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Abstract

In this paper, we study under refined Lipschitz hypothesis, the question of existence
and uniqueness of solution of controlled neutral stochastic functional differential equations
driven by G-Brownian motion (G-NSFDEs in short). An existence of a relaxed optimal
control where the neutral and diffusion terms do not depend on the control variable was the
main result of the article. The latter is done by using tightness techniques and the weak
convergence techniques for each probability measure in the set of all possible probabilities
of our dynamic. A motivation of our work is presented and a numerical analysis for the
uncontrolled G-NSFDE is given.

1. Introduction

Due to the important ambiguous concepts in the study of optimal control
problems in finance under the principles of uncertainty, it appears in different
typical fields that contain incomplete or inaccurate parameters, especially
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financial crises and risks resulting from dark fluctuations and their impact
on the movement of asset prices and liquidity in the markets.

The concepts of uncertainty in fluctuations were studied by [13, [14],
who established a type of non-linear expectation theory or expectancy the-
ory within the framework of G-Brownian motion, and [6, (7] did that through
the capacity theory, and then relied on the G-Brownian movement under G-
expectation to create G—stochastic calculus and this is what led both to
prove the existence and uniqueness of the stochastic differential equations
driven by the G-Brownian motion by [10,|13]. In addition, |8, |9] studied the
existence and uniqueness of neutral stochastic functional differential equa-
tions within the framework of the G-Brownian motion (G-NSFDEs in short),
is given by

dIX (t) —Q(t, Xy)]=b(t, Xy) dt+~ (t, X¢) d (B),+0 (t,X¢) dBy, t€[0,T]
Xo =1,

(1)
where, n € BC ([-7,0];R), and 7 > 0, X; = {X(t+60): —7 <60 <0},
(B, t > 0) is a one-dimensional G-Brownian motion defined on some space
of sublinear expectation (Q,’H,E,FP), with a universal filtration FP =

{]?tp } o’ and {(B),, t > 0} is the quadratic variation process of G-Brownian
t

motion, @, b, v, and o are functions on [0,7] x BC ([-,0];R). With what
the G-expectation permits

B[] = swpEF ],
PeP
where EF are ordinary expectations, and P is a tight family of possibly
mutually singular probability measures. For more details see [6,[7]. Recently,
[4, 11, 112, [15] considered an optimal control problem with the uncertainty

of G-Brownian motion and its quadratic variation (B). In this paper we
consider the following G-NSFDE

{d (XM (1) —Q (t, X{)]=b(t, X', u(t)) dt+v (t, X', u(t)) d(B),+o (t, X}') dB;
X§ =n,t€0,T]

(2)
where u (.) € A stands for the control variable for each ¢ € [0,7], and A
is a compact polish space of R. Let P (A) denote the space of probability
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measures on B(A), the o-algebra of Borel subsets of the set A of values
taken by the strict control. The set U = U ([0,T]) is a set of strict controls.
The cases of controlled of various stochastic systems driven by a classical
Brownian motion has been treated by different authors, see e.g [1,13, 18]. In
this paper, we study under the concepts presented in [13, [14] the existence
of a relaxed optimal control that minimize the cost functional:

B [/Tﬁ(t,Xt“,u(t))dt—i—\Il(X%) , 3)
0

The proof is based on the tightness arguments of the distribution of the
control problem.

Motivation: To motivate our work let consider a Brownian particle moving
in an unbounded medium. Let X (¢) be the position and Y (¢) be the velocity
of the particle at time ¢. So the dynamic is represented by

X'(t)=Y(t) mdY (t) = b(t)dt + od&;, (4)

where m is the mass of the particle and od§; is the noise part of the
medium on the particle. According to Boussinesq representation in [53],

b(t) = —hY (t)— Y’(t)a\/@ Jo° Y2 (s) ds, which represents the systematic
action of the medium on the particle, where —hY (¢) is the Stokes friction
force at time ¢ and m the apparent additional mass which is half the mass
of the material of the medium ousted by the body. The fooo Y'2 (s)ds is the
viscous hydrodynamic aftereffect. These models represent a NSFDE in the
classical case.

In reality, it is difficult to estimate exactly the noise parameter o, and
what we can have as information is only a range interval [0y,n, Omax] Where
o belongs, and so, the question is to study the worse-case scenario, which
is difficult to analyse it by direct methods. The worst scenario system can
be transformed to a G-NSFDE, and if we want to control the dynamic of
the particle subject to some constrain, this will lead to a stochastic optimal
control driven by a G-NSFDE.

The rest of the paper is formed as follows. In Section 2, we introduce
some preliminaries which will be used to establish our result. In Section
3, it is related to three topics, first, we are concentrated to introduce the
Problem of G-NSFDEs relaxed control, secondly, we prove the existence and
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uniqueness of solution of G-NSFDEs with uncontrolled diffusion, we estab-
lished the existence of a minimizer of the cost functional in third. Finally, we
study the approximation of the relaxed control and we prove the existence
of relaxed control. The last section is devoted to some numerical analysis.

2. Preliminaries

The main purpose of this section is to introduce some basic notions and
results in G-stochastic calculus that are used in the subsequent sections.
More details can be found in |6, [7, 13, 14, [16, [17].

