Hn) for δ = −Q/p.

2.2. Global weighted inequalities

As R. Bartnik pointed out in [4] that the indexing chosen for the weights

has the advantage that it directly describes the growth at infinity (see (2.18)

below). In addition, the rescaled function, defined by

uR(z, t) = u(R(z, t)), (2.8)

will satisfy the estimates (2.9) and (2.10) which follow by a simple change

of variables. We have

‖uR‖
′
k,p,δ = Rδ‖u‖′k,p,δ. (2.9)

Similarly, with an obvious notation for norms over subsets of Hn, we have

‖u‖k,p,δ;AR
≈ R−δ‖uR‖k,p,δ;A1 , (2.10)
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for R ≥ 1, where “≈” means “is comparable to”, independent of R ≥ 1. The

estimate (2.10) is the key to proving global weighted inequalities from local

inequalities.

Proposition 2.1. If 1 ≤ p ≤ q ≤ ∞, δ2 < δ1 and u ∈ Lq
δ2
, then

‖u‖p,δ1 ≤ c‖u‖q,δ2 , (2.11)

and hence Lq
δ2

⊂ Lp
δ1
.

Proof. The estimate (2.11) follows directly from the definition and Hölder

inequality. If p = q <∞, we write

|u|p

σδ1p+Q
=

|u|q

σδ2q+Q

1

σ(δ1−δ2)q
.

Then (2.11) holds in this case. If p < q <∞, we write

|u|p

σδ1p+Q
=

|u|p

σ
δ2p+

Qp

q

1

σ(δ1−δ2)p + Q(q−p)
q

.

Then by Hölder inequality

∫

ER

|u|p

σδ1p+Q
dV

≤





∫

ER

(

|u|p

σ
δ2p+

Qp
q

)q/p




p/q






∫

ER





1

σ(δ1−δ2)p + Q(q−p)
q





q/(q−p)






(q−p)/q

=

[
∫

ER

(

|u|q

σδ2q+Q

)

dV

]p/q [∫

ER

(

1

σ(δ1−δ2)
pq

q−p
+Q

)

dV

](q−p)/q

,

where the second term is integrable on ER. Therefore (2.11) holds. Finally,

suppose that p < q = ∞, then

|u|p

σδ1p+Q
=

|u|p

σδ2p
1

σ(δ1−δ2)p+Q
≤ ‖u‖p∞,δ2

1

σ(δ1−δ2)p+Q
, a.e.

Again that 1
σ(δ1−δ2)p+Q is integrable on Hn, we get (2.11). Suppose p = q =

∞. We fix a point, since σ ≥ 1, we have that (σ−1)x is a decreasing function,
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hence (σ−1)δ1 ≤ (σ−1)δ2 . And it is easy to see that if

m{(z, t) | σ−δ2 |u(z, t)| > M} =0

then

m{(z, t) | σ−δ1 |u(z, t)| > M} =0.

Therefore

‖u‖∞,δ1 = ess sup(σ−δ1 |u|)

= inf{M | m{(z, t) | σ−δ1 |u(z, t)| > M} = 0}

≤ inf{M | m{(z, t) | σ−δ2 |u(z, t)| > M} = 0}

= ess sup(σ−δ2 |u|) = ‖u‖∞,δ2 ,

which gives (2.11). Finally, suppose that p < q = ∞, since

|σ−δ1up|σ−Q = |σ−
δ2
p uσ

−δ1+
δ2
p |pσ−Q

= σ−δ2 |u|σ−Q−pδ1+δ2

≤M
1

σQ+(pδ1−δ2)
, almost everywhere,

we have
∫

Hn

|u|p

σδ1p+Q
dV(z,t) ≤

∫

Hn

M

σQ+(pδ1−δ2)
dV(z,t)

≤ C ess sup(σ−δ2 |u|).

We thus complete the proof. ���

Proposition 2.2 (Hölder inequality). If u ∈ Lq
δ1
, v ∈ Lr

δ2
and δ = δ1 +

δ2,
1
p = 1

q +
1
r , 1 ≤ p, q, r ≤ ∞, then

‖uv‖p,δ ≤ ‖u‖q,δ1‖v‖r,δ2 , (2.12)

Proof. The estimate (2.12) follows directly from the definition and Hölder

inequality. If 1 < p, q, r <∞, then we write

|uv|p

σδp+Q
=

|u|p

σ
δ1p+

Qp
q

|v|p

σδ2p+
Qp
r

.
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By Hölder inequality, we have

∫

Hn

|uv|p

σδp+Q
dV =





∫

Hn

(

|u|p

σ
δ1p+

Qp

q

)q/p

dV





p/q
(

∫

Hn

(

|v|p

σδ2p+
Qp

r

)r/p

dV

)p/r

.

This shows (2.12). If p = q <∞, r = ∞, then

|uv|p

σδp+Q
=

|u|p

σδ1p+Q

|v|p

σδ2p
≤

|u|p

σδ1p+Q
‖v‖p∞,δ2

, a.e.

