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Abstract

In this research article, we discuss the existence results and uniqueness of solutions for
a class of boundary value problems of fractional differential equations with the y)—Caputo
fractional derivative. The reasoning is mainly based upon different types of classical fixed
point theory such as the Banach contraction principle and Krasnoselskii’s fixed point theo-
rem. Besides, the Ulam-Hyers result is addressed for the proposed problem. We illustrate
our main findings, with a particular case example included to show the applicability of our

outcomes.

1. Introduction

Fractional calculus generalizes the integer-order integration and differen-
tiation concepts to an arbitrary(real or complex) order. Fractional calculus
is one of the most emerging areas of investigation. The fractional differen-
tial operators are used to model many biological and physical phenomena,
mathematical modeling of engineering, etc. in a much better form as com-
pared to ordinary differential operators, which are local. To get a couple of
developments about the theory of fractional differential equations, one can
allude to the monographs of Hilfer [17], Kilbas et al [22], Miller and Ross
[23], Oldham [25], Pudlubny [26], Sabatier et al [28], Tarasov [31] and the
references therein.
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At the present day, there are numerous results on the existence and
uniqueness of solutions for fractional differential equations. For greater de-
tails, the readers are cited the previous research [22, [10, 15, [12, 4, 8] and
the references therein. however, due to the fact that in lots of conditions,
which include nonlinear analysis and optimization, locating the exact solu-
tion of differential equations is almost tough or impossible, we don’t forget
approximate solutions. it is essential to observe that only stable approximate
solutions are proper. various approaches of stability analysis are adopted for
this reason. The HU-type stability concept has been taken into considera-
tion in the severa literature. The said stability analysis is an clean and easy
manner on this regard. This type idea of stability become formulated for
the primary time by means of Ulam [32], and then the next year it become
elaborated with the aid of Hyers [18].

Inside the starting, this concept became implemented to ordinary dif-
ferential equations after which extended to fractional diferential equation
FDEs. We refer the readers to [19, 20, 21, 24, 19, 27].

In this paper deals with the existence and uniqueness of solutions for
boundary-value problem of the nonlinear ¥—Caputo fractional differential
equations

u(t) = f(tu(t), Do u(t)), teJ=[a,T),
(1)
u(T) = Au(n).

where CDf:fb is the ¢-Caputo fractional derivative of order a € (0,1],
f:]a,T] x R — R is a given continuous function. A is real constant and
n e (a,T).

Here is a brief outline of the paper. The Section 2 provides the definitions
and preliminary results that we will need to prove our main results and
present an auxiliary lemma that provides solution representation for the
solutions of Problem ([I). In Section 3, we establish existence and uniqueness
for fractional differential equations involving ¥»—Caputo fractional differential
operator. In Section 4, we discuss some types of fractional Ulam stability.
In Section 5, we give an example to illustrate the obtained results.
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2. Preliminaries and Lemmas

In this section, we introduce some notations and definitions of fractional
calculus and present preliminary results needed in our proofs later.

Let C(J,R) the space of real and continuous functions with the norm
[ulloo = sup {llu(@)]|: ¢ € J}.

Let L'(J,R) be the Banach space of Lebesgue integrable functions u : J — R,
equipped with the norm

[[wllz: Z/Jlu(t)|dt.

We begin by defining 1-Riemann-Liouville fractional integrals and deriva-
tives. In what follows,

Definition 1 ([4]). For a > 0, the left-sided ¢)~Riemann-Liouville fractional
integral of order « for an integrable function u: J — R with respect to

another function ¢: J — R that is an increasing differentiable function
such that ¢/'(t) # 0, for all ¢ € J is defined as follows

Y - L t ‘(s — () Lu(s)ds
T2u(t) = e [ W = v u(s, @)

where I' is the classical Euler Gamma function.

Definition 2 ([4]). Let n € N and let ¢,u € C"(J,R) be two functions
such that ¢ is increasing and ¢'(t) # 0, for all ¢ € J. The left-sided -
Riemann-Liouville fractional derivative of a function u of order « is defined

by
- r(nl—oo (Wl(t) %> / () (ap(t) — (s))" " Lu(s)ds,

where n = [a] + 1.

