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Abstract

We prove the generalized Kahler identities for line bundles on CR manifolds with
transversal CR R-action and reproduce the Bochner-Kodaira-Nakano formulas by the stan-
dard approach, in which the contribution from the curvature of line bundle and Levi form
is explicitly expressed. The related results and various cohomology vanishing theorems are

given.

1. Introduction

The Bochner-Kodaira-Nakano formula E] plays an important role in
complex geometry, which is related to some classical results like Kodaira
embedding theorem and Riemann-Roch-Hirzebruch formula. The counter-
part of these results are well established for CR manifold with transversal
CR S'-action M, E'] and related recent progress ] ﬂﬂ] ] ﬂﬂ] ﬂa] How-
ever, the Bochner-Kodaira-Nakano formula seems absent in this context. In
this note we follow the standard approach, namely, generalized Kéhler iden-
tities, to reproduce the Bochner-Kodaira-Nakano formula on CR manifolds
with transversal CR R-action firstly obtained in ﬂﬁ] The approach here ex-
hibits explicitly how the term on the curvature of line bundle and Levi form
appears. The key ingredient in the Bochner-Kodaira-Nakano formula E] is
the term [v/—1R¥, A], where R” is the curvature of holomorphic vector bun-
dle and A is the dual of Hermitian metric on complex manifolds. The new
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figure of our formula (Theorem [[2) is the term [2.27T + /—1R, A], which
depends on the curvature of CR line bundle /—=1R’, the Levi form .% and
the uniquely determined global real vector field 7" on CR manifolds.

We will work in the following setting. Let X be an orientable CR mani-
fold of dimension 2n+1, n > 1, J is the complex structure and wy is a contact
form, endowed with a smooth transversal CR R-action on X preserving wy
and J. Let ¥ = % be the Levi form with respect to wg. Let TH°X and
T%1X be the bundles of tangent vectors of type (1,0) and (0,1), respec-
tively. Since there is a transversal CR R-action, we have a decomposition
CTX =T"YX @ T X @ CT, where T is the infinitesimal generator of the
R-action. We choose the R-invariant contact form wq such that wo(7") = 1.
Suppose there exists an R-invariant Hermitian metric (-|-) on CT'X such
that

7YX 1L 79X, T L (TYX @1 X), (T|T)=1.

Moreover, we denote by © x its fundamental (1, 1)-form given by O x (u,v) =
V—1{u|v) for u,v € T'OX. Let ©x A - be the Lefschetz operator and
A = i(Ox) its adjoint with respect to the Hermitian metric (-|-). The Her-
mitian torsion of O x is defined by T := [A,9,0x]. Let Ky := det(T1%*X)
be the determinant of the dual bundle of 79X . Let L be a R-equivariant
CR line bundle over X with a R-invariant Hermitian metric h’ on L. Let
R¥ be the curvature of L induced by h*. For p,q € Ny, let Q»4(X, L) be
the space of smooth (p, q) forms of X with values in L and let Q**(X, L) :=
BpgeN,P9(X, L). Let Q0Y(X, L) be the subspace of QP4(X, L) whose ele-
ments have compact support in X and let Q2°(X, L) := &, 4en, 20X, L).
For p, g € Ny, let 55 cQOPY(X, L) — QP4THX | L) be the tangential Cauchy-
Riemann operator with values in L. Let (-|-); be the L? inner product on
Q2*(X, L) induced by (-|-) and ht. Let 9y : QPa+1(X, L) — QP9(X, L)
be the formal adjoint of 55 with respect to (-|-)r. The Kohn Laplacian
with respect to L is given by

Ok :=2,9," +0," oy

Let VL : Q**(X,L) — Q*°(X,L) be the connection on L induced by hl,
which splits into V¥ = (VL)10 + gbL. Let (VE)19* be the adjoint of (VL)h0
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with respect to (-|-)r. The anti-Kohn Laplacian with respect to L is given
by

=L * *
Oy = (V) (V)0 4+ (V)07 (V)0

Now we formulate the main result.

Proposition 1.1 (Generalized Kéhler identities for CR line bundle). Let X
be a CR manifold with a transversal CR R-action. Let © x be an R-invariant
Hermitian metric on X. Let L be a R-equivariant CR line bundle over X

with a R-invariant Hermitian metric h™. With the notations used above, we

have on Q**(X, L),

@, 0xA] = V=I((VE +7),
(VHLX, 0xA] = V=13, +T).
[A,3y] = —V=I((VE)0" +T7), -y
A, (V)] = V1@, + 7).

We obtain the following Bochner-Kodaira-Nakano formula on CR man-
ifolds with R-action ﬂﬁ, Theorem 3.5 via the generalized Kéhler identities.

Theorem 1.2. Let X be a CR manifold with o transversal CR R-action.
Let ©x be an R-invariant Hermitian metric on X. Let L be a R-equivariant
CR line bundle over X with a R-invariant Hermitian metric h™. With the

notations used above, we have on Q**(X, L),
OF =0p + 22T + V=1R" Al + (V)Y 7% - [0, T ]. (1.2)
If X is Kahler, i.e., d®x = 0, then
O =O) + 24T + vV—1RL, A (1.3)
If X is Levi flat, i.e., £ =0, then
Of =0y + [V=1R" A + [(V]), 7] - (8, T']. (1.4)
If (L, h*) is flat, i.e., R* =0, then

OF =0y + 22T, A + [(VE)'°, T - [0, T 1. (1.5)
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If (L, ht) is trivial, i.e., L= X x C and |(x,1)|,. = 1, then
Oy = 0y + 22T, A] + [0, T] = [0, T - (1.6)

=%

In order to eliminate the first order error term [(VF)10, 7% — [55,7' ]
in (L2), we can also reformulate (L2) as in E, VIL1]:

Theorem 1.3. Under the hypothesis of Theorem[L2, on Q**(X, L), we have
OF =0y + 22T + V=1R", A] + 7o, (1.7)

where ﬁbL;r = (VIO + T, (VIO 1T is a positive formally self-adjoint
operator, and

V1

To = [A A, Y =0,0,0x]) - [0:0.x. (9:0x)" (1.8)

is an operator of order zero depending only on the torsion of Hermitian
metric Ox.
Remark 1.4. The above results hold both for transversal CR R-action and

Sl action.

From now on we consider transversal CR S'-action. For r,q € Ny and
m € 7, we set

QX L) :={s € QnYX,L) : —/—1Ts = ms} (1.9)

and define the m-th Fourier component of Kohn-Rossi cohomology group
with respect to L by

=L
Ker9, N Qp1(X, L
HE9(X, L) = S0 N (X L)
Imd, NQ(X, L)

For simplicity, we set HL(X,L) := H3Y(X,L). As corollaries of Theorem
[[L2, we provide two basic vanishing theorems. It is clear that, from Theorem
one can obtain various generalization of them along Bochner techniques.

Corollary 1.5 (Nakano type vanishing theorem). Let X be a compact CR
manifold of dimension 2n+ 1 with a transversal CR S'-action and let L be a
Sl-equivariant CR line bundle over X with a S'-invariant Hermitian metric
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hY on L. Let mg € Z such that 2mov/—1.Z + V/—1R" > 0 on X. Then, for
any r,q € NU{0} satisfying r + q > n, we have

H (X,L) = 0. (1.10)

b,mo
In particular, H) (X,Kx ® L) =0 for all ¢ > 0.

