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Abstract

In this paper, we calculate the second coefficient of the asymptotic expansion of

Boutet de Monvel–Sjöstrand.

1. Introduction and the Main Result

Let (X,T 1,0X) be a CR manifold and let ∂b be the tangential Cauchy–

Riemann operator on X. The orthogonal projection Π : L2(X) → Ker ∂b is

called the Szegő projection, and we call its distribution kernel Π(x, y) the

Szegő kernel. The study of the Szegő kernel is a classical subject in several

complex variables and CR geometry. We recall the following classical result

of Boutet de Monvel and Sjöstrand [2] about the description of the Szegő

kernel:

Theorem 1.1 (Boutet de Monvel-Sjöstrand). Let X be a compact orientable

strongly pseudovoncex CR manifold of real dimension 2n+1, n ≥ 1. Suppose
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that ∂b : Dom ∂b ⊂ L2(X) → L2
(0,1)(X) has closed range. Let D ⊂ X be an

open coordinate patch with local coordinates x = (x1, . . . , x2n+1). Then,

Π(x, y) ≡

∫ ∞

0
eitφ(x,y)a(x, y, t)dtmodC

∞(D ×D), (1.1)

where

φ(x, y) ∈ C
∞(D ×D), Imφ ≥ 0,

φ(x, y) = 0 if and only if x = y, (1.2)

dxφ(x, x) = −dyφ(x, x) = −ω0(x), for every x ∈ D,

a(x, y, t) ∼
+∞∑

j=0

aj(x, y)t
n−j in Sn

1,0(D ×D × R+),

aj(x, y) ∈ C∞(D ×D), j = 0, 1, . . ., (1.3)

a0(x, x) 6= 0, for every x ∈ D,

where ω0 ∈ C∞(X,T ∗X) is the global one form given by (1.6).

We refer the reader to Sections 2.1, 2.2 for the setup, notations and

terminology used in Theorem 1.1. The Boutet de Monvel and Sjöstrand’s

description of the Szegő kernel has profound impact in several complex vari-

ables, CR and complex geometry and geometric quantization theory, e.t.c..

For example, Catlin [3] and Zelditch [20] established Bergman kernel asymp-

totic expansions for high power of positive holomorphic line bundles by using

Theorem 1.1 (see also [11]). It should be mentioned that Tian [19] obtained

the leading term of Bergman kernel asymptotics for high power of posi-

tive line bundles by using peak section method. The first fewer coefficients

of Bergman kernel asymptotic expansion were calculated by Lu [14] (see

also [5], [9], [10], [13], [15], [16]) and play an important role in Kähler ge-

ometry (see Donaldson [4]). On the other hand, the first coefficient at the

diagonal of the expansion (1.3) is known, but the lower order terms of the

expansion (1.3) were not yet known. Boutet de Monvel–Sjöstrand [2] (see

also [8]) showed that

a0(x, x) =
1

2πn+1
detLx, at every x ∈ X, (1.4)

where detLx := µ1(x)µ2(x) · · · µn(x), µj(x), j = 1, . . . , n, are the eigenvalues

of the Levi form with respect to the given Hermitian metric on CTX. If we
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take Levi metric on CTX (see (1.9)), then

a0(x, x) ≡
1

2πn+1
on D. (1.5)

It is a very natural question to calculate the lower order terms of the expan-

sion (1.3). The goal of this paper is to calculate a1(x, x) in (1.3). It should

be mentioned that the explicit formula of a1(x, x) has further applications

in the study of CR Toeplitz quantization.

We now formulate our main result. For some standard notations and

terminology, we refer the reader to Sections 2.1, 2.2. Let (X,T 1,0X) be an

orientable, compact strongly pseudoconvex CR manifold of dimension 2n+1,

n ≥ 1. Fix a global non-vanishing 1-form ω0(x) ∈ C∞(X,T ∗X) so that

ω0(u) = 0, for every u ∈ T 1,0X ⊕ T 0,1X,

− 1
2idω0|T 1,0X is positive definite.

(1.6)

For every x ∈ X, the Levi form at x is the Hermitian quadratic form on

T 1,0
x X given by

Lx(u, v) := −
1

2i
〈 dω0(x) , u ∧ v 〉, for all u, v ∈ T 1,0

x X. (1.7)

Let T ∈ C∞(X,TX) be the global real vector field given by

ω0(T ) ≡ −1, dω0(T, ·) ≡ 0. (1.8)

The Levi form Lx induces a Hermitian metric (called Levi metric) 〈 · | · 〉 on

CTX given by

〈u | v 〉 = Lx(u, v), for every u, v ∈ T 1,0
x X, x ∈ X,

〈u | v 〉 = 〈u | v 〉, for every u, v ∈ T 1,0
x X, x ∈ X,

T 1,0X ⊥ T 0,1X, T ⊥ (T 1,0X ⊕ T 0,1X),

〈T |T 〉 = 1.

(1.9)

Let ( · | · ) be the L2 inner product on Ω0,q(X) induced by 〈 · | · 〉 and let

L2
(0,q)(X) be the completion of Ω0,q(X) with respect to ( · | · ). We write

L2(X) := L2
(0,0)(X). Let

∂b : C
∞(X) → Ω0,1(X)
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be the tangential Cauchy-Riemann operator (see (2.9)) and we extend ∂b to

L2 space by

∂b : Dom ∂b ⊂ L2(X) → L2
(0,1)(X),

Dom ∂b := {u ∈ L2(X); ∂bu ∈ L2
(0,1)(X)}.

(1.10)

Let

Π : L2(X) → Ker ∂b

be the orthogonal projection and let Π(x, y) ∈ D ′(X×X) be the distribution

kernel of Π.

Let D ⊂ X be any open open coordinate patch with local coordinates

x = (x1, . . . , x2n+1). For b(x, y, t) ∈ Sn
cl (D ×D×R+), we write b0(x, y) and

b1(x, y) to denote the first order term of b and the second order term of b

respectively. Before we state our main result, it should be mentioned that

the phase function φ in (1.1) is not unique and also the terms a0(x, y) and

a1(x, y) are not unique. We can replace the phase function φ by φ̂ := fφ,

where f is a smooth function with f(x, x) = 1. Then, φ̂ satisfies (1.2) and φ

and φ̂ are equivalent in the sense of Melin-Sjöstrand (see Melin-Sjöstrand [17,

p. 172]). When we change φ to φ̂ in (1.1), the symbol a(x, y, t) and a0(x, y)

and a1(x, y) will also be changed. Hence, a0(x, y) and a1(x, y) depend on

the phase function and are not unique. Even we fix φ in (1.1), the functions

a0(x, y) and a1(x, x) are not unique. For example, we can take

â0(x, y) := a0(x, y) + c(x, y)φ(x, y), c(x, y) ∈ C
∞(D ×D),

â1(x, y) := a1(x, y)− nic(x, y).

Set

â(x, y, t)∼ tnâ0(x, y)+t
n−1â1(x, y)+

+∞∑

j=2

tn−jaj(x, y) in S
n
1,0(D ×D × R+).

It is not difficult to see that
∫ ∞

0
eitφ(x,y)â(x, y, t)dt ≡

∫ ∞

0
eitφ(x,y)a(x, y, t)dtmodC

∞(D ×D).

Hence, a0(x, y) and a1(x, x) are not unique.
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To overcome the difficulty about the uniqueness for the symbols, we

first look for some specific phase functions. Let x = (x1, . . . , x2n+1) be local

coordinates of X defined on an open set D of X with T = − ∂
∂x2n+1

on D.

By Malgrange preparation theorem [6, Theorem 7.5.5], we have

φ(x, y) = f(x, y)(−x2n+1 + g(x′, y)) on D,

where φ is as in (1.1), f, g ∈ C∞(D ×D), f(x, x) = 1, for every x ∈ D. Let

Φ := −x2n+1 + g(x′, y).

It is not difficult to see that Φ satisfies (1.2), Φ and φ are equivalent in the

sense of Melin-Sjöstrand. Moreover, we have

(T 2Φ)(x, x) = 0, at every x ∈ D. (1.11)

Now we show that under supplementary conditions, we have uniqueness (see

Lemma 3.2 for a proof)

Lemma 1.1. Let D ⊂ X be any open coordinate patch with local coordinates

x = (x1, . . . , x2n+1). Let φ1, φ2 ∈ C∞(D ×D). Suppose that φ1, φ2 satisfy

(1.2), (1.11), φ1 and φ are equivalent in the sense of Melin-Sjöstrand, φ2
and φ are equivalent in the sense of Melin-Sjöstrand, where φ is as in (1.1).