This shows (2.12). The case p = q < ∞, r = ∞ is similar. In the end,

suppose that p = q = r = ∞. Let M1,M2 be two numbers such that

m{(z, t) | σ−δ1 |u(z, t)| > M1} = 0, m{(z, t) | σ−δ2 |v(z, t)| > M2} = 0.

Then we have

σ−δ|uv| = σ−δ1 |u| · σ−δ2 |v| ≤M1M2, almost everywhere,

that is,

m{(z, t) | σ−δ|uv| > M1M2} = 0,

which implies

‖uv‖∞,δ = ess sup(σ−δ|uv|)

= inf{M | m{(z, t) | σ−δ|uv| > M} = 0}

≤M1M2, for any such M1,M2.

(2.13)

Then (2.12) follows. We thus complete the proof. ���

The following two estimates, interpolation inequality and Sobolev in-

equality, follow from the technique of rescaling and applying local estimate:

Proposition 2.3 (Interpolation inequality). For any ε > 0 and any

non-negative integer s, there is a constant C = C(Q, p, δ, s) such that

‖u‖s+1,p,δ ≤ ε‖u‖s+2,p,δ +
C

ε
‖u‖0,p,δ, (2.14)

for all u ∈ Sp
s+2,δ, 1 ≤ p <∞.
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Proof. The estimates (2.14) follow from the technique of rescaling and

applying local estimates. By the usual interpolation inequality, we have, for

1 ≤ p <∞,

‖u‖s+1,p,δ;AR
≤ CR−δ‖u‖s+1,p,δ;A1

≤ CR−δ

(

ε‖uR‖s+2,p,δ;A1 +
C

ε
‖uR‖0,p,δ;A1

)

≤ ε‖u‖s+2,p,δ;AR
+
C

ε
‖u‖0,p,δ;AR

,

(2.15)

where C is a constant independent of AR, for R ≥ 1. Therefore, writing

u =
∑∞

j=0 uj with u0 = u|B1 , uj = u|A
2j−1 , we see that (A � B means A ≤

(const)B)

‖u‖s+1,p,δ =
s+1
∑

k=0

‖∇ku‖p,δ−k =
s+1
∑

k=0





∞
∑

j=0

‖∇kuj‖
p
p,δ−k





1/p

�





s+1
∑

k=0

∞
∑

j=0

‖∇kuj‖
p
p,δ−k





1/p

�





∞
∑

j=0

‖uj‖
p
s+1,p,δ





1/p

�



ε
∞
∑

j=0

‖uj‖
p
s+2,p,δ +

C

ε

∞
∑

j=0

‖uj‖
p
0,p,δ





1/p

, (by (2.15)),

� ε‖u‖s+2,p,δ +
C

ε
‖u‖0,p,δ.

This completes the proof. We remark here that the interpolation inequality

also holds when p = ∞. But we don’t need it in this paper. ���

Proposition 2.4 (Sobolev inequality). If u ∈ Sq
k,δ, then we have

‖u‖ Qp
Q−kp

,δ ≤ C‖u‖k,q,δ, (2.16)

provided that Q− kp > 0 and 1 < p ≤ q ≤ Qp
Q−kp .

We also have that

‖u‖∞,δ ≤ C‖u‖k,p,δ, if Q− kp < 0. (2.17)

and in fact

|u(z, t)| = o(ρδ) as ρ→ ∞. (2.18)
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Proof. Suppose that p∗ = Qp/(Q− kp) <∞, we have

‖u‖p∗,δ;AR
=

(
∫

AR

(σ−δu)p
∗

σ−QdV(z,t)

)1/p∗

≤ CR−δ‖uR‖p∗,δ;A1

≤ CR−δ‖uR‖k,q,δ;A1 , (2.19)

where, for the last inequality, we have used the usual Sobolev inequality

applied to A1, and by Hölder inequality. Rescaling gives

‖u‖p∗,δ;AR
≤ C‖u‖k,q,δ;AR

. (2.20)

Now using the same notation uj as above, we see that

‖u‖p∗,δ =

(
∫

Hn

‖u‖p
∗

σ−δp∗−QdV(z,t)

)1/p∗

=

( ∞
∑

j−0

∫

A
2j−1

|u|p
∗

σ−δp∗−QdV(z,t)

)1/p∗

=

( ∞
∑

j−0

‖u‖p
∗

p∗,δ;A
2j−1

)1/p∗

≤ C

( ∞
∑

j−0

‖u‖p
∗

k,q,δ;A
2j−1

)1/p∗

, (by (2.20))

≤ C

( ∞
∑

j−0

‖u‖qk,q,δ;A
2j−1

)1/q

, q ≤ p∗

= C‖u‖k,q,δ. (2.21)

Therefore, we obtain (2.16). The same rescaling argument implies that

sup
AR

|u|σ−δ = ‖u‖∞,δ,AR
≤ C‖u‖k,p,δ;AR

, (2.22)

which gives (2.17). Since ‖u‖k,p,δ <∞, we have

‖u‖k,p,δ;AR
→ 0 as R→ ∞,

that is,

‖u‖k,p,δ;AR
o(1) as R→ ∞,

which gives (2.18), by means of (2.22). We therefore complete the proof. ���
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2.3. Weighted estimates for sub-elliptic operators

The rescaling argument and the standard local estimates gives estimates

in weighted spaces for sub-elliptic operators whose coefficients are well be-

haved at infinity.

