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Abstract

In this paper, we study the existence of periodic and asymptotically periodic solutions
of neutral nonlinear coupled Volterra integro-differential systems. We furnish sufficient
conditions for the existence of such solutions. Krasnoselskii’s fixed point theorem is used

in this analysis.

1. Introduction

The study of the existence of periodic solutions is one of the most in-
teresting and important topics in the qualitative theory of differential equa-
tions. Some contributions on the ex1stence o mjerlodlc solutions for differ-

ential equations have been made (see - On the other hand,
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the concept of asymptotic periodicity is more general than periodicity and
from an applied perspective, asymptotically periodic systems describe world
more realistically and accurately than periodic ones, we can see ﬂ§], ﬂa], ],

@], ﬂﬂ], for more details.

In 1928 Volterra ] noted that many physical problems were being
modeled by integral and integro-differential equations. Today we see that
such models have application in several branches of applied science, such as
control theory, mathematical biology, viscoelasticity, nuclear reactors, many
other areas, and for this reason this type of equation has received much
attention in recent years, (see for example B], ﬂ], ﬂﬂ], ], ]—], ])
Motivated by the papers ﬂa], ], ] and the references therein and by using
Krasnoselskii’s fixed point theorem, in this paper, we study the existence of
periodic and asymptotically periodic solutions of the following system of
coupled neutral nonlinear Volterra integro-differential equations with two
delays

d(t) = ha(@)a )+ Gtz (t),y@),z(t—7(t),y—72()))
e (O) ' (t—m7i(t)) f a1 (t,s) fi(z (s),y(s))ds,

)
( (
y'(t) = ha(t)y(t) + Ga(t, 96() y(t) z(t—7(t),y (t—T2(t)))
+eo () y (t—m(t +f az (¢,5) f2 (x(s),y (s))ds

+

(1.1)

where the functions h;, ¢; and a;, i = 1,2 are assumed to be continuous in
their arguments throughout the paper. The functions G; (¢, z,y, z,w), i =
1,2 is continuous, periodic in ¢ and Lipschitz continuous in z, y, z and w,
fi(z,y), i = 1,2 is continuous and Lipschitz continuous in x and y, and for
some positive constants N; and R;, j = 1,4 we have

4
’Gl (t7y17y27y3>y4) - Gl (t7x17x27$37$4)’ < ZN] ’yj - $j’ s
j=1
4
’GQ (t7y17y27y3>y4) - GQ (t7x17x27$37$4)’ < ZRJ ’yj - $j’ s
j=1

and for some positive constants d; and ¢;, j = 1,2 we have

V)

|1 (y1,y2) = fu (21, 22)]| Z iy — 21,
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2
f2 (Y1, 92) — fa (w1, 22) < a5 1y, — a5l
j=1
we also assume that G (¢,0,0,0,0) = G2 (t,0,0,0,0) = f1 (0,0) = f2(0,0) =
0.

We assume that there exists a positive real number 7', such that

hl(t-f‘T) :hi(t), Ci(t-f‘T):Ci(t),

1.2
a;(t+T,s+T)=a;(t,s), n(t+T)=m(t), i=12, 12

with ¢; continuously differentiable, 7; twice continuously differentiable and
7; (t) > 7 > 0 for i = 1,2. To have a well behaved mapping we must assume
that

T
() # 1, /0 hi(s)ds #0, i=1,2. (1.3)

Define Pr = {(¢,¢) : (¢,%) (t +T) = (,9) (1)}, where both ¢ and v
are real valued continuous functions on R. Then Pr is a Banach space when

endowed with the maximum norm

Iesw)l = max{ s [o ()], |y<t>r}.

te[0,T t€[0,T]

Definition 1.1. A function z is called asymptotically T-periodic if there
exist two functions 1 and z9 such that x; is T-periodic, lim; o z2(t) = 0
and x(t) = x1(t) + x2(t) for all ¢t.

Lemma 1.2. Assume (L2) and (L3)). If v,y € Pr, then © and y is a
solution of (L)) if and only if

x(t) =

c x(t—T HT i ha(s)ds
1(t)z(t—m11(t)) _/t 1(u)x(u—T7(u)du

—— T
1—7'{ (t) 1_ef0Th1(s)ds

t+T [ ha(s)d
+/ ———Gi(u,z(u),y(u), z(u—71(u)), y(u—"2(u)))du
¢ 1—6f0 hi(s)ds

+/tt+TM/u a1 (u,s) f1(z (s),y(s)) dsdu, (1.4)

1— 6fOThl(s)ds o

and



342 B. MANSOURI, A. ARDJOUNI AND A. DJOUDI [December

t+T
co()y(t—m (1)) /t+T T ha(s)ds
t) = _ edu e - ]
y( ) 1 _Té (t) ¢ 1 _efoThQ(S)d5r2 (u)y(u T2 (U)) u

t+T [ T ha(s)ds

+/ ———Go(u,z(u), y(u), r(u—71(u)), y(u—"2(u)))du
t 1—€f0 ha(s)ds

T [T ha(s)ds u

+/t W/—w as (u, s) fa (x (s),y (s)) dsdu, (1.5)
where

AW e @k @) (A @)+ () e )
= (1= () .