Suppose that

∫ +∞

0
eiφ2(x,y)tα(x, y, t)dt ≡

∫ +∞

0
eiφ1(x,y)tβ(x, y, t)dtmodC

∞(D ×D),

where α(x, y, t), β(x, y, t) ∈ Sn
cl (D ×D × R+) with

α0(x, x) = β0(x, x), for all x ∈ D,

(Tα0)(x, x) = (Tβ0)(x, x) = 0, for all x ∈ D.
(1.12)

Then, we have

α1(x, x) = β1(x, x), for every x ∈ D. (1.13)

From Lemma 1.1, we see that if we can choose the leading term in

the expansion (1.3) satisfying (1.12) for all equivalent phase functions φ

satisfying (1.2), (1.11), then the second coefficient of the expansion (1.3) at
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the diagonal is well-defined. This is possible by Lemma 3.3 below. Moreover,

we will show in Lemma 3.3 that we can take the leading term in the expansion

(1.3) as a function 1
2πn+1 + r(x, y), r = O(|x− y|), Tr = 0, for all equivalent

phase functions φ satisfying (1.2), (1.11), and hence the second coefficient of

the expansion (1.3) at the diagonal is uniquely determined The main result

of this work is the following

Theorem 1.2. With the notations and assumptions above, suppose that

∂b : Dom ∂b ⊂ L2(X) → L2
(0,1)(X) has closed range. Let D ⊂ X be any

open coordinate patch with local coordinates x = (x1, . . . , x2n+1). Let φ̂ ∈

C∞(D×D). Suppose that φ̂ satisfies (1.2), (1.11) and φ and φ̂ are equivalent

in the sense of Melin-Sjöstrand, where φ is as in (1.1). Then, we can find

A(x, y, t) ∈ Sn
cl (D ×D × R+) with

A0(x, x) =
1

2πn+1
, for every (x, y) ∈ D ×D,

(1.14)
TA0 = 0 on D,

A1(x, x) =
1

4πn+1
Rscal(x), for every x ∈ D, (1.15)

such that

Π(x, y) ≡

∫ ∞

0
eitφ̂(x,y)A(x, y, t)dtmodC

∞(D ×D), (1.16)

where Rscal is the Tanaka–Webster scalar curvature on X (see (2.11)).

2. Preliminaries

2.1. Standard notations and some background

We use the following notations through this article: N = {1, 2, . . .} is

the set of natural numbers, N0 = N
⋃
{0}, R is the set of real numbers,

R+ = {x ∈ R; x ≥ 0}. We write α = (α1, . . . , αn) ∈ N
n
0 if αj ∈ N0,

j = 1, . . . , n. For x = (x1, . . . , xn) ∈ R
n, we write

xα = xα1

1 . . . xαn
n ,

∂xj
=

∂

∂xj
, ∂αx = ∂α1

x1
. . . ∂αn

xn
=
∂|α|

∂xα
.
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Let z = (z1, . . . , zn), zj = x2j−1 + ix2j , j = 1, . . . , n, be coordinates of Cn.

We write

zα = zα1

1 . . . zαn
n , zα = zα1

1 . . . zαn
n ,

∂zj =
∂

∂zj
=

1

2

( ∂

∂x2j−1
− i

∂

∂x2j

)
, ∂zj =

∂

∂zj
=

1

2

( ∂

∂x2j−1
+ i

∂

∂x2j

)
,

∂αz = ∂α1

z1 . . . ∂
αn
zn =

∂|α|

∂zα
, ∂αz = ∂α1

z1
. . . ∂αn

zn
=
∂|α|

∂zα
.

For j, s ∈ Z, set δjs = 1 if j = s, δjs = 0 if j 6= s.

Let X be a C∞ paracompact manifold. We let TX and T ∗X denote

the tangent bundle of X and the cotangent bundle of X respectively. The

complexified tangent bundle of X and the complexified cotangent bundle of

X will be denoted by CTX and CT ∗X, respectively. Write 〈 · , · 〉 to denote

the pointwise duality between TX and T ∗X. We extend 〈 · , · 〉 bilinearly to

CTX ×CT ∗X.

Let D ⊂ X be an open set . The spaces of distributions of D and

smooth functions of D will be denoted by D ′(D) and C∞(D) respectively.

Let E ′(D) be the subspace of D ′(D) whose elements have compact support

in D. Let C∞
c (D) be the subspace of C∞(D) whose elements have compact

support in D. Let A : C∞
c (D) → D ′(D) be a continuous operator. We write

A(x, y) to denote the distribution kernel of A. In this work, we will identify

A with A(x, y). The following two statements are equivalent

(1) A is continuous: E ′(D) → C∞(D),

(2) A(x, y) ∈ C∞(D ×D).

If A satisfies (1) or (2), we say that A is smoothing on D. Let A,B :

C∞
c (D) → D ′(D) be continuous operators. We write

A ≡ B on D (2.1)

or

A(x, y) ≡ B(x, y)modC
∞(D ×D) (2.2)

if A − B is a smoothing operator. We sometimes will omit ”on D” or

”modC∞(D×D)” in (2.1) and (2.2) respectively. We say that A is properly

supported if the restrictions of the two projections (x, y) → x, (x, y) → y to

SuppKA are proper.
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Let X be a smooth orientable manifold of real dimension 2n+1. Let D

be an open coordinate patch of X with local coordinates x. We recall the

following Hörmander symbol space

Definition 2.1. For m ∈ R, Sm
1,0(D×D×R+) is the space of all a(x, y, t) ∈

C∞(D×D×R+) such that for all compact K ⋐ D×D and all α, β ∈ N
2n+1
0 ,

γ ∈ N0, there is a constant Cα,β,γ > 0 such that

|∂αx ∂
β
y ∂

γ
t a(x, y, t)| ≤ Cα,β,γ(1 + |t|)m−|γ|, for all (x, y, t) ∈ K × R+, t ≥ 1.

Put

S−∞(D ×D × R+) :=
⋂

m∈R

Sm
1,0(D ×D × R+).

Let aj ∈ S
mj

1,0 (D × D × R+), j = 0, 1, 2, . . . with mj → −∞, j → ∞.

Then there exists a ∈ Sm0

1,0 (D × D × R+) unique modulo S−∞, such that

a−
∑k−1

j=0 aj ∈ S
mk

1,0 (D ×D × R+) for k = 1, 2, . . ..

If a and aj have the properties above, we write a ∼
∑∞

j=0 aj in S
m0

1,0 (D×

D × R+). We write

s(x, y, t) ∈ Sm
cl (D ×D × R+) (2.3)

if s(x, y, t) ∈ Sm
1,0(D ×D × R+) and

s(x, y, t) ∼
∞∑

j=0

sj(x, y)t
m−j in Sm

1,0(D ×D × R+) ,

sj(x, y) ∈ C
∞(D ×D), j ∈ N0.

(2.4)

We sometimes omit ”in Sm
1,0(D ×D ×R+)” in (2.4).

To calculate the first order term of Szegő kernel expansion explicitly,

we also need the following version of stationary phase formula [6, Theorem

7.7.5]

Theorem 2.1. Let D ⊂ R
n be an open set, K ⊂ D be a compact set,

F ∈ C∞(D), ImF ≥ 0 in D. Assume

ImF (0) = 0, F ′(0) = 0, det F ′′(0) 6= 0, F ′ 6= 0 in K \ {0}.
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Let u ∈ C∞
c (D), Suppu ⊂ K, Then, for any k > 0,

∣∣∣∣∣∣

∫
eikF (z)u(x)dx − eikF (0) det

(
kF ′′(0)

2πi

)− 1

2 ∑

j<N

k−jPju

∣∣∣∣∣∣

≤ Ck−N
∑

|α|≤N

sup
K

|∂αxu|.

Here, C is a bounded constant when F is bounded in C∞(D), |x|
|F ′(x)| has a

uniform bound and

Pju :=
∑

v−µ=j

∑

2v≥3µ

i−j2−v〈F ′′(0)−1D,D〉v
(hµu)(0)

v!µ!
.

h(x) :=F (x)− F (0) −
1

2
〈F ′′(0)x, x〉, D =




−i∂x1

...

−i∂xn



 .