Definition 2.5. The operator u→ Pu defined by

Pu = aij(z, t)̊eie̊ju+ bi(z, t)̊eiu+ c(z, t)u (2.23)

will be said to be asymptotic to ∆̊b (at rate τ) if there exists Q < q < ∞

and τ ≥ 0 and constants C1, λ such that

λ|ζ|2 ≤ aij(z, t)ζiζj ≤ λ−1|ζ|2, for all (z, t) ∈ Hn, ζ =

2n
∑

j=1

ζj e̊j ∈ ξ, (2.24)

and

‖aij − δij‖1,q,−τ + ‖bi‖0,q,−1−τ + ‖c‖0,q/2,−2−τ ≤ C1, (2.25)

where δij corresponds to the standard sub-Laplacian ∆̊b on Hn.

It is clear that if P is asymptotic to ∆̊b, then the map P : Sp
2,δ → Sp

0,δ−2

is bounded for 1 ≤ p ≤ q and δ ∈ R. In fact the following weighted estimate

holds.

Proposition 2.6. Suppose that P is asymptotic to ∆̊b, 1 < p ≤ q and δ ∈ R.

Then there is a constant C = C(Q, p, q, s, δ, C1, λ) such that if u ∈ Lp
δ and

Pu ∈ Sp
s,δ−2, then u ∈ Sp

s+2,δ. Moreover, we have

‖u‖s+2,p,δ ≤ C(‖Pu‖s,p,δ−2 + ‖u‖p,δ). (2.26)

Proof. Sub-elliptic regularity applies to show that u ∈ Sp
s+2,loc, and the

remaining conclusions follow from the usual interior Lp estimates and the

rescaling technique. ���

Observe that the same argument gives the estimate (2.26) with the S′p
k,δ

norms instead. We now investigate the Fredholm properties of P . We need

the following lemma:
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Lemma 2.7. Fix p ∈ (1,∞), p′ = p/(p − 1), and let a, b ∈ R be such that

a+ b > 0. Suppose that K(x, y) is the kernel

K(x, y) = |x|−a|y−1x|−Q+a+b|y|−b, for x 6= y,

For u ∈ Lp(Hn) define

Ku(x) =

∫

Hn

K(x, y)u(y)dVy.

Then there is a constant c = c(n, p, a, b) such that

‖Ku‖Lp ≤ c‖u‖Lp

if and only if a < Q/p and b < Q/p′.

Proof. To show that the conditions a < Q/p and b < Q/p′ are neces-

sary, suppose that K is a bounded operator on Lp(Hn). We first define the

function

v(x) =

∫

|y|≤1
K(x, y)dVy.

Then we have

v(x) =

∫

|y|≤1
K(x, y)dVy =

∫

Hn

K(x, y)u(y)dVy ,

where

u(y) =

{

1 |y| ≤ 1

0 |y| > 1
.

Since u(y) ∈ Lp(Hn) and K is a bounded operator on Lp(Hn), we see that

v(x) is in Lp(Hn). Next, we study the behavior of v(x) at infinity. By the

triangle inequality (see [5]), there exists a constant γ ≥ 1 such that

1

γ
−

|y|

|x|
≤

|y−1x|

|x|
≤ γ(1 +

|y|

|x|
).

Therefore, for |y| ≤ 1, if |x| is large enough, then K(x, y) ≈ 1
|x|Q−b|y|b

, and

hence v(x) behaves like a constant multiple of |x|−Q+b. Then v(x) belongs

to Lp(Hn) only if p(Q − b) > Q, i.e. only if b < Q/p′. On the other hand,
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we define the function w(y) by

w(y) =

∫

|x|≤1
K(x, y)dVx.

Then, by Fubini’s Theorem and Hölder inequality, for u(y) ∈ Lp(Hn), we

have

∫

Hn

w(y)u(y)dVy =

∫

Hn

(

∫

|x|≤1
K(x, y)u(y)dVx

)

dVy

=

∫

|x|≤1

(
∫

Hn

K(x, y)u(y)dVy

)

dVx

≤ ‖Ku(x)‖Lp(B1)

(

∫

|x|<1
1 dVx

)1/p′

≤ ω1/p′
n ‖Ku(x)‖Lp(Hn) ≤ c ω1/p′

n ‖u‖Lp(Hn),

for some constant c > 0, where ωn is the volume of the unit ball B1. That

is, w(y) is a bounded linear functional on Lp(Hn), and hence belongs to

Lp′(Hn). As we discuss the behavior of v(x) above, it is easy to see that,

for large |y|, w(y) behaves like a constant multiple of |y|−Q+a. Then w(y)

belongs to Lp′(Hn) only if a < Q/p.

