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Abstract

In this work, we investigate the question of the existence of multiple solutions for
some nonlinear singular p-fractional problem with Riemann-Liouville fractional derivative
and of Kirchhoff type. Precisely, we employ the method of the Nehari manifold combined
with the analysis of the fibering map in order to show the existence of at least two non-
trivial weak solutions.
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1. Introduction

In recent decades, fractional calculus has been investigated extensively.
This is due to its importance and applications in many fields such as physics,
aerodynamics, chemistry, electrodynamics of complex medium (see ﬂa, ,
IE, IE]) Among all these subjects, there have been significant development
boundary value problems involving different fractional operators. For details

and examples, one can see the papers E, B, Ig, IE, IE, IE, Iﬂ, IZ_AI] and references
therein.

By combination between fibering maps and Nehari manifold, Saoudi

et al. @] proved the existence of at least two nontrivial solutions for the
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following problem

{ —Df (Tp (0Dfu(t))) = f(t,u(t)) + Ag(®)|u(®)?u(t), t € (0,1) (1)

u(0) = u(1) =0,

where 0 < 2 < o < L and f : [0,1] x R — R is a Carathéodory function.
+D1,0 Dy are the left sided and right sided Riemann-Liouville derivatives of
order a. g € C([0,1],R) and 2 < r < p < ¢q. While, J, is the p-Laplacian
operator which is defined by J,(x) = |z[P~2x.

After that, Ghanmi and Zhang ﬂﬂ] extended the result in @] to the

following problem

{ —Df (Tp (0Dfu(t))) = VW (t, u(t)) + Ag(t)|u(t)?2u(t), t € (0,T) (1.2)

u(0) =u(T) =0,

where 0 < % < a <1, and VIW(t,u(t)) is the gradian of W (¢, u(t)) at u and
W e C([0,T] x R,R) is homogeneous of degree r, with 1 <r < p < gq.

Great attention has been devoted recently to the study of fractional

Laplacian boundary value problems, we refer the reader to the works B, |ﬁ|,

8,007, e, b,

Motivated by the above-mentioned papers, in this work, we want to
contribute to the development of this new area on singular fractional differ-
ential equations involving both the Riemann Liouville and the p-Laplacian
operators. Precisely, we will study the existence of nontrivial weak solutions

for the following singular fractional boundary value problem

(1) 1DF (TpoDf(t))) + M(£) T (o Dio(t))
(Py) = L0 1 gt (t) t e (0,T);

where A is a positive parameter, 2 < g < p < r, % <a<1l,0< B <1and
g € C(]0,1]). The functional S is defined for a function ¢ by:

T p—1
S(p(t) = (a + b/o oD p(t)|P + M () |u(t)]? dt) ,a>0,b>0.
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While g € C([0,7] x R,R) is positively homogeneous of degree r — 1, that
is g(ac tu) = t""La(x,u) holds for all (z,u) € [0,T] x R. Moreover, if we put

=[5 9(x, t)dt, then we assume the following:

(Hy) G:[0,7] x R — R is homogeneous of degree r that is

G(z,tu) =t"G(x,u) (t > 0) forall z€[0,T], ueR.

Note that, from (H;) g leads to the so-called Euler identity
ug(t,u) = rG(t,u).
Moreover, there exists Cy > 0, such that
G (t,u)| < Colgl" (1.3)

Note that the problem (P)), has a solid theoretical significance and a sharp
physical background. For example it is showen in H, IE] that this problem
describes the surface tension of the height of a thin liquid film on a solid
surface in lubrication approximation. Moreover, the problem (P)) is related
to the stationary version of the Kirchhoff problem which is introduced for
the first time in 1983 by Kirchhoff ﬂﬁ] Precisely, Kirchhoff was studying

the following equation

0% 0o E 2 0%
5 = — = 14
0s? <p | | ) Ox? 0, (14)

where T is the length of the string, £ is the young modulus of the material,
p is the area of the cross-section, &g is the initial tension, and ¢ is the mass
density. Note that, if we consider the effects of the changes in the length of
the strings during the vibrations, then we can ensure that the problem (4]

extends the classical d’Alembert’s wave equation.