2.2. Abstract CR manifolds

Let X be a smooth orientable manifold of real dimension 2n+1 (at least

three), we say X is a Cauchy–Riemann manifold (CR manifold for short) if

there is a subbundle T 1,0X ⊂ CTX, such that

(1) dimC T
1,0
p X = n for any p ∈ X.

(2) T 1,0
p X ∩ T 0,1

p X = {0} for any p ∈ X, where T 0,1
p X := T 1,0

p X.

(3) For V1, V2 ∈ C∞(X,T 1,0X), then [V1, V2] ∈ C (X,T 1,0X), where [·, ·]

stands for the Lie bracket between vector fields.

For such subbundle T 1,0X, we call it a CR structure of the CR manifold X.

Let (X,T 1,0X) be a smooth orientable CR manifold of dimension 2n + 1.

For dimension reason and the assumption that X is orientable, there is a

global real non-vanishing one form ω0(x) such that

〈ω0(x) , u 〉 = 0, for every u ∈ T 1,0
x X ⊕ T 0,1

x X.

We define the Levi form (with respect to ω0) which is a globally defined
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(1, 1)-form, by

Lx(u, v) :=
1

2i

〈
ω0(x),

[
ů, v̊
]
(x)
〉
, (2.5)

where ů, v̊ ∈ C∞(X,T 1,0X) such that ů(x) = u ∈ T 1,0
x X and v̊(x) = v ∈

T 1,0
x X. Note that by Cartan magic formula, we can also express the Levi

form by

Lx(u, v) = −
1

2i
〈dω0(x), u ∧ v〉 , u, v ∈ T 1,0

x X. (2.6)

In other words,

Lx := −
1

2i
dω0(x)

∣∣∣∣
T 1,0
x X

.

Definition 2.2. We say a CR manifold X is strongly pseudoconvex if we

can find ω0 so that Lx is positive definite for all x ∈ X.

From now on, we assume that X is strongly pseudoconvex and we fix

ω0 so that Lx is positive definite for all x ∈ X. Let T ∈ C∞(X,TX) be the

global real vector field given by

ω0(T ) ≡ −1, dω0(T, ·) ≡ 0. (2.7)

The Levi form Lx induces a Hermitian metric (called Levi metric) 〈 · | · 〉 on

CTX given by

〈u | v 〉 = Lx(u, v), for every u, v ∈ T 1,0
x X, x ∈ X,

〈u | v 〉 = 〈u | v 〉, for every u, v ∈ T 1,0
x X, x ∈ X,

T 1,0X ⊥ T 0,1X, T ⊥ (T 1,0X ⊕ T 0,1X),

〈T |T 〉 = 1.

(2.8)

Let Γ : CTxX → CT ∗
xX be the anti-linear map given by 〈u|v〉 = 〈u,Γv〉

for u, v ∈ CTxX, then we can take the induced Hermitian metric on CT ∗X

by 〈u|v〉 := 〈Γ−1v|Γ−1u〉 for u, v ∈ CT ∗
xX. Put

T ∗1,0X := Γ(T 1,0X) = (T 0,1X ⊕ CT )
⊥
⊂ CT ∗X, T ∗0,1X := T ∗1,0X.

Take the Hermitian metric on Λr(CT ∗X) by

〈u1 ∧ · · · ∧ ur|v1 ∧ · · · vr〉 = det
(
(〈uj |uk〉)

r
j,k=1

)
,
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where uj , vk ∈ CT ∗X, j, k = 1, . . . , r.

For every q ∈ {0, 1, . . . , n}, the bundle of (0, q) forms of X is given by

T ∗0,qX := Λq(T ∗0,1X) and let Ω0,q(X) be the space of smooth (0, q) forms

on X. Let

π(0,q) : Λq(CT ∗X) → T ∗0,qX

be the orthogonal projection with respect to 〈 · | · 〉. The tangential Cauchy–

Riemann operator is defined by

∂b := π(0,q+1) ◦ d : Ω0,q(X) → Ω0,q+1(X). (2.9)

By Cartan magic formula, we can check that

∂
2
b = 0.

Take the L2-inner product (·|·) on Ω0,q(X) induced by 〈·|·〉 via

(f |g) :=

∫

X
〈f |g〉dVX , f, g ∈ Ω0,q(X),

where dVX is the volume form with expression

dVX(x) =

√

det

(〈
∂

∂xj

∣∣∣∣
∂

∂xk

〉)2n+1

j,k=1

dx1 ∧ · · · ∧ dx2n+1

in local coordinates (x1, . . . , x2n+1). Let ( · | · ) be the L2 inner product on

Ω0,q(X) induced by 〈 · | · 〉 and let L2
(0,q)(X) be the completion of Ω0,q(X)

with respect to ( · | · ). We write L2(X) := L2
(0,0)(X). We extend ∂b to L2

space by

∂b : Dom ∂b ⊂ L2(X) → L2
(0,1)(X),

Dom ∂b := {u ∈ L2(X); ∂bu ∈ L2
(0,1)(X)}.

(2.10)

Definition 2.3. The orthogonal projection

Π : L2(X) → Ker ∂b := {u ∈ Dom∂b; ∂bu = 0}

is called the Szegő projection, and we call its distributional kernel Π(x, y)

the Szegő kernel.
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2.3. Pseudohermitian geometry on strongly pseudovoncex CR

manifolds

We will use the same notations as before. We call

HX := Re
(
T 1,0X ⊕ T 0,1X

)

the contact structure of X, and let J be the complex structure on HX so

that T 1,0X is the eigenspace of J corresponding to the eigenvalue i. Let

θ0 := −ω0.

The following is well-known:

Proposition 2.1 ([18], Proposition 3.1). With the same notations and as-

sumptions, there exists an unique affine connection, called Tanaka–Webster

connection,

∇ := ∇θ0 : C
∞(X,TX) → C

∞(X,T ∗X ⊗ TX)

such that

(1) ∇UC∞(X,HX) ⊂ C∞(X,HX) for U ∈ C∞(X,TX).

(2) ∇T = ∇J = ∇dθ0 = 0.

(3) The torsion τ of ∇ satisfies: τ(U, V ) = dθ0(U, V )T ,

τ(T, JU) = −Jτ(T,U), U, V ∈ C∞(X,HX).

Recall that ∇J ∈ C∞(X,T ∗X ⊗ L (HX,HX)), ∇dθ0 ∈ C∞(T ∗X ⊗

Λ2(CT ∗X)) are defined by (∇UJ)W = ∇U (JW )−J∇UW and ∇Udθ0(W,V )

= Udθ0(W,V )− dθ0(∇UW,V )− dθ0(W,∇UV ) for U ∈ C∞(X,TX),W, V ∈

C∞(X,HX). Moreover, ∇J = 0 and ∇dω0 = 0 imply that the Tanaka-

Webster connection is compatible with the Levi metric. By definition, the

torsion of ∇ is given by τ(W,U) = ∇WU − ∇UW − [W,U ] for U, V ∈

C∞(X,TX) and τ(T,U) for U ∈ C∞(X,HX) is called pseudohermitian

torsion.

Let {Lα}
n
α=1 be a local frame of T 1,0X and {θα}nα=1 be the dual frame

of {Lα}
n
α=1. We use the notations Zα := Lα and θα = θα. Write

∇Lα = ωβ
α ⊗ Lβ, ∇Lα = ωβ

α ⊗ Lβ, and recall that ∇T = 0.
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We call ωβ
α the connection one form of Tanaka–Webster connection with

respect to the frame {Lα}
n
α=1. We denote Θβ

α the Tanaka–Webster curvature

two form, and it is known that

Θβ
α = dωβ

α − ωγ
α ∧ ωβ

γ .

By direct computation, we also have

Θβ
α = Rβ

αjk
θj ∧ θk +Aβ

αjkθ
j ∧ θk +Bβ

αjkθ
j ∧ θk + C0 ∧ θ0,

where C0 is an one form. The term Rβ

αjk
is called the pseudohermitian

curvature tensor and the trace

Rαk :=

n∑

j=1

Rj

αjk

is called the pseudohermitian Ricci curvature. Also, write

dθ0 = igαβθ
α ∧ θβ

and gcd be the inverse matrix of gab, then the Tanaka–Webster scalar curva-

ture R with respect to the pseudohermitian structure θ0 is given by

Rscal := gkαRαk. (2.11)

3. The Calculation of the Second Coefficient of the Szegő Kernel

Asymptotic Expansion

In this section, we will prove Theorem 1.2. We will first show that how

to select a suitable phase function and the leading term of the Szegő kernel

asymptotic expansion such that the second order term of the Szegő kernel

asymptotic expansion is well-defined.