We set Q := {w € C([0,T],R) : w(0) = 0}, the space of real valued con-
tinuous functions on [0, 7] such that w(0) = 0, equipped with the following
distance

dwu?) = 3 2 <<oﬁ%|w3 _w§\> A 1> ,
N=1 -

Q :={wa :w € Q}, By (w) = wy,t > 0 the canonical process on €2 and let
F := (F: )+>0 be the natural filtration generated by (B; )¢>0. Moreover, we
set, for each t € [0, 00)

~E+ = ms>t-/r87

]F+ = (‘E*‘)lﬁZOv

F o= Fee VNI (F),
FP o= Fu VNT(Fao),

where NT(G) is a P-negligible set on a o-algebra G given by
NP(G) := {D C Q: there exists D € G such that D ¢ D and P[D] = 0},

where P is a probability measure on the Borel o-algebra B(2) of Q. Consider
the following spaces: for 0 <t < T

Lip(Qy) = {@(By,...,By,) 1 ¢ € Cyrip(R™) and t1,t2,...,t, € [0,t]},
Lip(Q) = U Lip(2,),
neN

where Cj, 1,;,(R™) is the space of bounded and Lipschitz on R™. Let 7" > 0
be a fixed time.
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Peng in [13] has constructed the G-expectation E : H := Lip(Q7) — R
which is a consistent sublinear expectation on the lattice H of real functions
i.e. it satisfies:

1. Sub-additivity: E[X + Y] < E[X] + E[Y], for all X,Y € A,
2. Monotonicity: X >Y = E[X] > E[Y], for all X,Y € H,

3. Constant preserving: E [c] = ¢, for all c € R,

4. Positive homogeneity: E[)\X] = )\E'[X], forall A\ >0, X € H,

The triple (Q, H, E) is said to be sub-linear expectation space, if 1 and

2 are only satisfied. Moreover, E [.] is called a nonlinear expectation and the

triple (Q, H, E) is called a nonlinear expectation space.

We assume that, if Y = (Y1,...,Y,),Y; € H, then ¢(Y1,...,Y,) € H
for all ¢ € Cp ip(R™).

Definition 1. A random vector Y = (Y7, ...

, Xpm) under E if for any ¢ €

,Y,,) is said to be independent
from another random vector X = (Xjy,..
Ch,Lip(R™™)

Elo(X,Y)=E [E [p (z, Y)chx} :

Definition 2. A process X on (Q,’H,E) is said to be G-normally dis-
tributed under the G-expectation E [-] if for any ¢ € Cj ip(R) the function

u(t,z) = E [go (x + \/ZX)] ,(t,z) € [0,T] x R,
is the unique viscosity solution of the parabolic equation

% = G (ugy)

u(0,2) = ¢ (2)
where the nonlinear function G is defined by G(a) := %E [aXz] = %(5%*
—o?a™), a € Rywith 7% := E [Xz], o2 = —F [—X2] , at=max{0,a} and
a”= -min{0,a}. This G-normal distribution is denoted by N'(0, [o?, ?]).

Definition 3. (G-Brownian Motion)The canonical process (Bi);~, on

(Q, ’H,E) is called a G-Brownian motion if the following properties are
satisfied:



148 N. ELGROUD, H. BOUTABIA, A. REDJIL AND O. KEBIRI [June

L] Bo = 0.
e For eacht,s > 0 the increment By s— By is N (0, [ng, 352] )-distributed.

o B ,By,,...,By, is independent of By, for n > 1 and ty,ta,...,t, €
[0,].

For p > 1, we denote by L7,(Qr) the completion of Lip(Qr) under the

natural norm

1X125 0y = BIXP,

and define the space Mgip (0,T) of F-progressively measurable, R-valued sim-

ple processes of the form

n(t) = n(t,w) Zét Wit (@)

where {to,...,t,} is a subdivision of [0, T]. Denoted by ME(0,T) the closure
of Mg’p(O, T') with respect to the norm

T
s 0 = BL| - (o))

Note that MA(0,T) ¢ ME(0,T) if 1 <p < gq. For each t > 0, let L°(Q)

be the set of F;-measurable functions. We set

Lip(S4) :== Lip(Q) N L),  LE(Q) == LE(Q) N LO().

For each n € MgQ(O, T), the related It6 integral of (Bt), is defined by

T N-1
Iw=4n®ﬂ%22%@m—%%
=0

where the mapping I : Mg’z(O,T) — LZ(Qr)is continuously extended to
MZ(0,T). The quadratic variation process (B); of (Bt)>q » defined by

(B); := B? —2 /0 t B,dB, (5)
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For each n € ngl(O,T), let the mapping Jo.7 (n) : ngl(O,T) —
L& (Qr) given by:

=

-1

T
Tor (n) = /0 D) dB) = S (B, — (B)r).

<.
I
o

Then Jo,7 (n) can be extended continuously to
Jor (n) : M(0,T) — Le;(Qr).

Lemma 4 (|14]). We have for each p > 1

E [ /0 ' n(t)d<B>t- <G’E [ /0 T|77(t)| dt} , for each n € MA(0,T).

([ )]

EU ()P dt g/ Bln()"] dt, for each n € MZ(0,T).
0 i 0

~

E

=)

[/OTyﬂ(t)d(Bﬁ} , for each ne MZ(0,T) (isometry) .