and

_ (5 (W) = o (u) hy (W) (1 =75 (u) + 75 (u) ca (u)
o (u) = 2 07 (USQ . (1.7)

Proof. Let z,y € Pr be a solution of (II]). Next we multiply both sides of
t

the first equation in () by e~ Jo "1()95 and then integrate from ¢ to t + T,

to obtain

t+T
/ [x(u)e_ Jo' 1 (s)ds ,du
t
t+T }
:/ e MO Gy (e (u)y (u) 2 (u— 7y () g (u — 7 (1)) du
t
t4+T }
+ / e~ Jo Mo () 2! (u— 71 (u)) du
t
t+T “ u
[ e e [ () i o (s) o (5) ddu
t —00
Consequently, we have
x(t+T)e” Jo ™ has)ds _ x(t)e™ Jo h(s)ds
t+T }
:/ o MG (uw (w)y (u) o (u =71 (), y (u = 72 (u)) du
t

T
+ / e Jo (s)ds ) (w) 2’ (u—71 (u)) du
t

T u
+/ o hl(s)ds/ ar (u, s) f1 (z (s),y (s)) dsdu.
t — 0
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Multlply both sides with efo m1(9)4s and using the fact that z(t+7") = z(t)
and efi (s — e fg (5)ds we obtain

HT o[ ha(s)ds
(1) =/ G (u,x (1), y (v), 2 (u=71 (u)),y (u=72 (u))) du
¢ 1_€f0 hi(s)ds

=+T 1f+ hi(s)ds ,
+ —_— T (u— u)) du
[ e 0 @ )

- /ﬁT el min [ aws)fie) @) 08

1— efOT hi(s)ds J_
Letting
t+T
/ i m)ds e (u) 2 (u— 71 (w)) du
¢

t+T efiJrT hl(s)dsc1
_/t 1 =71 (u)

u
(w) (1 -7 (w) 2 (u—m (u)du.
Performing an integration by parts, we get

T,
/ it h()ds ey (u) 2 (u—71 (u)) du
t
_[aaetu=n@) oy, 0] /”Teﬁfwl(s)ds
1 —7(u) t

_a(z(t-n(t)
1=7(1)

r1(w)z(u—7(u))du

t+T
(1— efﬂT hl(s)ds) —/ efiJrT hl(s)dsrl (w)z(u — 1 (u))du,
t
(1.9)

where r; is given by (L6]). Substituting (L9) into (L.8]), we obtain

SETOETCRS T B
1- 7_{ (t) t 1— efoT hi(s)ds

t+T [y hai(s)ds
+ / ———Gi(u,z(uw), y(u), z(u—T1(u)), y(u — 7(u)))du
¢ 1_€f0 hi(s)ds

t+T 6L3+T hi(s)ds u
4 / o / ar (u,5) fi (2 (s) g (s)) dsdhu.
t

1— €f0 hi(s)ds J_ o

r1(u)z (u— 711 (u))du

The proof of (LX) is similar and hence we omit it. O
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2. Periodic Solutions

Lemma 2.1 (ﬂZ_AI]) Let M be a bounded closed convex nonempty subset of a
Banach space (S,|| - ||). Suppose that A and B map M into S such that

(i) x,y € M, implies Ax + By € M,

(ii) A is compact and continuous,

(iii) B is a contraction mapping.

Then there exists z € M with z = Az + Bz.

Let ~; (t) = #(_,t()t), i = 1,2, we assume that supyco 7|7 (t)| = i < 1,
and let p = max {u1, uo}. Let B, ¢ = 1,2 be positive constants such that
0 < u; + B; < 1. Moreover, we assume the existence of positive constants

Mi7 Ki; oy, LZ and Gi, 1= 1,2 such that

|f1 (2, y)| < My, (2.1)
|fo(z,y)| < Mo, (2.2)
’Gl (ta x,Y,z, w)’ < Ky, ’GQ (ta T, Y, z, w)’ < Ko, (2'3)
t+7T efH_T hi(s)ds u
/t W / lay (u, s)| dsdu < ay, (2.4)
eJo —00
HT | o fit T ha(s)ds u
/t W / las (u, s)| dsdu < ag, (2.5)
elo —o0
t+T eft+T hi(s)ds
__ < .
| s e < (26)
t+T eft+T ha(s)ds
— < .
HT | o it ha(s)ds HT | o f it ha(s)ds
/ O ldu< Ly, / S <Ly, (28)
t 1— efo hi(s)ds t 1— €f0 ha(s)ds
/ lay (u,s)|ds < 6, / las (u, s)| ds < 5. (2.9)
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Set
(2.10)

{L1K1 +o1 My LoKgo + agMo }
M = max .

L= =B 1—ps— B
We define subset 2, , of Pr as follows

Uy ={(z,9) : (z,9) € Pr with [|(z,y)| < M}.