3.1. Uniqueness of the coefficients

We first recall some facts from the theory of oscillatory integral and

distributions: Notice that
∫∞
0 e−txdt = x−1, for Re x > 0. Also notice that
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by partial integration and dominated convergence theorem,

∫ 1

0

1− e−t

t
dt+

∫ ∞

1
e−tt−1dt =

∫ ∞

0
e−t log tdt

= lim
m→∞

(∫ m

0

(
1−

t

m

)m−1

log tdt

)

= lim
m→∞

(
m

∫ 1

0
sm−1 log (m(1− s))ds

)

= lim
m→∞

(
m logm

∫ 1

0
sm−1ds+m

∫ 1

0
sm−1 log (1− s)ds

)

= lim
m→∞

(
logm−m

∫ 1

0

∞∑

k=1

sk+m−1

k
ds

)

= lim
m→∞

(
logm−m

∞∑

k=1

∫ 1

0

sk+m−1

k
ds

)

= lim
m→∞

(
logm−m

∞∑

k=1

1

k(k +m)

)

= lim
m→∞

(
logm−

∞∑

k=1

(
1

k
−

1

m+ k

))

= lim
m→∞

(
logm−

m∑

k=1

1

k

)
.

Accordingly, we can check that by partial integration, if x 6= 0 and Re x ≥ 0,

then

P.V.

∫ ∞

0
e−txtmdt =






m!x−m−1 : m ∈ Z, m ≥ 0

(−1)m

(−m−1)!x
−m−1

(
log x+ γ −

−m−1∑

j=0

1

j

)
: m ∈ Z, m < 0

(3.1)

where γ := limm→∞

(∑m
j=1

1
j − logm

)
is the Euler constant. On the other

hand, by choosing a suitable contour, we can check that for a smooth function

f ∈ C∞
c (Rn), Im f ≥ 0, and any ǫ > 0,

1

(−i)(f(x) + iǫ)
=

∫ ∞

0
ei(f(x)+iǫ)tdt; (3.2)
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and if df(x) 6= 0 if Im f(x) = 0, with convergence in D ′(Rn), we define

1

(−i)(f(x) + i0)
:= lim

ǫ→0

1

(−i)(f(x) + iǫ)
,

and we can check that

1

(−i)(f(x) + i0)
=

∫ ∞

0
eitf(x)dt

in the sense of oscillatory integral. Moreover, we have:

Lemma 3.1. Let D ⊂ R
n be a small enough open set near 0. Assume

F (x) ∈C
∞(D), F (0) = 0, ImF ≥ 0, dF 6= 0 if ImF = 0,

and

G(x) ∈C
∞(D), G(0) 6= 0, Im (FG) ≥ 0, d(FG) 6= 0 if Im (FG) = 0.

Let m ∈ N0. Then, in the sense of oscillatory integral,

∫ ∞

0
eitG(x)F (x)tmdt ≡

∫ ∞

0
eitF (x) tm

G(x)m+1
dt mod C

∞(D).

Proof. First of all, by continuity, we may assume that on D

|G| ≥
1

2
|G(0)| > 0. (3.3)

From the construction of oscillatory integral [6, Theorem 7.8.2], in the sense

of distribution,

∫ ∞

0
eitG(x)F (x)tmdt = lim

ǫ→0

∫ ∞

0
eit(G(x)F (x)+iǫ)tmdt

= lim
ǫ→0

m!

(−iG(x)F (x) + ǫ)m+1

=
m!

G(x)m+1
lim
ǫ→0

1

(−iF (x) + ǫ
G(x))

m+1

=
m!

(−iG(x))m+1

1

(F (x) + i0)m+1

=

∫ ∞

0
eitF (x) tm

G(x)m+1
dt. ���
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We first need

Lemma 3.2. Fix p ∈ X. Let D ⊂ X be any open coordinate patch of X

with local coordinates x = (x1, . . . , x2n+1), p ∈ D. Let φ1, φ2 ∈ C∞(D×D).

Suppose that φ1, φ2 satisfy (1.2), φ1 and φ are equivalent in the sense of

Melin-Sjöstrand, φ2 and φ are equivalent in the sense of Melin-Sjöstrand,

where φ is as in (1.1), and

(T 2φ1)(p, p) = (T 2φ2)(p, p) = 0. (3.4)

Suppose that

∫ +∞

0
eiφ2(x,y)tα(x, y, t)dt ≡

∫ +∞

0
eiφ1(x,y)tβ(x, y, t)dtmodC

∞(D ×D),

(3.5)

where α(x, y, t), β(x, y, t) ∈ Sn
cl (D ×D × R+) with

α0(p, p) = β0(p, p),

(Tα0)(p, p) = (Tβ0)(p, p) = 0.
(3.6)

Then, we have

α1(p, p) = β1(p, p). (3.7)

Proof. We take local coordinates x = (x1, . . . , x2n+1) of X such that

T = −
∂

∂x2n+1
.

As in [12, Section 8], we have

φ2(x, y) = f(x, y)φ1(x, y) +O(|x− y|∞),

for some f(x, y) ∈ C∞(D ×D), and we may assume that

φ2(x, y) = f(x, y)φ1(x, y). (3.8)

From (3.4) and (3.8), we can check that

f(x, x) = 1,
∂f

∂x2n+1
(0, 0) = 0, (3.9)
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and hence

f ((0, x2n+1), 0) = 1 +O
(
|x2n+1|

2
)
. (3.10)

Applying Lemma 3.1 and (3.1) to oscillatory integrals (3.5), we see that

∑n
j=0(n− j)!αj(x, y)(−iφ1f)

j(x, y) mod φn+1
1

fn+1(x, y)(−i(φ1(x, y) + i0))n+1

≡

∑n
j=0(n− j)!βj(x, y)(−iφ1)

j(x, y) mod φn+1
1

(−i(φ1(x, y) + i0))n+1
(3.11)

up to some log term singularities. In particular, when x 6= y,

n∑

j=0

(n− j)!αj(x, y)(−iφ1f)
j(x, y)

= fn+1(x, y)

n∑

j=0

(n− j)!βj(x, y)(−iφ1)
j(x, y) + (−ifφ1)

n+1(x, y)S(x, y).

(3.12)

for some S ∈ C∞(D×D). Now, take x = (0, x2n+1) and y = 0 in the above

equation, then from (3.6), (3.9) and (3.10), it is straightforward to check

that

(α1 − β1)((0, x2n+1), 0) = O(|x2n+1|).

By taking x2n+1 → 0, we see that

α1(0, 0) = β1(0, 0). ���

We need

Lemma 3.3. With the notations and assumptions used in Theorem 1.1, we

can take a(x, y, t) in (1.1) so that

Ta0 = 0 on D,

a0(x, x) =
1

2πn+1
for every x ∈ D.

(3.13)

Proof. Take local coordinates x = (x1, . . . , x2n+1) ofX so that T = − ∂
∂x2n+1
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on D. By the relation

dxφ(x, x) = −ω0(x), for every x ∈ D,

we know that ∂φ
∂x2n+1

(x, x) = −1 6= 0. Thus, applying the Malgrange prepa-

ration theorem [6, Theorem 7.5.5], we have

φ(x, y) = f1(x, y)(−x2n+1 + g1(x
′, y)) (3.14)

for some smooth functions f1(x, y), g1(x
′, y) with f1(x, x) = 1, for every

x ∈ D, where x′ = (x1, . . . , x2n). Note that g1 is independent of x2n+1. By

Taylor formula, we have

a0(x, y) = ã0(x, y) = ã0((x
′, g1(x

′, y)), y) +
(
−x2n+1 + g1(x

′, y)
)
R(x, y),

(3.15)

where ã0 denotes an almost analytic extension of a0 with respect to the real

variable x2n+1, R(x, y) ∈ C∞(D ×D). Let

â0(x
′, y) := ã0((x

′, g1(x
′, y)), y) ∈ C

∞(D ×D). (3.16)

Then, by using integration by parts, we get

∫ ∞

0
eitφ(x,y)a0(x, y)t

ndt

=

∫ ∞

0
eitφ(x,y)â0(x

′, y)tndt

− i

∫ ∞

0

d

dt

(
eitf1(x,y)(−x2n+1+g1(x′,y))

) R(x, y)
f1(x, y)

tndt

=

∫ ∞

0
eitφ(x,y)â0(x

′, y)tndt+ i

∫ ∞

0
eitφ(x,y)

R(x, y)

f1(x, y)
ntn−1dt.

