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Abstract

In this paper, we introduce a D-isometric deformation of almost contact metric man-
ifold where we give some new results of this type of deformation, the harmonicity and the
biharmonicity of the identity map are characterized by using this deformation.

1. Introduction

1.1. Harmonic and biharmonic maps

Harmonic maps ¢ : (M™,g) — (N™, h) between Riemannian manifolds

are the critical points of the energy functional

1
B®) = [ \dofdv,
D
for every compact domain D C M. The Euler-Lagrange equation associated
to E(¢) is
7(¢) = TryVde = 0,

7(¢) is called the tension field of ¢, one can refer to ﬂa] for background on

harmonic maps. As the generalizations of harmonic maps, biharmonic maps
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are defined as follows. The map ¢ : (M™,g) — (N™, h) is biharmonic if it
is a critical point of the bi-energy functional defined by

Ep(¢) = % /D [7(@)[*dvg.

The first variation formula for the bi-energy which is derived in ﬂ§] shows
that the Euler-Lagrange equation for bi-energy is

mo(6) = ~Try (9°) 7(9) ~ Try RV (r(9), d6)dé = .

We will call the operator 12(¢), the bi-tension field of the map ¢. The meth-
ods of construction of biharmonic maps are the subject of several papers,
see for example [3-5] and [14-16].

1.2. Almost contact metric manifold

An odd-dimensional Riemannian manifold (M 2m+1,g) is said to be an
almost contact metric manifold if there exists on M, a (1, 1)-tensor field ¢,
a vector field £ (the structure vector field) and 1-form 7 such that

X =-X+n(X)E =1, g(X,§=n(X),
9(pX,pY) =g(X,Y) —n(X)n(Y).

Moreover, if the almost contact metric manifold (M 2m+l o €om, g) satisfies
the condition

(Vxe) (Y) =g (X, Y)E—n(X)n(Y)
or equivalently

for all X|Y € I'(TM), then (M2m+1,go,§,77,g) is known as a Kenmotsu
manifold (see ﬂg]) It is well known that a Kenmotsu manifold (M?m+!
v, &,1,9g) satisfies the following relations :

R(X,Y){=n(X)Y —n(Y)X,
R(EX)Y =n(X)Y —g(X,Y)¢,
and
Ricci (§) =TrgR(€,-)- = —2mé.
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The notion of a D-homothetic deformation on a contact metric manifold is
studied in ﬂﬁ] and ﬂa], the authors investigated the generalized D-conformal
deformations of nearly K-cosymplectic, quasi-Sasakian and S-Kenmotsu man-
ifolds. In H], the authors prove some new results on the generalized D-
conformal deformation where they characterize the harmonicity of the iden-
tity map relative to this deformation. The authors in H] have introduced a
new deformation of almost contact metric structures using a function and
a 1-form and prove some basic properties and they constructed some ex-
amples based on the three types (Sasakian, Kenmotsu, cosymplectic). The
harmonicity and biharmonicity on the Kenmotsu manifolds are studied in
ﬂﬁ], ﬂﬁ] and @] where the authors present some construction methods to
characterize them. In this paper, we introduce the D-isometric deformation
on the almost contact metric manifold, this paper is organized in the fol-
lowing way : In Section 2, we prove some new properties of a D-isometric
deformation on a almost contact metric manifold, where we treat the case of
Kenmotsu manifolds. The results obtained are used in Section 3 in order to
study the harmonicity and the biharmonicity of the identity map relatively
to this type of deformation, which led us to construct some new examples

of harmonic and biharmonic maps.

2. The Main Results

In this section, we consider (M Al o €om, g) an almost contact met-
ric manifold. A D-isometric deformation is defined as change of structure
tensors of the form (see ﬂﬁ])

_ _ - 1 _
P =, m=an, £=-¢ Gg=g+(*-1)nan,

where « is a positive function on M; one can easily check that (M B, 6,7, §)
is an almost contact metric manifold, too. Denoted by V and V the Levi-

Civita connections on (M2m+1, v, &1, g) and (M2m+1,¢,2, 7, §) respectively.