Due to its importance in many fields, the study of the fractional bound-
ary value problems of the Kirchhoff type has been attracted a lot of interest
by researchers in the nonlinear analysis we refer the readers to ﬂﬁ, IE, Il_AI]

Before presenting the main result of this work, let us introduce the

notion of a weak solution for the problem (Py).
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Definition 1.1. A function u € E;” is said to be a weak solution of problem
(Py), if for any ¢ € Ej"" we have:

T
S(e(t)) /0 To(0D§o(6)) 0 D (t) + M(1) T, (oD (1)) 0 D () dit

T T
_/0 gﬁ(—g) (t)dt—A/O g(t,(t)) Y(t) dt =0

where Ej"” will be introduced later in Section 2.

In this paper, we want to use the Nehari manifold and fibering maps
analysis combined with the variational method, in order to prove the follow-

ing result.

Theorem 1.1. Assume that % <pf<l,2<qg<p<r,and0<f<1. Ifg
satisfies the hypotheses (Hy)-(Hg). Then there exists Ay > 0, such that for
all X € (0, \y), problem (Py) admits at least two nontrivial solutions.

The rest of the present paper is organized as follows. In Section 2, we
present some preliminaries and important results on fractional calculus. In
Section 3, the variational setting of the problem (Py) is presented. In Section
4, we prove the main result of this paper (Theorem [LT).

2. Preliminaries

In this section, we present some important background theories and
results on the concept of Riemann-Liouville fractional operators. Let us
start by introduce the definitions of Riemann-Liouville fractional integral

and Riemann-Liouville fractional derivative.

Definition 2.1. Let # > 0 and ¢ be a function defined a.e. on (0,7"). The
Left (resp. right) Riemann-Liouville fractional integral of order 6 of 1 is

given by
0 1 ! 0—1
I t:—/ t—s)"" "Y(s)ds, te (0,T],
respectively
1

T
) =57 / (t - 5P 1(s)ds, € [0,T),

B(60)
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provided that the right side hands are point-wise defined on [0, 7], where (3
denotes Euler’s Gamma function.

Note that, if 1 € L*(0,T), then ,I¢+ and (I%1) are defined a.e. on (0, 7).

Definition 2.2. If 0 < 6 < 1. Then, we define the Left (resp. right)

Riemann-Liouville fractional derivative of order 6 of a function 1 as follows:

d
oDfw(t) == (o1} ") (1), V¢ € (0,T],
respectively
0 d 1-0
Dfp(t) == (L") (1), ¥ t € [0, 7],

provided that the right side hands are pointwise defined on [0, 7).

Remark 2.1. We note that, if 1 is an absolutely continuous function in
[0,T]. Then, from ﬂﬂ], oDY% ( respectively ;DY) ) is defined a.e. on (0,7)

and satisfies

WDLU(0) =10 (0 + O 2.)

respectively

DhUe) = IO + g (2.2

Moreover, if 1(0) = 1(T") = 0, then, we have

oD{y(t) =o I} (t) and (Diap(t) = — L7 %9/ (¢).

Note that the above information implies the equality between the Riemann-

Liouville fractional derivative and the Caputo derivative.

Now, we will collect some properties of the left Riemann-Liouville frac-
tional operators. One can easily derive the analgous version for the right

one. Fore more details, one can see B]

Proposition 2.1. For each 61, 02 > 0, and for any ¢ € L*(0,T), one has

oIV o gIf?p = (I 02,
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Remark 2.2. Using Proposition 2] Equations (2.1]) and ([2.2]), we can prove
that for any 0 < § < 1, and any ¢ € L'(0,T), we have

oD} o oIy = 1p,
moreover, if ¢ is absolutely continuous with ¢(0) = 0. Then, we have
ol{ © DY = .

Proposition 2.2. Let > 0 and p > 1, then the operator oIf : LP(0,T) —

LP(0,T), is linear and continuous. Moreover for each v € LP(0,T), we have

4

T
loZ{ [l < mnwup-

Next, we recall another classical result on the boundness of the left

fractional integral in the sense of the supremum norm.