Hence, we can replace a0(x, y) by â0(x
′, y) in (1.1) and by (1.5), we see that

â0(x, x) =
1

2πn+1
, for every x ∈ D.

The lemma follows. ���

From now on, we assume that a0(x, y) satisfies (3.13). We have
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Theorem 3.1. With the notations and assumptions used in Theorem 1.1,

we assume that

∂b,x(φ(x, y)) vanishes to infinite order at x = y,

∂b,y(−φ(y, x)) vanishes to infinite order at x = y.
(3.17)

We have

a0(x, y)−
1

2πn+1
= O(|x−y|N ), for every (x, y) ∈ D ×D, for every N ∈ N.

(3.18)

Proof. Fix p ∈ X, let x = (x1, . . . , x2n+1) be local coordinates of X defined

on D with x(p) = 0, T = − ∂
∂x2n+1

and

T 1,0X = span {Lj ; j = 1, . . . , n},

Lj =
∂

∂zj
+O(|x|),

∂

∂zj
=

1

2
(

∂

x2j−1
+ i

∂

∂x2j
), j = 1, . . . , n.

(3.19)

From ∂bΠ = 0 and ∂bφ vanishes to infinite order at x = y, applying Mal-

grange preparation theorem [6, Theorem 7.5.6], partial integration, Lemma

3.1, Melin-Sjöstrand [17, p. 172] and [12, Section 8], it is not difficult to

check that

(Lja0)(x, y) = hj(x, y)(−x2n+1 + g1(x
′, y)) +O(|x− y|N ),

for every N ∈ N, hj ∈ C
∞(D ×D), j = 1, . . . , n,

(3.20)

where g1 ∈ C∞(D ×D) is as in (3.14). We claim that

|a0(x, y)−
1

2πn+1
| = O(|(x, y)|N ), for every N ∈ N0. (3.21)

It is clear that (3.21) holds for N = 0. Suppose that (3.21) holds for N = N0,

N0 ∈ N0. We are going to prove that (3.21) holds for N = N0 + 1. From

(3.19), (3.20), (3.21) and induction assumption, we have

∂a0
∂zj

(x′, y) = O(|(x, y)|N0), j = 1, . . . , n. (3.22)
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Similarly, we have

∂a0
∂wj

(x′, y) = O(|(x, y)|N0), j = 1, . . . , n, (3.23)

where ∂
∂wj

= 1
2(

∂
∂y2j−1

− i ∂
∂y2j

), j = 1, . . . , n.

Fix j ∈ {1, . . . , n} and fix α, β ∈ N0, α+β = N0. From a0(x, x) =
1

2πn+1 ,

we have
((

(
∂

∂zj
+

∂

∂wj
)α(

∂

∂zj
+

∂

∂wj
)β
)
a0

)
(x, x) = 0. (3.24)

From (3.24), we have

(
(
∂

∂zj
)α(

∂

∂wj
)βa0

)
(0, 0) =

∑

α1,α2,β1,β2∈N0,α1+α2=α,β1+β2=β,α2+β1>0

cα1,α2,β1,β2

×
(
(
∂

∂zj
)α1(

∂

∂wj
)α2(

∂

∂zj
)β1(

∂

∂wj
)β2a0

)
(0, 0),

(3.25)

where cα1,α2,β1,β2
is a constant, for every α1, α2, β1, β2 ∈ N0, α1 + α2 = α,

β1 + β2 = β, α2 + β1 > 0. Since α2 + β1 > 0, from (3.22) and (3.23), we get

(
(
∂

∂zj
)α1(

∂

∂wj
)α2(

∂

∂zj
)β1(

∂

∂wj
)β2a0

)
(0, 0) = 0,

for every α1, α2, β1, β2 ∈ N0, α1 + α2 = α, β1 + β2 = β, α2 + β1 > 0.

From this observation and (3.25), we get

(
(
∂

∂zj
)α(

∂

∂wj
)βa0

)
(0, 0) = 0, for every α, β ∈ N0, α+ β = N0. (3.26)

We can repeat the proof of (3.26) with minor change and deduce that

(( ∂
∂z

)α( ∂

∂w

)β
a0

)
(0, 0) = 0, for every α, β ∈ N

n
0 , |α|+ |β| = N0. (3.27)

Since a0 is independent of x2n+1 and a0(x
′, x) = 1

2πn+1 , we have

(
(

∂

∂y2n+1
)Na0

)
(x, x) = 0, for every N ∈ N. (3.28)
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From (3.28), we can repeat the proof of (3.26) with minor change and deduce

that (( ∂
∂z

)α( ∂

∂w

)β( ∂

∂y2n+1

)γ
a0

)
(0, 0)=0, (3.29)

for every α, β, γ ∈ N
n
0 , |α|+ |β|+ |γ| = N0.

From (3.22), (3.23), (3.27), (3.29), we get

|a0(x, y)−
1

2πn+1
| = O(|(x, y)|N0+1).

By induction, we get the claim (3.21). From (3.21), the theorem follows. ���

3.2. Calculation of the coefficients

To calculate a1(x, x) in (1.1), we need to choose some good coordinates.

We will work with the assumptions as in Theorem 1.1. Fix p ∈ X. Since

∂b has closed range, from [1], we see that there is an open set U of p such

that U can be CR embedded into C
n+1. From now on, we identify U with

∂M
⋂
D̊, where

∂M := {z ∈ C
n+1; r(z) = 0},

r(z) ∈ C
∞(Cn+1,R),

J(dr) = 1 on ∂M , J is the standard complex structure on C
n+1,

D̊ is an open set of p in C
n+1.

(3.30)

From [7, Lemma 3.2], we can find local holomorphic coordinates x = (x1, . . . , x2n+2) =

z = (z1, . . . , zn+1), zj = x2j−1 + ix2j , j = 1, . . . , n + 1, defined on D̊ (we

assume that D̊ is small enough) such that

z(p) = 0,

r(z) = 2Im zn+1 +

n∑

j=1

|zj |
2 +O(|(z1, . . . , zn+1|)

4).
(3.31)

From now on, we assume that (3.31) hold. It is well-known that (see [2,

Proposition 1.1, Theorem 1.5]) we can take φ ∈ C∞(U ×U) in (1.1) so that
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φ satisfies (1.2) and

φ = φ̊|U×U ,

φ̊(z, w) =
1

i

∑

α,β∈Nn+1

0
,|α|+|β|≤N

∂α+βr

∂zα∂zβ
(0)

zα

α!

wβ

β!
+O(|(z, w)|N+1),

for every N ∈ N.

(3.32)

From (3.32), we can check that

∂b,x(φ(x, y)) vanishes to infinite order at x = y,

∂b,y(−φ(y, x)) vanishes to infinite order at x = y.
(3.33)

From now on, we assume that φ satisfies (1.2) and (3.32).

From implicit function theorem, if D̊ is small enough, we can find

R(x1, . . . , x2n+1) ∈ C∞(D) such that

for every x ∈ D̊,(x1, . . . , x2n+1) ∈ D,

x ∈ U if and only if x2n+2 = R(x1, . . . , x2n+1),
(3.34)

where D is an open set of R2n+1, 0 ∈ D. From now on, we assume that

D̊ is small enough so that (3.34) holds. Let x = (x1, . . . , x2n+1) be local

coordinates of D given by the map

(x1, . . . , x2n+1) ∈ D → (x1, . . . , x2n+1, R(x1, . . . , x2n+1)) ∈ U. (3.35)

From now on, we identify U with D and we will work with local coordinates

x = (x1, . . . , x2n+1) as (3.35). The following follows from some straightfor-

ward calculation. We omit the details.

Proposition 3.2. With the notations used above, we have

R(x) = −
1

2

2n∑

j=1

x2j +O(|x|4),

(3.36)
∂2R

∂zj∂zk
(0) = −

1

2
δj,k, j, k = 1, . . . , n,

ω0(x) = dx2n+1 − i

n∑

j=1

(
∂R

∂zj
dzj −

∂R

∂zj
dzj

)
+O(|x|4), (3.37)
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dω0(x) = 2i

n∑

j=1,k

∂2R

∂zj∂zk
dzj ∧ dzk +O(|x|3), (3.38)

T 1,0
x X =span

{
∂

∂zj
+ i

∂R

∂zj

∂

∂x2n+1
+O(|x|4)

}n

j=1

, (3.39)

T (x) = −
∂

∂x2n+1
+O(|x|2). (3.40)

In particular, the volume form on X given by

λ(x)dx1 · · · dx2n+1 =
1

n!

