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Abstract

In this paper, we calculate the second coefficient of the asymptotic expansion of

Boutet de Monvel-Sjostrand.

1. Introduction and the Main Result

Let (X, T%9X) be a CR manifold and let d; be the tangential Cauchy—
Riemann operator on X. The orthogonal projection IT : L?(X) — Ker 9y, is
called the Szegé projection, and we call its distribution kernel II(x,y) the
Szegd kernel. The study of the Szeg6 kernel is a classical subject in several
complex variables and CR geometry. We recall the following classical result
of Boutet de Monvel and Sjostrand E] about the description of the Szeg6

kernel:

Theorem 1.1 (Boutet de Monvel-Sjostrand). Let X be a compact orientable

strongly pseudovoncex CR manifold of real dimension 2n+1, n > 1. Suppose
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that 0y : Dom 9y, C L*(X) — L? ,\(X) has closed range. Let D C X be an

(0,1)
open coordinate patch with local coordinates x = (x1,...,xon+1). Then,
oo .
I(z,y) = / @) g (z,y, t)dt mod €°°(D x D), (1.1)
0

where
o(x,y) € €°(D x D), Im¢p >0,

d(z,y) = 0 if and only if x =y, (1.2)
dyp(x,x) = —dyd(x, x) = —wo(x), for every x € D,

+o0
a(z,y,t) ~ Y aj(z,y)t" 7 in SPo(D x D x Ry),
i=0

aj(z,y) € €°(D x D), j=0,1,..., (1.3)
agp(xz,x) # 0, for every x € D,

where wy € €°(X,T*X) is the global one form given by (LG]).

We refer the reader to Sections 2.1, 2.2 for the setup, notations and
terminology used in Theorem [[LT1 The Boutet de Monvel and Sjostrand’s
description of the Szeg6 kernel has profound impact in several complex vari-
ables, CR and complex geometry and geometric quantization theory, e.t.c..
For example, Catlin E] and Zelditch ﬂﬁ] established Bergman kernel asymp-
totic expansions for high power of positive holomorphic line bundles by using
Theorem [[LT] (see also ﬂﬂ]) It should be mentioned that Tian ﬂﬁ] obtained
the leading term of Bergman kernel asymptotics for high power of posi-
tive line bundles by using peak section method. The first fewer coefficients
of Bergman kernel asymptotic expansion were calculated by Lu ﬂl_AI] (see
also B], E], M], ﬂa], ﬂa], ﬂﬁ]) and play an important role in Kéhler ge-
ometry (see Donaldson M]) On the other hand, the first coefficient at the
diagonal of the expansion (L3 is known, but the lower order terms of the
expansion ([3) were not yet known. Boutet de Monvel-Sjostrand E] (see
also ﬂg]) showed that

1

ap(z,x) = St T det £, at every xz € X, (1.4)

where det £, := pu (z)pa(z) - - pn(x), (), 5 = 1,...,n, are the eigenvalues
of the Levi form with respect to the given Hermitian metric on CT X . If we
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take Levi metric on CT'X (see (L)), then

1
ao(l’,x) = %TH on D. (15)
It is a very natural question to calculate the lower order terms of the expan-
sion (L3]). The goal of this paper is to calculate a;(x,z) in (L3). It should
be mentioned that the explicit formula of a;(z,x) has further applications

in the study of CR Toeplitz quantization.

We now formulate our main result. For some standard notations and
terminology, we refer the reader to Sections 2.1, 2.2. Let (X, T%°X) be an
orientable, compact strongly pseudoconvex CR manifold of dimension 2n+1,
n > 1. Fix a global non-vanishing 1-form wy(z) € €°°(X,T*X) so that

wo(u) = 0, for every u € THOX @ TO1 X, (1.6)
—%dwo\TLoX is positive definite. '

For every © € X, the Levi form at x is the Hermitian quadratic form on
1,0 v .
T, X given by

1
L, (u,0) = —§<dw0(x), uAT), for all u,v € Ty X. (1.7)
i
Let T € €°°(X,TX) be the global real vector field given by
wo(T) = -1, dwo(T,-) =0. (1.8)

The Levi form £, induces a Hermitian metric (called Levi metric) (-|-) on
CTX given by

(u|v) = Lo(u,v), for every u,v € To’X, z € X,

(u|v) = (ulv), forevery u,veTp’X, z€X,
7YX 179X, T 1L (TYX @ T X),
(T|T)=1.