Proposition 2.3. Let 0 < % <0 <1andq= z%' Then, for each 1) €

LP(0,T), oI+ is Holder continuous on (0,T] with exponent 6 — % >0, Also,
0If¢ can be continuously extended by 0 at t = 0. Finally, we can see that
ol € Cy(0,T), moreover

0%
oI ¥ loe < =¥l (2.3)
B(0) ((0 —1)g +1)s

Since we will use the variational method in studying our main problem,

we introduce in the following integration by parts formula:

Proposition 2.4. Let 0 < § < 1 and p,q are such that either

1 1
p>1l,g>1land -+ —-<1+80,
p q
or

1 1
p#l,q#land—+—-=1+96.
p q

Then, for each function ) € LP(0,T) and ¢ € L4(0,T), we have

T T
/ o(t) oI (t)dt = / W(t) oIfo(t)dt,
0 0



2022] SINGULAR KIRCHHOFF FRACTIONAL BOUNDARY VALUE PROBLEM 179

and
T
[ etwgptuta = cua vl + [ v optea (.
Note that, from Z4), if ¢(0) = o(T) =0, then we get

T T
/ (1) o DI (1) dt = / b(t) oDl (t) . (2.5)
0 0

Now, we are in a position to discuss the variational setting associated
with the problem (Py). We denote by C§°([0,7],R) the set of all functions

v € C*(]0,T],R) satisfying v(0) = v(T') = 0. For, 6 > 0 and p > 1, we

denote by E§ the closure of C$°([0, 7], R) with respect to the following norm
1

el = (Ilully + I6DFull)” (2.6)

Remark 2.3. The following properties are useful for the rest of the pa-
per:

(i) The fractional derivative space Ef is the space of functions u € LP([0,T7)
having an @-order Caputo fractional derivative §DYu € LP([0,T]) and

©(0) = o(T') = 0.

(ii) If v € E§ is such that ¢(0) = 0, then the left and right Riemann-
Liouville fractional derivatives of order 6 are equivalent to the left and
right Caputo fractional derivatives of order . That is

§D{o(t) = oD{e(t), t € [0,T).
(iii) The fractional space E§ is a reflexive and a separable Banach space.

Lemma 2.1. For any ¢ € Ef, we have

T@
< ————|loD¢¢l|,. 2.7
lellp < T(0+1) lo Dy ¢llp (2.7)
Moreover, if}—l) < 0 < 1, then we obtain
p—1
T
[elloo < rlo DY ¢llp, (2.8)

T(0) (0~ Dp+ 1)

<

where p =
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Remark 2.4. From Equation (7)), we can consider Ef with respect to the

following equivalent norm

0
lello,, = llo D7 ellp-
Also from hypothesis (Hs2), can be equipped with the following equivalent

norm
1

0 1 »
lella = (I5D2elL + Mol )"
Moreover, we have
min(1, Mo)[¢llop < llollar < max(1, Moo)|[llo,p- (2.9)

Lemma 2.2. If% < 6 < 1, and the sequence {¢n} — ¢ weakly in ES. Then
{¢n} — u strongly in C(]0,T)), that is

lon — @l = 0 asn — oo.

3. A Variational Setting and the Analysis of the Fibering Map

In this section, we will prove the main result of this paper (Theorem
[LI). Our main tools are based on variational methods. Precisely, we will
use the Nehari manifold method combined with the analysis of the fibering
map. For this purpose we define the functional energy associated to problem
(Py), as follows:

1 o AT
€A(<p)=b]7(a+waHM) - = G(t,tp)dt

aP
/ F@)lel™ Bt—b—Q, v € EgP. (3.1)

Since the energy functional £, is not bounded below on the space Ej'",
then we do not use the direct variational method to prove the existence of
solutions. In order to guarantee the boundness of £\, we will work in a
suitable subset of Ej". So we define the following constraint set

Ny e {u & B\ {0} - (a bl el



2022] SINGULAR KIRCHHOFF FRACTIONAL BOUNDARY VALUE PROBLEM 181

T T
= S S S S siﬁs.
—A/O Gs, o(s))d +/0 F(8) ()] d}

As introduced in ﬂﬁh, N, is closely related to the fibering map Jy : (0,00) —
R, which is defined by:

Jo (t) = Exlty).