Corollary 1.6 (Kodaira-Serre type vanishing theorem). Let X be a compact
CR manifold of dimension 2n+ 1 with a transversal CR S'-action and let L
be a S'-equivariant CR line bundle over X with a S'-invariant Hermitian
metric h* on L. Let 2/—1.% + v/—1RY > 0 on X. Then, there exists
mg > 0 such that for each m > mg and g > 0,

HY (X, L™) =0. (1.11)

This paper is organized in the following way. In Sec. 2, we introduce
the notations and the necessary facts. In Sec. 3, we prove Proposition [T}
Theorem [[L2, 3] and the twisted version of CR Bochner-Kodaira-Nakano
formula. In Sec. 4, we prove CR Nakano inequalities and Corollary [T,

In Sec. 5, further results and application are given.

2. Preliminaries and Notations

We use the following notations through this article: let N = {1,2,...}
be the set of natural numbers, Ny = N|J{0}, R the set of real numbers.
For m € N, let = (z1,...,2,,) be coordinates of R"™. For n € N, let
z=(21,...,2n), 2j = 2j-1 +/—1xgj, j = 1,...,n, be coordinates of C".

We write

de = dxgjfl + V —1d$2j, dfj = d(Eijl — —1d$2j,
i::1< A ) 0 1( 0,1l )

aZj 2 8302]-,1 8952]- 8—2] = 2 8562]'71 8:62j

For arbitrary Zs-graded vector space V = VT @& V| the natural Zs-grading
on End (V) is defined by End (V)" = End (V') @ End (V™), End (V)™ =
Hom (V*,V~)®Hom (V~, V"), and we set deg A = 0 for A € End (V)" and
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degA =1 for A € End(V)~. For A, B € End(V), their supercommutator
(or graded Lie bracket) is defined by

[A,B] = AB — (—1)%eAdeBp g,
For A, B,C € End (V), the Jacobi identity holds:

(_1)degA-degC[A’ [B, CH 4+ (_1)degB-degA[B’ [C, AH
+(—1)deBCdeg Blcr (4, B]] = 0.

2.1. CR manifolds and Kohn Laplacian

Let X be a smooth paracompact manifold. Let TX and T*X be the
tangent bundle of X and the cotangent bundle of X, respectively. The
complexified tangent bundle of X and the complexified cotangent bundle of
X are denoted by CT'X and CT™* X, respectively. We write (-,-) to denote
the pointwise duality between T'X and T*X and extend (-,-) bilinearly to
CTX xCT*X.

Let X be an orientable paracompact smooth manifold of dimension 2n+
1 with n > 1. Let 719X be a subbundle of rank n of the complexified
tangent bundle CTX. Let T%'X := T1OX . Let ¥°°(X,T"°X) be the space
of smooth sections of T9X on X. TH%X is called a CR structure of X, if

THOX T X = {0}, [€°(X,T"°X),¢®(X,T"°X)] c €>(X,T""X).

(X, TH0X) is called a CR manifold of dimension 2n + 1, if T'°X is a CR
structure of X.

Now, let (X,T1°X) be an orientable CR manifold of dimension 2n + 1
with n > 1. Let () : CTX x CTX — C be a smooth Hermitian inner
product on CT'X such that

(ulv) e R for u,v € TX, (a|f)=0 foraecT" X, gecTX.

We call (-|-) a Hermitian metric on X. Moreover, let ©x be the funda-
mental (1,1)-form given by ©x(u,v) = v/—1(u|v) for u,o € TH°X. The
Hermitian norm is given by |- | := \/(:[). Until further notice, we fix a
Hermitian metric (-|-) on X.
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For p,q € Ny, define TP4X := (APTHOX) A (AITP1X) and let T**X =
®p,q€No TPiX. For u € CI'X and ¢ € CI'"X, the pointwise duality is
defined by (u, ¢) := ¢(u). Let T*%°X C CT*X be the dual bundle of TH0X
and T*%1 X C CT*X be the dual bundle of T%'X . For p, g € N, the bundle
of (p,q) forms is denoted by T*P9X := (APT*20X) A (AIT*%1X) and let
T**°X = ©pgen,I™9X. The induced Hermitian inner product on 7'**X
and T***X are still denoted by (:|-). The Hermitian norms are still denoted
by |-]. Let QP4(X) := ¢°°(X, T*P7X) be the space of smooth (p, ¢)-forms on
X and Q**(X) = @, jen, PUX). Let €°(X) = Q¥(X). Let Q2(X)
be the space of smooth (p, ¢)-forms on X with compact support in X.

Since X is orientable, there exists a nowhere vanishing (2n + 1)-form
dvy on X such that |[dvx| = 1. Let Y C X be an open subset. We de-
note by TV := TH0X|y and T%'Y := T%! X|y the induced bundles over
Y. Suppose {fj}?zl is an orthonormal frame of 7Y with the dual (or-
thonormal) frame {€;}"_; of T*9Y and {L;}}—; is an orthonormal frame
of T%'Y with the dual (orthonormal) frame {ej}i_y of T *0.ly. We note
that the real 2n-form i"e; Ae; A ... A€, Ne, on Y is independent of the
choice of orthonormal frame {€;}"_; and hence it is globally defined. There
exists a real 1-form wy € €°°(X,T*X) such that |wg| = 1, wp is orthogonal
to T*19X @ T*19X, and

dvx :(inélf\elA...AEn/\en)/\wo. (2.1)
There exists a real vector field T € ¢€°°(X,TX) such that |T'| =1 and
<T, (.d()> =1, <T, €j> = <T,§j> =0, 7=1,...,n. (22)

Thus, wy and T are uniquely determined. wy is called the uniquely deter-
mined global real 1-form. 7T is called the uniquely determined global real
vector field. We have the orthogonal decompositions with respect to the

Hermitian metric © x:

CTX = TYX o T X ¢ C{T}, (2.3)
CT*X = T"X o T*"' X @ C{wo}. (2.4)



“BN16N22" — 2021/7/14 — 22:18 — page 134 — #8

134 HUAN WANG [June

Definition 2.7. For z € X, the Levi form on THOX is given by, for u,v €
1,0
T, X, we have

Lo, T) = ;—Zl U, 7)), wo(@)) . (2.5)

where U,V € €°(X, T*°X) with U(z) = u, V(z) = v.

Note that ., is independent of the choice of U and V, and for x € X,

1

Zo(u,7) = o

(U(@) AV (x), dwo(x)).

Definition 2.8. Let 7% : APTICT*X — T*P9X be the natural projection
for p,q € Ng, p+ ¢ > 1. The tangential (resp. anti-tangential) Cauchy-
Riemann operator is given by

Oy =P od: OP4(X) — QPItHL(X), (2.6)
Oy =mPthlod: OPI(X) — QPHLI(X). (2.7)

A function f € €°(X) is called CR if 9,f = 0. Let (-|-) be the L?
inner product on 2°(X) induced by (-|-). Note that

(ulv) = /X (w(@)|o(@))dox (2), w0 € Q2*(X), (2.8)

where dvx = (0% /n!) Awg. Let L2 (X) be the completion of Qf?(X) with
respect to (-[-). Let L7 (X) = @, jen, Lpqg(X). We write L*(X) :=
L%’O(X). We denote b_y |w)? == (u|u) the L2norm on X. Let 8, and 0; be
the formal adjoints of 0 and J, with respect to (- |- ) respectively. We denote
the Kohn Laplacian and the anti-Kohn Laplacian on Q*°*(X) respectively
by

Oy := 0,05 + 040y, Ty := 0,05 + 00, (2.9)

2.2. R-action

Let (X, T%°X) be a CR manifold of dim X = 2n + 1. Let r : X — X,
r(z) =rox for r € R, be a group action on X (see ﬁ]) Let T be the global
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real vector field on X given by

~

(Tu)(z) := %(u(r 0x))|r=0, u€E>*(X). (2.10)

Definition 2.9. The R-action is called CR if [T\, E(X, THOX)] C €°°(X,
TLOX). The R-action is called transversal, if CT,X = T%’OX &5 Tg?’lX &5
CT'(z) at every = € X.