To show that the conditions a < Q/p and b < Q/p′ are sufficient, note

first that it may be assumed without loss of generality that both a and b are

non-negative. (If, say, a is negative, then b is positive, and from the triangle

inequality |x| ≤ γ(|y|+ |y−1x|) for some γ ≥ 1, we have

|x|

|y−1x|
≤ γ

(

1 +
|y|

|y−1x|

)

,

which implies that

(

|x|

|y−1x|

)−a

≤ C

(

1 +
|y|

|y−1x|

)−a

,

for some C > 0. It is seen that

K(x, y) ≤
C

|y−1x|Q−b|y|b
+

C

|y−1x|Q−a−b|y|a+b
.

The boundedness of K in this case then follows immediately from the result
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in the case in which both a and b are non-nagative.) And it suffices to show

that

∫

Hn

∫

Hn

K(x, y)u(y)v(x)dVydVx≤C

(
∫

Hn

u(y)pdVy

)1/p(∫

Hn

v(x)p
′

dVx

)1/p′

,

(2.27)

hence

Ku(x) =

∫

Hn

K(x, y)u(y)dVy ∈ (Lp′)∗(Hn) = Lp(Hn)

with operator norm less than C
(

∫

Hn
u(y)pdVy

)1/p
. By Hölder inequailty,

and noticing that K(x, y) is homogeneous of degree −Q, we have

∫

Hn

∫

Hn

K(x, y)u(y)v(x)dVydVx

=

∫

Hn

∫

Hn

K1/pu(y)

(

|y|

|x|

)Q/pp′

K1/p′v(x)

(

|x|

|y|

)Q/pp′

dVydVx

≤

[

∫

Hn

∫

Hn

(

K1/pu(y)

(

|y|

|x|

)Q/pp′
)p]1/p





∫

Hn

∫

Hn

(

K1/p′v(x)

(

|x|

|y|

)Q/pp′
)p′




1/p′

=P 1/pQ1/p′ , (2.28)

where

P =

∫

Hn

∫

Hn

(

K(x, y)up(y)

(

|y|

|x|

)Q/p′
)

dVydVx

=

∫

Hn

up(y)

(

∫

Hn

K(x, y)

(

|y|

|x|

)Q/p′

dVx

)

dVy (2.29)

and

Q =

∫

Hn

∫

Hn

(

K(x, y)vp
′

(x)

(

|x|

|y|

)Q/p
)

dVydVx

=

∫

Hn

vp
′

(x)

(

∫

Hn

K(x, y)

(

|x|

|y|

)Q/p

dVx

)

dVx (2.30)

From (2.28),(2.29),(2.30), we obtain (2.27), provided that the integral
∫

Hn
K(x, y)

(

|y|
|x|

)Q/p′

dVx has an upper bound which is independent of y,
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and
∫

Hn
K(x, y)

(

|x|
|y|

)Q/p
dVy has an upper bound which is independent of

x. Actually, fixing y and by a change of variables, we have

∫

Hn

K(x, y)

(

|y|

|x|

)Q/p′

dVx =

∫

Hn

|y|−QK(
x

|y|
,
y

|y|
)

(

|y|

|x|

)Q/p′

dVx

=

∫

Hn

K(z, y∗)|z|−Q/p′dVz, z=
x

|y|
, and y∗=

y

|y|

=

∫

Hn

1

|z|
a+Q

p′ |(y∗)−1z|Q−(a+b)
dVz, (2.31)

where

1

|z|
a+Q

p′ |(y∗)−1z|Q−(a+b)
≈























1

|z|
a+

Q

p′

, x ≈ 0

1
|(y∗)−1z|Q−(a+b) , x ≈ 1

1

|z|
Q+

Q

p′
−b

, x ≈ ∞

. (2.32)

Since a < Q
p and b < Q

p′ , we have that 0 < a+ Q
p′ < Q, 0 < Q− (a+ b) < Q

and Q + Q
p′ − b > Q, thus the integral

∫

Hn
K(x, y)

(

|y|
|x|

)Q/p′

dVx converges,

depending on y∗ which belongs to the unit sphere. Therefore, it has an upper

bound which is independent of y. Similarly,
∫

Hn
K(x, y)

(

|x|
|y|

)Q/p
dVy has an

upper bound which is independent of x. Therefore, we have completed the

proof. ���

Theorem 2.8. Suppose that δ < 0, 1 < p < ∞, and s is a non-negative

integer. Then the map

∆̊b : S
′p
s+2,δ → S′p

s,δ−2 (2.33)

is an isomorphism and there is a constant C = C(Q, p, δ, s) such that

‖u‖′s+2,p,δ ≤ C‖∆̊bu‖
′
s,p,δ−2. (2.34)

Proof. It suffices to prove (2.34) for s = 0. We first assume that −2n < δ <

0 and show that the distribution inverse has convolution kernel K0(x, y):

c0K0(x, y) = c0Φ0(y
−1x) = |y−1x|−2n. (2.35)

Let us first show that (2.35) defines a bounded operator from S′p
0,δ−2 to S′p

0,δ.
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Lemma 2.7 shows that the kernel