Then 2, , is a bounded, closed and convex subset of Pr. Now for (z,y) €

1,4 we can define an operator E : €, , — Pr by

E (l‘,y) (t) = (El ($,y) (t) 7E2 (l‘,y) (t)) )

where

Ey(z,y)(t)

sl n@) [ fT o
1- T{ (t) t 1— efOT hi(s)ds

ri(uw)x(u — 7 (u))du

t+T eﬁf+T hi(s)ds
4 / G (), (), — 71 (), Y — o))
‘ 1— efo hi(s)ds

e 12+T 1(s)ds u
+/tt+TL/ ar(u, s) f1(z(s), y(s))dsdu, (2.11)

1 efOThl(s)ds o

and

Ey (2,y) (1)

_aMyt-n) /t+T ST ha(s)ds
t

-7 WW (u)y (u—T2 (u)) du
_ oo ha(s)ds

T [T ha(s)ds
+/t Ga(u, z(u), y(u), x(u—71(u)), y(u—T72(u)))du

1— efOT ha(s)ds

T frThz(s)ds u
. /+f— [ atussppaats),yio)dsda (212)

1— EIOT ha(s)ds —00

To apply Lemma Il we need to construct two mappings, one is a

contraction and the other is continuous and compact. Therefore, we state
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210 as

By (x,y) (t) = Bi (z,y) (t) + A (,9) (1), (2.13)
where By, Ay : Q, — Pr are given by

c (t)x(t—m7(t))
11— (%) ’

By (z,y) (t) = (2.14)

and

Ae)) = [

r
¢ 1— efoT hi(s)ds

t+T o[ ha(s)ds
L[ e
‘ 1— 6f0 hi(s)ds

+T i ha(s)ds
1(w)z(u — 7 (u))du

G (u, z(u), y(u), 2(u—71(u)),y(u—72(u)))du

t+T ef;"'T hi(s)ds u
—i—/t W/m ai(u, s) f1(z(s),y(s))dsdu. (2.15)
And we state ([Z12)) as
Es (z,y) (t) = Bz (z,y) (t) + Az (z,y) (t), (2.16)

where By, Ay : Q, , — Pr are given by

ca(t)y (t—m12(t)) (2.17)

By () (1) = B,

and

M)t = - [

r
¢ 1— efoT ha(s)ds

t+T €f?f+T ha(s)ds
2(w)y(u — 72(u))du

t+T efiJrT ha(s)ds
+ / T G(u, (), (), a(u — o (w)), y(u — ma(u)))du
¢ 1— efo ha(s)ds

T J'*'T 2(s)ds u
o f Rl [ aatusppaats). o) dsda (2.18)

1— efOT ha(s)ds J_
Now for (z,y) € Q;, we can define the operators B, A : Q, , — Pr by

B (z,y) (t) = (B1(z,y) (t), Bz(x,y) (1)),

and

Az, y) (1) = (As (z,9) (1), A2 (z,y) (1))
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Observe that, since the functions G;(t, z1, x2, x3,z4), i = 1,2 is Lipschitz
continuous in x1, z9, x3, x4 and f;(x1,x9), i = 1,2 is Lipschitz continuous

in x1, x2 we have

|G (t, 21,72, 73, 74)|
= |G1 (t,$1,$2,$3,$4) - Gl (t70707070) + Gl (t70707070)|
S |G1 (t,$1,$2,$3,$4) - Gl (t70707070)| + |G1 (t,0,0,0,0)’

4
<Y Njlzjl,
j=1

|Ga (t, 21,72, 73, 74)|
= |G2 (t,$1,$2,$3,$4) - GQ (t70707070) + GQ (t70707070)|
S |G2 (t,$1,$2,$3,$4) - GQ (t70707070)| + |G2 (t,0,0,0,0)’

4
<Y Rjlajl,
j=1

|f1 (w1, 22)[ =|f1 (x1,22) — f1(0,0) + f1 (0,0)]
<|fi (z1,22) — f1(0,0)] 4 [f1(0,0)]

2
< djlayl,
j=1
and

| f2 (w1, 22)[ = |f2 (21, 22) — f2(0,0) + f2(0,0)]
<|f2 (z1,22) — f2(0,0)] + [f2(0,0)]

2
<Y aj )
j=1
Theorem 2.2. Suppose (L2), (L3) and ZI)-@Z3) hold. Suppose that

4 2 4 2
/Bl—l-LlZNj—l-alZdjSl, andﬁQ—f—LgZRj—f—OzQquSl.
J=1 J=1 j=1 j=1

Then (1)) has a T-periodic solution.

