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Abstract

In this article we propose a a-hypergeometric model with uncertain volatility (UV)
where we derive a worst-case scenario for option pricing. The approach is based on the
connection between a certain class of nonlinear partial differential equations of HJB-type
(G-HJB equations), that governs the nonlinear expectation of the UV model and provides
an alternative to the difficult model calibration problem of UV models, and second-order
backward stochastic differential equations (2BSDEs). Using asymptotic analysis for the
G-HJB equation and the equivalent 2BSDE representation, we derive a limit model which
provides an accurate description of the worst-case price scenario in cases when the bounds
of the UV model are slowly varying. The analytical results are tested by numerical simu-

lations using a deep learning based approximation of the underlying 2BSDE.

1. Introduction

The classical option pricing problem based on the seminal work by Black
and Scholes [9] assumes that the volatility of the underlying asset is constant
over time. While the Black-Scholes model is still considered an important
paradigm for option pricing, there is plenty of empirical evidences that the
assumption of constant volatility is not adequate. In order to come up
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with more realistic models, various strategies have been proposed to treat
the volatility of asset prices as a stochastic process ME] One of the most
famous representative of the large class of stochastic volatility models is the
Heston model @] that has become the basis of many other models, such as
jump diffusion models ﬂﬂ], a-hypergeometric models |11], or various forms
of uncertain volatility models (UVM) such as ﬂﬁ, IE, |, all of which can be
considered as extensions of the Black-Scholes model and which share many

features with the model considered in this article.

One of the common feature of all stochastic volatility models is that the
volatility process can only be indirectly observed through the asset price,
which poses specific challenges for the parameter estimation (or: calibration)
of these models. Standard approaches are based on maximum likelihood
estimation using (filtered) time series data ﬂH, B] or fitting of the implied
volatility surface |4, ] In the Heston model, the price hits zero in finite
time unless the Feller condition is imposed. As a consequence, the underlying
optimisation problems are typically endowed with constraints, which pose
additional problems in model calibration.

Here we use an alternative approach, in which we consider the unknown
diffusion coefficient of the stochastic volatility model a bounded random
variable. Specifically, we focus on the UVM developed by ﬂﬁ] and consider
an a-hypergeometric stochastic volatility model of the form

dX; = rXdt + X,qe*tdW} (1a)
dV; = (a — be®t)dt + cdW?, (1b)

where W}! and W2 are correlated Brownian motions, with d(W,', W?2) = pdt
for some |p| < 1, and b,a,0 > 0 and a € R are constants; the parameter ¢
is unknown; the only information available is that g € [omin, Omax] for some
Omax; Omin € RY. This implies that the volatility 3; of the risky asset under

the risk-neutral measure Q,
dX, = rXydt + X B dW} (2)

where € R is the risk-free interest rate, is stochastic with o, < 8, < Ty,
with

Oy = UminF(‘/t)a O 1= UmaXF(‘/t) for 0<t<T.
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Here F > 0 is a differentiable increasing function that we choose to be
F(v) =e".

Our aim is to derive worst-case pricing scenarios for the seller in the
spirit of the work ﬂﬂ], without needing to calibrate the model exactly. To
this end, we rescale time in the volatility equation in ({II) according to t — dt,
which yields

dX; = rX.dt + X,qe¥ dw} (3a)
AV, = 6(a — be®V)dt + Voo dW}? (3b)

and allows us to smoothly interpolate between an UVM and a fixed volatility
model (cf. ﬂﬁ]) The parameter § > 0 symbolizes the reciprocal of the time-
scale of the process V', and thus the standard UVM can be formally obtained
by sending § — 0, in which case V; = v and

dXy = rXpdt + gXPedW}. (4)

Varying § sheds some light on the importance of the stochastic volatility
equation for the worst-case scenario: when the variation of the volatility is
slow, the market price of the asset is not very volatile, so this price remains
stable; in the opposite case, it may become too volatile and therefore more
risky.

The rest of the paper is organised as follows: In Section 2 we formulate
the worst-case price scenario and the corresponding fully nonlinear partial
differential equation of G-Hamilton-Jacobi-Bellman type (G-HJB equation),
and we derive some basic properties such as moment bounds and the con-
vergence of the worst-case price scenario as § — 0; the Section also includes
some technical results such as convergence of the second derivatives (Greeks).
In Section 3, we consider the formulation of the fully nonlinear PDE for the
nonlinear expectation of the price process and derive a uniform corrector
result for the limit § — 0 that complements the analysis of Section 2. We
moreover formulate a concrete model that is solved numerically in Section
4, using the deep learning method by Beck et al. ﬂﬁ] and exploiting the link
between fully nonlinear G-HJB equations and 2BSDE. The main finding are
summarised in Section 5.