K(x, y) = |x|−δ− 2n+2
p K0(x, y)|y|

δ−2+ 2n+2
p

defines a bounded operator Lp → Lp when −2n < δ < 0. Then we have

‖K0u‖
′
p,δ =

(

∫

Hn\{0}
|K0u(x)|

p|x|−δp−QdVx

)1/p

=

(

∫

Hn\{0}

∣

∣

∣

∣

∣

∫

Hn\{0}
|x|−δ−Q

p K0(x, y)u(y)dVy

∣

∣

∣

∣

∣

p

dVx

)1/p

=

(

∫

Hn\{0}
|(KU)(x)|p dVx

)1/p

, where U(y) = u(y)|y|−(δ−2)−Q
p

= ‖KU‖Lp ≤ c‖U‖Lp (by Lemma 2.7)

= c‖u‖′p,δ−2. (2.36)

Thus we have shown that K0 : S
′p
0,δ−2 → S′p

0,δ is bounded when −2n < δ < 0.

Recall that we have K0∆̊bu = u, for all u ∈ C∞
0 (Hn \{0}), so the boundness

of K0 gives

‖u‖′p,δ ≤ C‖∆̊u‖′p,δ−2, for all u ∈ S′p
0,δ,

since C∞
0 (Hn \ {0}) is dense. This and the estimate (2.26) yield (2.34).

Now suppose that {uj} ⊂ S′p
2,δ, {fj} ⊂ S′p

0,δ−2 are sequences such that

fj = ∆̊uj and fj → f . By (2.34), {uj} is a Cauchy sequence and hence is

convergent to u ∈ S′p
2,δ with ∆̊u = f , since ∆̊ : S′p

2,δ → S′p
0,δ−2 is bounded.

This map thus has a closed range. On the other hand, by (2.34), the kernel

of this map is trivial. Also, by (2.34), we have K0f ∈ S′p
2,δ, and hence

∆̊(K0f)(x) = f , for all f ∈ C∞
0 (Hn \ {0}), so it is also surjective and this

establishes the isomorphism for the cases −2n < δ < 0. For the other cases

δ ≤ −2n, we need the following commutative diagram

∆̊b : S
′p
s+2,δ1

−→ S′p
s,δ1−2

↑ ↑

∆̊b : S
′p
s+2,δ2

−→ S′p
s,δ2−2

where δ2 < δ1 and the vertical maps are the inclusions, which, by Proposition

2.1, are continuous. Suppose that ∆̊b : S
′p
s+2,δ1

−→ S′p
s,δ1−2 is an isomorphism,
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then from the above diagram, it is easy to see that the map ∆̊b : S
′p
s+2,δ2

−→

S′p
s,δ2−2 is one-to-one. Since ∆̊b is self-adjoint, the map ∆̊b : S′p

s+2,δ2
−→

S′p
s,δ2−2 is onto, and hence an isomorphism. We claim that (2.34) holds for

δ2. For a contradiction, we assume that (2.34) does not hold for δ2. Then

there exists a sequence of uj ∈ S′p
s+2,δ2

such that ‖uj‖
′
s+2,p,δ2

= 1 and

‖∆̊buj‖
′
s,p,δ2−2 <

1

j
. (2.37)

Thus there exists a subsequence {uj} converges weakly to u∞ such that

‖u∞‖′s+2,p,δ2
= 1 and ‖∆̊bu∞‖′s,p,δ2−2 = 0, which implies that u∞ = 0, due

to that ∆̊b is one-to-one. We therefore get a contradiction, and thus have

(2.34) for all δ < 0. ���

The scale-broken estimate (2.38) below is the key to proving Fredholm

properties.

Theorem 2.9. Suppose that P is asymptotic to ∆̊b at rate τ > 0 and Q <

q < ∞, and δ < 0, s is a non-negative integer. Then, for 1 < p ≤ q, the

map

P : Sp
s+2,δ → Sp

s,δ−2

has finite-dimensional kernel and closed range. In addition, for any u ∈

Sp
s+2,δ, we have

‖u‖s+2,p,δ ≤ C(‖Pu‖s,p,δ−2 + ‖u‖Lp(BR)), (2.38)

where C,R are constants depending on P, δ,Q, p, q.

Proof. It suffices to prove (2.38) for s = 0. Define the operator norm

‖P − ∆̊b‖op = sup{‖(P − ∆̊b)u‖p,δ−2 : u ∈ Sp
2,δ, ‖u‖2,p,δ = 1}

and let ‖ · ‖op,R denote the same norm restricted to function with support in

ER = Hn \BR. For (2.38), first, we claim that

‖P − ∆̊b‖op,R = o(1), as R→ ∞. (2.39)
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If suppu ⊂ ER, since Q < q,