(
−dω0

2

)n

∧ ω0 (3.41)

satisfies

λ(0) = 1,

∂λ

∂xj
(0) = 0, j = 1, . . . , 2n+ 1.

(3.42)

We also need

Proposition 3.3. With the same notations above, we have

φ(x, y) = −x2n+1+ y2n+1 +
i

2

n∑

j=1

[
|zj − wj |

2 + (zjwj − zjwj)
]

+O
(
|(x, y)|4

)
, (3.43)

∂4φ

∂zj∂zk∂zℓ∂zs
(0, 0) = − i

∂4R

∂zj∂zk∂zℓ∂zs
(0), j, k, ℓ, s ∈ {1, . . . , n},

(3.44)
∂4φ

∂wj∂wk∂wℓ∂ws
(0, 0) = − i

∂4R

∂zj∂zk∂zℓ∂zs
(0), j, k, ℓ, s ∈ {1, . . . , n},

where ∂
∂wj

= 1
2(

∂
∂y2j−1

− i ∂
∂y2j

), j = 1, . . . , n, and

T 2φ(0, 0) = 0. (3.45)

Proof. From (3.32), we have

φ(x, y) =−x2n+1+y2n+1−i[R(x)+R(y)+
n∑

j=1

zjwj ]+O
(
|(x, y)|4

)
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=−x2n+1+y2n+1+
i

2

n∑

j=1

(
|zj |

2−2zjwj+|wj|
2
)
+O

(
|(x, y)|4

)

=−x2n+1+y2n+1+
i

2

n∑

j=1

[
|zj−wj|

2+(zjwj−zjwj)
]
+O

(
|(x, y)|4

)

(3.46)

and

φ(x, 0) = −x2n+1 − iR(x)

+
1

i

∑

αj∈N0,j=1,...,n+1,α1+···+αn+1=4

1

α1! · · ·αn+1!

∂4r

∂zα1

1 · · · ∂z
αn+1

n+1

(0)zα1

1 · · ·

· zαn
n (x2n+1 + iR(x))αn+1 +O

(
|x|5
)
. (3.47)

From (3.47), we get

∂4φ

∂zj∂zk∂zℓ∂zs
(0, 0) = −i

∂4R

∂zj∂zk∂zℓ∂zs
(0), j, k, ℓ, s ∈ {1, . . . , n}. (3.48)

Similar,

∂4φ

∂wj∂wk∂wℓ∂ws
(0, 0) = −i

∂4R

∂zj∂zk∂zℓ∂zs
(0), j, k, ℓ, s ∈ {1, . . . , n}. (3.49)

From (3.46), (3.48) and (3.49), we get (3.43) and (3.44).

Finally, because for all x near p,

T (x) = −
∂

∂x2n+1
+O(|x|2),

it is clear that

T 2φ(0, 0) = 0. (3.50)

���

By Malgrange preparation theorem [6, Theorem 7.5.5] again, we have

φ(x, y) = f(x, y)Φ(x, y) on D,

Φ(x, y) = −x2n+1 + g(x′, y),
(3.51)

where f(x, y), g(x′, y) ∈ C∞(D × D), x′ = (x1, . . . , x2n). From Proposi-
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tion 3.3, it is straightforward to check that

f(x, y) = 1 +O(|(x, y)|3),

Φ(x, y) satisfies (3.43), (3.44) and (3.45).
(3.52)

We write

Π(x, y) ≡

∫ ∞

0
eitφ(x,y)a(x, y, t)dt ≡

∫
eitΦ(x,y)A(x, y, t)dt, (3.53)

where a(x, y, t), A(x, y, t) ∈ Sn
cl(D ×D ×R+),

a(x, y, t) ∼
∞∑

j=0

aj(x, y)t
n−j in Sn

cl(D ×D × R+), aj(x, y) ∈ C
∞(D ×D)

for all j ∈ N0,

(3.54)

A(x, y, t) ∼
∞∑

j=0

Aj(x, y)t
n−j in Sn

cl(D ×D × R+), Aj(x, y) ∈ C
∞(D ×D)

for all j ∈ N0.

We can repeat the proof of Lemma 3.3 and conclude that we can take aj(x, y),

Aj(x, y) are independent of x2n+1, for every j. From now on, we assume that

aj(x, y), Aj(x, y) are independent of x2n+1, for every j, and hence

aj(x, y) = aj(x
′, y), j = 0, 1, . . . ,

Aj(x, y) = Aj(x
′, y), j = 0, 1, . . . .

(3.55)

Since φ satisfies (3.33), we can repeat the proof of Theorem 3.1 with minor

change and deduce that

a0(x
′, y) =

1

2πn+1
+O(|(x, y)|N ), for every N ∈ N. (3.56)

Moreover, from Lemma 3.1 and the proof of Lemma 3.3, we can take A0(x
′, y)

to be

A0(x
′, y) = a0(x

′, y)
1

(f̃((x′, g(x′, y)), y))n+1
, (3.57)

where f̃ is an almost analytic extension of f . From (3.52), (3.56) and (3.57)
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and , it is easy to see that

A0(x
′, y) =

1

2πn+1
+O(|(x, y)|3). (3.58)

From Lemma 3.2, we see that to prove Theorem 1.2, we only need to calculate

a1(0, 0). Note (T 2φ)(0, 0) = 0, (T 2Φ)(0, 0) = 0. From this observation, we

can repeat the proof of Lemma 3.2 and deduce that

a1(0, 0) = A1(0, 0). (3.59)

Hence, to prove Theorem 1.2, we only need to calculate A1(0, 0). Now, we

are going to calculate A1(0, 0). We apply the projection relation

Π = Π2,

or equivalently, in the sense of oscillatory integral

Π(x, y) ≡

∫

D
Π(x,w)Π(w, y)λ(w)dw mod C

∞(D ×D), (3.60)

to compute A1(0, 0) = a1(0, 0), where λ(w)dw is the volume form on X.

Now, shrink D if necessary. From

Π(x, y) ∈ C
∞(X ×X \ diagX ×X),

we may assume that all the base variables x, y, w ∈ D are within a compact

set. Then, in the sense of oscillatory integral,

∫ ∞

0
eitΦ(x,y)A(x, y, t)dt

≡

∫∫∫

D×R+×R+

eitΦ(x,w)+isΦ(w,y)A(x,w, t)A(w, y, s)λ(w)dwdsdt

≡

∫ ∞

0

(∫∫

D×R+

eitΦ(x,w)+itσΦ(w,y)tA(x,w, t)A(w, y, tσ)λ(w)dwdσ

)
dt

≡

∫ ∞

0

(∫∫

D×R+

eit(−x2n+1+g(x′,w)+σ(−w2n+1+g(w′,y))tA(x,w, t)

×A(w, y, tσ)λ(w)dwdσ

)
dt. (3.61)
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Consider the phase function

Ψ(w, σ, x, y) := −x2n+1 + g(x′, w) + σ(−w2n+1 + g(w′, y)).

It is clear that ImΨ ≥ 0 for σ ≥ 0. Also,

dwΨ = dwg(x
′, w) + σ(−dw2n+1 + dx′g(w′, y)),

∂ψ

∂σ
= −w2n+1 + g(w′, y),

and with respect to (w, σ), Hess(Ψ) is a matrix of the form

Hess(Ψ) =

[
∂2

∂w2 (g(x
′, w) + σg(w′, y))

(
∂
∂w (−w2n+1 + g(w′, y))

)t

∂
∂w (−w2n+1 + g(w′, y)) 0

]
.