2. Worst-case Scenario Price
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Let ©® = [0min, Omax)- For any 6 > 0, the worst-case scenario price at

time ¢t < T is defined as

P i= PO(t50,0) = exp(—r(T 1)) sup Buey XD (6)

If 6 = 0, we define

PO .= Po(t; x,v) = exp(—r(T —t)) Sug Eta0) [h(X%)]. (6)
q€
Where E; . [-] is the conditional expectation given J; with X? = x and
Vi =w.

2.1. Moment bounds

Instead of confining ourselves to perturbations of Black-Scholes prices
as in ﬂﬂ], we will work with general terminal payoff (neither convex, nor
concave ) as in H] In this case the Hessian of the resulting option prices
is indefinite and we have to impose additional regularity conditions on the
payoff function h to do some asymptotic analysis. Specifically, we suppose
that the terminal payoff h is C* and gradient Lipschitz, and we impose the

following polynomial growth conditions on the first four derivatives of h:

|h,($)| < Kla

'(z)| < Ka(l+ |z|™),

| ( )| 2( | | ) (Kz fOI' 7 c {1’273’4})77277’], and l S N7 (7)
| ()] < K3(1+ |z|"),
W@ ()] < Ka(1+ [z).

Before we come to the convergence of P as § — 0, the next two propo-
sitions show that the processes X; and V; have uniformly bounded moments

of any order.

Proposition 1. Let 0 < § < 1, fort < T. The process Vi has uniformly

bounded moments of any order

T T
IE:(t,ac,v) |:/t ’V;‘kds] < IE(O,v) [/0 ’V;‘kds] < Ck(T7U)7
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where Cy(T,v) is independent of ¢.

Proof. See Lemma 4.9 in ﬂﬂ] O

Lemma 1. For n € R independent of 0 < § < dg, for some sufficiently
small 69 > 0, and t < T, the moment generating function of the integrated

a-hypergeometric process
M3 (n) = B o Vo], forn €R,

is uniformly bounded, that is |M2(n)| < N(T,v,n) < oo, where N(T,v,n) is
independent of t.

Proof. Following the reasoning of @, Sec. 5], we have an explicit form of

the moment generating function of the integrated a-hypergeometric process:

M) = W(p,t)e =00,

where )
o2
V(n,t) =
(n:1) (bcosh bL) + dsinh(b %)
2nsmh
2(n,t) =
(%) ( bcosh(b —|—5s1nh % >
and

b = /b2 — 2162 = /62 — 2ndo2.

In the following, we are going to show that |M?(n)| < N(T,v,n) < oo ,
where N(T',v,n) is independent of ¢ and ¢. To this end, we distinguish two
cases:

o If 2 — 21602 > 0, we have b > 0 and

2

7 st o2 _
U(n,t) < (#ﬁl)é)) , sinh(b%) >0,
2
< (e‘%) o cosh(bl) > 1,
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Since Z(n,t) > 0, we have e *=(1) < 1. Therefore
- T\ %
M () = W(n, e =00 < (e2 )7
o If 62 — 2ndo? < 0, let ¥ = \/2nd0? — §2 which is positive. Then

M? () =tp(n, t)e =D
t 2 ( ) %
st o2 _ 27 sinh (i o
7/196 e (119 cosl\(zﬁ§)+5 smh(zﬂg))
(#03) ’

i1 cosh( 119 ) + 0 sinh(i

2
st %2 _ 2in sin (9 %)
_ 1196 e U(iﬂcos(ﬂ%)+i(55in(‘9%)
i cos(VL) + id 8111(19 ) 7

5 2

st PR (LIS DN R

_ t19€ 2 - e U(gcos(ﬁg)wsin(ﬁ%) .
¥ cos(¥5) + dsin(ds)

QM‘ o

Thus, for sufficiently small ¢, since

Q
e[S

2n sin (¥
¥ cos(VL) + 5 sin (¥

we have

Y cos(¥5) 4 dsin(V

5)
()
B (0 1+ O( q92t2)) 5(% - (’)(193163))) ’

2
gy =
1+ 2+ 192t2)> '
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As a consequence, there exists g independent of ¢, such that for 9 < 9,

T\

e

Wit < (1+z> |
2

This concludes the proof. O

Proposition 2. Let § > 0 be sufficiently small and for t < T. Then the
process Xy has uniformly bounded moments of arbitrary order.