Definition 3 (J4]). Let n € N and let ¢, u € C™(J,R) be two functions such
that 1 is increasing and ¢/(t) # 0, for all ¢ € J. The left-sided 1-Caputo
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fractional derivative of u of order « is defined by

cpas, oy _ gnas (1 d\"
Da+ 'U,(t) - Ia+ <1/}/(t) dt) U(t),

where n = [a] + 1 for « ¢ N, n = o for a € N.
To simplify notation, we will use the abbreviated symbol

al () = <¢,L(t)%>nu(t).

From the definition, it is clear that

V(s t ?/1( D" :
Zjiwu / — ) ugp](s)ds , ifa ¢ N,
51 (t) , ifaeN.

[March

(3)

We note that if u € C™(J,R) the ©)—Caputo fractional derivative of order

o of u is determined as

D u(t) = DY |ult) = Y~ (w(t) — )

(see, for instance, [4, Theorem 3]).

Lemma 1 ([6]). Let o, 8 >0, and u € L*(J,R). Then
Iaf/’Iff/’ (t) = Isfﬁ;wu(t), a.e.tel.
In particular, if u € C(J,R), then Igijfiwu(t) = Igjﬁ;wu(t), tel.

Lemma 2 (|6]). Let o > 0, The following holds:
If u € C(J,R) then

CDEIT P u(t) = u(t), t e .

Ifue C"(J,R),n—1<a<n. Then

n—1

Iﬂ/} CD

k=0



2021] IMPLICIT FRACTIONAL DIFFERENTIAL EQUATION

Lemma 3 ([6]). Lett >a, o >0, and B> 0. Then
o TH(6() - 0(@)* ! = () — (@) o,
o ODIY(W() — (@) = i (U() — (@),
o DN (W(t) — ¥(a))F =0, for allk € {0,...,n —1},n € N.

3. Main Results

Before starting and proving our main result we introduce the following

auxiliary lemma.

Lemma 4. Let 0 < a < 1,p > 0 and w € C(J,R). Then the linear anti-

periodic boundary value problem

CDYu(t) = o(t), teJ,
w(T) = Au(n),

has a unique solution defined by
) = [ 6 W0~ 06 ottt
1 [ VO 00 - s ot
bt [ 6 0T v ot ).
Proof. Assume u satisfies (). Then Lemma [2] implies that
u(t) = I (t) + ¢1.

The condition (4] implies that

Thus,

(4)
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Consequently,
1 . .
a=x {)\Ia’wa(n)) - Ia’wa(T)} .
Where,
A=(1-X).
Finally, we obtain the solution in the equation (f). O

Lemma 5. Assume that f : J x R x R = R is continuous. A function
u(t) solves the problem () if and only if it is a fixed-point of the operator
G:C(J,R) — C(J,R) defined by

Gult) = s [V 00— 66 1 (su(6), “DE ) ds
1 [ @ - w6 F (5:0(6). OO u(e)) ds

a

+ﬁ%gliﬂwﬂwﬂﬁ—w@»“*f(augxopg%4Q>@}_(n

In the following subsections, we establish the existence and uniqueness
of solutions for the boundary value problem (II) by applying a variety of fixed
point theorems.

3.1. Uniqueness result via banach fixed point theorem

Theorem 1. Assume that f : J X R x R — R be a continuous function
satisfying the Lipschitz condition:
(H1) There exists L1 > 0 and 0 < Ly < 1 such that:

|f (t,u1,u2) — f (t,v1,02)] < Ly fur — vi] + Lo Jug — vaf
fort € J and every u;,v; € R, (i =1,2) If

P {WWU—%M@W 1{Awmn—w@»“ <wav—w@»“}}

1| T+l AU T(a+D T(a+1)
<1

then the boundary value problem () has a unique solution on J.
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Proof. In the first step, we prove that GB,, C B, where the operator G :
C(J,R) — C(J,R) defined by () and

B, = {u S C(Jv R)7 HuH < 7"}

with choose r > 1?—/2\1, where A; < 1 and

1 {(¢(T>—w<s>>“+1 {A(w(n)—w(S))“ <w<T>—w<s>>“}}

1— Ly A T(a+1) T(a+1)