Directly, at (w, σ;x, y) = (0, 1, 0, 0) ∈ R
n+1 × R+ × R

2n+1 × R
2n+1,

Ψ = 0 and dw,σΨ = 0

and notice that Φ satisfies (3.43), (3.44) and (3.45) (see (3.52)), we can

compute that at (w, σ;x, y) = (0, 1, 0, 0) ∈ R
n+1 × R+ × R

2n+1 × R
2n+1,

detHess(Ψ) = det




2iI2n 0 0

0 0 −1

0 −1 0



 = − det




2iI2n 0 0

0 1 0

0 0 1



 = (−1)n+122n,

(3.62)

Hence, we can find a solution W̃ (x′, y) and Σ̃(x′, y) near 0 ∈ R
2n+1 and

1 ∈ R+ such that

∂Ψ̃

∂w̃
(W̃ , Σ̃, x, y) =

∂Ψ̃

∂σ̃
(W̃ , Σ̃, x, y) = 0. (3.63)

Note that W̃ (x, y) = W̃ (x′, y) and W̃ (x, y) = Σ̃(x′, y) are independent of

x2n+1. So by the stationary phase theorem of Melin–Sjöstrand, we get

∫ ∞

0
eitΦ(x,y)A(x, y, t)dt

≡

∫∫

D×R+

eitΨ(w,σ;x,y)tA(x,w, t)A(w, y, tσ)λ(w)dwdσdt

≡

∫ +∞

0
eit(−x2n+1+g̃(x′,W̃ (x′,y)))B(x, y, t)dt, (3.64)

where
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B(x, y, t) ∼
∞∑

j=0

Bj(x, y)t
n−j in Sn

cl(D ×D × R+), Bj(x, y) ∈ C
∞(D ×D),

for every j ∈ N0. (3.65)

Since W̃ (x′, y), Σ̃(x′, y) and Aj(x
′, y) are independent of x2n+1, for every

j ∈ N0, it is straightforward to see that up to O(|x−y|N ), for every N ∈ N0,

Bj(x, y) to be independent of x2n+1, for every j ∈ N0. Hence,

Bj(x, y) = Bj(x
′, y) +O(|x− y|N ), for every N ∈ N, j ∈ N0. (3.66)

Also, observe that

B0(0, 0) = det

(
Hess(ψ)

2πi

)− 1

2

A0(0, 0)
2λ(0)

= 2πn+1

(
1

2πn+1

)2

=
1

2πn+1

= A0(0, 0). (3.67)

For now Π = Π2, we have

∫ ∞

0
eit(−x2n+1+g(x′,y))A(x, y, t)dt ≡

∫ ∞

0
eit(−x2n+1+g̃(x′,W̃ (x′,y)))B(x, y, t)dt.

Because of

A0(x, y)B0(x, y) 6= 0,

as in [12, Section 8], we can show that

g̃
(
x′, W̃ (x′, y)

)
= g(x′, y) +O(|x− y|N ), for every N ∈ N0.

We may replace g̃
(
x′, W̃ (x′, y)

)
by g(x′, y) and we have

∫ ∞

0
eitΦ(x,y)A(x, y, t)dt ≡

∫ ∞

0
eitΦ(x,y)B(x, y, t)dt mod C

∞(D×D). (3.68)
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Lemma 3.4. With the notations used above, we have

Bj(x, y) = Aj(x, y) +O(|x− y|N ), for every N ∈ N, j ∈ N0. (3.69)

Proof. We can repeat the procedure as in the discussion before (3.12) and

conclude that

B0(x, y)−A0(x, y) = h(x, y)(−x2n+1 + g(x′, y)) +O(|x− y|N ),

for every N ∈ N, j ∈ N0,
(3.70)

where h(x, y) ∈ C∞(D ×D). Take almost analytic extension and x̃2n+1 =

g(x′, y) in (3.70), and notice that up to O(|x − y|N ), for every N ∈ N0,

B0(x, y)−A0(x, y) is independent of x2n+1, we conclude that

B0(x, y)−A0(x, y) = O(|x− y|N ), for every N ∈ N, j ∈ N0. (3.71)

From (3.71), we can repeat the procedure as in the discussion before

(3.12) again and conclude that

B1(x, y)−A1(x, y) = h1(x, y)(−x2n+1 + g(x′, y)) +O(|x− y|N ),

for every N ∈ N, j ∈ N0,
(3.72)

where h1(x, y) ∈ C∞(D ×D). Take almost analytic extension and x̃2n+1 =

g(x′, y) in (3.72), and notice that up to O(|x − y|N ), for every N ∈ N0,

B1(x, y)−A1(x, y) is independent of x2n+1, we conclude that

B1(x, y) −A1(x, y) = O(|x− y|N ), for every N ∈ N, j ∈ N0.

Continuing in this way, the lemma follows. ���

3.3. Recursive formula between the first and the second coefficient

From (3.64), we see that

t

∫∫

D×R+

eit(Φ(0,w)+σΦ(w,0))A(0, w, t)A(w, 0, tσ)λ(w)dwdσ

∼ B0(0, 0)t
n +B1(0, 0)t

n−1 + · · · .

(3.73)



✐

“BN15N44” — 2021/1/5 — 9:52 — page 358 — #30
✐

✐

✐

✐

✐

358 CHIN-YU HSIAO AND WEI-CHUAN SHEN [December

In this section, we will from the the asymptotic expansion (3.73) and Lemma

3.4 to get recursive formula between the first and the second coefficient.

Now, let

F (w, σ) := Φ(0, w) + σΦ(w, 0) = g(0′, w) + σ(−w2n+1 + g(w′, 0)).

As (3.62) and the discussion before (3.62), we have (dwF )(0, 1) = 0,

(dσF )(0, 1) = 0 and

detHess(F )(0, 1) = det




2iI2n 0 0

0 0 −1

0 −1 0



 = (−1)n+12n (3.74)

and

Hess(F )−1(0, 1) =





1
2iI2n 0 0

0 0 −1

0 −1 0



 (3.75)

and
〈
Hess(F )(0, 1)−1D,D

〉
=2i

n∑

j=1

∂2

∂zj∂zj
+ 2

∂2

∂x2n+1∂σ
, (3.76)

where D :=
(
−i∂x1

, . . . ,−i∂x2n+1
,−i∂σ

)t
. By Hörmander stationary phase

formula Theorem 2.1,

B0(0, 0)t
n +B1(0, 0)t

n−1 + · · ·

∼ t

∫∫

D×R+

eitF (w,σ)A(0, w, t)A(w, 0, tσ)λ(w)dwdσ (3.77)

∼ eitF (0,1) det

(
tHess(F )(0, 1)

2πi

)− 1

2
∞∑

j=0

t−jPj (3.78)

∼ 2πn+1(tnP0 + tn−1P1 + · · · ), (3.79)

where

P0 = A0(0, 0)
2λ(0) (3.80)
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and

P1 =
∑

0≤µ≤2

i−1

µ!(µ+ 1)!



i
n∑

j=1

∂2

∂zj∂zj
+

∂2

∂x2n+1∂σ




µ+1

× (Gµ(x, σ)A0(0, x)A0(x, 0)λ(x)σ
n) (0, 1) + 2A0(0, 0)A1(0, 0)λ(0),

(3.81)

and

G(x, σ) := F (x, σ)− F (0, 1) −
1

2

〈
Hess(F )(0, 1)

(
x

σ − 1

)
,

(
x

σ − 1

)〉

= F (x, σ) −
1

2

〈
Hess(F )(0, 1)

(
x

σ − 1

)
,

(
x

σ − 1

)〉

satisfying

∂αG

∂xα1∂σα2

(0, 1)=0 for all α1 ∈ N
2n+1
0 , α2∈N0, |α|= |α1|+|α2|≤2. (3.82)

Also, from Proposition 3.3 and (3.52), we can find that

∂αG

∂xα
(0, 1) =

∂α

∂xα
(Φ(0, x) + Φ(x, 0))

∣∣∣∣
x=0

= 0, for all α ∈ N
2n+1
0 , |α| = 3.