Proposition 5 ([7]). For each & € LL(SY), there exists a weakly compact
family of probability measures P on (£, B(Y)) such that

El¢] = sup EP[¢].
PeP

Then, we define the associated reqular choquet capacity related to P:

c(C):=supP(C), CeB(Q).
PeP

Definition 6. A set C € B(Q) is polar if ¢(C) = 0 or equivalently if
P(C) = 0 for all P € P. A property holds quasi surely (g.s. in short) if it
holds outside a polar set.

Let define N'p the P-polar sets, as following

Np = ﬂ N (Fuoo).

PeP

We must use the following universal filtration F” for the possibly mu-



150 N. ELGROUD, H. BOUTABIA, A. REDJIL AND O. KEBIRI [June

tually singular probability measures P,IP € P in [17].

FP = {F }is0,
FP o= m(fFVNp) for t>0.

PeP

In view of the dual formulation of the G-expectation, we end this section
by the following Burkholder-Davis-Gundy-type estimates, formulated in one

dimension.

Proposition 7 ([10]).

e For each p > 2 and n € Mg(O,T), then there exists some constant C),
depending only on p and T such that

R u p t
E [ sup / nrdB, } < Cplt — s|§_1/ E||n.|?|]dr.
s<u<t |Js s
o For eachp > 1 andn € Mg(O,T), then there exists a positive constant
o such that % <& q.s., we have
R u V4 t
B [ sup / md(B), ] <ot — s|p-1/ B[, |"]dr-
s<u<t s s

3. Formulation of the Problem

We study the existence of optimal control problem for G-NSFDE, given

the following integral equation
t
X () = 0+ Q6.X) = Q)+ [ blsXeu(s))ds
¢ ¢
+ [ 16X dB), + [ o(X)dBate0.1] (©)
0 0

with random initial data

n=A{n(0)}_r<p<o € BC([-7,0];R),

with BC ([-7,0];R) is the space of R-valued functions defined on [—7,0]
and 7 > 0, where X; = {X (t +0): —7 <0 <0}, and u (t) € A is called a
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strict control variable for each ¢ € [0,7]. Let the space

~ T/'\
Hrp = {X:(X (t))te[oﬂ ,F? — adapted such that:/o E [|X (s)|2} ds<oo} ,

N

equipped with the norms N¢g (X) := (fOT e 205E <|X (S)|2) ds) , where
C > 0. Since

e TN (X) < N (X) < No(X),
then these norms are equivalent. Moreover, the functions

Q,0:[0,T] x BC([-7,0];R) x 2 — R,
b,v:[0,T] x BC(]-7,0];R) x A x Q@ = R,

are measurable, the random variable Q (0,0) € L% (Qr) as well as Q (., ),
o(,z),b(,zu(),v(,zu(.)) e Hp for each z € BC ([-7,0]; R) and for

each strict control w.

3.1. Problem of G-NSFDE relaxed control

In the absence of convexity assumptions, the strict control problem may
not have an optimal solution because A is too small to contain a minimizer.
Then the space of strict controls must be injected into a wider space that
has good properties of compactness and convexity. The set A is a compact
Polish space, and P (A) be the space of probability measures on A, endowed
with its Borel o-algebra B(A). (For more details see [15]).

Next, we introduce the class of relaxed stochastic controls on (2, H, E)

Definition 8. A relaxed stochastic control on (€2, H, E ) is an FP-progressively
measurable random measure of the form ¢(w, dt,d§) = p(w, d§)dt such that

X (8) =n(0) + Q (t. X)) — Q (0.1) + //bsxs,wsdo

// (5, X0.€) pa(d€)d (B), / (5, X,)dB,, t€[0,T]. (7)
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Note that each strict control can be considered as a relaxed control via

the mapping
P (u)(dt, dS) = by (d€) dt, (8)
where () is a Dirac measure charging u (t) for each .

Remark 9. We mean by “the process ¢q(w, dt, d€) is FP- progressively mea-
surable” that for every C' € B(A) and for every t € [0,T], the mapping
(s,w) — ps(w,C) is B([0,t]) ® ]?f—measurable. In particular, the process
(11(C))tejo, 1s adapted to FP.

We denote by R the class of relaxed stochastic controls.

3.2. Existence and uniqueness of solution for G-NSFDE

In order to consider control problem ([6l), we first study the question of

existence and uniqueness of solution to the following equation

X (1) =1(0) + Q (£, X,) — Q(0,) + // (5, X0,€) pis(de) s
/ JRICS SOPRCSHI) / (5, X,)dBo,te[0,T].  (9)

where p;(d€) = 0y (1) (d€).

To guarantee existence and uniqueness of the solution of the equation

([6), we need the following assumptions:

(A1) There exists K7 > 0 such that

uniformly with respect to (¢,w) for each z,y € BC ([—7,0];R), where
H=50,,0.

(A) There exists 0 < ko < § such that

Q(t,2) = Q(t,y)| < ko lx (0) —y (0)], (10)
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uniformly with respect to (t,w) for each z,y € BC ([-7,0];R).

Note that, since |@Q (0,1)| < ko |7 (0)|+]Q (0,0)|, then Q (0,n) € L%; (Q7)
for all n € BC ([-7,0];R).