Proof. Let Xy, V; satisfy @), with ¢; € [0min, Omax|- Then, for each finite

n €N,
n [t t
X = a"exp <nrt— 5/ (qSeVS)st—i-n/ qSeVSdW51>
0 0

2 _ t
= z"exp (m“t—l— “ 5 n/ (qseVS)2d8>
0
—n® [T v bV
X exp | —— (gse’*)?ds+n [ gse"=dW;
0 0

n n?—n "5
< z2"exp | nrt+ 5 Opax € *ds | Ay,
0

where in the last step we assume Novikov’s condition which implies that

_n2 ot t
Ay = exp <T / (qseVS)st + n/ qseVSdWsl>
0 0

is a martingale.

Using Proposition [l we find

1 t
Sy %)}
< E(O,x,v) eXp( 2V3d8>:|

Umax (1+2V, + 0((2V4)?)) dé’)]

3,

- IE(O,x,v) <
: n2 max !
= Eqe,0) |expP ds +2 | Vids+ (’) Vi)?)ds

2 2 2 t
n max t + C) n Umax / ngs
2 2 Jo

\V)

Q,

\V)

Q
no

= E(,z,) |exP
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ngo-rgna.x 2 2 !
= E(o,) |exP 5 (t+C)|.exp | (n°05 ) ; Vids
n2012nax 2 2 !
= exp 5 (t+C) E(0,2,0) |exp (n“oi.) | Vsds
0

2. 2
= oo (04 0)) M)

< oo.
Hence,
E(O,a},v) [th]
2 _ 2 t
<" exp(nrt)E g 4,0 [exp <W/ €2V5d8>:| ,
0

n? —n)o?
=z" exp(nrt) exp (%(t—i—C)) M;f ((n2 - n)o-r2nax) )

2 \A2
<z"exp(nrT) exp <W(T—i—0)> N (T,v,(n* = n)o2.) =L,
where the upper bound L is independent of § and .
Therefore,
T T
B | [ 15| < By | [ 1, 1ts] < M0
t 0
where Ni(T,z,v) may depend on (k,T,z,v) but not on 4. O

2.2. Convergence of the payoff

As a consequence of the previous results, we have the following conver-
gence result for the asset process.

Proposition 3. Assume there exists Cy > 0, independent of §, such that
X%, X being the solution of the SDEs [Bal) and @) satisfy

E(t;a:,v) (X% - X%)Q < Cpd .
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Proof. Since X7, X? solve (3al), @), we have

T T
X% = +/ ngds +/ quSngWsl,
t t
and

T T
X0 =+ / rX%ds + / qe’ X0dw}
t t

which can be combined to give

T T
X9 X9 :/ r(X?0 —Xg)ds+/ q(e"* X% — " X0)dw}
t t
T T T
:/ r(X0 — Xg)ds+/ qe’ (X0 = X0aw} +/ q(e¥* —e") X0awl.
t t t
Now let V; = X2 — X0 then V; = 0 and

T T T
Yr = / rYsds + / qe’YodW! + / q(e"s — e X2dW ]
t t t

Thus,

2

T T
B0 Y1) < 3E<t,x,v>[</ Yd) + (/ qe”nd%)
t t
T 2
+</ q<eVS—e”>X§dW;> ]
t

T
< / (3TT2 + 3Ur2na.xe2v)E(t,x,v) [Y;2]d8
t

2

T
30k [ Bl [ = PR ds

R(5)

We have seen before that X; and V; have uniformly bounded moments for
J sufficiently small. We can therefore show that |R(d)| < C§ for C' indepen-
dent of §. Setting ¢ = opmax and using Gronwall’s inequality, the previous

inequality can be recast as

T T
F(T) < / Af(s)ds +C5 < 5/ CAMNT=9)ds + O3,
t t
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where f(T) = E(t;x,v) (Y:,?) and \ = 3T’I“2 + 30‘2

2v
ax€ ’ > 0. As a consequence,

E(t;a:,v) (X% - X%)Q = E(t;a&,v)yig = f(T) < Cod. O

Theorem 1. The function P° uniformly converges to P° with rate \/§ as
0 — 0, where the convergence is uniform on any compact subset of [0,T] x
R x RT,

Proof. Due to the Lipschitz continuity of &, the Cauchy-Schwartz inequality
and Proposition[3, we get
‘P(S - PO’ = eXp(_T(T - t)) sup E(t;a},v) [h(Xg")] —sup E(t;a},v) [h(X’?")]