From now on, assume that X admits a transversal and CR R-action.
We take the Hermitian metric (-|-) so that T = T. We will use the local
coordinates of Baouendi-Rothschild-Trevers (BRT charts) ﬂ, theorem 6.5]
as follows.

Theorem 2.10 (BRT charts). For each point x € X, there exists a coordi-
nate neighbourhood D = U x I with coordinates x = (x1,...,xon+1) centered
at 0, where U = {z = (21,...,2p) € C" : |2| < €} and [ = {x2,41 € R :
|Ton+1| < €0}, €60 > 0, 2 = (21,...,2n) and z; = xaj_1 + V/—1x2j,j =
1,...,n, such that

0

T =
041

on D, (2.11)

and there exists ¢ € €°°(U,R) independent of xon+1 satisfying that

{Z-:—i—i—i%() 0 }n (2.12)

= z
J
aZj aZj 8$2n+1

j=1
is a frame of T*°D, and {dzj}?zl C T*OD is the dual frame.
Let D = U x1I be a BRT chart. Let QP9(D) be the space of smooth (p, q)-

forms on D. Let f € ¢°°(D) and u € QP4(D) with u =3} ;jurydzr Adz,
with ordered sets I,.J and ury € €°°(D), for all I,.J. We have

df =" 2;()dz + Y Z;(f)dz; + T(f)wo,
J=1 j=1

Of =Y Zi(f)dz;, Ouf =Y Z;(f)dz;, (2.13)
j=1

J=1

Opu = Z(@buu)/\dzj/\dEJ, 5bu: Z(ébﬂ[])/\dZ[/\dzJ.
1,J 1,J
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For uw € QP9(X), let Lru be the Lie derivative of u in the direction of 7.
For simplicity, we write Tu to denote Lpu. Since the R-action is CR, Tu €
QP4(X). On a BRT chart D, for u € QP9(D) with u = 3, jurjdzr A dz,
we have Tu =, ;(Tury) Adzy Adz; on D.

The Levi form % in a BRT chart D € X has the form
g — 85¢|T1,0x. (214)

Indeed, the global real 1-form is wg = dwg,11 — Z?Zl(ig—idzj - i%‘éd@) on
D.

From now on, we assume that ©x is R-invariant. Let D = U x [
be a BRT chart. The real (1,1) form © = ©y on U is defined by, for
x = (z,xon41) € D,

O(z) := Ox(x). (2.15)

Note that it is independent of x2,11. More precisely,

O(2) = V=1 (Z;|Zy) (v)dz; A dZp. (2.16)

J,k=1

Note that for another BRT coordinates D = U x I, ,y = (w,yan41), there exist
biholomorphic map H € €>°(U,U) and G € €>°(U,R) such that H(z) = w,
for all z € U, yon i1 = Tons1+G(2), for all (z,29,41) € Ux I and U = H(U),
I = I+ G(U). We deduce that © is independent of the choice of BRT
coordinates, i.e., © = Oy = O.

Until further notice, we work on a BRT chart D = U x I. For p, q € Ny,
let T*P9U be the bundle of (p, ¢) forms on U and let T***U := &), jen, T U.
For p,q € Ny, let TP4U be the bundle of (p,q) vector fields on U and let
T**U = @pqgen,I??U. The (1,1) form O induces Hermitian metrics on
T*°U and T***U. We shall use (-, -);, to denote all the induced Hermitian
metrics. The volume form on U induced by © is given by dA(z) := 0" /nl.

Thus, the volume form dvx can be represented by

dvx(z) = d\(z) A dxon41 on D. (2.17)
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The L2-inner product on Q&*(U) with respect to © is given by

(81,82) 20y = /U<81(z),82(z)>hd)\(z), s1,52 € QY (U). (2.18)

Let t € R be fixed. The L2-inner product on Q&'*(U) with respect to © and
e 29(2) ig given by

(51, 52) L2 o210 1= / (51(2), 59(2)ne 2D dN(2), s1,80€ QS (U). (2.19)
U

Let {L;}7_; be an orthonormal frame of T%!'D with the dual (orthonor-
mal) frame {e;}7_;. Then {fj};?:l is an orthonormal frame of TH°D with
the dual (orthonormal) frame {€;}7_,. Since ©x is R-invariant, there exist

k k

i =c; (z),wj? = wf(z) € €°(U), j,k =1,...,n, satisfying » c;‘?wé =

5;-, for all j,l =1,...,n, such that for j =1,...,n,
n n ' n n '
Lj = ZE?Z]@, e; = Z@idzk, Lj = Zc?Zk’ ej = Zwid}k (2.20)
k=1 k=1 k=1 k=1

— —k 0 T k_d
We can check that {w; 1= 3751 ¢/ 5}y and {w; := 374, cf 521, are
orthonormal frames for 740U and T%'U with respect to © respectively, and
{e;}]—; and {e;}]_; are dual frames for {w;}]_; and {w;}}_, respectively.

We also write w’/ and @’ to denote e; and e; respectively, j =1,...,n.

2.3. R-equivariant CR line bundle

Let L be a complex line bundle over a CR manifold X. For p,q € Ny,
let QP9(X, L) be the space of smooth (p,q) forms of X with values in L
and let Q%*(X, L) := @By 4en,P9(X, L). Let Q29 (X, L) be the subspace of
OP4(X, L) whose elements have compact support in X and let Q2°*(X, L) :=
Bp.qeno0Y (X, L). Let hl be a Hermitian fiber metric on L. We denote
by W the local weights of the Hermitian metric: if ey, is a local trivializing
section of L on an open subset Y C X, then the local weight of h% with
respect to er is the function ® € €°(Y,R) for |e |3, =e** on Y.

Let X be a CR manifold with a transversal CR R-action. We say that a
complex line bundle L is R-equivariant and CR, if there exists an open cover
X = U;D; and the associated local trivialization frame {s;} such that the
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transition functions are CR and annihilated by T, where T is induced by a
transversal CR R-action on X. In this case, we say {s;} a R-equivariant CR

frame of L with respect to the cover X = U;D;. Furthermore, we can define
T:Q%(X,L) = Q**(X,L), Ts:=(Tu;)® s,

with u; € Q%*(D;). Since {s;} is a R-equivariant CR frame, T" is well-
defined.

For a R-equivariant and CR line bundle L over a CR manifold X with a
transversal CR R-action, we say a Hermitian metric A* on L is R-invariant, if
for every element ey, in the R-equivariant CR frame of L with |e L[% L, =e 2

we have T® = 0.

These notions can be extended to the R-equivariant CR vector bundles
E with R-invariant Hermtian metric h¥, refer to ﬂg, B] For example, T19X
and KT over a CR manifold X with a transversal CR R-action are fulfilled,

and in this case, we say the Hermitian metric © x is R-invariant.

For a CR manifold X with a transversal CR R-action endowed with
an R-invariant Hermitian metric ©x on X, let K% := det(T"°X) be the
determinant of 719X and let hx be Hermitian metric on K% induced by
O©x. Then, K% is a R-equivariant CR line bundle over X and hEx is a

R-invariant Hermitian metric on K}k(

3. CR Bochner-Kodaira-Nakano Formula

We firstly provide generalized Kéahler identities on CR manifolds with
transversal CR R-action by the Fourier transform. Consequently we give
a proof of Bochner-Kodaira-Nakano formula in this setting, which is stan-
dard in the case of complex manifolds. Moreover we show Bochner-Kodaira-
Nakano formula for R-equivariant CR line bundle. In this section, we assume

that X admits a transversal CR R-action.