Remark 10. Indeed, the functions @, b, v, and o defined by

b(t,z,u) :=c(t,z(0),u),
v (t,x,u) :=a(t,z(0),u),
U(t,l‘) 126(25,%‘(0)),

and

Q(tx) = A(t,z(0)),

such that, the functions c¢,« and 8 are Ky- Lipschitz, and X\ is ko-Lipschitz
uniformly with respect to (¢,w) for each x € BC ([—7,0];R), satisfies the
assumptions (A1) and (Az).

Theorem 11. Let the assumptions (A1) and (As) be satisfied. Then, for
each u (t) € A, the integral equation (@) has an unique solution X" € Hrp.

Proof. Let the mapping O : Hr — Hr defined by: for each ¢t € [0,T7],

0 (X) () = n<o>+c2<t,xt>—@<o,n>+/o b (s, Xy, (s)) ds

+/0 (5, X, u (s)) d (B), +/0 (s, X)dB,. (1)

We have for all X, X € ’ﬁT

|0 (X) (t) — 0 (X) (1)

< QLX) — QLX) + /0 [b (s, Xosu (s)) — b (s, X, u(s))] ds

+ Xs,u(s))] d (B)

S

/0 [y (5, Xoru(8)) — 7 (s,

(feem-stnn)
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Taking G-expectation on both sides, and using the following inequality

k 2 k
(Z di> < gk-1 Zd?, for each dy...d, >0 (13)
i=1 i=1

we have

=8> U (14)

Now, we have by assumption (As)

= < 2
U, < K2E UX (t) = X (1) } (15)
By applying Holder inequality and (A7), we have

Uy < T/OTE[Hb(s,Xs,u(S))—b(s,ys,u(s))”2 }ds
< TK%/OTEUX(S)—Y(S)\? } ds. (16)

Similarly, by using the G-BDG inequalities, we obtain

T/'\
U+ Us < 79% [ F [[7 (s X (s) =7 (s

+Cy /OTE UU(S,XS) -0 (3,78)|2 } ds,

o
M
IS
w
=
T
—
QU
VA

T/\ R
— K2 [T02+02]/0 E[\X(s)—X(s)f]ds. (17)
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Combining (15)), (16), and (I7), we get

Ellex)®m-eX) 0| < sE|[x®»-X@)|"]

where C = 8K? (T + T2 + Cs).

Multiplying by e~2¢* both sides of inequality (I8) and integrating on
[0,T], we obtain

NZ[O(X) -6 (X)]

< 8k2NZ[X — X] +C/0Te—20t </OtE X () - X () | ds> dt

< 8kgNg [X — X]| +0/T (E UX(S)—Y(S)f ] /T6_2Ctdt> ds

0 s
< 8KENZ [X - X] +/OTE[|X(S)—Y(S)\2] <M> Js
< 8kjNG [X — X| +%Né (X -X]. (19)

Thus, we obtain the following estimation

Ne [0(X) ~ 0 (X)) < /8K + g Ne [X ~ X].

We have, by using Holder inequality,

T 2

N2 (/b(s,o,u(s))ds) _ /E
0

0

T t
T//E 15,0, () ds]
00

T2NE (b(.,0,u(.)).

t

/b (s,0,u(s))ds

0

dt

IA

IN
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Similarly, it is easy to check, by G-BDG inequalities, that

N /w<s,o,u<s>>d<B>s <TTNE (v(..0,u(.))
0
and

Ng /a (5,0)dBs | <CoTNE (0 (.,0)).
0

Now observe that,

¥ { 7(5,0,u(s) d (B), + { 7 (5,0) dB..

It follows that
No (6(0)) VT (1Q (0.1l gy + 1O + No (@(-,0))
+ TNo (b(.,0,u()))+5TNo (7 (.,0,u(.)))++/CoT Ny (o (.,0)),
then the process © (0) € Hr, so that if X € Hp then
Ne (8 (X)) < Ne (8 (X) = ©/(0) + N (8 (0)) < No (X) +No (€ (0)) < oc.

This means that © (X) € Hp, which implies that © is well defined.

Finally, taking into account the fact that |/8k2 + % < 1 and assumption
(As), we deduce that © (X) is a contraction on Hp, then the fixed point
X" € Hp is the unique solution of ([7]). The proof is completed. O

3.3. Relaxed control problem

In this section, we consider a relaxed control problem (7). Let X* denote

the solution of equation (7)) associated with the relaxed control. We establish
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the existence of a minimizer of the cost corresponding to p.

1T
10 =B | [ [ et xt Ot de+ wix
the functions,

L :[0,T] x BC([-7,0];R) x A - R,
v : BC([-1,0];R) —R,

satisfy the following assumption:

(A3) L, U are bounded and for each ¢t € [0,7] and z € BC ([-7,0];R) the
functions L(t,x,-), ¥(x) are continuous. Additionally, we suppose that:

1Ltz u) = L(ty,u)| + |V (x) =¥ (y)| < K|z (0) —y (0)].
We recall that in the strict control problem
U £(t, X" u )dt+\If(XT)} (20)

over the set U,
.ww>=n@+@@xm—Q&m+A%wX&wm@
-l-/o (s, X§' u(s)))d(B), —i—/o o (s,Xy)dBs (21)
then, we have
XP(t) = 1(0)+Q(t XI) — Q(0,) //8&@%@
l/!/‘ (5, X2, €))pts(d€)d(B), g/ (s, Xt)dB,.  (22)

We suppose as well that the coefficients of the G-NSFDE verify the
following condition

(A4) The coefficients b,vy,c are bounded and for every fixed t € [0,T] and
x € BC (|—7,0];R) the functions b(t,z,-),y(t,z, ) and o(t,x) are con-
tinuous q.s.
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3.4. Approximation and existence of relaxed optimal control

By introducing the relaxed control problem, the next lemma, which
extends the celebrated Chattering Lemma, states that each relaxed control
in R can be approximated by strict controls.