Proof. In order to prove that (1) has a T-periodic solution, we shall make
sure that A and B satisfy the conditions of Lemma 21l For all (z,y) € 4,
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we have (z,y)(t+T) = (x,y) (t) and ||(z,y)| < M. Now let us discuss
B (z,y) + A(z,y). We have

B1(x,y)(t+T):Cl(t+T)$(t+T_7-1(t+T))

1—7(t+T)
_a@z(t-m(t)
e n ) gy ),

and

Ay (2,y) L+ T)
t+2T [ b (s)ds
- / — 7, .7
4T 1 — efo hi(s)ds

/t+2T e 1f+2T hi(s)ds

1 (w)z(u—m7 (u))du

o T e O () v, e = (), y( - ma(u))du

427 [ hi(s)ds  pu
*for 1o 0 0. ()

+T G fi T ha(s)ds
_ /t mrl (u)z (u—711 (u))du

t+T o[ T ha(s)d
+/ — -G 2(u), y(uw), (v — 11 (u)), y(u — 72(u)))du
¢ 1— 6f0 hi(s)ds

+T G fi T ha(s)ds u
+ / e T / a1 (u,5) f1 (x () ,y (s)) dsdu
t

1— 6fOThl(s)ds o

Then Fy(z,y)(t+7T) = E1(z,y)(t). In a similar way we can easily show that
Es(z,y)(t +T) = Ea(x,y)(t). Therefore, E(x,y)(t +T) = E(z,y)(t).

For any (x,y) € 44, we will show that |E (x,y) (t)] < M. In view of

the above estimates, we have

C1 (t)

) |z (t — 71 (1)) < 1M,

By (29) (8)] < \

and

t+T
1As (2,9) ()] < /

e 1f+T hi(s)ds

e - d
| (e (= 7 ()
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t+T | [T ha(s)ds
L e
t

1 fTh (5)d ]Gl(u,x(u),y(u),x(u—ﬁ(u)),
_eJo hil(s)ds

y(u—ma(u)))|du

| o sl 1 e 5) ) o

— 00

T | o it ha(s)ds
[ e
¢ 1— €f0 hi(s)ds

< BlM + L1K1 + olel.

As a consequence of ([2.10)
L1 K1+ a1 M < M,
L= =B
S0,
LiKy+ a1 My < (1—p — pr) M.
This implies that
By (z,y) ()] < M + Bi1M + L1 Ky + ar My
<M+ BiM+ (1 — g — By) M = M.

In a similar way we can easily show that
| Ea(z,y)(t)| < M.

Thus, £ maps Q,, into itself, i.e. E(Q;,) € Q,,. We will now show that
A is continuous. Let {(xy,yn)} be a sequence in €, , such that

lim H(wnayn) - (x,y)H =0.

n—oo

Since €, is closed, we have (z,y) € €, ,. Then by the definition of A we
have

[A (@n, yn) — A(z,y)l

—= max{tg%é):}jg} ’Al (xn, yn) (t) —A1 (% y) (t) ’ )

i Aol n)(0)~ A2 )0 r} |

in which

A1 (2, yn) () = Ar (2,9) (1)]
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t+T | o fi T ha(s)ds
<[ I @ = ) = - )
T | o fi T ha(s)ds
+/ T G, zn(w), yn(u), 2n(u—71(w)), yn(u—T2(u)))
‘ 1—elo hi(s)ds
—G1(w,z (u),y (u),z(u—m1(uw),y (u—72(u)))|du
6f12+T hi(s)ds

1+T
+/

the continuity of G; and f; along with the Lebesgue dominated convergence

/u a1 (u, 8)| [f1(2n(s), yn(s)) = f1(2(s), y(s))| dsdu,

1_€f0T hi(s)ds | J_ o

theorem implies that

lim max |41 (xn, yn) (1) — A1 (z,y) (t)] = 0.

n—00 te[0,7

By a similar argument we can easily argue that

lim max |As (n, yn) (1) — A (z,y) (t)| = 0.

n—00tc[0,T]
Thus
lim [|A (2, yn) — A (2,y)[| = 0.
n—,oo
This result proves that A is continuous.

We now have to show that A is compact. For n € N, let (2, yn) € Q4 4,

we have

’Al (xnv yn) (t)|

T | o f i T ha(s)ds
S/t m 71 (w)| |75 (u — 71 (u))] du
t+T efiJrT hi(s)ds
+/ [ |G1(u, 2 (u), yn(u), Tn (u—T1()), yn(u—T2(u)))| du
: 1— €f0 hi(s)ds

efszrT hi(s)ds

[ )11 G (), () s

t+T
“
t —00

4 2
§<51+L12Nj+a12dj>M3M.

j=1 j=1

1— efOT hi(s)ds
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In a similar way we can easily show that

4 2

’AZ ($n7yn) (t)| < (B2+LZZRJ+O‘ZZQJ>M < M.

Jj=1 Jj=1
Thus

HA (xmyn)H < M.

If we calculate (A (z,,y,)) (t), then

(Al (.%'n, yn)), (t)
<SGyt an (), yn ()20 (8 =71 (8) yn (=72 (1)) — 71 (8) 2 (8 — 70 (1))

+ /t a1(t, 8) f1(@n(s), yn(s))ds + ha(t)

— 00

T Ji T ha(s)ds
X [/ ———G1(u, 2 (0), yn (v), 2 (u—T1(0)), yn (u—T2(v)))du
‘ 1 €f0 hi(s)ds

t+T efiJrT hi(s)ds
[ e
i 1-— efo hi(s)ds
T [T ha(s)ds w
* 1 T hi(s)ds ap\u,s z(s),y(s))dsdu
/t 1 — e hi(s)ds /_OO 1 (u,8) f1(x(s),y(s))