3.1. The Fourier transform

Let D = Ux1I be a BRT chart. Let Q2?(D) be the space of smooth (p, ¢)-
forms on D with compact support in D. Let Q*(D) := @, jen, 2(D).
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We write (D) := Q2%(D). Let f € €>°(D). We write

[ =f(x) = f(z,22011)

For each fixed zo,11 € I, f(,z2n4+1) € €°(U). For each fixed z € U,
f(z,)) € €2°(I). Let p,q € Ny, u € QLY D). We write

U= ZUIJdZI NdzZj € Qg’q(D)
1,J

and we always assume that the summation is performed only over increas-
ingly ordered indices I = i1 < ip < ... < ip,J = j1 < jo < ... < jg, and
ury € €°(D), for all I,.J. For each fixed z € U, urj(z,-) € €°(1).

Definition 3.1. The Fourier transform of the function f € €>°(D) with
respect to xo,41, denoted by fA’, is defined by

f(z,t) = / e~ f (5 g0 1 )dTops € €U x R). (3.1)

—00

The Fourier transform of the form u = Y, ;urydz; Adz; € Q0%(D) with
respect to xa, 11, denoted by wu, is defined by

Azt) = Y drg(z.t)dzy Adzy € QYU xR) := €(U x R, T*IU). (3.2)
1,J

Note that f € €°°(U x R) and f(-,t) € €>°(U) for every t € R. Simi-
larly, u € QP9(U x R) and u(-,t) € Q2YU) for every ¢t € R. From Parserval

formula, we have for u,v € Q24(D),

(o] o0
|t i lot i) rana = (1/2m) [ @0, 0 0, (33)
—0o0 —0o0
for every z € U. By using integration by parts, we have for u € Q%(D),
“ou

—V1Tu=ta, ie, —+v—1 (2,t) = ti(z,1).  (3.4)

Let ¢ € R be fixed. Let |(2,1)|? := e 2%(#) be the Hermitian metric on
the trivial line bundle U x C over U. The Chern connection of (U x C, e~2!%)
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is given by
v(UXC,€_2t¢) _ VLO + vo,l’ VLO — 8 _ 2ta¢’ vo’l — 5 (35)

Indeed, the Chern connection is given by VUXCe™) — g4 h=1oh = d +
e??9(e~2%). Thus, the curvature of (U x C,e2*%) is

RUXCe™2%) _ (v(UxC,e_2t¢)>2 = 2t00. (3.6)
We can identify 00¢ with Levi form .# and write
RUXCe™) — o2,

Moreover, we will identify Q**(U) and Q¢*(U) with Q**(U,U x C) and
Qo*(U,U x C) respectively. The following result means that locally the
Fourier transform commutes with tangential Cauchy-Riemann operator with
respect to certain weight function. For the convenience of reader, here we

give the proof obtained in ﬂﬁ]

Proposition 3.2 (ﬂﬁ]) With the notations used above, for u € Q¢°(D), we

have
Opu = e 29(e%U) on U x R,
Oyu = e 197 (e*h) on U x R,
Dyt = e OV0e®n)  on U x R,
5;:5 = e VL (h)  on U xR,
where 5*, V19 are the formal adjoints of 9, V' C with respect to { -, - >L2(U7e—2m>)

respectively and 9y, & are the formal adjoints of dy, 8y with respect to (-|-)

respectively.

_ n
Proof. Let u =3 ; jurydziAdz;. By Opu =) >
’ 1,J j=

) .99 O ,
1( upg _ ;00 Oupy >dE]/\

82j 82]' O0Ton41

dzr Ndz g,

= Nm 0 ~ _ -
((%u) (z,t) = Z Z ( QEIJ-J(Z’t) + ta—;;(z)uu(z,t)> dz; Ndzr Ndzy
=
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= e 0EP(e S Upydzr A dzg)(z,1)
1,J

_ (e—t¢5(et¢a)) (2,1). (3.8)
Thus the first equality holds. From Parserval’s formula, for u,v € Q&*(D),
(Opulv) :/D(gbu\wd)\(z)dxgnﬂ
_ /U ((277)1 / h é@(z,t),a(z,mhdt) dA(2)
—(2m)"! / b /U (e~ 9B(e!90), B (2)dt
=(2m)7! / Z (0(e'), e"9D) 2 (17 o210 di
) [T ()
=(2m)! b /U (W, e=0" (') ,d\(2)dt. (3.9)
Meanwhile, we have
@yulv) = (u|div) = (27)~! / h /U (@, D vhndA(2)dt. (3.10)

Thus the second equality holds. The proofs of the rest equalities are simi
-lar. O

3.2. Generalized Kahler identities and CR Bochner type formula

Analogue to , (1.4.32)], we define the Lefschetz operator ©x A - on
A**(T*X) and its adjoint A = i(Ox) with respect to the Hermitian inner
product (-|-) associated with ©x. The Hermitian torsion of ©x is defined
by

T = [A, 0,0x]. (3.11)

Let D = U x I be a BRT chart and let {fj}?:1 c 79D, {e;j}_, C 79D,
{w;}i_, C THU be as in Z20). Let iz, and ig, be the adjoints of e;A and
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€; A respectively. We have that

Ox A-=V=lgjNejAr, A=—v=Tigig onD. (3.12)

Since 99(z) = 9Ox(x) on D, and O A - = /=1ej Ae; A+, A =
—V/—Lig, iy, on U, see , 1.4.32], we have T = [A,0,0] = [A,00] on
Q**(D), which is independent of z9,+1. We remark that 7 is a differential
operator of order zero. With respect to the Hermitian inner product (-|-) as-
sociated with ©x, we have the adjoint operator 7*, the conjugate operator
T and the adjoint of the conjugate operator T" for T.

3.2.1. The differential form case

Proposition 3.3 (Generalized Kéhler identities in the CR setting). We
have on Q**(X),

(3.13)

Proof. Since the both side of these identities are globally defined, we can
check on a BRT chart. Now, we work on a BRT chart D = U x I. For
this purpose, we will use the generalized Kéahler identity for the line bundle
(U x C,e=?%) over U as follows:

[0, 0N = V=L(V"* +T),
(VIO A = —V=1(0 +T),
[ —V=I(VH T, (314
[

VO = V1@ +T).

Let u,v € Q0*(D). Let s1(z) := e®u(z,t) € Q**(U x R), so(2) =
e?D)3(z,t) € Q%*(U x R). We will show that ([d,,OxAJulv) = (vV=1(d +
T)ulv), and thus the first identity holds. In fact, by the equality [0, OA] =
V—=1(V1 + T), we obtain that

= Foo — —~
27 ([0y, O x N]ulv) :/ ([0p, OxAlu|v) 21y dt

—00
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too
= / <[a ’@/\]51552>L2(U7672t¢)dt

—00
+o0o

= / (v —1(V1’0 +T)s1, 52>L2(U’672t¢>)dt

— 00

+oo —
= / <\/ —1(8{, + T)’U,‘@\>L2(U)dt

—00

= 2 (v/=1(0 + T)ulv).

Here we use the second identity in Proposition The proof of the rest is

similar. O

The generalized Kéhler identities implies the CR version of the Bochner-
Kodaira-Nakano formula with R-action. The proof is standard, see e.g. E,
Theorem 1.4.12], however, it is still interesting to identify the term 2.7 in

the following argument.

Theorem 3.4 (CR Bochner-KodairaNakano formula for differential forms).