A2 = FNa+1) A

and sup 1e|f(t,0,0)] := p < 00. Set Ky(t) := f (t,u(t), “Dfu(t)) . For any

u € S, we have

|Gu(t)] <sup|Gu(t)]

teJ

1 ¢ / a—1
sSup{m [ @l — ) (o) s

teJ

1 A n ’ a—1
s [ VO 0 - s Kl
1 T ! a—1
b [ 6 D) — ple) Kol ds ).

From (H1), we get

Kul) = | (s,u(s), “Duls)) |
< |7 (5,u(), “DIu(r)) = £(5,0,0)| +1£(7,0,0)
< Ly fu(s)| + Lo [“D3uls)| +
= Lir + Lo |Kyu(s)| + 1

which gives
(Lar +p)
— (8)
1— Lo

[Ku(s)] <
Therefore,

Lyr 4+ p) a—1
Guto] < sup { EE [y (ute) - vt s

R s
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Ll / (6 () — vl asf |
<<L1r+u>{<w<T> ()" 1{A<w<n>—w<s>>a w(T)—w(s))a}}

= 1-L, L(a+1) A D(a+1) * (a4 1)
 Lir [((T) —(s)” () —b(s)* | (@(T) —(s)”
_1—L2{ T(a+1) K{ a+1) T Tt }}
o [ @(T) =(s)™ |1 A0 —¥(s)” | @) —¥(s)”
+1—L2{ Dl +1) +K{ I(a+1) [(a+1) }}
=Ar+Ay<r
|Gull <r (9)

which implies that Gu € B,.. Moreover, by (), and Lammas 2] B we obtain
Cpyap _ Cpasprap _
D FGu(t) = "D T Tu(t) = Ku(t)

since Ky (-) is continuous on J, the operator CDgf Gu(t) is continuous on J,
that is GB, C B, Next, we apply the Banach fixed point theorem to prove
that G has a fixed point. Indeed, it enough to show that G is contraction
map. Let uy,us € C(J,R) and for ¢ € J. Then, we have

Gun (0)-Guat) < { s
_I_

) Ja
1 A ! a—
K{r(a /aws) (W) =1()* " |Ku, (8) = Kuy ()] ds

1 ! / a—1
+W/a W (s) ($(T) =4 (s)) |icul<s>—/cu2<s>|ds}}

1/1 ) 1VCu1( )= Kuy ()] ds

by (H,), we get

[Kaun(5) = K ()] = [ (5, 1(5).C DePus (s >) = 1 (5:01(5), “DFus(9))|
< Ly Juy — ug| 4 Lo|¥ D% o Yu () — CDz‘f’ug(s) |
= L1 fu1 — ug| 4 L [Ky, (5) — Ku, (5)]
which implies

Ly
1— Lo

Kuy (8) = Kus (5)] < ur — ual. (10)
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Then
L (Y(T) — ()"
IGu1 - Gz S1—1L2{ T(a+1)
L[ A(n) = ()" | ((T) —4(s)”
+K{ Tatl) | Tatl) }}"“1_“2”‘

Consequently, ||Gu; — Gua|| < Aq |lu; — ug||. Since A < 1, the operator
G is contraction mapping. Hence, we deduce by Banach contraction mapping
principle that the operator G has a unique fixed point, which corresponds
to a unique solution of the problem in Equation () on J. The proof is

completed. O

3.2. Existence result via Kransnoselskii’s fixed point theorem

In the next existence result, we apply Krasnoselskii fixed point theorem
[28].

Theorem 2. Assume that (Hy) holds. If

P {(lb(T)—?/)(S))aJrl{AW(U)—?!)(S))Q (¢(T)_¢(S))a}}

T1-1, T(o+1) A T(a+1) T(a+1)
<1

then the problem (Il) has at least one solution on J.

Proof. Consider the operator G : C(J,R) — C(J,R) defined by (). Define
the ball

By, :={u e C(L,R): |ul| <rp}.

Now we subdivide the operator G into two operators G; and Gz on B,,, defined
by

Guult) = 5 { ey [ ¥/ W) w6 Kl

1 T / a—1
e | YO @D - ve) /@(s)ds}

and
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Gou(t) / V(s — ()" Ku(s)ds.

Taking into account that G; and Gy are defined on B,,, and for any u €
C(J,R),

Gu(t) = Gru(t) + Goult), te€
The proof will be divided into several steps:

Step 1: Giu; + Gous € B, for every uj,us € By,. For u; € B, and using
the same arguments in (8), we get

(LlTO N)
<

Similarly, for us € B,,, we obain

(Liro + 1)

<
Kun ()] <

Now, for uj,us € By, and t € J, we have

|Gru1(t) + Goua(t)] < |Grua(t)] + |Gaua(t)]

a—1
< [ #0600 - o) Kl s
1 / a—1 ]C d
= {@/ 01(6) (0) = 9($))" " Ky )]
b [ 6 ) v ol s}
() Jq “
=A1rg+ Aoy < 1g
which gives
|G1ur + Goual| < ro.
This proves that Giu; + Goug € By, for every uy, us € By,.