=G (t),yn ()20 (E =711 (1), yn (E =72 (1)) = 1 () 2 (E =71 (1))

+ / a1 (£,8) fi (20 () (5)) ds + B (£) Ay (20, ) (1)

— 00

1 () zp (u—7 (u)) du

Hence, for some positive constant D7, we obtain

’(Al (xmyn))/ (t)’
=Gt 2 (), yn(t), 2o (t = T1(2)), Yn (E=T2(0))) [+ |71 ()] |20 (E—=71(2))]

+ / a1 (¢, )| [f1 (2n (5) yn (8))| ds + [ha(8)] | A1 (2, yn) (¢)]

—0o0

4 2
S[ZNj+91Zdj+93+94}M§D1,
=1 =1

where supycpo. 7 71 ()] = 03, supsejo 77 1M1 (¢)] = 0. In a similar way we can
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show for some positive constant Dy that
4 2
[(As (20, yn)) (1)] < [ZRj +02) q;+ 05 +06]M < Do,
j=1 j=1

where sup;c(o 7|12 (t)| = 05, supscjo 1y [h2(t)| = 0. Thus
[(A (25, y))'|| < D,

where D = max (Dy, Dy). Thus, the sequence (A (xy,,y,)) is uniformly
bounded and equi-continuous. The Arzela-Ascoli theorem implies that there
exists a subsequence (A (zp,,Yn,)) of (A (zy,yn)) converges uniformly to a

continuous T-periodic function (z*,y*). Thus, A is compact.

For all (z1,91),(22,y2) € Quy

|B1 (z1,y1) (t) = Bi (z2,92) ()] =

1—71(t) 1—77(t)
e
_ ’ T T (0) = )
g oy (t =7 (1) =22 (b =71 ()],

hence B is contraction because p; < 1. In a similar way we can easily show
that

|Ba (z1,91) (t) — B2 (22, 92) ()| < pafyr (t =72 (1)) — 92 (t — 72 ()],

hence Bs is contraction because po < 1. Then

B (z1,41) (1) = B (22, 92) (¢)]
=max {| By (z1,91) (1) — Bi (22,y2) (t)], [ B2 (x1,91) (t) — Ba (22, 92) (D)1},

this implies that
1B (x1,91) — B (z2,y2)|| < pll(z1,91) 5 (22, 92)|l -

Hence B is contraction.

Thus, the conditions of Lemma [Z]] are satisfied and there is a (z,y) €
4, such that (z,y) = A(z,y) + B (z,y). a
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In the next theorem we relax condition (2.2]).

Theorem 2.3. Suppose (L2), (L3), ZI) and Z3)-@9) hold. Suppose
that

4 2 4 2
Bi+Lid Nj+oary dj<1, and fo+ L2y Rj+azy q;<1.
j=1 i=1

J=1 Jj=1

In addition, we assume the existence of continuous nondecreasing function
Wy such that

[f2 (2, 9)] < fa (2], y) < QaWa ([z]), (2.19)

for some positive constant QQ2, and for u > 0 we ask that

Wy (u) - 1—M2—ﬁ2——L2}\f2

2.20
(O 22Q2 (2:20)
Then (1)) has a T-periodic solution.
Proof. Set
WK M, LK. M
M:max{ 1K1+ 1 L 2 + aaQaWs ( )} (2.21)
L—p—pr 1 —pg — Po

Note that due to (Z20)) we have

- Lo Ky 4 anQaWo (M)

M
- 1 —pg— [

and hence (Z20) is well defined. For any (z,y) € Q,,, we have by the proof

of the previous theorem that
By (z,y) (B)] < M.

Thus

B2 o) (0] = | 20 ¢ = 0] < o

/
1_7—2

and

A2 (2,y) (1)]
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t+T | o fu T ha(s)ds
o R o e LI LI I
T | i ho(s)ds
+/ ————— | 1G2(u, z(u), y(u), 2(u—71(v)), y(u—T2(u)))| du
b |1 = I ha(s)ds
T | o fit T ha(s)ds t
| L 12 09 2 (90 ) ds
t+T f+ ha(s)ds HT | oSt ha(s)ds
<M/ e s e (u)|du+K2/t |
T | o fi T ha(s)ds t
+ Q2Ws (M)/t PR IES /_Oo|a2 (u,s)|dsdu

< BaM + LaKs 4 caQa2Wo (M) .

As a consequence of ([221])

Lo Ky 4 anQoWo (M

)<M,
1—p2—fo

S0,
LaKs + azQoWa (M) < (1 — pa — B2) M
This implies that
|Ea(z,y)(t)] < paM + BoM + Lo Ko + aaQaWa (M)
< poM + BoM + (1 — pg — Bo) M = M.
The rest of the proof follows along the lines of the proof of Theorem O

In the next theorem we relax condition (Z1I).

Theorem 2.4. Suppose (L2), (L3), Z2) and Z3)-@3) hold. Suppose
that

4 2 4 2
fBl"‘LlZNj‘f‘OllZdj <1 andﬁg—l—LQZRj—l—agz% < 1.