With the notations used above, we have on Q**(X),
Op = Oy + 22T, A + [0y, T*] = [05, T |. (3.15)
If X is Levi flat, i.e., £ =0, then
Op =T + [0, 77 = 05, T ). (3.16)
If X is Kahler, i.e., d©®x = 0, then
Op = 0O + 22T, Al. (3.17)
If X is Levi flat and Kdhler, then

Oy = 0. (3.18)

Proof. By the generalized Kahler identities above, we have

0, = —v/—1[A, 8] — T". Thus

Oy = (05, 35] = —V/=1[s, [A, Bp]] — [0, T - (3.19)



“BN16N22” — 2021/7/14 — 22:18 — page 144 — #18

144 HUAN WANG [June
We define
Ry = [0y, O). (3.20)
By Jacobi identity, we see that
(05, [A, 3] = [A, [0, D] + [Dp, (Db, Al] = [A, Ry] + [D, [T, A]-
The third identity in Proposition implies
[0, (06, All = V=1[8y, ] + V=1[0p, T = V=100, + V~1[8,, T*].

Thus we have

O = Oy + [V=1Rp, Al + (05, T] = [0, T . (3.21)

where
V—1Ry = V=1(0y0p + 0y0p) = 2L 0 T (3.22)
by £ = 00¢ and T = axiﬂ in the BRT charts. O

3.2.2. The line bundle case

More generally, we consider the Bochner-Kodaira-Nakano formula with
R-action for CR line bundle. We assume that L is a R-equivariant CR line
bundle over X with a R-invariant Hermitian metric k% on L. For p,q € Ny,
let

dy  QPI(X, L) — QPUH(X, L) (3.23)

be the tangential Cauchy-Riemann operator with values in L. Let (-|-)r be
the L? inner product on Q8°(X, L) induced by (-|-) and h%. Let

o QP (X, L) — QP(X, L) (3.24)

be the formal adjoint of 55 with respect to (-|-)z. Kohn Laplacian with
respect to L is

Ok .=ay 01" +o; oy (3.25)
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The connection on L induced by h' is defined
VEQ* (X, L) = Q" (X, L) (3.26)

as follows: let e, be a R-equivariant CR frame of L on a BRT chart D C X
such that

leclpr =€e*, @ € €>(D,R). (3.27)

Note that ® is independent of x9,; by T® = 0. For s € Q**(D, L) with
s=u®er, ue Q" (D),

(VE)Ols .= 553 = Ou®er, (VE)Y0s:= (gu—20,® Au)@ep. (3.28)
Then we define

L

Vi = (Vi) + (V)™ = (Vi)' + 9y (3.29)

Note that ([3.29)) is independent of the choices of T-invariant local CR triv-
ializing sections and hence is globally defined. We set

RL .= (V)2 (3.30)

Let (VE)L9% is the adjoint of (VX)10 with respect to (-|-)z. We define the
anti-Kohn Laplacian with respect to L by

=L * *
O, = (Vi) (V) o + (V) (Vi) 1. (3.31)
Let RF € Qb1(X) be the curvature of L induced by h” given by
RE .= 20,0,® (3.32)

on D, where ® is as in (327)). It is easy to check that R is globally defined.
Let D = U x I be a BRT chart. Since L is R-equivariant on D, L is a
holomorphic line bundle over U. By the BRT charts, we can check that

RE = [(VE)0,8,] = [05, D) +20,04® = —2V/~ 1.2 0T + R*. (3.33)

Now we can follow the proof of Theorem [B.4] to check Theorem
Firstly, by the Fourier transform as in Proposition .2, we have:
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Proposition 3.5. With the notations used above, let s € Q*(D, L) with
s=u®er and u € Q2°(D). Let 5:=u ® ey. Then, we have

558 = 9(eT) @er, on U xR,
55*8 —e WP (eU) @ e, onU xR,

—

(Vi)“)S :Gftd)v}b’o(ewa) ®er, onU xR,

(3.34)

(Vé)l’o*s :G_wv}ﬁo*(ewa) ®er, onU xR,
where Dy and V}}jo* = (VL0 — 20,®)* are the formal adjoints of O and
V}I;O = V0 —20,® = 9 — 2td¢ — 20® with respect to (-, VL2(U,e- 2020y
respectively, 55* and (VE)LO* are the formal adjoints Ofglf' and (VE)LO with

respect to (-|-) respectively.

Secondly, we use Proposition 3.5 and the generalized Kéahler identity for
the line bundle (U x C, e2¢=2%) over U:

04, ON =V=1(Vy" + T),
1,0% _ VS e
Vg™, 00 == V100 jo:r)’ (3.35)
A8 = - V=1(Vg" +T),
[A’ V<11>’0] :\/__1(5; + ?*)a

to obtain Proposition [T} which is analogue to Proposition Finally, by
Proposition [Tl and (3.33)), we obtain Theorem along the argument in
the proof of Theorem 3.1

3.3. Versions of CR Bochner-KodairalNakano formula

3.3.1. The version of zero order error term

Along the argument in B, VII.1], we can reformulate (L2]) to eliminate
the first order error term [(VE)10, 7% — [55,7'*].

Proof of Theorem [1.3. It is clear that

=L * £3
Oy = (VO + T, (Vi) + 77
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is a positive formally and self-adjoint, because
@yrsls) = 1(VE)0s + Ts[ + [1(VE)-0%s + T*s|2 > 0
for s € Q0°(X, L). We need the following two lemmas.
Lemma 3.1.

[@X/\,'T] = 30,9x, (3.36)
A,T] = —2v/=1T". (3.37)

In fact, by [ex/\,ab@)(] =0Ox NOpOx AN—0,0x NOx A =0, the Jacobi
identity implies

[@)(/\,7—] = [@)(/\, [A,ab@x]] (3.38)
= —[A[0,9x,Ox]] — [0hOx, [Ox A, A]] (3.39)
= —[Ox,[OxA,A]]. (3.40)

Since 9,0x € Q1(X) and [OxA, AJlu = (p+ ¢ — n)u for u € QP4(X) with
dimgp X = 2n + 1, we have

—[61,@)(, [@X/\,A]]u = —0,0Ox A [@X/\,A]u + [@X/\,A](ab@)( A u)
=—(p—f—q—n)@b@X/\u—i—(p—i—q—i—?)—n)@b@)(/\u
= 30,0x Nu. (3.41)

Thus (B.38) holds. From Proposition [T we have

AT] = [A, V=10, 0xA] — (VE)M]
= —VEIA B, 0xA] - V=10, + T7. (3.42)

By the Jacobi identity,

A3, 0x])] = —[3, ", [0xAAll - [Ox,[A,3,]]
= 9 0x, Al + [0x, A5, — [Ox, [A, 3]
= -9, — [Ox,[A3,]]
= -9, ~ [0y, 0x], A" (3.43)
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=L =L =L =L .
From [0, ,0x]s =0, (Ox As) —Ox NJy s = (9, Ox) A s, we obtain
A, [0, 0x]] = —8," — [0 0x, A" = -8, + T, (3.44)

thus [A,T] = —v/—1(=0, +T) — V=10, + T = —2/—17 ", that is,
B37) holds.

Lemma 3.2.