2.1. Some properties of the D-isometric deformation

If we consider an orthonormal frame {e;, pe;, £} on the almost con-
tact metric manifold (M?™*1 . & 1, g), then an orthonormal frame on
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(M*mH 5,€,7,7) is given by
m

_ 1
{E’ = e;,p€; = pe;,{ = 55}

i=1

Proposition 1 (ﬂ]) Let (MQm“,(p,f,n,g) be an almost contact metric
manifold and let (M, 3, 6,7, §) be a D-isometric deformation of (M?*™+1 o,
&,1n,9). Then, we have

9(VxY,Z) =g(VxY,Z) +an(Y)n(Z) X (o) + an (X)n(2) Y (@)
—an(X)n(Y) Z (@) + (o® = 1) n(Z)n(VxY)

+ % (0% = 1) (X) {g(Vy&, Z) — g (V2€,Y)}

+ 3 (on — 1) n(Y){g(Vx&, 2) —g(VzE X))}
N % (02— 1)1 (2) {g(VxEY) + g (Vy&, X)}.

By applying Proposition [Il we obtain the following theorem :

Theorem 1 (ﬂ]) Let (M*™1 0, &,n,9) be an almost contact metric man-
ifold and let (M,@,E,ﬁ,y) be a D-isometric deformation of (M?*™+1 ¢,
£,1m,9). For any X,Y € I'(TM), the relation between VxY and VxY is
given by

a?—1

VxY =VxY —an(X)n(Y)grada +
o? —
O (X) Trg (V&) - 4 (Y) Trog (V.£, X))

2
(02 1)
g (X)) (Ve V) +n(Y) g (Ve€, X)) (1)
2 _
0‘2a2 1 {9(Vx&Y) +g(VyE, X)}E
+é{n(y)x(a) +17(X)Y (@)} €
a? -1

2

n(X)n(Y)&(a)€

+

+ {n(Y) Vx&+n(X)Vye},

where

TT‘gg (Xa v&) =g (X’ Veié-) e +g (X’ V<P€i§) we; +g (X’ Vfé-) 5
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In particular, if (M2m+1, gp,{,n,g) is a Kenmotsu manifold, we obtain

the following result.
Corollary 1. Let (MQm“,ap,{,n,g) be a Kenmotsu manifold, then
VxY =VxY —an(X)n(Y) grada

L e

(12—

+ S (X Y) (X n (V)

£ (V)X (a) 40 (X) Y (@)}

In particular, if the function o depends only on the direction of &, the equa-

tion ([2l) becomes

VXY VY - (X) (V)€ (0)€
F () X (@) + 7 ()Y (@))€ )
a? —

_l’_

(X Y) —n(X)n (V)€

Proof of Corollary [ As (M2m+1,go,§,77,g) is a Kenmotsu manifold,

we have
VX§:X—77(X)§, VY§:Y—77(Y)fa V§§:O
It follows that
Velf = €4, vtpeié- = PEi,
which gives us
Treg (V.§,X)- = X —n(X)¢E, Treg(V.EY)- =Y =n(Y)E.
By returning to equation (II), we deduce that
VxY =VxY —an(X)n(Y) grada

L (o)
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a? -1

(%

+ {9(X,Y) =n(X)n(Y)}§

1
+-n(¥) X (a) +n(X)Y (o)} &
In particular, if the function « depends only on the direction of &, then
grada = £ (o) € and we obtain

VY VY — 0 (X) (V)€ (0)€

+é{n(y)X(a)+n(X)Y(a)}€
a? -1

(67

_l’_

{g(X,Y) =n(X)n(Y)}¢E

By considering the elements of the orthonormal frames of (M 2m+l o €om, g)
and (M . B,E,7, y), by Corollary Il we deduce the following remarks.

Remark 1. Let (M2m+1, p, &, n,g) be a Kenmotsu manifold and let (M, p,
£,M,9) be a D-isometric deformation of (M Il €om, g) where the func-
tion « depends only on the direction of £. If we consider an orthonormal
frame {e;, pe;, £}, on (M2m+1, ©, &, n, g), the Corollary [ gives the follow-

ing formulas

Vei €; = Veiei +

vgoei pe; = vgoei ©Ye; + T§

and

Vet =~ (a)€.