‖(P − ∆̊b)u‖p,δ−2 ≤‖(aij(z, t) − δij)∂iju+ bi(z, t)∂iu+ c(z, t)u‖p,δ−2

≤‖(aij(z, t) − δij)∂iju‖p,δ−2;ER
+ ‖bi(z, t)∂iu‖p,δ−2;ER

+ ‖c(z, t)u‖p,δ−2;ER
, (2.40)

where

‖(aij(z, t)− δij)∂iju‖p,δ−2;ER
≤ sup

|(z,t)|>R

{

|aij(z, t) − δij |
}

‖∂iju‖p,δ−2;ER
;

(2.41)

‖bi(z, t)∂iu‖p,δ−2;ER
≤ ‖bi‖Q,−1;ER

‖∂iu‖ Qp
Q−p

,δ−1, by (2.12)

≤ C‖bi‖Q,−1;ER
‖∂iu‖1,p,δ−1, by (2.16)

≤ C‖bi‖q,−1−τ ;ER
‖∂iu‖1,p,δ−1, by (2.11); (2.42)

and, similarly, we have

‖c(z, t)u‖p,δ−2;ER
≤ C‖c‖q/2,−2−τ ;ER

‖u‖2,p,δ. (2.43)

Substituting (2.41),(2.42) and (2.43) into (2.40), we obtain

‖(P − ∆̊b)u‖p,δ−2 ≤ sup
|(z,t)|>R

{

|aij(z, t) − δij|
}

‖∂iju‖p,δ−2;ER

+ C‖bi‖q,−1−τ ;ER
‖∂iu‖1,p,δ−1 + C‖c‖q/2,−2−τ ;ER

‖u‖2,p,δ,

and hence (2.39) holds.

Let χ ∈ C∞
0 (B2) be a patch function, 0 ≤ χ ≤ 1, χ = 1 in B1, and set

χR(x) = χ(R−1x). Writting u = u0 + u∞, u0 = χRu, u∞ = (1 − χR)u with

R a constant to be determined, the sharp estimate (2.34) yields

‖u∞‖2,p,δ ≤ C‖∆̊bu∞‖0,p,δ−2

≤ C(‖Pu∞‖0,p,δ−2 + ‖(P − ∆̊b)u∞‖0,p,δ−2)

≤ C(‖Pu∞‖0,p,δ−2 + ‖P − ∆̊b‖op,R‖u∞‖2,p,δ),

in which the second term of the right hand side can be absorbed into the

left hand side, for R sufficiently large, and we estimate

‖Pu∞‖0,p,δ−2 = ‖Pu− Pu0‖0,p,δ−2
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≤ ‖Pu‖0,p,δ−2

+‖2aij(∂iu)(∂jχR)+(aij∂ijχR+b
i∂iχR)u‖0,p,δ−2;AR

≤ ‖Pu‖0,p,δ−2 + C‖u‖1,p,δ;AR
.

We therefore get

‖u∞‖2,p,δ ≤ C(‖Pu‖0,p,δ−2 + ‖u‖1,p,δ;AR
,

for R large enough. Using this (2.26) and the interpolation inequality

(2.14) gives (2.38). Now suppose that {uj} is a sequence in kerP satisfy-

ing ‖uj‖2,p,δ = 1, so that by the Rellich lemma we may assume, without loss

of generality, that {uj} converges strongly in Lp(BR). Estimate (2.38) now

shows that {uj} is a Cauchy sequence and hence convergent in Sp
2,δ which

implies that kerP is finite-dimensional. To show that P has a closed range,

as the argument in Theorem 2.8, it suffices to show that there is a constant

C such that

‖u‖2,p,δ ≤ C‖Pu‖0,p,δ−2, for all u ∈ Z,

where Z is a closed subspace such that Sp
2,δ = Z + kerP. For if this were

not the case, there would be a sequence {uj} ⊂ Z such that ‖uj‖2,p,δ = 1

and ‖Pu‖0,p,δ−2 → 0. The usual Rellich lemma applied to (2.38) shows

that {uj} has a subsequence which is Cauchy in Z and whose limit

is a non-zero element of kerP∩Z, which is a contradiction. Therefore, P has

closed range. ���

We are interested in the dimension of the kernel of P , which will be

denoted by

N(P, δ) = dim ker(P : Sp
2,δ → Sp

0,δ−2) (2.44)

with 1 < p ≤ q, where Q = 2n+ 2 < q <∞.

Proposition 2.10. Suppose that P and its formal adjoint P ∗ both satisfy

conditions (2.24) and (2.25) with Q < q < ∞, and −2n < δ < 0, q
q−1 <

p ≤ q. Then P : Sp
2,δ → Sp

0,δ−2 is a Fredholm operator with Fredholm index

ι(P, δ) = N(P, δ) −N(P ∗, 2−Q− δ).

Proof. Suppose that the formal adjoint

P ∗ : (Sp
0,δ−2)

∗ → (Sp
2,δ)

∗
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of P is also asymptotic to ∆̊b which satisfies the condition (2.24) and (2.25).