A simple calculation shows that for each ¢ € Ef™”, we have
1 p—1 1 g
To(0) =0~ (a0l )" el =2 [ Gl plsas

[ sl ras
and ’
TA() = (p — D2 (a+ bl|ll5,) " el
+bp(p — DEP 2 (a + bt |l )" llll 5

T T
—Ar— 1)tr_2/0 G(s,p(s))ds + tﬁ% /0 f(s)|e(s)*Pds.

Remark 3.1. From the definition of N, we can see that tp € N,, if and
only if J),(t) = 0, in particular, ¢ € N, if and only if J/,(1) = 0. That is,
¢ € Ny, if and only if

T T
(a+b\|90\|’z’u)p_lllsollﬁ4—A/ G(S,sD(S))dS—/ F(8)le(s)|'Pds = 0. (3.2)
0 0

In order to prove the multiplicity of solutions, we split A into the
following three parts:

Ny ={peNy:JJ(1) >0} ={pe Eg": J,(1) =0and J(1) >0},

Ny ={eeNy:JJ(1) <0} = {pe Ef?:J,(1) =0and J;(1) <0},
and

Ny ={peN,:Jl(1)=0} ={pe E;?: J,(1) =0and J(1)=0}.

Remark 3.2.

(i) From Remark 31} if ¢ > 0 is such that J,(t) = 0 and Jj(t) > 0
(respectively J/(t) = 0 and JJ(t) < 0), then tp € N} (respectively
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tp € Ny).
(ii) Let ¢ € Ny. Then, using Equations (L3)), (Z8) and (Z3)), we obtain

/ Gt ()it < Gl (33
and

[ ol <l (3.4
where

: COT1+r(af%)
1= TN

(min(1, My)T(@) (o — D+ 1)7 )

and

|f oot -0

= (min(l, M(])F(OZ) ((a — 1)5_{_ 1)% )1—6 .

Now, we are in a position to prove the lower boundness of £, on N,.

Lemma 3.1. Assume that hypotheses (Hy)-(Hz) are satisfied, then, for all
A > 0 the functional €y is coercive and bounded below on Ny.

Proof. Let ¢ € Ny. Then from [B2) and (34), we obtain

1
£1(9) = 75 (a+ bllelfy)” /Gt @dt__ﬁ/ F0)ol Bdt_b_Q
p - 1 p P
= (et el (o +Hlele)” = Hliell)
1 1, [T -8 aP
() [ kel
-1/ a 1 1
> (ot blleli)” (50 + (g = Dlell)
11 /oo A 3) s
(=55 gllelir” 5z

<min(1, Mo)I'(ev) ((a = 1)p + Dé)

Since we have 1 — 3 < p? < 7, then from the above information, we can
see that &, is coercive and bounded below on A). This ends the proof of
Lemma 311 O

Lemma 3.2. Under hypothesis of Theorem [L1l, there exists A\g > 0 such
that, if A € (0, o), then NY = 0.
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Proof. We proceed by contradiction. Assume that NV = () and let ¢ € N7.

From the definition of NY, we have

-1 —2 2
(p = )(a+dllella)" Nl +bple — D (a+olelh)" " llelz

A1) /O G(s, 0(s))ds + B /O £(8)l(s) [P ds = 0.

So from ([B:2]), we obtain

T —1 2
(r+58-1) /0 F)le(s)[Pds — (r — p)(a+ bl )" ol
+bp(p — 1) (a+bllelt,)" 2llel, =0, (3.5)
and
(p+ 8- 1)(a+blelZ) el + bolp — 1)(a+ blllZ,) "Il
T
—A&+ﬁ—U/1G@¢@Wk:Q (3.6)
0

Now from Equation (B3] and 4], we get

(r — P2 Yl

(r— p)(a+ bllelZ)” ol — bpp — 1)(a+ bllel%)? 2 lel2
T

= (r+p-1) / F(&)l(s) 1P ds
0

1+(1-8)(a—1)
< B DIflT™ A (3.7)
(min(1, Mo)T'() ((a — 1)p+1)7 )7

IN

and

(p+ 8 — 1P el
< (p+ 8- D(a+blelB)" el + ol — 1) (a+ bllel2)" 2l
= Me+8-1) [ " Gl pls))ds