(1.9)

Let (-|-) be the L? inner product on Q2%¢(X) induced by (-|-) and let

L(20 9 (X) be the completion of Q%9(X) with respect to (-|-). We write
L*(X) = L{) ) (X). Let

Oy : €(X) — QVH(X)
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be the tangential Cauchy-Riemann operator (see (Z3)) and we extend 9}, to

L? space by
Oy : Domdy, C L*(X) — L? (X)),
. (2 ) E 0.1 2) (1.10)
Let

IT: L*(X) — Ker 9,

be the orthogonal projection and let II(z,y) € 2'(X x X) be the distribution
kernel of 1I.

Let D C X be any open open coordinate patch with local coordinates
x = (x1,...,Tom41). For b(z,y,t) € S5 (D x D x R,), we write by(z,y) and
bi(x,y) to denote the first order term of b and the second order term of b
respectively. Before we state our main result, it should be mentioned that
the phase function ¢ in (II]) is not unique and also the terms ag(z,y) and
a1 (z,y) are not unique. We can replace the phase function ¢ by qg = fo,
where f is a smooth function with f(z,x) = 1. Then, b satisfies ([C2) and ¢
and ¢ are equivalent in the sense of Melin-Sjostrand (see Melin-Sjostrand ﬂﬁ,
p. 172]). When we change ¢ to ¢ in (L), the symbol a(x,y,t) and ag(z,y)
and aj(x,y) will also be changed. Hence, ag(z,y) and a;(x,y) depend on
the phase function and are not unique. Even we fix ¢ in (L.1]), the functions

ap(z,y) and a1 (z,x) are not unique. For example, we can take

ao(m,y) = ao(x,y) + c(m,y)(ﬁ(m,y), C(.%',y) € cgoo(D X D)a
ar(z,y) = ai(z,y) — nic(z,y).

Set
+oo A
d(x,y,t)wt"&()(x,y)—i—t"_ldl(x,y)—i-z t"Jaj(x,y) in STo(D x D x Ry).
j=2

It is not difficult to see that

/ @Y g (x,y, t)dt E/ @) gz, y, t)dt mod (D x D).
0 0

Hence, ag(z,y) and a1 (z, z) are not unique.
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To overcome the difficulty about the uniqueness for the symbols, we

first look for some specific phase functions. Let = (z1,...,x2,4+1) be local
coordinates of X defined on an open set D of X with T' = —(%iH on D.

By Malgrange preparation theorem ﬂa, Theorem 7.5.5], we have

o(z,y) = f(2,y)(=22n41 + g(2’,y)) on D,

where ¢ is as in (1), f,g € €°°(D x D), f(z,x) =1, for every x € D. Let

D= —wopt1 + g(2',y).

It is not difficult to see that ® satisfies (L2), ® and ¢ are equivalent in the
sense of Melin-Sjostrand. Moreover, we have

(T?®)(x,z) =0, at every x € D. (1.11)

Now we show that under supplementary conditions, we have uniqueness (see
Lemma B.2] for a proof)

Lemma 1.1. Let D C X be any open coordinate patch with local coordinates
x = (x1,...,%on4+1). Let ¢p1,¢2 € €°°(D x D). Suppose that ¢1, ¢o satisfy
([C2), (CII), ¢1 and ¢ are equivalent in the sense of Melin-Sjostrand, ¢o
and ¢ are equivalent in the sense of Melin-Sjostrand, where ¢ is as in (II).
Suppose that

+oo +oo
/ 2@V (g, y, t)dt = / P @Bz y, t)dt mod (D x D),
0 0

where a(x,y,t), B(x,y,t) € S (D x D x Ry) with

ap(z,x) = Po(x,x), forallx € D,

(Tao)(z,z) = (THo)(z,z) =0, for allz € D. (1.12)
Then, we have

ar(z,z) = Bi(x,x), for every x € D. (1.13)

From Lemma [T} we see that if we can choose the leading term in
the expansion (3] satisfying (LI2]) for all equivalent phase functions ¢
satisfying (L2, (III]), then the second coefficient of the expansion (L3)) at
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the diagonal is well-defined. This is possible by Lemma [3:3] below. Moreover,
we will show in Lemma[3.3lthat we can take the leading term in the expansion
(C3) as a function Wﬁ +r(z,y), r=O(|z —y|), Tr = 0, for all equivalent
phase functions ¢ satisfying (L2)), (I.I1]), and hence the second coefficient of
the expansion (3] at the diagonal is uniquely determined The main result
of this work is the following