Similarly, for an orthonormal frame {Ei = e;,P€; = pe;, & = éf }jil on
(M2m+1,¢, g, , §), we obtain

_ m (a2 — 1)
velez = veiei = Velel + o2 g,
- — m (a2 — 1)
Vge;pei = Ve, pei = Ve, p€i + o2 3

and
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Remark 2. The fact that the function o depends only on the direction of
& gives us

X (a) =g (X e ei (@) + g (X, pei) (pei) (@) + g (X, £) § (@) = (X) € (o)

and

Via)=g(Y,e)ei (@) +g (Y, ee) (pei) (@) + 9 (V,§) € (a) =n (V)€ () .

As a result, the equation (B]) will take the following form

VXY VY + 0 (X) (V)€ (0)€

042—

+ oy S (X)) e

Proposition 2. Let (M2m+1,g0,§,77,g) be a Kenmotsu manifold. For the
orthonormal frame {e;, pe;, &}y of M, we have

TrgV2§ = —2m¢
and

TryV2fe =@ (f) €+ 2me (f) € — 2mfe

where the function f € C° (M) depends only on the direction of {& and
@) (f) =€)

Proof of Proposition [2l Using the fact that (M2m+1, PV, &, n,g) is a Ken-
motsu manifold, we have V¢ = 0. Then by definition we obtain

T""gv2£ = Veive¢§ - Vveiezf + Vapeivgoelf - vvweiapelf-
A simple calculation gives

Ve, =€
and
Vveielf =Veei —n(Vee)é
= Ve,ei —g(Veei )€
= Ve,ei +g(ei, Ve,£) €
= Ve,ei +g(eie)é
= Ve, e; +mé.
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Then
vel'Veié_ - Vveiezf = veiei - veiei - mé- = —mg
The same method gives
vgoeivcpei§ - VVWigoeig = —mf.

It follows that
TryV3¢ = —2mé

If we suppose that the function f € C* (M) depends only on the direction
of &, we have

TrgVfo = Veiveiff - Vveieiff + cheivgoeiff - vv(peicpeifg + vﬁvéff
Term by term, we obtain

VeVei fE = Vv, e, f§= Ve Vel — Vv, e, — (Veei) (f)€
= fVe,Ve,§ = Vv, e, — (Veei) ()€
= fVeVel — Vv, .6 — 9 (Veei, £()§) €
= IVe Vel — [Vv. e, +mE(f)E,

Vépeivlpei fg - vaei pe; fg = fvapeivapelf - fvvwiapeig + mg (f)g
and
VeVefe =@ (f)e
Which gives
TrgV2 f& =@ (f) &+ 2mE (f) €+ [TryV,
it follows that
TrgV2 & =@ (f) €+ 2mE (f) € - 2mfE.

Proposition 3. Let (M2m+1,g0,§,77,g) be a Kenmotsu manifold and let
(M7 3, 6,7, §) be a D-isometric deformation of (Mzmﬂ,ap,g,n,g). Then

TrgV2€ = —2mé
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and

2m

TrsV2 6 = 62 ()€~ € (@) € ()€ + 25 € ()€~ 2me.

where the function f € C*° (M) depends only on the direction of §.

Proof of Proposition 3l By definition, we have

TrgV?6 = Ve Vet — Vot + Vee Voat — Vo __gml + VeVeE — Vo it

Ve P€;

Using the fact that

_ - 1 = -
e =e;, P& =pe;, §= a& Vel = Vel =0
we obtain

TrgV2£ Velvelg vv ;€ 5 + vépezvlpezg VVW <pe,£
- Veivei§ - Vveieif + vcpeivgoei§ - vaﬁeif
= Trgvzf,
then

TrgV2€ = —2mé.

For the term Tr5V? f¢, if we suppose that the function f € C° (M) depends

only on the direction of £, we obtain

TrgV?fé =VeVe & — Vel + Voa Ve fE = Vo __ge [E+ VEVESE
Veeft

—Velvelfg Vv efg‘{'vapelvtpelfg va <pe,f§+ vf vffg

m(a2—)

vaeiveiﬁ—vveieiff— vffé-_{_fvipelvtpelg

m(a2—)

—vaeigaeifé“— v§f§+ §< 5(f)>£

= fveiveig - fvveie,f + fvgoeivcpei§ - fvvm.goeif
— (Ve,ed) () € = (Vyepei) (£) €
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m 062_
_ 2(04721)5(f)§+é§ (é&(f))&
= € ()€~ HE(@)E()E - 2me
m 062_
+2m§(f)§—2(06721)§(f)§-

We deduce that

TryV e = €@ ()€~ € (@) E(N)E+ 23E (/) €~ 2mie

Proposition 4. Let (MQm“,(p,f,n,g) be a Kenmotsu manifold and let
(M, B, 6,7, §) be a D-isometric deformation of (M2m+1,g0,£,77,g). Then

— 1 2 2
TryV°e = —6® (@) €+ =2 ()€~ 3¢
and

10,9 e =16 (@) e 160 (et Ze@e e+ ey

(0]
vome (-t

where the function f € C* (M) depends only on the direction of €.