CoT™ W) (r 4 B — 1)

A T
(min(l,Mo)F(a) ((a=1p+1)7 )r

sl (3.8)
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From (B.7), we have

1

IWM4<< (r + 8 = D] floe TP )wwl
~ \(r = p2)br=1 (min(1, Mo)T(a) ((a — 1)p+ 1)7 )7 :

(3.9)
and from (B.8)), we have
1
ol o (@ 8= DB (min(1, MoL(@) (0 = D7 +1)7)") 77
M = .
ACoT D (4 5 — 1)
(3.10)
So by combining ([3.9) with (BI0), one has
T—p2
A> N = AP+91B, (3.11)
where
L (P =P (min(1, Mo)T(@) ((@ = D+ 1)7)'
(r+ 8= D fllooT ) |
and
1 T
5 _ (48— 1) (min(1, Mo)I'(0) (e = Dp +1)7 )

CoT™ ") (r 4+ B — 1)

Finally, if we take A small enough such that 0 < A < Ay, then from (EII])
we obtain a contradiction. So AP = () and the proof of Lemma is now
completed. O

Lemma 3.3. Under hypotheses (Hi)-(Hz), there exists A\1 > 0 such that
./\/;r and N, are non-empty sets, provided that 0 < X < Aj.

Proof. Let ¢ be a nontrivial function on Ey*. If ¢ > 0 then we have

T
T() = L a+ ]l el — M /0 G(s.(s))ds
B8 g 1-p
—t —~d
/O F(8)l(s)[1Pds

= [ew - [ seeer e (31
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where
. T
£16) = 7 a7l el = A [ Gl ().
0
A simple calculation shows that
2 1 2 1 g
L(t) = b Y p|2 = A / Gls,o(s))ds = W(H).  (3.13)
0

It is not difficult to show that WV attains its maximum at

- < b + B~ Vel >_
A+ B = 1) Jy Gls,p(s))ds

Morover, we have

248-1 p2risl

r+p8-1 Ar+p-1)

p24+B8—1"

W(E) = b (1
(Jo s p(s))ds) 7

Now, using Equations ([B.3]) and (B.4]), we obtain

W(#) =b <1—p2+ﬁ—1> <b(p2 +8 - 1)> bl HSDH?\;T:_B;
= 7“+,8_1 )‘(T+,8—1) - %
<f0 G(SaSD(S))ds) P
2 2 p248-1 p2 rrt,e_Ql
>b<1_P +ﬁ—1> (b(p +B—1)> = el "
r+B8-1 Ar+p-1) (MI@HM%
—b 1_p2+ﬁ—1 b(p?+ 58 —1) %{22—1”90”11\4_6
G
> Gllel s -

provided that 0 < A < A\; where:

WD) (e ),,;;1
LG - \Gir+-T) |
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Hence, from the Equations (3.4]), (313) and (B.14), we get
T —_— —
0< / F(8)o(s)[Pds < W(E) < L), (3.15)
0
So, there exist ¢ > 0, 0 < 57 < t, such that

T
L(s1) = /0 F(8) ()P s,

moreover, for all s € (s1 — €, 51), we have

T
£(s) < /0 F(8) ()P s,

and for each s € (s1,s1 + €), we have

T
£(s) > /0 £(8) ()P ds.

From the above information and using Equation (.12, we can easily prove

that s; is a local minimum of the functional J,. That is sip € N ;r . On

the other hand, from ([BI5) and from the fact that tlim L(t) = —o0, we can
—00

deduce the existence of sy >t and § > 0, such that

T
L(s2) = /0 £() (5P s,

moreover, for all s € (sg — 0, s2), we have

T
£(s) > /O £(8) (5P ds,

and for each s € (s2,s2 + J), we have

T
£(s) < /O £() o (s)[ P ds.

From the above information and using Equation (8I2]), we can easily prove

that s is a local maximum of the functional J,. That is so¢ € N - Oa

Now, we will prove that the energy functional has critical points in either
N, y and N, y - To prove that these critical points are solutions to the main



2022] SINGULAR KIRCHHOFF FRACTIONAL BOUNDARY VALUE PROBLEM 187

problem, we need to prove the following lemma.