Jj=1 Jj=1 j=1 j=1

In addition, we assume the existence of continuous nondecreasing function
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W1 such that
1 (@)l < fi(@lyl) < QW (Jyl), (2.22)
for some positive constant Q1, and for u > 0 we ask that

Wi (u) - 1—M1—51——L§\§(1

2.23
(O a1 Q1 (2:23)
Then ([IL1)) has a T-periodic solution.
Proof. Set
WK M) LK M
M:max{ 1K+ a1 Q1 W ( )’ 2 Ko + an 2}. (2.24)
L—p—pr L—p—f

Note that due to (Z23]) we have

- LKy 4 o Qi Wy (M)
- 1—p1— B

and hence (Z23) is well defined. For any (z,y) € Q,,, we have by the proof

M

of the previous theorem that

B2 (z,y) (t)] < M.

Thus
C1 (t)
|B1 (2, ) ()] < T [z (t =711 (1) < M,
-1 (1)
and
|A1 (z,y) (1)
HT | o fi T ha(s)ds
S/t W Ir1 (u)] |z (u — 71 (u))| du
t+T 6L3+T hi(s)ds
[ 16 (). gl (1) (=) d
‘ 1— efo hi(s)ds
efszrT hi(s)ds

[ w2 (@)l (5)]) dsd

— 00

/
t

1— efOT hi(s)ds
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t+T ef T by (s)ds =+T | o 1f+T hi(s)ds
<M/ |r1(u)|du+K1/ ————|du
efo hi(s)ds ¢ 1— efo hi(s)ds
T | it ha(s)ds t
+ Q1 Wy (M / _ / a1 (u, s)| dsdu
QW1 (M) T _OO| 1 (u, )]

<M+ L1 Ky + o QiWh (M).

As a consequence of ([2.24])

LK1 4+ aq Qi Wy (M) <M
1—p1 =5 -

S0,
LiKy +aiQiWy (M) < (1= —p) M
This implies that

|Ev(z,y)(t)] < M + BiM + L1 Ky + a1 QW (M)
SulM—f-BlM—f-(l—Ml—,@l)M:M.

The rest of the proof follows along the lines of the proof of Theorem O

3. Asymptotic Stability of Periodic Solutions

In this section, we show that under mild conditions one obtains asymp-
totically periodic solutions. We do not assume the periodicity condition on
the functions aq, as, c1, c2, T, T2, G1 and G9, we only assume hq and ho are

T-periodic, and
T T
/ hi(s)ds =0, / ha(s)ds = 0. (3.1)
0 0

Since hy and ho are T-periodic, there are constants my and M}, k = 1,2
such that

my < elom®ds < ey < elomi(9ds < (3.2)

Furthermore, we assume that there are positive numbers V; and V5 such that

/ / lay (u, s)|dsdu < Vi, / / lag (u, s)| dsdu < V. (3.3)
t —0o0 t —00
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In addition, we suppose that

su = [y, SUp |———5—~| = U5, Max , = <1,
DT | TR SR T | T {1, oy =p

t
im —0 g gy 20 (3.4)
t—oo 1 — l(t) t—>ool—7'2(t)
tlim/ / lay (u, s)|dsdu =0, hm/ / las (u, s)|dsdu =0, (3.5)
—00
i 0o efot hl(s)dsd o1 00 efg ha(s)ds 0 -
i s =0 im [ T de =0, (3:6)
/ |71 (w)| du — 0, / |ro(u)| du — 0 as t — oo, (3.7)
t t

and for positive constants M}, k = 3,6 we ask that

| intlde <05, [ iratwlau < 03, (3.8)
t t
and
I efot h1(s)ds < M () ef(f ha(s)ds PR -
/t ef(;’ hi(s)ds w=Ms, /t ef(f ha(s)ds = Me- ( ’ )

Finally, we make the assumption that

1—py — M1M3m >0, (3.10)
and

1— b — MIM;m; " >0. (3.11)

Theorem 3.1. Assume (L2), [L3)). Then x and y is a solution of (L) if
and only if

r1(u)z (u—m7 (u))du

( ) plefo hl(S S + 1 (t) €T (t — 71 (t)) + /OO efﬂ hl(S)dS
t

efou hi(s)ds

® o Othl(s ds u
B / o hi(s)ds / a1 (u’ S) fl (l‘ (8) Y (S)) dsdu, (312)
t
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and

. ef0h2 s)ds
(1) = pocli 12 1 <tiy<7(§< ) | St

o0 6f0 ha(s)ds
- / Gy, w(u), y(u), p(u—71 (u)), y(u—7>(u)))du

ef(;‘ ha(s)ds

00 oy h2(s)ds  pu
- /t / as (u, ) fo (2 (5) 3 (5)) dsdu, (3.13)

ef(;’ ha(s)ds |
where 11 and ro are given by (LO) and (LT).

Proof. Let (z,y) be a solution of (II)). Next we multiply both sides of
the first equation in (L) by e~ Jo h(s)ds and then integrate from ¢ to oo, to

obtain
/t h [w(u)em i e du
= / T MG, (2 (u),y (0) @ (1= 7 (@) g (0~ 7 () du
+ /t T e fimes (w) 2 (u— 71 (v)) du
4 /t e Ji e / " (ws) i (2 (5) y () dsdu.