Proof of Proposition [dl For the term T?"ngg , we have
_2 J— J— J— J— J— J— [ —
TrgV 5 = veivelf - Vveielf + vgaeivgoelf - VVWigaeig + V§V§£

A simple calculation gives

velf = Velg = 62‘,
_ m (a2 — 1)
Ve;Ve,§ =V, + 726
o

and

_ m

VVeiezf =V,,e — E{ () & +mé&,
then

m

VeV = Vo,0f = =€ (@) € - T3¢
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Similarly, we obtain

= = = m m
v(peivgoeig - vaitpeig = E& (04)5 - Eg

and

Finally, we deduce that
=2 1 2m 2m
TryV ¢ = af( M) &+ ?5(0‘)5 - ﬁf-

To complete the proof, we will simplify T’ TQVZ f& where the function f €
C° (M) depends only on the direction of £. We have
Trgv2f§ :veivei f§ - vveieiff + vcpeivgoeifg - vvwicpeifg + vévéfg
= fveiveig - fvveielf + fvapeivgoeig - fvvweiapeig + fvaﬁg
+ €@ () €+ 26 (F) Ve€ = (Verer) () € = (Vi) (£) €
= JTrT°6 + € (£) €+ 26 () € (f) €+ 2mE ()€

It follows that

11, e = Le® () + 6 (et 2e@e e+ T e (e
+ome (1)~ e

Denoted by R and R the curvature tensors on (M2m+1, v, &,m, g) and (M?m+1

?,&,7,9) respectively.

Proposition 5. Let (M2m+1,go,§,77,g) be a Kenmotsu manifold and let
(M, 2. 6,7, §) be a D-isometric deformation of (M2m+1,g0,§,77,g). Then

— 2m 2m
TreR (€, ") = 55(04)5 TR
Proof of Proposition [Bl By definition, we have

TTQR (67 ) = R(§7 62‘) e; + R (67 (pel) pe; + R (67 g) 57
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then
TryR (&) = R(& ) e + R(E pe;) pe;.

For the first term R (£, ¢;) e;, we have
E (f, 62‘) €; = vgveiei — veivgei — ﬁ[&ei]ei.

Using remark 1, we have

m (a2 — 1)

veiei - Veiei + D) 67

(67

which gives us

(2 1)

vgveiei = vgvei e; + vgm &.

a2

A simple calculation gives
VeVeei = VeVeei — %S (@)¢

and

It follows that
ngeiei = ngeiei + %f (a) &.

The same method gives

veivgei == Veiv§€i

and
_ m (a2 — 1)
Vigel€i = Vige]€i — Té
Then
- m m(a? -1
R (& e)ei=R(Eei)e + Be@et ( o2 )5'

Finally, using the fact that

R (67 ei) € = _m§7

[June
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we conclude that
— m
R (& ei)ei = ;5(04) - ¢
A similar calculation gives
_ m m
R (&, pe;) pe; = ;5(04) - ¢

If we replace () and (@) in (), we deduce that

TrR(E) = 25E(a)E — 25t

207

As the first result, we will study the hamonicity and the biharmonicity of

the identity map Id : (M2m+1,¢, E, m, g) — (M2m+1, 80,5,77,9).

2.2. The biharmonicity of Id : (M*™*1,5,£,7,9) — (M*™! 0,&,n,9)

Theorem 2. Let (M2m+1, v, &, n,g) be a Kenmotsu manifold and let (M, p,
£,M,9) be a D-isometric deformation of (M2m+1,ap,§,77,g). Then the iden-
tity map Id : (M2m+1,¢, &7, §) — (M2m+1,go,§,77,g) is harmonic if and

only if
¢ () + 2ma (a® — 1) =0,

and it is biharmonic if and only if

P (@) — a(a+9)€ () §P) (a) + 6ma’s? (a)
+3(a+4) (€ () = 2ma (2a 4+ 9) (€ (@))?
—4ma? (a® — 2m) & (o) — 8m?*a’ (a® — 1) =0.