Lemma 3.4. Let p € Ny (respectively ¢ € Ny ), then for each ¢ € Ey”?,
there exists € > 0 small enough and a continuous function ® such that for

all real number k with |k| < e, we have
®(0) =1 and ®(k)(¢ + k) € Ny (respectively ®(k)(p + k) € N).

Proof. Let ¢ € Ny and ¢ € Eg’. In order to prove Lemma B4 let us
introduce the following function =: R x R — R defined by:

St k) = 0 a4+ 0P|l + ko B,)" e + ke |h,
T T
VA / G(s,p(s) + kp(s))ds— / F(8)]p(s)+kp(s)[Pds.
0 0

A simple calculation shows that

0 _ _ _
20 R) = (48— DO (at bl + kebl)" o+ k(o)

Fob(p = D2 (a4 bl + RO IR)" o + ko)1
T
A+ B — 1) 52 / G5, p(s) + ki(s))ds
0

= J,(1)+ J5(1).

So the fact that ¢ € N, , implies that %E(l, 0) < 0. Since E is continuous
and =Z(1,0) = 0, then we can apply the implicit function theorem to the
function = at the point (1,0), to obtain the existence of § > 0 and a positive

continuous function ® such that for all real number k£ with |k| < J, we have
®(0) =1, ©(k)(¢ + ky)) € N
Finally, by taking € > 0 small enough if necessary, we also have
(k) (¢ + k) e Ny .

IfoeN ;r , then we can proceed as in the first step to have the desired result.

Since the proof is very similar to the case when ¢ € N, , then we omit it.(0

Remark 3.3. Assume that hypotheses (H;)-(Hs) are satisfied.
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(i) Put Ay = min(Ao, A1), if 0 < A < A, then all conclusions of Lemma B.1],
Lemma 3.2, and Lemma hold.
(ii) From Lemma 32l N, can be decomposed as

M =NJUNT.

Moreover, since J{ (1) = 0, then any ¢ € N} or ¢ € Ny, is nontrivial.
(iii) From Lemma Bl we can define the following expressions:

oy = inf E\(p), and g, = inf Ex(p).
eENT peN

4. Proof of The Main Result

In this section, we will continue to study the functional energy in the
Nehari manifold sets and prove that this functional admits a critical point
in each subset. We finish our proof by proving that these critical points
are solutions to the main problem. So in the rest of this paper, we assume
that conditions (Hp)-(Hz) are fulfilled. We begin by proving the following

propositions.

Proposition 4.1. If conditions (H1)-(Hz) are satisfied, then for each A €
(0,\.), there exists o. € Ny such that

Ex(ps) =5 = inf Ex(g).
PENT

Proof. Since the functional &, is bounded below on Ay D A, then there

exists a minimizing sequence {5} C N;'. That is a sequence that satisfies

lim Ex(pr) = inf Ex(ep).
k—o0 KPGN;

Also, from Lemma [B1] we see that &) is coercive, which implies that {¢y} is

bounded. On the other hand, from Remark 23] we see that the space Ej"
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is reflexive. So up to a subsequence, there exists ¢, such that

on — ¢x, weakly in  Ejy?,
©n — @x, strongly in L"([0,T],R),
©n — @x, a.e. in [0,T].

First af all, let us prove that

n— o0

T T
lim f(t)|gon|15dt:/ £ .|t (4.1)
0 0
From Lemma 2.2] as n large enough we have
T T T
/0 FOlenl Pt < /0 FO)lou[ 0t + /0 FO)lon — ou[ Pt
T 1 1
< /0 FOlpu 10t + T fllocllpn — 0l 5Pt
T
< / F®lpa 1Bt + o(1).
0

where o(1) satisfies lim o(1) = 0.
n— o0

On the other hand, for n large enough, we get

T T T
/ F@Olo Pt < / FO)lonl Pt + / F)lon — o Pt
0 0 0

IN

T
/0 FOlenPdt + T £ locllion — @il 1P dt
T T
< /O FO)lgnl Pt + /0 FOlon — Pt
T
< / () pnl' Pt + o(1).
0
Hence, the above information implies that
T T
/O F(O)lpal Pt = /0 SOl Pdt + o(1).
That is, (@J]) holds.