Definition 12. (stable convergence) Let pu", u € R,n € N*. We say that,
we have a stable convergence, if for any continuous function f : [0, 7] x A —

R, we have
lim £ (£,€) p (dt, d) = / F(6E) u(dhde)  (23)
=00 J[0,T|x A [0,T]x A

Lemma 13 ([15], (G-Chattering Lemma)). Let (A,d) be a separable
compact metric space. Let (j1t)i>0 be an FP -progressively measurable pro-
cess taking values in P(A). Then there exists a sequence (u™(t))n>0 of FT -
progressively measurable processes taking values in A, such that the sequence

of random measures §,n ;) (d€)dt converges in the sense of stable convergence
(thus weakly) to u,(d€)dt q.s.

Taking use of the fact that under P € P, B is a continuous martingale

with a quadratic variation process (B) such that ¢; := d<£>t is bounded.

Let X# and X™ the corresponding solutions satisfy the following integral
equations type of G-NSFDEs:

XU(t) = 0(0) +Qt XE) — Q(0.) (24)
T /O /A (b(s, X1, €) + cay(s, X1, €)) aa(d€)ds + /0 o(s, Xt)dB,

and
X"t) = n(0)+Q ¢t X{") —Q(0,n) (25)

t
/ / 5 XT.€) + exy(5, XT€))un ey (dE) ds + / o(s, X™)dB,
with random initial data
X! = X§ =y € BO([-r,0];R). (26)

Lemma 14 (stability results). Let p be a relazed control, and let (u™) be
a sequence defined as in (G-Chattering Lemma). Then we have
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(i) For every P € P, it holds that

lim EF | sup |X"™(t) — X”(t)\Ql =0 (27)
and

lim E | sup |X™(t) — X“(t)|2] =0. (28)

n—o0 OStST

(i) Let J(u™) and J(u) be the corresponding cost functionals to u™ and p
respectively. Then, there exists a subsequence (u"™) of (u™) such that
for every P € P

lim J (u™) = J¥ (1) (29)
k—o0
and
lim J(u™) = J(p). (30)
k—o0
Moreover,
inf J(u) = inf J* 1
inf J"(u) = f J"(u (1) (31)

and there exists a relaxed control p € R such that

T7(fig) = inf J" (). (32)

Proof.
(i) The proof of this result is inspired by [15]. Subtracting (24]) from (25])

term by term, we have
X"(t) - XM = [Q (¢, X)) — Q (¢, X{)]
/ / 5, XP.€) + e (5, X7 €))bun o) (d€) ds
[ [0t 2.0+ eorto, KT D)
0 Ja
t
—I—/ [o(s, X)) — o(s, X*)] dBs
0

=[QtX!") - QX +In(t). (33)
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Taking G-expectation on both sides and using the assumptions (A;)
and (Ag), it follows that

0<t<T

| sup |X"<t>—X“<t>|2] <22F | sup \X”(t)—Xﬂ(tn?]
0<t<T 0<t<T
+2E | sup \In(s)\zl
0<t<T
then
~ 2 ~
Bl sup |X"(0) - Xt 0P| <2 B sup T2 (30)
0<t<T (1—2k3) " |o<i<T
We have
E | sup |In(8)|2]

< E sup
0<t<T

// (5, X2,€) + c4(5, X2, €)),0 oy (d€) i
/ / (s, X2, €) + csy(s, X2, €)1, (d€)ds

2)
)
// (5, X2, ) + csy(s, XD, €))8yn(s) (dE) ds

2)

/0 lo(s, X7) — o(s, Xt dB,

+E sup
0<t<T

E sup
0<t<T

_/ /(b(S,Xs,g) +63’7(57XS7£))5u”(5)(d£)d8

IN

+E <oiltl£T / / 8, X5, &) + cs7(8, X, €))0yn (s) (dE) ds
/ / )+ csv(s, XE,€)) s (d€)ds 2)

/ lo(s, X7) — o(s, X)] dB,

0

2
) . (35)

+E sup
0<t<T
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Let € > 0. Then, there exists P* € P such that

E

sup |7, (8)|2]

0<t<T

sup
0<t<T

- / / (b(5, X0, €) + €57 (5, Xos ) (o)(dE)ds

<oi‘3% / [ o X 0810 ()
/ / b(s, X', E)ps(dE)ds >
(@?ET / / es(5, X5, €)Fun(s) (d€) ds
- [ [ et xtenmta )

t
+E™ ( sup / [o(s, X3) — o(s, XE)] dBs
o<t<T |Jo

Then, we have

/ / 8, X¢', &) + esv(8, X', €))0yn(s) (d€) ds

)

2
) +e. (36)

E

sup |7, (8)|2]