(VEYO, T = ~[(VE)2, 8, = [T, ), (3.45)
—OL. T =T, (VLo 4+ T4 + To. (3.46)

In fact, the Jacobi identity implies that
=V A (VO + A LV (V)M + (V) 2, V)0, Al = 0.
Since (VE)LO(VE)LO = 0, we have [(VL)L0, [A, (VE)1Y]] = 0. Thus we have
(VO T = (WO, (V=I[(VH)Y, 0xA] - 8,)]
= (V)"0 3,71 = V=LV O A, (V)]
= (V)" 3]
= [T +V-10,",6x),3,7]

= [T.3] + V_1[[or, 0x], 35
= T3] (3.47)

Thus (3Z5) holds. From @37), 7~ = Y2[A, 7],
v—=1

[55,7_‘*] = T@g” A, T]). (3.48)
Jacobi identity implies that
@ [AT] = [A (T3, + [T, [0, All, (3.49)
T.9,] = [0, 7] = [0, . [A O] (3.50)
= [A,[8,0x,0,]] + [3:Ox, [0r, A]]. (3.51)

From [6{,@){,5{;] = (ab@)() N 55 + 55(8{,@){/\) = 5b8b®x and Proposition
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[LT we have
[T, 3y] = [A, 09,0 x] + [3,0x, 4],
where A := [y, A] = v/=1((VE)L* + T*). Thus
AL [T, 3,1 = [A, [A, 330,00 x]] + [A, [30x, A]l.
We consider

(A, [0,0x, Al] = [A, [A, 0,0x]] — [0:,0x, [A, Al
= [T, A] + [6{,@){, [A, AH

By [B34), we have [T,0xA] = —30,0©x. From that
[(VE)"0,0xA] = (Vi) P(OxA) — Ox A (V)" = 0,0x,
we have

[A,A] = [A V=1V +T7)]
= V=I[(V)", 0x]* + V-1[T, 6x]*
= V=1(00x)" — 3V=1(9,0x)"
= —2V-1(%0x)".

Now (B54) becomes
A, [30x, Al = [T. [0, . Al] - 2V~1[,0x, (3,0x)"].

From ([349), (B53) and (B.356]) we have

149

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

@, [A, T = [A, [A, 00,0 x]] + 2[T, By, Al — 2V~ 13O x, (3O x)"]

=2V—1(To + [T, (V)" + T7])

(3.57)

From (348), we have [55,7'*] = —(To + [T, (VE)L0* + T+]), that is, (340)

holds.
Finally, we use (3.46) to obtain:

Ty +(VEYWO, T =0, T = Ty + (VO T +To+[T, (VE) O + 7]
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= (V)Y + T, (VY + T + Te
= Tyr+To. (3.58)

So (7)) follows from (L2I). O
Similar to E, VII.1] it also follows that:

Theorem 3.6. Let Alg,T = [Vé—i—T, V,f*—l—’T*]. Then, we have on Q**(X, L),

Arr=0F + 0y 7 (3.59)

Proof. By 340), [T + (Vf)l’o,gf*] = 0. Thus, we have

Abr = (VIO 40y + T, (V) + 3, + T (3.60)
= [0,,9,"1+ Do (3.61)

= [+ ﬁb,’]’- (3.62)

0

3.3.2. The twisted version

In order to establish vanishing theorems, we need another twisted version
of Bochner-Kodaira-Nakano formula. The bundle K% := det(T"°X) is a R-
equivariant CR line bundle over X. The (1, 1) form © x induces a R-invariant
Hermitian metric h*x on K% . Let RXX be the curvature of K% induced by
hEx .

Note that the curvature R¥x of K% with respect to hEX can be repre-
sented as follows: REX = 9,0, log det (<ZJ|Z/€>)§‘LJ<;:1 on a BRT chart D. It is
clear that R¥X is independent of the choice of BRT coordinates and hence
REX is globally defined, i.e. REx € QV1(X).

Let
U:TMX QL - T"IX oL Ky (3.63)
be the natural isometry defined as follows: Let D = U x I be a BRT chart.
Let {fj}?zl C TYD, {e;}jo C T*19D be as in [@20). Then, for s €
T%X @ L,

Us:=2l A...NEuASR (L1 A...ANL,) €T"™IX L ®Ky. (3.64)
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It is easy to see that the definition above is independent of the choices of R-
invariant orthonormal frame {L; }?:1 C T"°D and hence is globally defined.

We have the isometry:
U:0%(X, L) - Q(X, Lo KY). (3.65)

Moreover, it is straightforward to see that for s € Q%9(X, L)
ays= w9y s, B)s = v N s, OFs = vl s,
(3.66)
We can now prove:

Theorem 3.7. With the notations used above, we have on Q%*(X, L),

OF = o 'O % v + (2(—\/—1T)$ + RL®K§> (T, Li)ex Air,

(L [5{;, xIrW"*xp], (3.67)

where {fj}?zl is a local R-invariant orthonormal frame of T*°X with dual
frame {e;}]_; C 70X,

Proof. Let s € Q%9(X, L). From ([3.66) and (LZ), we have
OFs =00, % ws
—u T W + U 2012, A (—V/ 1T (Us)
+\Ij—1[\/__1RL®K;(7A]\IJS+\I]—1<(v£®K§()1,OT*+T*(V£®K;()1,O>\I/S
- (55\1:*1?*% + \1/*1?*@555). (3.68)
We can check that
[2\/ —-1.2, A] 22.,%(1]', Lk)(éj N izk — Z'L].ek/\),
2V—1R*®¥% A] =RMEX (L, Li)(8; Aig, — i er).

From (B.68]), (3.69) and notice that

(3.69)

(€j Nig, —irex\)v = ex Nir,v,
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T*(VESEX)L0y = 0, for every v € Q(X, L ® K%) and T' commutes with

U, we get (B.67). O

4. Two basic vanishing theorems

Firstly, we present two basic inequalities in this context.

Corollary 4.1 (CR Nakano’s inequality I). With the notations used above,
for any s € Q2°(X, L),

;(Dgs|s) > (22T + V=IR", AJs|s)
1 . _ .
—§(HTSHQ H T sl + [T sl + 1T s)1%)- (4.1)
If (X, T°X) is Kdhler, i.e., d®x = 0, then

(OFs|s) > (LT + V—1R, A]s|s). (4.2)
Proof. By CauchySchwarz inequality (also see E, Theorem 1.4.14]), The-

orem [[.2] and note that 7 =0, 7* =0 if d®x = 0, we get the corollary. O

Similarly, by Theorem B.7] (also see E, Corollary 1.4.17]), we have:

Corollary 4.2 (CR Nakano’s inequality II). With the notations used above,
Jor any s € QY°(X, L),

g(D{;sLS) > ((20-V=IT)Z + R¥55) (I, Lijex i, sls)
—%(HT*?II2 + 3012 + 1T s)1%). (4.3)
If (X, T°X) is Kdihler, i.c., d®x = 0, then
(OFs|s) > ((2(—\/—_1T).,§,” + RL®K$<) (L, Li)er A iL].S\3> L (44)

Remark 4.3. Let X be strictly pseudoconvex CR manifold and gx is the
Levi metric such that 2/—1.2 = ©x. Let V be the canonical connection
determined by gx and Ric be the pseudohermitian Ricci form. Then, for
s € Qg’q(X), 1 < g < n, it is already known from , Theorems 5.1, 5.2]
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that
(Opsls) > ¢ (V—\/—TTS’S) + (Ric(Ly, Ly)ep Nir,s|s),

which is compatible to ([@4]). It is also an interesting problem to formu-
late a CR Bochner-KodairaNakano type formula for arbitrary CR manifolds

(without group action) as well as to generalize the classical Tanaka’s formula

13

From now on we consider CR manifolds with transversal CR Sl-action.

For r,q € Ng,m € Z, we set

QpIX,L) = {Q1(X,L) : —V/—1Ts = ms}, (4.5)
HT(X,L) == Kerd, NQU4(X,L)/Imdy NQMI(X,L).  (4.6)

From @, Theorem 3.7] it is known that:

Theorem 4.4 (@]) Let X be a compact, connected CR manifold of dimen-
sion 2n + 1 with a transversal CR S' action and let L be a rigid CR line

bundle over X with a rigid Hermitian metric h* on L. Then, for m € Z,

Ker Of NQIA(X, L) = Hy? (X, L). (4.7)

We will need the following simple result by calculation (see E, Problem
1.10)).