Here (Sp
2,δ)

∗ is the subspace of D′(Hn) consisting of those distributions which

extend to give bounded linear functionals on Sp
2,δ, endowed with the dual

norm. From the Hölder inequality (2.12), we have

‖uv‖1,−Q ≤ ‖u‖p,δ−2‖v‖p′,2−Q−δ,

which implies that : (Sp
0,δ−2)

∗ = Sp′

2−Q−δ, where p
′ = p/(p−1). If −2n < δ <

0, which implies that −2n < 2−Q−δ < 0, and moreover q
q−1 < p ≤ q means

that 1 < p′ ≤ q, then Proposition 2.6 shows that Ker(P ∗) ⊂ Sp′

2,2−Q−δ and

hence

dim cokerP = dim kerP ∗ = N(P ∗, 2−Q− δ).

This is finite by Theorem 2.9; hence P is Fredholm with Fredholm index

ι(P, δ) = N(P, δ) −N(P ∗, 2−Q− δ). (2.45)

���

Let ξ0 = kerΘ be the standard contact bundle on the Heisenberg group.

Instead of the standard pseudo-Hermitian structure (J0,Θ), we consider an-

other pseudo-Hermitian structure (J, θ) with ker θ = ξ0. Let P = ∆b be the

corresponding sub-Laplacian, then P ∗ = P . We write

∆b = gij(z, t)̊eie̊j + · · · .

We have the following corollary.

Corollary 2.11. Suppose that gij is uniformly sub-elliptic in (R2n+1, ξ0)

and (gij − δij) ∈ Sq
1,−τ for some Q < q < ∞, and that −2n < δ < 0 and

q
q−1 < p ≤ q. Then ∆b : S

p
s+2,δ → Sp

s,δ−2 is an isomorphism.

Proof. From Proposition 2.10, the sub-Laplacian ∆b : Sp
2,δ → Sp

0,δ−2 is

Fredholm. And since −2n < δ < 0 if and only if −2n < δ∗ < 0, where

δ∗ = 2 −Q − δ. It suffices to show that N(∆b, δ) = 0. But if ∆bu = 0 and

u ∈ Sp
2,δ, then u = o(1) at infinity and the strong maximum principle for

weak solutions (see [6], Theorem 8.19) shows that u = 0. ���
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3. Asymptotically Flat Pseudo-Hermitian Manifolds

Definition 3.1. A (2n+1)-dimensional pseudo-Hermitian manifold (N,J, θ)

is said to be asymptotically flat pseudo-Hermitian if N = N0∪N∞, with N0

compact and N∞ diffeomorphic to Hn \Bρ0 in which (J, θ) is close to (J̊ , θ̊)

in the sense that

θ =(1+cnAρ
−2n+O(ρ−2n−1))θ̊+O(ρ−2n−1)βdz

β+O(ρ−2n−1)β̄dz
β̄ ;

θα =O(ρ−2n−1)θ̊+O(ρ−2n−2)β̄
αdzβ̄+(1+c̃nAρ

−2n+O(ρ−2n−1))
√
2dzα,

(3.1)

for some A ∈ R and a unitary co-frame θα in coordinates (zβ , zβ̄ , t) (called

asymptotic coordinates) for N∞ on which ρ = ((
∑n

β=1 |z
β |2)2 + t4)1/4 is

defined. We also require the Tanaka-Webster scalar curvature W ∈ L1(N).

Suppose that (M,J) is a spherical in a neighborhood of a point x ∈M .

If we blow up at x through the Green’s function of the CR invariant sub-

Laplacian

Gx =
an
2π
ρ−2n +Ax +O(ρ),

which is expressed in terms of the CR normal coordinates, then we obtain

an asymptotically flat pseudo-Hermitian manifold (see [1] for more explana-

tion). We denote such a manifold by N(x). In such a case, we have

θ = (1 + cnAxρ
−2n +O(ρ−2n−1))θ̊;

θα = O(ρ−2n−1)θ̊ + (1 + c̃nAxρ
−2n +O(ρ−2n−1))

√
2dzα,

(3.2)

where cn = 4π
nan

and c̃n = 2π
nan

. Let {Zα, Zᾱ, T} be the frame dual to

{θα, θᾱ, θ}. It is easy to see that

Zα = (1− c̃nAxρ
−2n +O(ρ−2n−1))Z̊α +O(ρ−2n−2)α

β̄Z̊β̄. (3.3)

On the other hand, from the structure equations of pseudo-Hermitian man-

ifolds, we have the asymptotic behavior of the pseudo-Hermitian connection

forms

θα
β = O(ρ−2n−2)θ̊ +Bα

β
γdz

γ + Cα
β
γ̄dz

γ̄ , (3.4)
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where for any fixed α, we have

Cα
β
γ̄ = O(ρ−2n−2), for β 6= α, γ 6= α

Cα
β
ᾱ =

−incnAxz
βω

ρ2n+4
+O(ρ−2n−2), for β 6= α

Cα
α
γ̄ =

−inc̃nAxz
γω

ρ2n+4
+O(ρ−2n−2), for γ 6= α

Cα
α
ᾱ =

−in(cn + c̃n)Axz
αω

ρ2n+4
+O(ρ−2n−2),

(3.5)

and Bα
β
γ = −Cβ

α
γ̄ . Therefore, we have

∆b =

(

1 +
4c̃nAx

ρ2n

)

∆̊b + higher decay order, (3.6)

which implies that ∆b is asymptotic to ∆̊b for some q with Q < q <∞. We

remark that if the manifold (M,J) is not spherical, then, in general, formula

(3.6) does not hold.