Consequently, we have

pi = (e o1
:/OO e Jo MOEG (u,a (u) y (u) @ (u =7 (1) y (u— 72 (u))) du
t
+ /00 e Jo m(s)ds (w) 2’ (u—71 (u)) du
t

+ /too e Jo' m(s)ds /1;0 ai (u,s) fi(z(s),y(s)) dsdu.

Multiply both sides with elo hl(s)ds, we obtain
x(t) =pfels s

ooefothl (s)ds
_/t 75136* 1 (u,z(u),y(u),z(u—71(u),y(u—"2(u))du

efO h1
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00 efot hi(s)ds
— / ————c1 (u) 2’ (u— 711 (u)) du
t

€f0u hi(s)ds

efohl s)ds n
- / e / ar (u,5) f1 (2 (), (s)) dsdu. (3.14)

€f0 hi(s)ds

Letting

9] efot hi(s)ds
/ ———c1 (u) 2’ (u — 71 (u)) du
t

ef(;‘ hi(s)ds

efohl ds o (u
:/t L (u) (1 =71 (w) 2" (u—m (u))du.

eJo M(s)ds 1 — 7 (u)

Performing an integration by parts, we get

9 efot hi(s)ds
/ c1 (u) 2’ (u— 71 (u))du
t

ef(;’ hi(s)ds

_lefothl(s )ds (u)x(u—ﬁ(u))]m_/wM (u) z (u—m1 (u)) du

eJo hi(s)ds 1— 7-{ (u) eJo ha(s)ds

) (t—7 (¢ Jo ha(s)ds
= pirelomi(9)ds 2 ( ix_(T{ (S( ) —/t 7;0 B (u) z (u—71 (uv)) du,
(3.15)

where r; is given by (LO). Substituting (315]) into ([BI4]), we obtain

t t_ t oo fothl(s)ds
2(t) = prelo M 4 2 o )196_(71(?( ) +/t :fs‘ a1z (u—T1(w))du

o0 efot hi(s)ds
_/t 7)G1 (u,x (u),y (u),z(u—"11(u),y (u—"2(u))du

0 ofyhi(s)ds  pu
_/t 7)/_ ai (u,s) f1 (z (s),y(s)) dsdu,

where p; = p7 — pi*. The proof of [B.I3)) is similar and hence we omit it. O

Theorem 3.2. Suppose that 1)), 22) and BI)-BII) hold. Then system
([CI) has asymptotically T-periodic solution (z,y) satisfying

w(t) =z () +a2(t), y(t) =u @) +y2 (1),
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where

hi( s)ds

21 (t) = preho Y1 (t) = ppelo 2()ds e R,

for arbitrary fixed nonzero constants py1, p2 and

lim zo(t) = tlg(r)lo ya(t) = 0.

t—o00

Proof. Define

PY*W :{(SO,W o =1+ P, w = ¢1 +¢27 (901,1#1) (t+T) = (gplawl) (t)a
and (p2,12) (t) — (0,0) as t — oo},

where both ¢ and 1 are real valued bounded continuous functions on R.

Then Py is a Banach space when endowed with the maximum norm

Ie9)l = max{igg 2.(0) ,igﬂgw(m} .

We define a subset 2} , of Py as follows. For a constant V* to be defined

later in the proof, let
Q. ={(z,y) € Pr with [|(z,y)| < V*}.

Then ; , is a bounded, closed and convex subset of Py. Now for (z,y) €

27, we can define an operator F': Q; , — Pr by

F(z,y) () = (F1 (2,9) (1), F2 (z,y) (1)),
where

fg hi(s)ds + ‘1 (t) & (t — 71 (t))
1—7(t)

efo hi(s)ds
+ [ S (e = ) du
(

Fi(z,y)(t) = pre

efo 1(s)ds
_/t TG 1 1wy 2 (u), y(u), 2(u—m1(w)), y(u—72(u)))du

(
efohl(s)ds u
[ S [ @ A o) dsdn (16
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and

)y (t—m2(t))
1=73 (1)

3] efothg(s)ds g
+/t WT’Q(U)]J(U—TQ(U)) U

)
oo efot ha(s)ds

_/t efou ha(s)
)

2 G, (), y(u), 2(u—m1(w)), y(u—72(u)))du
o0 efot ha(s)ds fu
_/t m/ ag (u,s) fa (x (s),y (s)) dsdu.  (3.17)

Py, y)(t) = paeli Pa(s)ds y €2

»

S

We will show that the mapping /" has a fixed point in 7 ,. To apply Lemma
21l we need to construct two mappings, one is a contraction and the other

is continuous compact. Therefore, we state ([B.12) as

Fy (z,y) (t) = Bs (z,y) (t) + Az (z,y) (1),
where Bs, A : Q0 , — Pr are given by

)z (t—m7 (1))
1—7{(t) ’