(3.83)

Also, observe that

∂αG

∂σα
(0, 1) = 0, for all α ∈ N0, |α| ≥ 2. (3.84)

We now calculate each terms in P1: For µ = 0 in the summation, the

summand is

1

i



i
n∑

j=1

∂2

∂zj∂zj
+

∂2

∂x2n+1∂σ



 (A0(0, x)A0(x, 0)λ(x)σ
n) (0, 1);

for µ = 1 in the summation, the summand is

1

2i



−
n∑

j,k=1

∂4

∂zj∂zj∂zk∂zk
+ 2i

n∑

j=1

∂4

∂zj∂zj∂x2n+1∂σ
+

∂4

∂x22n+1∂σ
2




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acting on

G(x, σ)A0(0, x)A0(x, 0)λ(x)σ
n

valuing at (x, σ) = (0, 1); and for µ = 2, the summand is

1

12i

(
− i

n∑

j,k,l=1

∂6

∂zj∂zj∂zk∂zk∂zl∂zl
− 3

n∑

j,k=1

∂6

∂zj∂zj∂zk∂zk∂x2n+1∂σ

+3i

n∑

j=1

∂6

∂zj∂zj∂x22n+1∂σ
2
+

∂6

∂x32n+1∂σ
3

)

acting on

G2(x, σ)A0(0, x)A0(x, 0)λ(x)σ
n

valuing at (x, σ) = (0, 1). Thus, by Proposition 3.2, Proposition 3.3, (3.52),

(3.82), (3.83) and (3.84), also with (3.58) and Lemma 3.4, it is straightfor-

ward to check that

P1=A0(0, 0)
2




( n∑

j=1

∂2λ

∂zj∂zj

)
(0)+

i

2
λ(0)

n∑

j,k=1

∂4(g(z, 0)+g(0, z))

∂zj∂zj∂zk∂zk
(0′, 0)





+2A0(0, 0)A1(0, 0)λ(0).

(3.85)

From (3.42), (3.44), (3.52) and notice that A0(0, 0) =
1

2πn+1 , we can rewrite

(3.85):

P1=
1

(2πn+1)2




n∑

j=1

(
∂2λ

∂zj∂zj

)
(0)+

n∑

j,k=1

∂4R

∂zj∂zj∂zk∂zk
(0)



+ 1

πn+1
A1(0, 0),

(3.86)

where R is as in (3.44). From Lemma 3.4 and (3.77), we get

A1(0, 0) = B1(0, 0) = 2πn+1P1.
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From this observation and (3.86), we get

A1(0, 0) = B1(0, 0)

= 2πn+1P1

=
1

2πn+1




n∑

j=1

(
∂2λ

∂zj∂zj

)
(0) +

n∑

j,k=1

∂4R

∂zj∂zj∂zk∂zk
(0)



 + 2A1(0, 0).

(3.87)

So we need to calculate

A1(0, 0) = −
1

2πn+1




n∑

j=1

(
∂2λ

∂zj∂zj

)
(0) +

n∑

j,k=1

∂4R

∂zj∂zj∂zk∂zk
(0)



 (3.88)

in the final subsection.

3.4. Calculation by geometric invariance

In this section, we calculate each term in (3.88) by the geometric invari-

ance on X. We will continue work with local coordinates x = (x1, . . . , x2n+1)

as (3.35). We first calculate the Tanaka–Webster scalar curvature in terms

of the coordinates x = (x1, . . . , x2n+1). Recall that from Proposition 3.2

ω0(x) = dx2n+1 − i

n∑

j=1

(
∂R

∂zj
dzj −

∂R

∂zj
dzj

)
+O(|x|4), (3.89)

dω0(x) = 2i
n∑

j,k=1

∂2R

∂zj∂zk
dzj ∧ dzk +O(|x|3), (3.90)

T (x) = −
∂

∂x2n+1
+O(|x|2), (3.91)

T 1,0
x X =span {Lj}

n
j=1 := span

{
∂

∂zj
+ i

∂R

∂zj

∂

∂x2n+1
+O(|x|4)

}n

j=1

,

Lj =
∂

∂zj
+ i

∂R

∂zj

∂

∂x2n+1
+O(|x|4), j = 1, . . . , n.

(3.92)

Write ∇Li
Lj = Γl

ijLl, where ∇ denotes the Tanaka-Webster connection (see
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Proposition 2.1). Recall that from [18, Lemma 3.2],

dω0

(
∇Li

Lj , Lk

)
= Li(dω0(Lj , Lk))− dω0

(
Lj, [Li, Lk]T 0,1

)
. (3.93)

Directly,

dω0

(
∇Li

Lj, Lk

)
= dω0

(
Γl
ijLl, Lk

)
= 2iΓl

ij

∂2R

∂zl∂zk
+O

(
|x|3
)
, (3.94)

Li

(
dω0

(
Lj , Lk

))
= 2

(
i

∂3R

∂zi∂zj∂zk
−
∂R

∂zi

∂3R

∂x2n+1∂zj∂zk

)
+O

(
|x|3
)
, (3.95)

[Li, Lk] =

[
∂

∂zi
+ i

∂R

∂zi

∂

∂x2n+1
+O(|x|4),

∂

∂zk
− i

∂R

∂zk

∂

∂x2n+1
+O(|x|4)

]

=

(
∂R

∂zi

∂2R

∂zk∂x2n+1
−
∂R

∂zk

∂2R

∂zi∂x2n+1
−2i

∂2R

∂zi∂zk

)
∂

∂x2n+1
+O(|x|3),

and hence

dω0

(
Lj, [Li, Lk]T 0,1

)
= O(|x|3). (3.96)

Accordingly, by (3.36), for all i, j, k = 1, . . . , n,

Γk
ij(0) = 0. (3.97)

Moreover, by taking ∂
∂zh

both sides in (3.93), from (3.36), (3.94), (3.95) and

(3.96), it is not difficult to check that

∂Γk
ij

∂zh
(0) = −2

∂4R

∂zi∂zj∂zk∂zh
(0). (3.98)

Now, let {θα}nj=1 and {θβ}nj=1 be the dual frame of {Lα}
n
j=1 and {Lβ}

n
j=1,

respectively. Denote

∇Lα = ωβ
α ⊗ Lβ,

and we can check that the (1, 1) part of dωβ
α is

−
n∑

k,l=1

(
LlΓ

β
kα)
)
θk ∧ θl +O(|x|),
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and the (1, 1) part of Θβ
α = dωβ

α − ωγ
α ∧ ωβ

γ denoted by

n∑

k,l=1

Rβ

αkl
θk ∧ θl

equals the (1, 1) part ot dωβ
α. Hence the pseudohermitian Ricci curvature

tensor at origin is

Rαl(0) =

n∑

k=β=1

Rβ

αkl
(0) = −

n∑

k=β=1

∂Γβ
kα

∂zl
(0) = 2

n∑

k=1

∂4R

∂zk∂zk∂zα∂zl
(0).

Also, for

−dω0 = igαβθ
α ∧ θβ,

we can find that θα(0) = dzα and θβ(0) = dzβ , and

gαβ(0) = δαβ .

Let gcd be the inverse matrix of gab. We have gcd(0) = δcd and the Tanaka–

Webster scalar curvature at the origin is

Rscal(0) = glαRαl(0) = 2

n∑

l=1

n∑

k=1

∂4R

∂zl∂zl∂zk∂zk
(0). (3.99)

Finally, for the volume form

λ(x)dx :=
1

n!

((
−dω0

2

)n

∧ ω0

)
,

we have the expression

1

n!

((
−

n∑

j,k=1

i
∂2R

∂zj∂zk
dzj ∧ dzk +O

(
|x|3
))n

∧

(
dx2n+1 − i

n∑

j=1

(∂R
∂zj

dzj −
∂R

∂zj
dzj

)
+O

(
|x|4
))
)

=
1

n!

(( n∑

j,k=1

−2
∂2R

∂zj∂zk

dzj ∧ dzk
−2i

+O
(
|x|3
))n

∧

(
dx2n+1 − i

n∑

j=1

( ∂R
∂zj

dzj −
∂R

∂zj
dzj

)
+O

(
|x|4
))
)
.

(3.100)
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From Proposition 3.2, we can check that

∂2λ

∂zl∂zl
(0)=(−2)n

(
−
1

2

)n−1 n∑

j=1

∂4R

∂zl∂zl∂zj∂zj
(0)=−2

n∑

j=1

∂4R

∂zl∂zl∂zj∂zj
(0).

(3.101)

From (3.88), (3.99) and (3.101), we conclude that

A1(0, 0) =
1

4πn+1
Rscal(0). (3.102)

Thus, the proof for (2) in Theorem 1.2 is completed for the point-wise equa-

tion (3.102) holds for all x0 ∈ D and Rscal is globally well-defined on whole

X, and in particular on D.
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7. L. Hörmander, The null space of the ∂-Neumann operator, Annales de l’institut

Fourier, 54 (2004), no. 5, 1305-1369.

8. C.-Y. Hsiao, Projections in several complex variables, Mém. Soc. Math. Fr. (N.S.),
(123), 131 pages, 2010.



✐

“BN15N44” — 2021/1/5 — 9:52 — page 365 — #37
✐

✐

✐

✐

✐

2020] BOUTET DE MONVEL–SJÖSTRAND 365
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