Proposition 4.5. For a real (1,1)-form /—1a € QY1(D), if we choose
orthonormal frame {fj};.‘zl of TY°D with the dual frame {Ej}?zl of T*1'9D
such that /—la = /=1)\;(z)€; A e; at a given point x € D, then for any
u=73r; ury(z)e! Ael € Q**(D), we have

n

[V=Ta, AJu(z) = (Z A(@) +> N(x) - Z )\j(zc)) ury(z)el Ae’.

(4.8)

We remark that if \/—1R_L2ﬂ = 2¢/-1.%2 + V—1IR" > 0 on X, then
it induces a Hermitian metric (-|-)¢  on CTX and (-|-)¢ 1 induces a

Hermitian metric (-|-)¢ ; on T***X. More precisely, we can construct a
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Hermitian metric (- |+)¢ ., on CTX = THOX@T" X HC{T} in the following
way: For arbitrary a,b € TV0X, we set

<a‘b>g7L = Rféﬂ(a,g), <6’5>,$7L = <b\a>$,L, <a’5>iﬂ7L = 0, <T’T>57L = 1.

Similarly, we can consider, for k,m € Z, the Hermitian metric induced by
2k% +/—1RL™ > 0.

Proof of Corollary[1.3. Let s € Q) (X, L). Then
22T 4+ vV—1RF, A]ls = [2movV/—1.% + vV —1RL, Als. (4.9)

Let Oy := 2mgyv/—1.Z ++/—1R". Then Oy is a Kdhler metric on X. Then
the Hermitian torsion 7 = 0. From Corollary [£.1],

(@psls) = ([Ox, Als|s) = (r+q—n)|ls|* > [|s|*
The proof is complete by Theorem (.41 O

Proof of Corollary[L.8. Let s € Q07(X, L™). Then, by Corollary I3

(2=v=IT).2 + RY"OK5) (T, LiJer Avinys

o L (4.10)
=m(2.Z + RL)(L]', Ly)er A iLjS + REx (Lj, Li)er A Z'Ljs

Let Oy := 2v/—1.Z +/—1R"Y. Then Oy is a Kihler metric on X and there
exists C' > 0 such that

(@p"sls) = (mg — O)|s|* = (m — C)]s|*

for m > 0. The proof is complete by Theorem (4] O

5. Further Results and Application

Let X be a CR manifold with a transversal CR R-action. Let ©® x be an
R-invariant Hermitian metric on X. Let gx be the underlying Riemannian
metric associated to ©x on X. Let L and F be a R-equivariant CR line
bundle over X with a R-invariant Hermitian metric h* and A*.

The main goal of CR vanishing theorems is to find natural geometric
condition on the curvature of L or the Levi form .Z on X such that Kohn-
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Rossi cohomology group or the space of harmonic forms with values in L
vanish. In this section, we show several refinement of Corollary and
analogue to the complex manifold case. This section follows closely from E,
Ch. VII. Sec. 2-Sec. 5].

5.1. Basic priori inequality

Let X be compact with dim X = 2n + 1. For s € QP4(X, L), we have
(OFs|s) = H555H2 + ||5£*s||2 > 0 and the similar formula for 0, - shows that
(@5 ss) > 0. Theorem

OF = Oy 7 + 22T + V=1R" A] + Te, (5.1)
gives
18y s+ 18,"sI? = (Tyrsls) + /X (22T + V=1RE, AJs|s) + (Tos|s)dvx
> /X([2.,§,”T—|—\/—_1RL,A]313> + (Tos|s)dux.
If D,fs = 0, we obtain

0> / (22T + V=IRE, Als|s) + (Tos|s)dvx. (5.2)
X

Note that 22T + —1RL, Al + T = OF — EII;J,T is formally self-adjoint on
OP9(X, L). Thus we have:

Proposition 5.1. Let X be compact. If 0 < p,g < n and (2ZT +
V=1IRE A] + Tes|s) > 0 for all s € OP9(X, L), then

KerOF nQP9(X, L) = 0. (5.3)

5.2. CR Akizuki-Nakano vanishing theorem

Let D,f be the Gaffney extension of the usual Kohn Laplacian in this

section.

Theorem 5.2. Let ¥ =0 on X.
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(a) If V/—1RF is positive and ©x = /—1R" is complete, then, for p 4+ q >
n—+1,

KerOf N L2 (X,L) =0. (5.4)

(b) If V—1R" is negative and © x = —/—1R" is complete, then, for p+q <
n—1,

KerOf N L7 (X, L) =0. (5.5)

Proof. In the case (a), we have © x = /—1R! is complete Kihler metric
on X. Then, for s € QP4 X, L) with p+q > n + 1, we have

([V=1R", Alsls) = (p +q —n)|s|* > ||s|”*, (5.6)

and thus ||5bLs||2 + ||5bL*s||2 > ||s||?>. By the density lemma, the previous
inequality holds for s € Dom 55 N Dom 55* N Lqu(X ,L). In particular, the
assertion (a) holds.

In the case (b), we have © x = —/—1R" is complete Kihler metric on
X. Then, for s € QP%(X, L) with p+ ¢ <n — 1, we have
([V=1R", AJs|s) = (n — (p + @)s]* = lIs||*. (5.7)

and thus ||5,fs||2 + ||5,f*s||2 > ||s||?>. By the density lemma, the previous
inequality holds for s € Dom 55 N Dom 55* N Lqu(X , L). In particular, the
assertion (b) holds. O

From Theorem [£4] we have a immediate consequence as follows, which
can be viewed as CR Akizuki-Nakano vanishing theorem.

Corollary 5.3. Let X be a compact CR manifold with a transversal CR S*-
action. Let L be a S'-equivariant CR line bundle over X with a S'-invariant
Hermitian metric h*. Let £ =0 on X.

(a) If V—1R" is positive, then, for p+q > n+ 1, we have
HPY(X,L)=0, meL. (5.8)
(b) If V—1R" is negative, then, for p+q <mn — 1, we have

HPA(X,L) =0, meZ (5.9)
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We remark that, instead of the case of trivial Levi form . = 0, the
case of trivial line bundle L = X x C was considered in ﬂﬁ], see the notions
and proof therein. We obtained a CR counterpart of the Kodaira vanishing
theorem as follows.

Corollary 5.4 (ﬂg]) Assume that 2v/—1.¢ = Ox, gx is complete and let
A<0and 1< qg<mn. Then, we have

KerO, N &\, V-1T)N L2 ,(X) = 0. (5.10)

Also we obtained a CR counterpart of the Kodaira-Serre vanishing the-

orem as follows.

Corollary 5.5 (E]) Assume that 2./—1.2 = Ox, gx is complete and let
C > 0 such that

2W/—1% =0x, +—1REx > —Coy. (5.11)
Let A\ < —C and 1 < g <n. Then, we have

KerO, N &A, V—1T) N L§ ,(X) = 0. (5.12)

5.3. Girbau’s vanishing theorem in the CR setting

Assume that X is compact, dOx = 0 (i.e.,, Oy is Kéhler metric) and
% =0 on X in this section, we will use the formula

Of =8y + [V—1RE, Al (5.13)

to obtain the analogue of Girbau’s theorem with degenerate semi-positive
line bundle in the CR setting.

Theorem 5.6. Let X be compact. Let £ =0 and dOx = 0. If /—1R" is
semi-positive and has at least n — s + 1 positive eigenvalues at every point
x € X, then there exists a Kahler metric ©x . on X such that

KerOj, NOP9(X,L) =0, p+q>n+s, (5.14)

where D,fe is with respect to ©x ¢ and ht.
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Proof. Let us construct a new Kéahler metric
Ox.=¢eOx +V—1RF, €e>0. (5.15)

Here € will be determined later. Let /—1RY = /=1 27:1 Ajej N e; with
A < -+ <\, as in Proposition 3 Then
n
@X,e =v-1 Z(E—l—)\j)éj Nej. (5.16)
j=1
Thus the eigenvalues of v/—1R" with respect to © X,e are given by

)\,
Nipg = —2 0.1 1< <n. 5.17
7 €+)‘j€[7)7 _.]_n ( )

The hypothesis implies that As(z) > 0 at every point z of X. For j > s we

have \; > Ay, thus

, s<j<n. (5.18)

Let us denote the operator and Hermitian inner product with respect
to Ox, with € as an index. For s € Q”9(X, L) with p+ ¢ > n+ s, we have

g—s>n—p>0and p—s>n—q>0. By Proposition 45, locally we have

([V=IR" Ads|s)e = (Z Aj(x) + > () - ZAj(x)) |51 (2)[?