Now, from ﬂa], there exists p € L"([0,T],R) such that for n large enough
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lon(t)| < p(t). So, from the Dominated convergence theorem we obtain

T T
im [ Gt on(t)) dt = /O Glt, 0. (1)) dt. (4.2)

n—oo 0

Now, by combining Equations (£1]), ([42]) with the weakly lower semi-continuity

of the norm, we deduce that &£, is weakly lower semi-continuous. Hence, we

get
Ex(px) < lim Ex(pn) = 7.
n—oo
On the other hand, from the definition of 7, we have £(¢«) > 7. Finally,

the above information implies that

Ex ((P*) =

To finish the proof of Proposition LI, we need to prove that ¢, € N. ;L . To

this aim, let us prove that
ok — ¢, strongly in E{P.
If this is not true, then we get
i lar < Timinf g (4.9

On the other hand, from Lemma B3] there exists s; such that sjp, € J\/')?L
So, by combining Equations ([@1l), (2] with Equation (£3]), we obtain

_ . -1
lim g, (s1) =s] " lim (a+b81fH<Pka )" Nkl

k—o0

k—o0

T
— st 7! lim G(s or(s))ds—s7” klira/o F(s)|r(s)]*Pds

T
— -1 r—
>8] 1(a+b8’1’H<P*H§’u)p lpullay — Ast 1/0 G(s,«(s))ds

/ J(8)]px(s |1 Pds

_J, (
Therefore, for k sufficiently large, we have Ji, (s1) > 0. On the other hand,
since o € Ny, then we have, J;,k(l) =0 and J;k(l) > 0. Thus, by Lemma
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B.3] we get J!pk(s) < 0, for all s € (0,1). So we must have s; > 1. Since
510« € Ny, then using again Lemma B3, we have J,, (¢) is decreasing on
(0,s1). Hence, we can conclude that

Ex(s194) < Exlpa) < liminf&y(pg) =7

Which is a contradiction. Hence, ¢, — ¢4, strongly in Ej”. Now, from
the fact that ¢, € Ny implies that

J, (1) =0, and J7 (1) > 0.
So using (1)), (£2) and the strongly convergence we deduce that

/ o 1"
JL(1) =0, and JZ (1) >0.

That is
P € N UMY,

Finally, Lemma B2, implies that ¢, € N}, and this finishes the proof of
Proposition 1] O

Proposition 4.2. If conditions (Hy)-(Hs) are satisfied, then for each X\ €
(0, \y), there exists 1, € Ny such that

E(Yy) =gy = inf &Ex(y).
wEN]

Proof. Since the proof of Proposition is very similar to the one in
Proposition 1] then we omit it. O

Proof of Theorem [I.Il From Proposition 1] there exists ¢, € N, ;r
satisfying

5)\(@*) =0) = infﬁ 5)\(()0).
wEN

Moreover, from Lemma [B4] for each ¢ € E{*", there exists ¢ > 0 small
enough and a continuous function ® such that for all real number ¢ with
|t| < e, we have

O(t) (s +t1p) €N, and ®(t) =1, as t — 0.
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So for ¢t small enough we have

Ex(@(t) (s + 1)) — Exlpx) 2 0.

Dividing the above inequality by t > 0, and letting ¢ tend to zero, we obtain
T
S(e) [ ToaDE(0)aDF V() + MO, D7 . () o DF (0

IO [
) [ e o)vaao

since 1 is arbitrary in E¢°", then the above inequality holds true if we replace
1 by —1, which yields to the equality instead of the inequality. So, from

Definition [T}, we see that ¢, € N is a weak solution for the problem (Py).
Moreover, the fact that J;’* (1) > 0 implies that @, is nontrivial.

On the other hand, if we proceed as above, we can use Proposition
and Lemma 4] to prove that v, € N, is a nontrivial weak solution for the
problem (P). Finally, the fact that N ;r and N, are disjoint ends the proof
of Theorem [LT1
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