Step 2: G is a contration mapping on B,, since G is contraction mapping
as in Theorem [ then G; is a contraction map too.

Step 3: The operator Gy is completely continuous on B,, First, from the



2021] IMPLICIT FRACTIONAL DIFFERENTIAL EQUATION 11

continuity of IC,(+), we conclude that the operator Gs is continuous. Next,
It is easy to verify that

Lirg + p (¥(t) —(s)”
1—L; T(a+1)

[Gaul| < <70

due to definitions of A and ry. This proves that Gs is uniformly bounded on
B;, Finally, we prove that Go maps bounded sets into equicontinuous sets of
C(J,R), i.e., (GB,,) is equicontinuous. We estimate the derivative of Gou(t)

(Gaw) (5] = \ﬁ [ 46 @)~ v Kutsis

1 ¢ / a—2
< o / (5) () — ()2 [KCu(s)| ds

< Lirg+p (V(T) — (s)* "

= K.
~— 1-1Lo MNa+1)

Now, Let t1,to € J, with t1 < t9 and for any u € B,,.
Thus, we get

G 1) - Gau(2)| = | |Gy ()] ds < K (12— 1)

From the last estimate, we deduce that

|Gau (t1) — Gou (t2)| — 0 when  to — t1,u € By,.

This proves that Gs is equicontinuous on B,,. In view of the foregoing
arguments, the Arzeld-Ascoli theorem applies and hence G- is compact on
By,. Thus, the hypothesis of Krasnoselskii fixed point theorem is fulfilled,
which leads to the conclusion that there exists at least one solution on J. O
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4. Ulam-Hyers Stability

In the recent section, we interested to studied UH and GUH of -
Caputo-type for the problem (II) The following observations are taken from
[24, 127, 9]

Definition 4. The problem (Il) is UH stable, if there exists a real number
Ly > 0, such that for each € > 0 and for every solution @ € C(J,R) of the
inequality

D) — f (1), D aw)| <6, ted (11)
there exists a unique solution u € C(J,R) of (1) with
|a(t) —u(t)| < Lye, ted

Definition 5. The problem (II) is GUH stable if there exists ¢ € C([0, c0),
[0,00)) with ¢(0) = 0, such that for each solution @ € C(J,R) of the inequal-

ity
CDstalt) - f (Law, CDrawm)| <. ted (12)

there exists a unique solution u € C(J,R) of (1) with

a(t) —u(t)] < p(e),t € J.

Remark 1. Let o > 0. A function 4 € C(J,R) is a solution of the inequality
() defined by

‘ DOV i(t) — f(t,a(t),%g;%(t))( <e teld

If and only if there exist a function hg € C(J,R) such that
(1) |ha(t)| <eforallte J.
(2) DEVa(t) = f (8.0 DLVat)) + ha(t), ¢ € J.

Lemma 6. Let u € C(J,R) is a solution of the inequality (L1)). Then @ is a
solution of the following integral inequality:

) = s = g [ 006 000 =0 £ (5,10:). D () ) ds
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<

(W) =) | 1AM —¥(s) | @(T) —¥(s)
{ +_{ Tat+l) | T+l }}5
where

T(a+1) A
{ { /w ()" Kuls)ds

+—/ (s () 1K<>d}}. (13)

Proof. In view of Remark [l and Theorem [I we obtain

i(t) = ﬁ / () (6O 06" [£ (5 (5), CDE () + ha()] ds

4 {1 {L /77 0() (W) ()" [£ (5,78(5). ODEV()) +has)) ds
s [ v ()" [f (5200, “ D5 (0)) + o) as f }.

(14)
It follows that

u(t) — wg — 1 t's — ()£ (s, 1(s), S D4V ii(s) ) ds
() =i = i [ V600 0 F (s, DT ()

I ae
< [ ) Wl = () (o) s

1 mo, a—
{iirg / ¥/(s) () — ()™ |ha(s)| ds
1

W(5) (W(T) — () |ha(s)] ds}}

a—1
‘i )/w ) (6(t) = ()" ds

il v
By

< (US| 1 A0 )" GO,

T(a+1) A T(a+1) * T(a+1)

O



14 BOUTIARA ABDELLATIF AND MAAMAR BENBACHIR [March

Theorem 3. If hypotheses of Theorem [l are fulfilled. Then the problem ()
is Ulam-Hyers stable.