Proof of Theorem 2. The tension field of Id : (M*™*! 5,£,7,9) —

(M2m+1, 2 55 m, 9) is given by

7 (Id) = V&€ — Vi€ + Ve pei — Voepei + V€ — VL.

Using the following equations

1

V?ie_i - Veiei, VE@ - vgoei<Pei7 VEE = _55 ((X) §7
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_ m (a2 - 1)
veiei - veie’i + 7257
«
_ m (a2 — 1)
v¢€i@ei = v%’@i@ei + TS
and
Vet = —€(a)¢, V=0,
we obtain

mo[2—
1d) = S - 207

Then Id : (M2m+1,¢, &7, §) — (M2m+1, v, &,m, g) is harmonic if and only
if
¢ (a) + 2ma (on -1)=0.

The biharmonicity of Id : (M?*™ 1, 5,£,7,3) — (M*™ 1, 0,1, 9) is given
by the following equation

TrgV*7 (Id) + TrgR (7 (Id) ,-) - = 0. (7)
We start with the expansion of the first term, we have

TrgV27 (Id) = ~Try? [ omTryv? (1
rgVT (Id) = =TrgV 55(@)5 —2mTrgV 75 .
The second equation obtained in Proposition 3 gives us
1 1 1 1 1
2 _ 2
TrgV <5s<a> 5) =—5¢® <5s<a>> - —5&(a)¢ <55<a)>£
2m 1 2m
+3¢ <$5 (a)> -5 () €

It is easy to see that

(256(@) = 162 @ - S €@
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and

It follows that

209

719 (356 (@)€) = 2560 (@) €~ 3¢ @€ ()€~ 556 (@) € (@)
+ 06D (a) €+ 5 (€ @) €+ 2 (€ ()
- (€ (@)~ 2pe (o)

A similar calculation gives

2

T (56 = S @) 6= S e@)Pe - )

We deduce that

TrgV7 (Id) = — £ (a) €+ £ (a) €2 (0) € + ~5¢ (a) 62 (a) €

6m. 3 12
_ 5é“(2) (a) € — o~ (€ ()€ - o (E()*¢

18 4 2
+ 5 (@) ¢+ =5 (§(@)’ ¢+ 3¢ ()¢
2 2
g (o) €+ am% — T

To complete the proof, it remains to investigate the term TrgR (7 (Id), ") -,

we have

TrgR (T (Id),-)- = el (@) + ———5—=¢.
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Going back to equation (), we conclude that Id : (M*™t! 5,£,7,7) —
(M2m+1, 0, &, n,g) is biharmonic if and only if

a*¢® () — a(a+9)€ () €? (a) + 6ma’® (a)
+3(a+4)(€()” - 2ma (2a+9) (€ (@)’
— 4ma? (a2 —2m) & (a) — 8m*a® (a2 —1) =0.

As a consequence of the Theorem 2 we will present some examples.

Example 1. We consider the manifold (]R3 , 0, &4, g) be a Kenmotsu man-
ifold with a ¢-basis

_, 0 .0 0
e =€ "5, ep=¢e¢ —, e3=§{=

Ox oy 0z

The Riemannian metric on M is defined by
g= €2Zd$2 + eZZdyQ +d22,
The vector fields e, eo and eg satisfy

velel = _55 v6162 = 0, v6163 = €1,
vegel — 07 vegeQ - _57 vege?) = €2,
Ve361 - O, v53€2 - 0, V53€3 = 0.