)

q€0 qeo®

< exp(=r (T = 1) D | B [MOXD)] = B [HOXR)]]
q

< exp(—r(T — 1)) sup Eyg ) |R(X3) — h(XD)|,

qe®

Xj - X

)

< Ko eXp(—T(T - t)) sup E(t;x,v)
qe®

1/2
< Koexp(—r(T — 1)) sup [ B (X5 — X9)2] .
qeO

This entails

P — POl < Oy

and concludes the proof. O

2.3. Pricing G-PDE

The worst-case scenario price P? is the solution to the following Hamilton-
Jacobi-Bellman (H.JB) equation with terminal condition P?(T;z,v) = h(x)

(see ﬂﬂ, IE])
1
—8tP5 =r (x(?IP‘S — P‘S) + sug {iquZeQU@%xP‘S + \/gqxevapﬁgvP‘s}
qe

+ 5(%a2agvpé + (a — be*)a, PY), (8)

Throughout the rest of the paper, we set r = 0, i.e. we assume that the
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return of the asset is zero, but the return of the option depends on the
volatility. In other words, even though the financial asset has no return, the

option can have it.

Leading order term Py: To approximate the value function P°, we use

the regular perturbation expansion
P’ = Py+ VP, + 6Py + -, (9)

where Py the leading order term and P; := Pj(t,z,v) the first correction
for the approximation of the worst-case scenario price P°. Substituting (@)
in ([8), and using Theorem[I] the leading order term P, is found to be the

solution to

1
— 0Py = sug {§q262”x28§xP0} . Po(T;z,v) = h(x), (10)
q€

2.4. Convergence of the second partial derivative

The gamma 02, P° represents the convexity of the price of an option
according to the price of the underlying asset. It indicates whether the price
of the option tends to move faster or slower than the price of the underlying
asset. Using the fact that ¢ € [oyin, Omax] , and the regularity results for
uniformly parabolic equations which are referenced in M],ML we conclude

that (8) is uniformly parabolic.

Proposition 4. As § — 0, the second partial derivative 92,P° converges

uniformly to 02, Py on any compact subset of [0,T] x R x RY and with rate

V.

Proof. The function h € C* is gradient Lipschitz and satisfies polyno-
mial growth conditions in its first four derivatives. By ﬂﬁ Thm. 5.2.5], we

conclude
o PO(t,-,-) € Cp®? for 6 fixed .
e 0,P(t,-,-) and 92, P°(t,-,-) are uniformly bounded in §

The assertion thus follows from Theorem[Il Oa
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Optimal controls: Following ﬂ], we define ng to be the zero level set of
02, Py and the set Agv to be the set on which 92, P? and 92, Py have different
signs, i.e.
ng = {x = 2(t,v) € RT|02, Py(t; z,v) = 0}.
and
Af’v = {z = x(t,v)|02, P’ (t;z,v) > 0,02, Py(t;z,v) < 0}. (11)

)’ rw

Lemma 2. Call

1
*,0 1 §
¢t x,v) = arggleag( {iquQUxQ(?imP + \/g(qpaevxaivP )}, (12)

forx & ng and 6 > 0 sufficiently small, and

1
¢ (t; 2,v) == arg max,eco {tie%xQ&%xPo} , (13)

for 6 = 0. Moreover, let (I2l) and ([I3) denote the optimal controls in the
G-PDE ®) for P® and in the G-PDE ([Q) for P,, respectively. Then the

limiting optimal control as 6 — 0 is given by

max, Oz BP0 >0,
q*,O(t;x,v) _ {U ax zrt 0 Z (14)

Omin » 8gxP0 < 0.
Proof. Let

1
fla) = 5a°*' 2% 0L, P° + Vo(gpoe’vd}, P°).
and suppose that the maximiser ¢*° is in the interior of the interval

[Omin, Omax|- Then, for x & ng, we have

~x,0 —p\/go'a%vpé
¢ = revd2, PO

for the maximiser of f(q). But since f(G*°) — 0 as 6 — 0, the maximiser
must be on the boundary whenever 0 is sufficiently small. In this case, since
the sign of 8§xP5 determines the sign of the coefficient of the ¢ term in

f(q), we have ¢*% — ¢*9 pointwise on ng where, for any sufficiently small
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0 > 0, the maximiser can be represented by

*,0

g0 = UmaXl{@%IP‘sZO} + Umin1{831P5<0}' Oa

Lemmalf2] allows us to rewrite the G-HJB equation (§]) as

1
_ atP(S — §(q*,6)2€2vaa§$P6

1
+ V(g poe’zd?, PO) + 5(50283UP5 + (a — be®)d,P%),  (15)

with terminal condition P°(T;z,v) = h(x) and with ¢*° as given above.