0<t<T

< 16E" sup
0<t<T

t
/ / (b(s, XT.€) + cy(s, X2,€))Suny) (d€) ds
0 A

)

t
- / / (b(5, X, €) + €x7(8, X €))8un (o) (dE)ds
0 A

[/ot /A(b(s, Xs, 5)‘Sun(s) (d¢) ds
_/Ot/Ab(s’Xé‘,é)us(dg)ds} 2)

+16E™ sup
0<t<T
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t
[/0 /ACS’Y(S’ X, &)0un(s) (d€) ds

2)
2
) + 16¢2

/0 [0(s, X3) —o(s, X¥)] dBs

= 16 {(Z(n.1) + Zn2) + Zing) + L) +6° 1 (37)

+16E™ [ sup
0<t<T

- /Ot /A cs (s, X f))ﬂs(df)ds}

+16E™ [ sup
0<t<T

Since b, v are bounded and continuous in the control variable £, then, by
using the dominated convergence theorem, and the stable convergence
of Gyn(4) (d€) dt to py(d€)dt, we have

lim I(H,Q) = 7}1_)11301(”,3) = 0. (38)

n—oo

Similarly, we use the assumption (A;), then

T
. 2 q- Pe n _ I 2 2
Jim Zin1)+Zin,0) <Ki lim [E </0 | X" (s)—XH (s)] d8> +e ].(39)

It follows, by using dominated convergence theorem, that

lim E* /|Xn (s) — XH(s)|* ds

T
: Pe n YU 2
< /nlglgoE [|X (s) — X (s)] } ds
0
T
< / lim F [ sup | X" (v) — X* (V)‘2:| ds. (40)
) n—o0 0<v<s

Taking Z (§) = lim E | sup | X7 (t) — XH (t)|*|, for each 6 > 0, then

we deduce from the formulas ([B9) and ({@Q), that

32K?
Z(T) < 1
( )—1—2k3

T
/Z (s)ds + & (41)
0
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using Gronwall’s lemma, we conclude that

lim E

n—o0

sup | X™(t) — X“(t)|2] = 0. (42)
0<t<T

(ii) Property (i) implies that there exists a subsequence (X" (t))n, that
converges to X*(t) ¢.s., and uniformly in ¢. We have, for all P € P

|77 () = 7P ()|

T
< EP U /|£(t,Xt"’“,£)—E(t,Xt,§)|5u”k(t)(d£)dt]

/LtXt, &)y (1) (dE)dt — //ﬁtXt“, 1t dg)dtH

+EF [| W (X)) — w(Xh)]] - (43)

+E® [

The first and third terms in the right-hand side converge to 0 as a result
of the continuity and boundness assumptions on £ and ¥ with respect
to X that. And, the second term on the right-hand side tends to 0, due
to the continuity and the boundness of £ in the variable £, and by the
weak convergence of ,ny () (d§)dt to pi(d€)dt, we use the dominated
convergence theorem to conclude.

Using Lemma [[4] (stability results), we obtain for all P € P,

lim J (u™) = J¥ (1) (44)
k—o0
then,
lim J(u"™) = J(p), (45)
k—00

we have JF(u) = JF(6,), This yields gg{JP(u) > jg%JP(,u). Given
an arbitrary p € R. From Lemma (G-Chattering Lemma), to
obtain a sequence of strict controls (u"*) C U such that d,n ) (d€)dt
converges weakly to p¢(d€)dt, we obtain

JE () = lim J®(u™) > inf J¥(u) (46)

n— 00 uel
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since u is arbitrary, we have:
inf J® () > inf JF(u). 47
Jnf J(u) = Inf J(u) (47)
O

The main result is to give the following theorem. Note that this result
extends to G-NSFDEs with an uncontrolled diffusion coefficient. We show
that an optimal solution for the relaxed control problem exists, the proof
is based on the existence of optimal relaxed control for each P €P and a
tightness argument.

Theorem 15. For every uw € U and i € R, we have

inf J(u) = inf J(u). 48
inf (u) Jnf () (48)

Moreover, there exists a relaxed control [ € R such that

PO 4
J(n) min J (1) (49)
recall that
J(n) = sup J* () (50)
PeP

where for each P € P, the relaxed cost functional is given as follow

T
J¥ () = B [ | [ eextomaga+veg|. 6
Let (1", X*")>0 be a minimizing sequence of infzJP(,u) such that
> e
lim J* (u™) = inf J¥ (1) (52)

n—00 HER

where X*" is the unique solution of (), corresponding to the random vari-
ables u™ which belongs to the compact set M.

The proof of the existence of an optimal relaxed control entails demon-
strating that the sequence of distributions of the processes (u", X “n)nzo
is tight for a given topology on the state space and then proving that we
can extract a subsequence that converges in law to a process (u, X*), that
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satisfies (22)). To achieve the proof, we show that under some regularity

conditions of (J P(,u”))n converges to J' (1) which is equal to ila7f2 J¥(p) and
pe
then (i, X*) is optimal.

Lemma 16 ([2]). The sequence of distributions of the relazed controls (u"),,>

1s relatively compact in M.