If we suppose that the function o depends only on z, we deduce that identity
map Id : (Mg,E, g, ﬁ,y) — (Mg, go,f,n,g) is harmonic if and only if « is a

solution of the following differential equation
a'+2a(a2—1) =0.

then Id: (M,p,&,n,9) — (M, B, 6,7, §) is harmonic if and only if

622:

a=t+——c
et — C

and we obtain

_ C
9=9% g )n@n



2022] KENMOTSU MANIFOLDS AND BIHARMONIC MAPS 211

biharmonic if and only if « is a solution of the following differential equation

a?a® —a(a+9)da” + 602"

+3(a+4) ()’ =20 (20 +9) (/)

— 402 (042 — 2) o —8a° (042 — 1) =0.
Example 2. We consider the Kenmotsu manifold M = {(m, Y, Z,u,v) € R5},
where (z,y, z, u,v) are the standard coordinate in R®. An orthonormal frame

is given by e; = e*”a%, ey = e*”a% and ez = e*”%, es = e*”% and

e5 = e*”%. Taking e5; = £ and using Koszul’s formula we get the following

Ve1 €1 = —€p, Veleg = O, Veleg = O, V51€4 = 0, Veleg, = €1
V6261 = 0, V62€2 — —é€5, v62€3 == 0, v6264 = 0, v6265 = €2
Ve3€1 = 0, Ve362 = O, V5363 = —€5, V53€4 = 0, V53€5 = €3
Ve4€1 = 0, Ve462 = O, Ve463 = O, Ve4€4 = —é€5, Ve4€5 = €4
V6561 = 0, V65€2 = 0, ve5€3 = 0, ve564 = 0, ve565 =0.
If we suppose that the function o depends only on v, we deduce that the

identity map Id is harmonic if and only if the function « is a solution of the

following differential equation
e ’d + 4a (a2 —1) =0.

The general solution of this equation is

v
646

Veses — O

a==+

Then we obtain

_ C
g=9+\ s g )nen

By Theorem ], the identity map Id : (M, B, 6,7, §) — (M, p,&,m,9) is
biharmonic if and only if « is a solution of the following differential equation

o*® (a) —a(a+9)€(a) € (a) +120%P (a) + 3 (a +4) (¢ (a))°
—4a (204 9) (€ (@))* — 802 (oz2 —2m) ¢ (a) — 32a° (on -1) =0.
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2.2. The biharmonicity of Id : (M*™* ¢, &, n,g) — (M*™H!,5,£,7,7)

As a last result of this paper, we will characterize the harmonicity
and the biharmonicity of the identity map Id : (M2m+1,go,§,77,g) —
(M2m+1,¢, &7, §), We obtain the following theorem.

Theorem 3. Let (MQm“, v, &, g) be a Kenmotsu manifold and let (M, 9,
£,M,9) be a D-isometric deformation of (MQm“,(p,f,n,g). Then
1d: (M2m+1,<p,§,n,g) — (]\427”“,@7 &7, §) is harmonic if and only if

aé (@) +2m (o = 1) =0,
and it is biharmonic if and only if

a'e®) (@) + 2ma? (2(12 +1) ¢@ (@) — 2ma (& (a))?
+4m (ma* + (2m — 1) a® —m) & (@) — 8mPa (a® — 1) = 0.

Proof of Theorem Bl By definition, the tension field of the identity map
Id: (M2m+1? P 55 m, g) — (M2m+1’¢, g’ ﬁa g) is given by

7 (Id) = veiei — Ve + %ei@ei — Ve, pei + @5 — V€.

Using the following equations

_ m (oz2 — 1)
Veiei :veiei + 9 S
o
_ m (a2 - 1)
V(peigpei = vlpispei + Tg’
Vel =0
and
Vet = ~¢(a)€
= a)s,
we deduce that
1 2m (a2 — 1)
T(Id) = — — £
7 (1d) = € () €+~ e

Then Id : (M*™*! p,&,n,9) — (M*",5,£,7,7) is harmonic if and only
if
ot (@) +2m (a? = 1) = 0.
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The identity map Id : (M2m+1,g0,§,77,g) — (M2m+1,¢, &7, §) is bihar-

monic if and only if
TryV 7 (Id) + TryR (7 (Id) ,-) - = 0.

For the term Trgv2? (Id), we have

a?—1

_ 51 _
Tr,V 7 (Id) = Trgvzag (@) €+ 2mTrgv27g.

Using Proposition 4, we get

1,7 26 0) € = 5E @ @6 +62 (Te(@) ¢+ 2e@e (1)) ¢

o
2m
2

(c@)P e+ ame (Le@) - Zeae

It is very easy to see that

and

€ (6@) =€ (362@)) ~ ¢z €(@?)

It follows that
Tr, 76 (0) € = ~€®) (a) €+ 6 (a) € — 2o (o).