JoNgel jeJ
n

> < Aje — E Aj >\3\2
- J,€ € €

J=1 Jj=p+1

s—1 q n

2

> ( Nt D Xe— Y )\j,5>’3’5

Jj=1 j=s Jj=p+1

> (g =5+ 1)(1 = 57) = (1= p)lsf?
>(prq—n—s+1—(g—s+1)—

/\s)\S\?- (5.19)
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Finally we choose € > 0 such that

€< min A (z), (5.20)

where min,cx As(x) can be achieved by the compactness of X. The proof is
complete by applying

OF. =0, + [V=1R", A/] (5.21)
onse€ QPYUX L) withp+q>n+s. O

From Theorem (4] we have

Corollary 5.7. Let X be a compact CR manifold with a transversal CR S*-
action. Let £ =0 and d®x = 0. Let L be a S*-equivariant CR line bundle
over X with a S*-invariant Hermitian metric h*. If /—1R" is semi-positive

and has at least n — s + 1 positive eigenvalues at every point x € X, then

HP(X,L) =0, pt+g>n+sméeL (5.22)

5.4. Vanishing theorem for partially positive CR line bundles

Even in the case that /—1R” is not semi-positive, Kohn-Rossi coho-
mology (or the space of harmonic form) of high tensor powers L still vanish
under suitable assumptions. The following can be viewed as a analogue
result of Andreotti-Grauert theorem in the CR setting.

Theorem 5.8. Let X be compact. Let £ =0. Let 1 < s <n and V—1RE
has at least n — s + 1 positive eigenvalues at every point x € X. Then there
exist kg € N and a Hermitian metric ©x . such that

Ker OF®F 0 Qma(X, LF @ F) =0, k> koq>s>0, (5.23)

where Dble@)F is with respect to © x , hY and B

Proof. The idea is to construct a Hermitian metric © x . on X such that all
negative eigenvalues of /—I1R¥ with respect to Oy . will be of sufficiently
small absolute value.

We will use the fact:



“BN16N22” — 2021/7/14 — 22:18 — page 160 — #34

160 HUAN WANG [June

Lemma 5.3 ([], Ch. VIL (5.2)). Let ¢ € €®(R,R). If A is a Hermi-
tian matriz with eigenvalues A\ < --- < A\, and corresponding eigenvectors
U1, ,Un, we define Y(A) as the Hermitian matriz with eigenvalues 1(A;)
with eigenvectors vy, -+ ,v,. Then, the map ¥ : A — (A) is smooth on
Herm(C™).

Let ©x be the fixed Hermitian metric on X and let Ay < --- < A,
be the corresponding eigenvalues of /—1RY given by locally v/—1RY =
V=1 Zj Ajej Aej. Note that As > 0 by the hypothesis on /—1RE.

Let

to = 1§f As >0, M= s;p 1réljagxn |Aj] > 0. (5.24)

Let € > 0, which will be determined later. We can choose 9, € €°(R,R)
such that

wE(t) = t7 t Z tOv
Ye(t) >t 0<t<to; (5.25)

Ye(t) %, t<0.

€

By applying the above Lemma to 1),
Ox.c := Ye(vV—1RF) (5.26)

is a smooth Hermitian metric on X. We write
n n
vV —1RL =v-1 Z )‘jéj Nej, @X,e =v—-1 Z @Z)e()\j)gj N €j, (527)
j=1 j=1

where {€;};—1 are local orthonormal frame of T1%*X with respect to ©x.
The eigenvalues of v/—1R" with respect to © X,e are given by

Aje = ~. (5.28)

The construction of 1. shows that

—e< )\ <1, forl1<j<n.

(5.29)
Aje=1, fors<j<n.
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In fact, we have

Aje=1, when \; > to;
Nje <1, when 0 < \j < tp; (5.30)
Ajie

Aj
29>
EM_

—e, when \; <0,

and if s < j < n, then \; > Ay > tp and thus A\; = 1.
Now let s € Q9 X, LF @ F). Locally we write

s = Z SJ@N/\€J®elz®f,
|J|=q

where ey, and f denote local orthonormal frame of L and F. Then, note
q > s, we have

(VTR Adsls)e = > (O Njo)lssl®
7 jed (5.31)

> ((q—s+1) (s = e)lslZ.

Choose € = % and thus
1
(V—=1R* As|s)e > gISIS-

Since that RF*®F = kRL + RF , there exist ky > 0 and C' > 0 such that for
k > ko, we have

(D05 s]s)e > (WV=IRM®F Alls|s)e + (Toy sls)e > Clls[?. (5.32)
The proof is complete by Theorem O

From Theorem [£4] we have

Corollary 5.9. Let X be a compact CR manifold with a transversal CR
Sl-action. Let L,F be a S'-equivariant CR line bundle over X with a S'-
mvariant Hermitian metric hL, R Let ¥ =0. Let 1 < s <n and v/—1RE
has at least n — s + 1 positive eigenvalues at every point x € X. Then there
exists ko > 0 such that

Hy (X, L*® F) =0, k>ko,q>s>0,méeZ (5.33)
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Remark 5.10. By replacing F' by F ® det(T"°X) above, we also have

H)L(X,L*®@F) =0, k>kp,q¢>s>0,meZ (5.34)

5.5. On the CR index theorem with S! action

Many classical results in algebraic and complex geometry are derived by
combining a cohomology vanishing theorem with an index theorem. Follow
this principal, We combine the the CR index theorem with S and Corollary
and to detect the existence of CR sections, see ﬂ, Corollary 1.13,
Corollary 1.20].

Theorem 5.11 (H]) Let X be a compact, connected CR manifold of di-
mension 2n + 1 with a transversal CR locally free S* action and let E be a
rigid CR vector bundle over X. Then, for m € Z,

n

> (1Y dim Hy (X, E)
j=0
1 w
= pépm—/ Tdb(Tl’OX) A ch b(E) A 6md270 A wo
2 X
n

= rank (E)pdym, "

nl(2m)nt1 /X(dwo)n Awo+ O(m" 1),

where Tdy(TYX) denotes the tangential Todd class of T*°X and ch,(E)
denotes the tangential Chern character of E.

Therefore, from Corollary and Corollary [0l it follows that:

Corollary 5.12. Let X be a compact, connected CR manifold of dimension
2n 4+ 1 with a transversal CR locally free S' action and let L be a rigid CR

line bundle over X with a rigid Hermitian metric h* on L.

(1) If mg € Z such that 2moy/—1.% + vV—1R* > 0 on X, then we have

dim Hy,,, (X, Kx ® L)

1 dw,
= POplmo - / Tdy(TOX) Achy(Kx ® L) A ™2 Awg
X

my

— p(stoW A(dwO)n /\WO +O(mg*l)
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(2) If 2/=1.Z + V—1RY > 0 on X, then there exists mg > 0 such that for

each m > mgy, we have

1 w
dlmHl?’m(X, Lm) — pépm%/XTdb(Tl’oX) /\Chb(Lm) /\emdQ—wo A wo

n

o / (doso)"™ A o + O(m™ 1),
X
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