Theorem 1.2. With the notations and assumptions above, suppose that

0 : Domd, C L*(X) — L%O 1)(X) has closed range. Let D C X be any

open coordinate patch with local coordinates © = (x1,...,Ton41). Let QAS €
¢>*°(DxD). Suppose that ¢ satisfies (I2), (CLII) and ¢ and ¢ are equivalent
in the sense of Melin-Sjostrand, where ¢ is as in (ILI). Then, we can find
A(z,y,t) € S5 (D x D x Ry) with

1
Ao(z,x) = ———, for every (z,y) € D x D,

- n+1’
2m (1.14)
TAy=0 on D,
1
Ay (z,x) = WRscal(x), for every x € D, (1.15)
such that
(z,y) = / ¢1P@Y) Az, y, t)dt mod € (D x D), (1.16)
0

where Ryeq is the Tanaka—Webster scalar curvature on X (see (ZII)).

2. Preliminaries

2.1. Standard notations and some background

We use the following notations through this article: N = {1,2,...} is
the set of natural numbers, Ny = N[J{0}, R is the set of real numbers,
Ry = {z € Rz > 0}. We write @ = (a1,...,a,) € NI if a; € Ny,

j=1,...,n. For x = (z1,...,2,) € R", we write
=t ann,
B ol
o Q] QL —
Oz, Op =0yl ...0p" = ——.

:(97j’ oz
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Let z = (21,...,2n), 2j = T2j—1 +1ix2j, j = 1,...,n, be coordinates of C".
We write
28 =22y, F =272,
0 1 0 0 0 1 0 0
82]':_:_( —1 >7 ZJ:T:_( 1 >’
aZj 2 85[72]‘,1 axzj aZj 2 85[72]‘,1 axzj
Hlel Hlel

For j,s € Z, set 0js = 1if j = s, ;5 = 0 if j # s.

Let X be a ¥°° paracompact manifold. We let T X and T*X denote
the tangent bundle of X and the cotangent bundle of X respectively. The
complexified tangent bundle of X and the complexified cotangent bundle of
X will be denoted by CTX and CT*X, respectively. Write (-,-) to denote
the pointwise duality between T'X and T*X. We extend (-, -) bilinearly to
CTrX xCT*X.

Let D C X be an open set . The spaces of distributions of D and
smooth functions of D will be denoted by 2'(D) and ¢°°(D) respectively.
Let &(D) be the subspace of 2’'(D) whose elements have compact support
in D. Let €2°(D) be the subspace of €°°(D) whose elements have compact
support in D. Let A : €°(D) — 2'(D) be a continuous operator. We write
A(z,y) to denote the distribution kernel of A. In this work, we will identify
A with A(x,y). The following two statements are equivalent

(1) A is continuous: &'(D) — € (D),
(2) A(z,y) € €°°(D x D).

If A satisfies (1) or (2), we say that A is smoothing on D. Let A,B :
€>°(D) — 2'(D) be continuous operators. We write

A=Bon D (2.1)
or

A(z,y) = B(z,y) mod € (D x D) (2.2)

if A — B is a smoothing operator. We sometimes will omit "on D” or
"mod €>°(D x D)” in (2] and (2.2)) respectively. We say that A is properly
supported if the restrictions of the two projections (z,y) — =z, (z,y) — y to
Supp K 4 are proper.
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Let X be a smooth orientable manifold of real dimension 2n + 1. Let D
be an open coordinate patch of X with local coordinates . We recall the

following Hormander symbol space

Definition 2.1. For m € R, S7%,(D x D x Ry) is the space of all a(z,y,t) €
¢ (D x D xR ) such that for all compact K € Dx D and all o, 5 € N%"H,
7 € Ny, there is a constant C 5~ > 0 such that

100020] a(z,y,t)| < Capn(1+[t))™ 1, for all (z,y,t) € K x Ry, t > 1.

Put

ST(Dx D xRy):= (] S7o(D x D xRy).
meR

Let a;j € (D x D xRy), j = 0,1,2,... with m; — —oo, j — o0.
Then there exists a € S{§(D x D x Ry) unique modulo S~>°, such that
a—Y""ga; € SYE(D x DxRy) for k=12, ...

If @ and a; have the properties above, we write a ~ Z;io a; in S7'7 (D x
D x R;). We write
s(x,y,t) € ST (D x D x Ry) (2.3)

if s(z,y,t) € STH(D x D x Ry) and

o0
s(x,y,t) ~ Zsj(m,y)tm_j in STH(D x D xRy),
3=0 (2.4)

sj(x,y) € E€°(D x D), j € Np.