Proof of Theorem The relaxed controls p" are random variables in
the compact set M. Then by Prohorov’s theorem the associated family of
distribution (p"), - is tight on the space M, then it is relatively compact in
M. Thus, there exists a subsequence (™, X*"*)i5q of (u™, X*"),>0 that
weakly converges to (7, X*) which solves (22). Using Skorohod’s embedding
theorem, the continuity and boundness assumptions of the functions £ and
¥, and Lebesgue Dominated Convergence Theorem, we finally obtain :
inf J*(u) = lim J(u™) = T (R).

Then, from Lemma [I4] (stability results), for every P € P there exists a
relaxed control 1z € R such that

lip = argmin J* (11).
up gueR ()

Then, we conclude that

S _ O
J(n) gg%J(u)

Remark 17. The relaxed model is a real extension of the strict model, as
the infimum of the two cost functions are equal, and the relaxed model has

an optimal solution, as shown by the prior results.

4. Numerical Analysis: Euler-Maruyama Method for
G-Neutral SFDEs

In this section we present a numerical analysis of a G-NSFDE. The idea
is to use the Euler-Maruyama scheme to solve the G-NSFDE (Il). Let 7 >
0,7 >7,N e NJh = TET and tg = —7,t1 = -7+ h,...,in, =0,...,tny =
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T be a discretization of the interval [—7,T]. Consider the following Euler-
Maruyama scheme:
( Given an initial data 1 : [-7,0] — R™, and put X (¢) = n(t)
for t = to, t1,- - . ,tNO
Now for i = Ng, Ng+1--- N (53)
X (tix1) = X (t) + Q (tiy1, Xo ) — Q (£, Xy,) + b (i, Xi,) b
+ Y (t“ th) <B>tZ +o (tlv th) (BtH_l - Bti+1)

where, X, == {Xy,(\) : =7 <A< 0}, X, (V) == X (i) + 255 (X (ippgr) —

X (ti+x)], k is such that ¢ < A < tg41. In order that our algorithm works we
have to give a value for X;,_j, we can set it equal X;,_p, = Xy, = n(—7).

For the simulation of the increments of the G-Brownian motion and its
quadratic variation we follow the same method given by [19] by simulating
its corresponding G-PDE using finite difference.

In Figure [1l (resp. Figure 2 we represent the simulation of the density
(resp. distribution) of the G-Normal BM for op,;, = 0.8 and different values

of omax-

Simulation of the G-Normal density and distribution for
omin = 0.8 and different o,

o4 ‘The G-Normal density for sign}gMin=1 and different sigmaMax

sigmaMax=1.3 ;:);
035k sigmaMin=sigmaMax=1.0 | y 4
sigmaMax=1.5 *A*

*  Normal density N(0,1)

03F J
% %
025 |
!

02t ‘
I
015} 4 &
* *
*
01Ff o 1
* %
*
0.05 j %&
5 ;
-10 5 0 5 10

Figure 1: G-Normal density.
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The G-Normal distribution for sigmaMin=1and diﬂeren&g!aﬂg[{lﬁ;

sigmaMax=1.3
sigmaMin=sigmaMax=1.0
sigmaMax=1.5

% Normal density N(0,1)

0.9

06
05
04
03
02

0.1 2
.

-10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 2: G-Normal distribution

Also, in Figure [ (resp. Figure M) we represent the simulation of the
density (resp. distribution) of the G-Normal BM for op,,x = 1.3 and different
values of opin.

Simulation of the G-Normal density and distribution for
Omax = 1.3 and different oy,

‘The G-Normal density for sigmaMax=1and different sigmaMin

0.5
sigmaMin=0.8
0.45 sigmaMin=sigmaMax=1.0
sigmaMin=1.0
04 F *  Normal density N(0,1) ﬁ
0.35 tl
03
0.25
02
Q15
ok fk
*
X
0.05 [
O MR ;
-10 -5 0 5 10

Figure 3: G-Normal density.
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The G-N | distribution for sil 1 and different sigmaMin
R 000en

e
B
¥

sigmaMin=0.8
sigmaMin=sigmaMax=1.0
sigmaMin=1.0

Figure 4: G-Normal distribution

Now, let take in this part of this section, T'= 1,7 = 0.1 and the coeffi-
cients of the G-NSFDE () given by:

t
Q(t, X¢) :==0.3 X(s)ds
t—1
t
b(t, X¢) :=10 X(s)ds
t—T1
t
~v(t, X¢) :=0.4 X(s)ds
t—1
t
o(t,X¢) =5 X(s)ds.

t—1

For these given data and coefficients we get the following results:

In Figure [l (resp. Figure[6]) we represent the trajectories of the solution
of the G=NSFDE where the G-Brownian motion is with op.x = 1 (resp.
Omax = 3), Omin = 0.65 and the initial condition (Xo(¢))—r<t<o solution
of dXo(t) = dW(t) with Xo(—7) = 0 where W is the standard Brownian

motion.
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05

Figure 5: Solution G-NSFDE with random initial condition and opmax = 1, Omin =
0.65.

08

0.4

02

04

-0.6

1 . L I . I )
-0.2 0 0.2 04 0.6 0.8 1

Figure 6: Solution G-NSFDE with random initial condition BM and omax =
3, Omin = 0.65.

In Figure[dwe represent the trajectories of the solution of the G-NSFDE
where the G-Brownian motion is with opax = 1, 0min = 0.65 and determin-

istic initial condition (Xo(t))—r<t<o given by Xo(t) = exp(t).
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2

18
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X 0.186
145 Y 1.32622
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0.8 |

04r

02r

0
-0.2 0 0.2 04 0.6 0.8 1

Figure 7: Solution G-NSFDE with deterministic initial condition exp(t) and oymax =
]., Omin — 0.65.