Likewise, we have

2 _ 2 _ ? - i
TrngOé 1£:aa3 15(2)(a)£+5(2) <a 1>§+%§(0)5<a 1>5

o? o? o?
2m (a® — 1 2_ o2m (a2 — 1
+%§(Q)g+2m£<aa2 1>5_%5.

A similar calculation leads us to the following results
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and

o? —
() = 56 @ - S @)

which gives us

7r, e = e (o) - 2 o)
2m (Zz+1)’5(0‘)§_ 2m (Zi_ 1)
We conclude that
7,747 (10) = 269 (o) € + T2 e (o) 6 - I e
f A ) 2 gy A )

Finally, we complete the proof by calculating the term T, R (7 (Id),-) -. By

proposition 5, we obtain

m a2 —
TryR (7 (Id),-)- =TryR (35 (a) &+ Ma ) :

a a?
m 062— —
- (éaa) e 1)>TrgR<s, ).
m 062— m m
RN (o
m m a2— m
R e e D PN
m2 062
4 (a4 1)5-

The biharmonicity of the identity map Id : (M Imtl o €om, g) —

(M Imtl 5 €,7, §) is characterized by the following differential equation

a'e®) (@) + 2ma? (20% +1) £@ (@) — 2ma (€ (a))?
+4m (ma* + (2m — 1) a® —m) £ (@) — 8m®a (a® — 1) = 0.

Example 3. We consider the Kenmotsu manifold M = { (z,y,z,u,v) € R5},
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where (z,y, z, u,v) are the standard coordinate in R®. An orthonormal frame
o _ v ) _ w9 0D
is given by e1 = e V5, ea = e V5, and e3 = e '5, eq = e V5, and

e5 = e V- Taking e5 = ¢ and using Koszul’s formula we get the following
ov

Ve1 €1 = —€p, Veleg = O, Veleg = O, V51€4 = 0, Veleg, = €1
V62€1 = 0, v62€2 = —€5, V5263 = O, V52€4 = 0, V52€5 = €9
Vegel = 0, Vegez = 0, v63€3 = —€s5, v6364 = 0, v6365 = €3
V6461 = 0, V64€2 == 0, ve4€3 == 0, ve464 = —€5, ve465 = €4
Ve5€1 = 0, Ve562 - O, Ve563 - O, Ve5€4 - 0, Ve5€5 = 0.

If we suppose that the function o depends only on v, we deduce that the
identity map Id is harmonic if and only if the function « is a solution of the

following differential equation
e Yad +4 (a2 — 1) =0.
The general solution of this equation is

a=de A+ et AeR,.

Then Id : (M,¢,&,1,9) — (M, 2,,7,9 = g+ Ae”*"n@n) is harmonic.
By Theorem Bl we deduce that Id : (M,p,&,n,9) — (M7 3, 6,7, §) is bi-

harmonic if and only if

e?ata® 4 2¢v02 (3(12 + 2) o +e? (9(14 + 2002 — 16) o
— 4 (0/)2 —32¢%q (on — 1) =0.

Example 4. We consider the Kenmotsu manifold M = {(m, y,2) ER3 2 # 0}.

The Riemannian metric on M is defined by
g= 62zd£€2 + e?zdyZ —|—d22,

- 20 20
and the orthonormal frame is given by e; = e *5-, e2a = pe; = ¢ Za_y and

e3 =& = % The vector fields e1, es and e3 satisfy

v6161 = —5, v6162 =0, velg = €1,
vegel = 07 v€262 = _§7 v62§ = €2,
v§€1 = 0, v§62 = 0, v§§ =0.
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If we suppose that the function o depends only on v, we deduce that the
identity map Id is harmonic if and only if the function « is a solution of the

following differential equation
ao’ +2(a? = 1) =0.
The general solution of this equation is

a=+e PV A+ et AeR,.

Then Id : (M,p,&,n,9) — (M,@,Z,ﬁ,g =g+ Ae_4z77®77) is harmonic.
By Theorem Bl we deduce that Id : (M,p,&,n,9) — (M, 2. 6,7, §) is bi-

harmonic if and only if

ata® + 20?2 (2(12 + 1) o =2« (o/)2 +4 (a4 +a?— 1) o — 8« (a2 — 1) =0.
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