2.5. First-order corrector for the limit payoff

We will now derive a corrector result for the difference P® — P%. To this
end, recall that Py, the first order correction term of P?, is the solution to

the linear equation
1
—0P = §(q*’0)262vx28§xP1 + ¢*Ppoe’z0? Py, Py (T,z,v)=0, (16)

where ¢*Y is given by (Id). Further recall that vanna 92,P° is a second
order derivative of the option, once to the underlying asset price and once to
volatility. It is the sensitivity of the option delta with respect to change in
volatility, or, alternatively, the it is the sensitivity of vega 92 P? with respect

to the underlying asset price. For more details see section 4.2.4 in ﬂﬂ]

In the following part we will exploit results from ﬂ] and ﬂﬁ] to show
that, under the regularity conditions imposed on the derivatives of h, the

pointwise approximation error |P% — Py — v/§P| is indeed of order O(9).
Theorem 2. V(t;z,v) € [0,T] x Rt x RT, 3C > 0, such that

|EO(t; 2, v)| := [P (t;2,0) — Po(t; 2, 0) — VP (t2,0)| < C6,
where C' may depend on (t;x,v) but not on 4.

Proof. Adopting the arguments of Secs. 1.9.3 and 4.1.2 in ﬂﬂ], we define



276  Z. MEZDOUD, C. HARTMANN, M. R. REMITA AND O. KEBIRI  [September

the following linear parabolic differential operator

L(q) =0, + %q262”x28§z +Voqpe'zd?, + 5(%02812”, + (a — be™)dy)
=Lo(q) + VL1 (q) + 0L,

(17)

where Ly(g) contains the time derivative and the Black-Scholes operator,
L1(q) contains the mixed derivative due to the covariation between X; and

V4, and 0Ls is the infinitesimal generator of the volatility process V;.

We can recast equation ([IH]) as

LO(q-*)P° =0,

Po(t;z,v) = h(z). (18)
Equivalently, equation (0] reads
Lo(q*°)Py = 0, (19)
Py(T;x,v) = h(z).
and (I6) can be expressed by
LolaO)Py + L1(g"") Py, )

Py(T,z,v) = h(x).

Now, applying the operator £°(¢*%) to the error term E® = P9 — Py — /0P,

we obtain

ﬁS(q*,é)ES _ ﬁé(q*,é)(Pé o PO - \/SPI)
= —(Lo(q™) + VOL1(q™) + 6L2q"))(Py + Vi P)
= —VoLy(¢*°) Py + VL1 (q"°) Py —6 Lo (q"0) Py + 0L1 (¢*°) P,

=0
+53/2£2(q*,5)P1

Using the terminal condition
EX(T;x,v) = PX(T;2,v) — Py(T;2,v) — VOP(T;2,v) =0

and the continuity of the solution to the parabolic equation (I6), we conclude
that |E9(t;x,v)| = O(6). O
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Feynman-Kac representation of the error term: Now recall that the

asset price in the worst-case scenario is governed by (Bal) with » = 0 and

q=q""
dX[0 =gl X0 aw, (21)

*9) is explicitly given for

where, by Lemmal2] the optimal control (¢;) = (g
sufficiently small 6. (It is straighforward to establish the existence and the

uniqueness of the solution of ) X, ’5.)

We can apply the Feynman-Kac formula to get probabilistic representation

of E%(t,z,v), namely,
E%(t,z,v) = I+ 621 + 61, + 62 I,
where
1 512 012\ L2Vi [ v 4,812 92 5
To=Ea) U 3 ((Q*’ )" = (") )e H(XO0) O Pols, XT ,Vs)ds} :
t
T s Va 35,0 92 s
I =Ea0) [/ (¢ = q*°)poe¥* X007, Po(s, X3, V;)
t

1 * * * *
+5 (@2 = (@)?) <X;5>Qa£xP1<s,Xf,vs>ds] :

T
* * 1 *
IQ = E(t,x,v) / q*ﬁpaeVSXs ,63:31)]31(87 Xs ’57 V;) + 502812)1)130(87 Xs ’57 Vts)
t

+(a — be®V*)d, Py(s, X1, Vs)ds} ,

T
I3 =E 4.0 / 50235UP1(3,X§’5, Va) 4 (a — be®V*)d, Py (s, X1, Vs)ds} .
t

Noting that

{q*,é#q*,O} :A?,vv

*,0 *0 __

qQ —q = (Umax - O-min)(]-{agzp5z(]} - I{B%IPOZO})’

and

*,0 *
(@)% = (¢"°)” = (0t — Tomin) (L{a2, ps>0y — L{o2, Ry>0})

the next theorem shows that Iy , I; are indeed of order O(8) and O(v/3).
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Theorem 3. There exist constants My, My > 0 depending on (t,z,v), but

not on 0, such that

Io| < MoS, and |I| < MyV3.
Proof. The proof follows the same method as in H] O

3. Second-order BSDE Representation of the Worst-Case Scenario

We recall the definition of 2BSDE, and we will explain how it is linked
to our G-HJB equation; for details, we refer to @]