Proof. Let e > 0, and @ € C(J,R) be a function which satisfies the inequality
(1), and let u € C(J,R) be the unique solution of the following ¢—Caputo

fractional differential equation
“DIFu(t) = f (tu(t), “Dyfu(t)), teJ (16)

with
u(n) = a(n),u(T) = a(T) (17)

where 0 < o < 1. Using Lemma [ It is easily seen that u(-) satisfies the

integral equation
1 ¢ / a—1 C oy
) =+ s [ () 00 = 0" f (0. “DF ) s
where
wi= {5 e [ 96 000 = 06 1 (5,09 D5 () s
b |6 D) 060 (su(0). D) s |}

Applying Lemma [6] we obtain

< Ve

o [ O @O0 ] (s.06.9D5 00 s

s

(18)

where

@) —(s)” L Am) —P(s)” | (W(T) —9(s)”
V‘_{ (a4 1) K{ (a+1) * (a+1) }}

From (7)) we can easily get that |wg — wy| — 0. Indeed, from (H1)and (I7),

we obtain that

jwawd =| {5 {50y [ 06 0 = w60 1 (s, D50 s
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i | O @ 0 (5000, 0D s
s [ o wm - w6 £ (s, 0Dz ute) as
+ﬁ /aT Y(5) (B(T) = ()7 f (s, uls), “Dgu(s)) ds} H

7 (m @), “D5am)) = £ (n ), D u(n)|

F(T,a(T), “DXFa(T)) — f (T7 u(T), CD?%(T)) ‘ }

<3 P

+IOY

since,

|£ (T, 4(T),“DXLU(T)) — £ (T,u(T), “Du(T))]

< Li|u(T) — u(T)| + Lo|“ DY U(T) — “Du(T)
Ly

< — .

< 1_L2\U(T) u(T)|

Similarly, we obtain

£ (n,(n), “DGL(n)) = f (1, u(n), “Dfu(D))| < flLQIﬂ(n)—U(n)l (19)

which implies

o — ] £ T () — )| + T2t = o)l — 0.
Hence,

1 ¢ / a— «;
) =+ s [ 06 (00 = (6 (s0(). ODEF ) s

According to ([I8]), (H1) and (I9]), we obtain

|a(t) — u(t)|
~ 1 t - o
=[He) = wa W/a V) W) — v <s’u(3)a CDafpu(s)) ds
ey . ¥ 00 v (5306, D)
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<vet T E s [0 000 - vl i) — s

By Lemma 2] there exists a constant Ly > 0 independent of € such that
|a(t) —u(t)] < Lye (20)
Therefore the problem () is Ulam-Hyers stable. O

Corollary 1. Under assumptions of Theorem [, Assume that ¢ : RT — RT
such that p(0) = 0. Then tne problem (@) is generalized Ulam-Hyers stable.

Proof. One can repeat the same processes in Theorem [B] with putting
Lye = p(e), and p(0) = 0, we conclude that

a(t) = u(t)] < (e). O

5. Example

This section is devoted to the illustration of the results derived in the

last section.

Example 1. Consider the following problem of implicit fractional differen-

tial equations involving ¥—Caputo type:

1
27
» Lo 2+ |u(t)| + | D! u(t)'
D61+ u(t) = ge + " ,t €10,1]
8e2-t <1 + |u(t)| + | D3l u(t)‘) (21)
u(T) = Au(n).
Where
1 3 1
a 47 >\ 47 ”7 27 a 07 9 ¢(t) t7
Set:
24+u+v

,te€0,1],u,v € RT.
3 82 (1 +u+0) [0, 1], u,v
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Clearly, the function f € C([0,1]). For each uy,v1,ug,v9 € RT and ¢ € [0, 1]

2 +uy + v 24+ ust v
t —f(t = a
|f(t,u,v) — f(t,ur,v1)] 8e27t(1+up +v1) 827t (1 + ug + v9)
1
< goa=t (un —u2| +Jur — wa)
1
< g(ml—uﬂ-i-\vl—”ﬂ)- (22)

Hence, the condition (H1) is satisfied with L = Ly = g-. It is easy to

verify that

TS \Da+1) T AT(a+1)  T(a+1) '

Clearly, the hypothesis of Theorem [ are fulfilled and hence its conclusion

implies the existence of a unique solution of the problem in Equation (2II)
on [0,1].
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