As used in Corollary 2.11, the strong maximum principle implies the

following theorem.

Theorem 3.2. Suppose that (M,J) is a CR manifold which is spherical

in a neighborhood of a point x ∈ M . We consider the blow up manifold

N(x) at this point x. Choose q > 2n + 2 such that ∆b is asymptotic to ∆̊b,
q

q−1 < p ≤ q and −2n < δ < 0. Then

∆b : S
p
s+2,δ(N(x)) → Sp

s,δ−2(N(x)) (3.7)

is an isomorphism.

3.1. The Weitzenbock formula for n = 2

In this subsection, we will give an isomorphism theorem for Dirac op-

erators on spinor bundles. More details and notations on the geometry of

context of spinors here may be found in [1]. Suppose (M,J, θ) is a spherical

CR manifold with a spin structure Spin(ξ) on the contact bundle ξ = ker θ,

together with the Levi metric Lθ. Let Λk
R(n) and Λk

C(n) denote the real

and complex vector spaces respectively, spanned by {ωj1 ∧ · · · ∧ ωjk | 1 ≤

j1 < · · · < jk ≤ n} (view symbols ω1, · · · , ωn as independent vectors).
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Recall, from [1], that there is a canonical representation N of the Clifford

algebra C2n(−1) such that Λ∗
C(n) is an irreducible C2n(−1)-modules, and

Λeven
C (n),Λodd

C (n) are two irreducible Spin(2n)-modules. We hence have the

following three associated vector bundles:

S=Spin(ξ)×N Λ∗
C(n), S

+=Spin(ξ)×N Λeven
C (n), S−=Spin(ξ)×N Λodd

C (n),

which are called spinor bundles. On each spinor bundle there is associated

a unique spin connection ∇, constructed from the pseudo-Hermitian con-

nection, and hence a Dirac operator, which is denoted by Dξ. We have a

Weitzenbock-type formula as follows:

D2
ξ = ∇∗∇+W − 2

n
∑

β=1

eβen+β∇T ,

where {e1, · · · , e2n} is a local orthonormal frame field such that en+β = Jeβ

for 1 ≤ β ≤ n. Fortunately, due to some algebraic properties in the case

n = 2, we reduce the formula to

D2
ξ = ∇∗∇+W, on S+ (3.8)

It is this formula that makes Witten’s approach work on this geometry.

Actually we have the following isomorphism theorem for Dirac operators.

Theorem 3.3. Suppose n = 2 and suppose that (M,J) is a CR manifold

which is spherical in a neighborhood of a point x ∈M . We consider the blow

up manifold N(x) at this point x. Suppose that q
q−1 < p ≤ q (q is specified

as in Theorem 3.2) and −2n < δ < 0. Then

D2
ξ : Sp

s+2,δ(S
+) → Sp

s,δ−2(S
+) (3.9)

is an isomorphism.

Proof. Let ϕ = ϕλsλ be a spinor spanned by a frame field of spinors {sλ}.

We compute

∇∗∇ϕ = −
2n
∑

a=1

∇2
ea,eaϕ
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= −
2n
∑

a=1

(

∇ea∇eaϕ−∇∇eaeaϕ
)

= −
2n
∑

a=1

(eaeaϕ
λ − (∇eaea)ϕ

λ)sλ + 2(eaϕ
λ)∇easλ

+ ϕλ
(

∇ea∇easλ −∇∇eaeasλ
)

= −(∆bϕ
λ)sλ + l.o.t., (3.10)

where

∆bf = tr(∇df) = eaeaf − (∇eaea)f, for a function f

l.o.t. = 2(eaϕ
λ)∇easλ + ϕλ

(

∇ea∇easλ −∇∇eaeasλ
)

.

Therefore the principal part of each component of D2
ξ is the sub-Laplacian

∆b, which is asymptotic to ∆̊b at rate τ > 0. Therefore, D2
ξ satisfies the

scale-broken estimate (2.38), and hence is Fredholm with adjoint

D2
ξ = D∗2

ξ : Sp′

s+2,2−Q−δ(S
+) → Sp′

s,−Q−δ(S
+).

On the other hand, from (2.38) again, we see that ker (D2
ξ , δ) ⊂ C∞(N(x)),

thus if ϕ ∈ ker (D2
ξ , δ), then |ϕ|2 → 0 at infinity and from (3.8) we have

1

2
∆b|ϕ|

2 = |∇bϕ|
2 +W |ϕ|2 ≥ 0.

The strong maximum principle implies that |ϕ|2 = 0. Since that −2n < δ <

0 if and only if −2n < 2−Q− δ < 0, this shows that for −2n < δ < 0, both

kerD2
ξ and kerD∗2

ξ are trivial, and hence D2
ξ is an isomorphism. ���
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