Definition 1. Let (t,z) € [0,T) x R%, (Xé’z)se[tﬂ a diffusion process and
(Ys, Zs, s, As)sepr, 1) @ quadruple of FtT_progressively measurable processes
taking values in R, R?, S¢ and R?, respectively. The quadruple (Y, Z,T", A) is
called a solution to the second order backward stochastic differential equation
(2BSDE) corresponding to (X%, f, g) if

dY, = f(s, X"V, Zs,Ty)ds + Zh 0o dXb*, s € [t,T), (22)
dZ, = Asds +TgdX", selt,T), (23)

where Z/ 0 dX%" denotes Fisk-Stratonovich integration, which is related to
1t6 integration by

1 1
ZgodX " = ZidX " +5d (2, XM) = ZidX 45 Tr[Loo (Xo")o (X" ) |ds.

The last definition furnishes a fundamental relation between 2BSDE like
[22)-(24) and fully nonlinear parabolic PDEs. To understand this relation,
let f:[0,T)xRIxRxRYxS = R and g : R — R be continuous functions.
Further assume that u : [0,7] x R? — R is a continuous function with the
properties

ug, Du, D*u, LDu € C°([0,T) x R%),
that solves the PDE

—w(t,x) + f (t,z,u(t, z), Du(t,z), D*u(t,x)) =0 on [0,T) x RY, (25)
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with terminal condition
uw(T,z) = g(x), zeR%. (26)

Then, it follows directly from It6’s formula that for each pair (¢,z) € [0,7) x

R?, the processes

Yy =u(s, X0) , set,T],
Zs=Du (s, X0") , set,T],
Ty =D%u (s, X1") , s€[t,T]
Ay =LDu (s, X", s € [t,T]

t,

)

t,

)

solve the 2BSDE corresponding to (X%, f, g). Conversely, the first compo-
nent of the solution of the 2BSDE (22]) at the initial time is a solution of the
fully nonlinear PDE (27]) satisfies Y; = u(t, ). Note that the representation
of [25) by a 2BSDE is not unique, even though its solution is (cf. E])

The representation of fully nonlinear parabolic PDEs, such as (I3]), al-
lows to solve them numerically by solving the corresponding 2BSDE, e.g. by

using the techniques described in ﬂﬂ]

3.1. 2BSDE representation of the payoff

Here we specifically use the link between our G-HJB equation and 2BS-
DEs to improve the convergence rate of the convergence P° — PY. To this
end we write the 2BSDE for Ps (resp. Fpy) as follows: for all s € [¢,T) it
holds that

dyj;t,x — fé(S,Xg;t,x’ Y;&;t,x’ Zg;t,x,rg;t,x) ds + (Z(S;t,a:); ° dX;S;t,x’ (27)
Az = A% ds + 10 dX b, (28)
Yt = (X307, (29)

where X is the solution to the SDE

d(X?,V,) =dX, = dW,, dW,=dW},W?2), Xo=2
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Similarly,

dYtSO;t,a: _ fO(S’Xg;t,a:,Y;O;t,a:’ Zg;t,x,rg) ds + (ZO;t,x){9 o ng;t,a:’ (30)

dz%" = A%ds +T9d X%, (31)
03, 03t,

vt = (xp), (32)

where X} is the solution to
dX? =dw}, Xy ==
Here h denotes the payoff function (specified below), and
s, z,y,2,8) = — %xoe%\&(SM)PSM
f‘s(s,gﬁ,y,z,S) = — %~662U‘5’(Sl71)’25171 — 2\/3.%661)0'[)‘5'(5172)’5172

1
-0 (5025272 + (a — beav)zg> ,

where,

>0
5= =T (33)
Omin T <0

Note that the nonlinear diffusion coefficient has been moved to the drift
terms (or: drivers) fO and f°, which is why the SDE dynamics is trivial.
Then from the link between G-PDEs and 2BSDEs we have Y, = Py(t, z)
and Y, = Py(t, z).

We will now use this link to revisit the convergence result for Py — Fy.