In FigureBwe represent the trajectories of the solution of the G—NSFDE
where the G-Brownian motion is with opax = 1, omin = 0.65 and determin-

istic initial condition (X¢(t))_r<t<o given by: Vt € [—7,0], Xo(t,w) a fixed
value between [—0.2,0.2].

0.8

0.6

02r

02 . I . 1 . )
-0.2 0 0.2 04 0.6 0.8 1

Figure 8: Solution G-NSFDE with deterministic initial condition X (¢) take values
between [—0.2,0.2] for t € [-7,0] and omax = 1, omin = 0.65.



2022] G-NEUTRAL STOCHASTIC FUNCTIONAL DIFFERENTIAL EQUATIONS 171

10.

11.

12.

13.

References

N. Ahmed, Stochastic neutral evolution equations on Hilbert spaces with partially ob-
served relaxed control and their necessary conditions of optimality, Nonlinear Analysis:
Theory, Methods & Applications, 101(2014), 66-79.

. K. Bahlali, M. Mezerdiz and B. Mezerdi, Existence of optimal controls for systems

governed by mean-field stochastic differential equations, Afrika Statistika, 9(2014),
No.1, 627-645.

S. Bahlali, B. Mezerdi and B. Djehiche, Approximation and optimality necessary con-
ditions in relaxed stochastic control problems, Journal of Applied Mathematics and
Stochastic Analysis, 2006.

F. Biagini, T. Meyer-Brandis, B. @ksendal and K. Paczka, Optimal control with de-
layed information flow of systems driven by G-Brownian motion, Probability, Uncer-
tainty and Quantitative Risk, 3(2018), No.1, 1-24.

J. Boussinesq, Sur la resistance qu’oppose un fluide indefini en repos, sans pesanteur,
au mouvement varie d’une sphere solide qu’il mouille sur toute sa surface, quand les
vitesses restent bien continues et assez faibles pour que leurs carres et produits soient
negligiables, CR Acad. Sc. Paris, 100(1885), 935-937.

L. Denis, M. Hu and S. Peng, Function spaces and capacity related to a sublinear
expectation: application to G-Brownian motion paths, Potential Analysis, 34(2011),
No.2, 139-161.

L. Denis and C. Martini, A theoretical framework for the pricing of contingent claims
in the presence of model uncertainty, The Annals of Applied Probability, 16(2006),
No.2, 827-852.

F. Faizullah, Existence results and moment estimates for NSFDEs driven by G-
Brownian motion, Journal of Computational and Theoretical Nanoscience, 13(2016),
No.7, 4679-4686.

F. Faizullah, M. Bux, M. Rana and G. ur Rahman, Existence and stability of solutions
to non-linear neutral stochastic functional differential equations in the framework of
G-Brownian motion, Advances in Difference Equations, 2017(2017), No.1, 1-14.

F. Gao, Pathwise properties and homeomorphic flows for stochastic differential equa-
tions driven by G-Brownian motion, Stochastic Processes and their Applications,
119(2009), No.10, 3356-3382.

M. Hu, S. Ji and S. Yang, A stochastic recursive optimal control problem under the
G-expectation framework, Applied Mathematics & Optimization, 70(2014), No.2, 253-
278.

M. Hu and F. Wang, Stochastic optimal control problem with infinite horizon driven
by G-Brownian motion, ESAIM: Control, Optimisation and Calculus of Variations,
24(2018), No.2, 873-899.

S. Peng, G-expectation, G-Brownian motion and related stochastic calculus of It6 type,
Stochastic Analysis and Applications, 2(2007), 541-567.



172 N. ELGROUD, H. BOUTABIA, A. REDJIL AND O. KEBIRI [June

14. S. Peng, Nonlinear expectations and stochastic calculus under uncertainty, arXiv
preprint arXiv:1002.4546, 24 (2010).

15. A. Redjil and S. E. Choutri, On relaxed stochastic optimal control for stochastic dif-
ferential equations driven by G-Brownian motion, ALEA, ALFEA, Lat. Am. J. Probab.
Math. Stat., 15(2018), 201-212.

16. H. M. Soner, N. Touzi and J. Zhang, Martingale representation theorem for the G-
expectation, Stochastic Processes and their Applications, 121(2011), No.2, 265-287.

17. H. M. Soner, N. Touzi and J. Zhang, Quasi-sure stochastic analysis through aggrega-
tion, Electronic Journal of Probability, 16(2011), 1844-1879.

18. W. Wei, Maximum principle for optimal control of neutral stochastic functional dif-
ferential systems, Science China Mathematics, 58(2015), No.6, 1265-1284.

19. J. Yang and W. Zhao, Numerical simulations for G-Brownian motion, Frontiers of
Mathematics in China, 11(2016), No.6, 1625-1643.



	1. Introduction
	2. Preliminaries
	3. Formulation of the Problem
	3.1. Problem of G-NSFDE relaxed control
	3.2. Existence and uniqueness of solution for G-NSFDE
	3.3. Relaxed control problem
	3.4. Approximation and existence of relaxed optimal control