B3 (x7 y) (t) = plefot hi(s)ds + ‘1 (

and
9] efot hi(s)ds

As (z,y) (1) :/t mrl (u)x (u—71 (u))du

0 efg hi(s)ds
_/t mGl(u,x(u),y(u),x(u—ﬁ(u)),y(u—Tg(u)))dU
oo efg hi(s)ds pu
-] e [0 A e
And we state [B13) as

Fy (w,y) (t) = Ba(2,y) (t) + As (2,9) (1),
where By, Ay : Q0 ,, — P are given by

c2 (D) y(t =7 (1))

_ fthg(s)ds
Bi(wy) (6) = pae =00+ =y
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and

0o efot ha(s)ds

Ao 0= [ S (0 (= () du

efo ha(s)ds
- [ S Catu (). yla). = ). ylu—ral))

efo ha(s)
€f0 ha(s)ds v
) [ e @y

Now for (z,y) € Q; , we can define the operators B*, A* : (0}, — Pj by

B* (2,y) (t) = (Bs (x,y) (1), B (z,y) (1)),
A" (z,y) (t) = (A3 (2, y) (1), A (2,9) (1)) -
Set V* = max {V}*, V5'}, where

Ky MEmyt + MM Vimy 4 py My

‘/'1*: 1 * * s, —1
= pp — My Mzm

)

KoMgmy '+ M3 MaVomy* + po My

‘/2*: * * *, o —1
L= py — My Mym,

We note that V* is well defined due to (B10) and B.I1]). First, we demon-

strate that F (Q ) € Q5 . If (z,y) € Q% , then by I0) we have

‘Fl (LU, y) (t) — plefé hi(s)ds

1 (t) 0o efghl(s)ds
< ‘1—771(75) |$(t—71(t))’+/t W!n(u)!!w(u—n(u))ldu
ooefohl(sds
b | S G (e () () w1 () (0 72 () da
. elo hi(s)ds

oo efo hi(s)ds u
+ [ G | e @)l (5) .y () dsd

<piVE 4 MyMEm V- Ky MEmyt + My M Vim
and in a similar way we have

Fy(,y)(t)— paelo 2| < sV 4 My Mmy 'V* + Ko Mgmy '+ My My Vamy .
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This implies that

[Py (2,y) (8)] < piV*+ My Mym 'V 4+ Ky MEmy "+ My MyVimy '+ py My

<V
and
|Fy (2, y) (8)] < V¥ +My Mymy 'V 4+ Ko Mgmy '+ My MaVamy ' +pa My
< V*.

Hence, F (Q;y) C 7 , as desired. The work to show that A* is completely
continuous and B* is a contraction is similar to the corresponding work in
Theorem 22 and hence we omit it here. Therefore, by Krasnoselskii’s fixed
point theorem, there exists a fixed point (z,y) € €2 , such that

F(z,y) @) = (F1(z,y) @), F2 (z,y) () = (z () .,y (1)) -

By Theorem Bl we know that this fixed point is a solution of ().
For an arbitrary fixed point (z,y) € Q; , of I, we obtain from (B.4)-(3.7)

lim [z (£) — 1 (1)] = lim |Fy (2, ) (£) — a0 ()] =0,

t—o0
and

i [y (6) — y1 ()] = lim |Fy (2.9) (£) — 1 (1)] = 0.
By letting

Cc1 (t) x (t - T (t)) 00 efg hi(s)ds
e ) +/t s (We =T (W) du

00 efghl(s)ds
_/t —rrnreas 01 (w o), y(u), 2(u—Ti (u), y(u—72(u)))du

u
elo M

(
oo efg hi(s)ds ru
- /t m / a1 (u, s) f1 (z (s),y (s)) dsdu,

—00

o)yt —mo(t)) [ eloha(s)ds
yo(t) = = +/

-0 T2 () y (u—72(u))du

00 efothg(s)ds
[ e G () ) (= 7 (). (0= 72 () s
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/Ooef“thz(s)ds/u () fo (2 (5)y (5)) dsd
— —_— as (u, s x(s),y(s))dsdu.
' eJo ha2(s)ds 2 2 Y

— 00

We see that (z,y) given by

z(t) =z () +a2(t), y(t) =y (t) + 92 (1),
is an asymptotically T-periodic solution of (II]). Note that by (B4)-(B7)

t ) fthl(s)ds
c1 (t) ’+V* lim 607|r1(u)]du

li <V* i
tiglo |.’L'2(t)| - V" Im t—oo Ji ef(? hi(s)ds

00 ‘ 1—7] (1)
0o efghl(s)ds
LRRTE Y A e

) efot hi(s)ds

u
+ M1 tlifgo \ W /_OO ’G;l (U, S)’ deU,
Hence
tlinolo xa(t) = 0.
Similarly

li t)=0.
Jirg,va(f) =0
Finally, we show that x; and y; are T-periodic. From (B.1]), one can see

T (t + T) :clefg+T hi(s)ds
:Clefg hl(S)dé‘e :JrT hi(s)ds
:clefg hl(s)dsefoT hi(s)ds
:clefot hi(s)ds
=1 (t) .
Similarly, y; is T-periodic. O
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