Theorem 4. Pjs converges to Py as 6 — 0, uniformly on compact sets and

at rate 4.
Proof. We have
: ~ 5. T - T B
Y;é,t,z :h(X%t’x)—i—/ fé(’l“, Xf;s,z,y;&s,x’ Z;S;s,:v’rf;s,x)dr_/ (Zé;s,z);d ° dX;S;s,:v,
t t

. s . s 1 . .
(Z5), 0 dXES® = (255),AX 05 + ~Ta[[ o (XFo)o (X55wY|dr,

(20550 dX7o = (277 dW,) + (257, d W,
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and thus
T
Yf;tﬂf :h(ngt7I) +/ fé(n X*;S;s,x’ Yré;s,x7 Zg;sw’Fg;sw)dr
t
T S 7 ) )
- [ aw iz aw?) = [T (Ko (X3 .
T
Y;O;t,a: — h(XO;t’I)—}—/ fO(T‘, X?;s,x’ Y;O;s,:v’ Zg;s,x’rg;s,x)d,r
t
T
_/ (Z2%57), 0 dX;5,
t

(Z757), 0 dXT = (Z057),d X" + ST [ (X5 (X,5°7) ]dr
Calling Z&* = (27", 0)
(S ASI < (ZYAXE = (2] 4o,
we obtain
T
Y;O;t,m — h(Xg;t’z) +/}; fO(T, Xg;s,x’ Y;O;s,x’ Zg;s,x’rg;s,x)d,r
T T 1 B _
- /t (Z%57),dW,} — /t 5 T (X75=7) o (X757 ]dr.
Now let y; = Yt&t’gﬁ - YtO;t’x. Then
ye = h(X3T) = h(X3"T)
T
+1 f(s(’l“, Xg;87$, Yvré;s,x’ Zg;s,x’ Fi;s,x)_fO(,r’ Xg;s,az, }/'TO;S,$, Zg;s,a:, Fg;s,m)dr

T
- [ (@t v 2w - (2wt
t

= [ (XP5)o (X707))))
=h(X7"") = h(X7")

T
4 08,2 0;8,x  r70;8,x T0;8,x 0 0;s,z 0;s,z 7058,z T0;s,2
+/f (T’Xr ’Yvr aZr ’Fr )_f (T’Xr ’Yvr ’Zr ’Fr )dT
t

T

T
B / (2™ = (Z%50) )W} + (Z2y7), W77
t
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_ /tT %(Tr[FfJ(f(f;s,x)g(f(f;s,x)/] ~ T 00 (X052 (X052) ) dr,
where
fzS(r, X;f;s:,x’ Y;S;s,x, Zf;s,:r,l“tg;&z) _ fo(r, X?;s,x’ YTO;s,a:’ Zg;s,x’rg;s,x)
= — %(576@2‘/15 — 2020 (T11) 2T 11 — 2v30pite"t |o(T12)|Tia

- 5(%02F22 + (a+ be™Vt)2) .

Applying Ito’s formula to e®|y,|> for some a > 0 then yields

d(e™ |yi]?) = e |y, [2ds
. Qeas’ys‘{f(S(S’Xg;t,x’ Y;é;t,x’ Zg;t,x7r(g;t,ar)
_ fO(S’Xg];t,z,}/vSO;t,z’ Zg;t,x,r(s];t,z)}ds
+ 26|y [{((Z57), — (Z2%0%),)dW ) + (Z3),dW 2}
+ e (T [Do (X30) o (X200)] — Te[l 9o (XI67) o (X000) ) ds
+ e {[[((Z75)s = (Z )1 + (1297, s,

Therefore,

T
5; ; 5;
ey +/ {12y ) = (2% ))IIP = 112y ) | P ydr
t
T
+ / T (T [DRo (X755 )o (X757)] = Te[[o (X7 )o (X757 ) ) dr,
t

T
=B~ ) 4 [ e (P
t

T
+ /t 2’:[/5‘{.]06(7“, Xg?‘s@’}/ré;é‘,x’ Zf;s,x7rg;57m)
_ fo(T, X?;s,x71/-r0;s,x’ Zf;s’x,FQ?s’x)})dr

T
- [ 2l (Y, = (20w + (2w,
Since for all € > 0, we have 2ab < a?/e + eb?, it follows that

T
5; ; 5;
eyl +/ {1277 ) = (2% = (2> )| P ydr
t
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T
+/ e (Te[[7o (X75)o (X75%)] = Te[[o (X750) o (X)) dr,
t

T
R
t

T ~

+ ~/tv (’y8’2/€ + g{fé(r’ X?‘;&w? }/7’6;87];7 Zg;&xa Fi;svl‘)
_ fO(r, Xg;s,z7 YTO;s,an7 Z,(,];S’I, FQ;S’I)}Q)dr

T

= [ 22— (20w (25w,
t

Therefore, setting o = %, we conclude

T
eyl + / T2 ) = (2% I + (25 ) Pydr
t
T ~ ~ ~ ~
+ / T (Tr[D)o (X5)a (X)) = Te[[o (X))o (X)) dr
t
<h(X7"") = h(X7")
T
b [P g v g o)
t
o fO(n Xg;s,x’ YTO;s,x’ Zg;s,x’ F?;s,x)}?)dr
T
B / 2 |ys | {((Z7), = (2057 ) AW, + (Zy™ ") d W7y, (34)
Because X; and V; have finite moments of any order, the imposed regularity

condition on h, together with ﬂﬁ, Thm. 5.2.2], Theorem[I], Propositioni]
and Proposition[d in this paper, imply

E(h(XJ"") — h(X3")) < €,
and

E({fé(’l“, Xf;s,z, YvrzS;s,:v’ Z;S;s,:v, F(Z;s,z) _ fo(’l“, XS;S’I, Y;O;s,:v’ Zg;s,x’ F?;s,x)}2)

Hence

E[ sup eo‘t|yt|2] < C§ + Cped

t<s<T



284  Z. MEZDOUD, C. HARTMANN, M. R. REMITA AND O. KEBIRI  [September

1
2

T
ar 038, 18,1 038,
+CiE (/t 7 lys P20 ), = (2% + 112 )QHQ}dT>

< 00+ Cped

1

T
fe} ar 0;8,x ;S,T d5s8,@
supet/2|yt|(/te Uy =2 P+ (23 >;||2}dr)2],

t<s<T

+C1E

which together with the inequality ab < a?/2 + b*/2 yields

1
E | sup e™|y]?| <CO6+ Coed + §E

t<s<T

sup eat!ytV]
t<s<T
Ct

T
ar 038, 18,T 838,
+ Se[ [ ety - @ ]

As a consequence of the inequality (34]), we thus obtain

T
E | sup e[y +/ (275N, = (2712 + (129N, [P Y
t<s<T t
T ~ ~ ~ ~
+2 / T (Te[o (X))o (X" )] —Tr[F?a(X?”“)a(X?“)’])dr}
t
<C6 + Coed + C%,

which entails the final result:

E[ sup eo‘t|yt|2] < 6C.
t<s<T

for some C. > 0 independent of 4. O

4. Numerical Illustration

We conclude with a numerical demonstration of the theoretical results
to confirm that |Ps — Py| = O(4). To this end, note that the valuation
of financial derivatives based on our UV model requires solving the G-HJB

equation (&), which is typically not analytically solvable.

In low dimension, we can implement a finite difference scheme; here we

follow a different route and take advantage of the link between G-PDE and
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2BSDE. To be specific the payoff function is chosen as

h(z) = (z —90)* — 2(x — 100)" + (x — 110)"
We consider the following parameters:

i = (3o, ko) = (100, 1), opmin = 0.1, Opmax = 0.2, o = 2,
T=015,a=06,b=05, p=0.5.

For these parameters, we compute the difference between Py and Py, the
solutions of the G-PDE () and (I0)), using the deep learning 2BSDE solver

introduced by Beck et al. ﬂﬂ] More specifically, we numerically solve the
2BSDEs [27)-(29) and B0)-([@32) with the Python code provided in ﬂﬂ]

Table 1: The error €%%(§) = Ps(0,z) — Py (0, ) for & = (100, —1).

) 0.5 | 0.2 | 0.001
error (6) | 1.2 | 0.6 0.02

100 L

07

—6— data O(6°7)
sublinear O(5/2)
linear O(8")

error

1072F

10—3 - L L
1073 1072 10—t 10°
1)

Figure 1: The error €%%(§) = P5(0,2) — Py(0,z) in doubly logarithmic scale; the
slope is roughly 0.7

The result is shown in Table[Mland Figure[ll Neglecting the error invoked

by the numerical approximation of the deep neural network, which is difficult
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to assess, the numerical calculation confirms that |Ps — Py| ~ O(6%7), which

is in agreement with the predictions of Theorem [l and Theorem @l

5. Conclusion and Outlook

In this work we have studied a-hypergeometric stochastic models with
uncertain volatility (UV). The idea is to connect the UV model with a non-
linear expectation framework to derive a worst-case price scenario, avoiding
the complicated and numerically expensive model calibration step. We have
studied the asymptotic behaviour of the worst-case scenario option prices in
the case when the time scale at which the stochastic volatility process varies
tends to infinity (i.e. when the volatility process becomes infinitely slow).

As we have shown, the limit model is an accurate simplified description
of the UV model in the regime of the slow variable of the uncertain volatility
bounds. The method presented here can be applied also for other models
such as the Heston model.

We have illustrated our results by a numerical example. The numer-
ical solution of our problem is based on the known link of fully nonlinear
second order partial differential equations that describe the worst-case price
scenario and second-order backward stochastic differential equations (2BS-
DEs). We should emphasize that the numerical algorithm we use for solving
2BSDEs even works when the terminal cost that determines the payoff is
non-differentiable. Although this paper is only giving a proof of concept, we
expect that the ideas can be applied also in the case of UV models when,
for example, there is only partial information from the market.
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