We sometimes omit "in S7(D x D x Ry)” in (2.4)).

To calculate the first order term of Szegé kernel expansion explicitly,
we also need the following version of stationary phase formula ﬂa, Theorem
7.7.5]

Theorem 2.1. Let D C R" be an open set, K C D be a compact set,
Fe%>*(D), ImF >0 inD. Assume

Im F(0) =0, F'(0) =0, det F"(0)#0, F' #0 in K\ {0}.
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Let u € €°(D), Suppu C K, Then, for any k > 0,

NI

; , EE"(0)\ ™ ;
1k F(z ik -
/e F&y(z)de — e*FO) det (Tm) Zk ! Pju
J<N
<CEN Z sup |0Su|.
lo|<N

Here, C is a bounded constant when F' is bounded in €*°(D), % has a
uniform bound and

Pju := Z Z i_j2_v<F”(O)_1D, D) (hl:j")'(o)
v—p=j 20>3pu H
. — 0y,
h(z) = F(x) = F(0) = S(F"(0)z,2), D= |
~i0y,

2.2. Abstract CR manifolds

Let X be a smooth orientable manifold of real dimension 2n+1 (at least
three), we say X is a Cauchy—Riemann manifold (CR manifold for short) if
there is a subbundle 71X C CT X, such that

(1) dime 7" X = n for any p € X.
(2) Ty°X NT"' X = {0} for any p € X, where Ty'' X := T, °X.
(3) For V1,Va € €°(X,T°X), then [Vi,V5] € €(X,T"°X), where [, ]

stands for the Lie bracket between vector fields.

For such subbundle 719X, we call it a CR structure of the CR manifold X.
Let (X,T19X) be a smooth orientable CR manifold of dimension 2n + 1.
For dimension reason and the assumption that X is orientable, there is a

global real non-vanishing one form wy(x) such that
(wo(x),u) =0, forevery u € X o T X.

We define the Levi form (with respect to wp) which is a globally defined
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(1,1)-form, by
1

L, (u,v) = % <w0(az), [u,z] (m)>, (2.5)

where 4,9 € €°(X,T*°X) such that (z) = u € Ty"X and 9(z) = v €
TJC1 0X. Note that by Cartan magic formula, we can also express the Levi

form by
1
L,(u,v) = —5 (dwo(x),u AT), u,v € Tr0X. (2.6)
i
In other words,
1
L, := —%dwo(x) oy

Definition 2.2. We say a CR manifold X is strongly pseudoconvex if we
can find wy so that L, is positive definite for all z € X.

From now on, we assume that X is strongly pseudoconvex and we fix
wo so that £, is positive definite for all x € X. Let T € €*°(X,TX) be the
global real vector field given by

wo(T) = -1, dwy(T,-) =0. (2.7)

The Levi form £, induces a Hermitian metric (called Levi metric) (-|-) on
CT X given by

(ulv) = Ly(u,v), for every u,v € T;°X, z € X,
(u|v) = (u|v), forevery u,veTp’X, z€ X, (2.8)
THX L 70X, T L (TYX & T X)), '
(T|T)=1.

Let I' : CT, X — CT;X be the anti-linear map given by (u|v) = (u,'v)
for u,v € CT, X, then we can take the induced Hermitian metric on CT*X
by (ulv) := ([ ~1o|T ") for u,v € CT}X. Put

70X = T(TYX) = (T X & CT)" c CT*X, T*1X := T*10X.

Take the Hermitian metric on A"(CT*X) by

(un A Aglon Avp) = det (i) sy )
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where uj, v, € CIT*X, j,k=1,...,r.

For every ¢ € {0,1,...,n}, the bundle of (0,¢q) forms of X is given by
T*94X = A(T**1X) and let Q%9(X) be the space of smooth (0,q) forms
on X. Let

70D AYCT*X) - T*9X

be the orthogonal projection with respect to (-|-). The tangential Cauchy—

Riemann operator is defined by

dp := w09t o g Q09 X) — QI (X). (2.9)
By Cartan magic formula, we can check that
9 =0.
Take the L2-inner product (-|-) on 2%4(X) induced by (-|-) via
(lo) = [ Flghavi, f.g.€ 909(x),

where dVy is the volume form with expression

dVx (x) = 4/ det <<(97 >> dry A+ ANdxopiq
J

Ok [ ) ;1=
in local coordinates (x1,...,22,41). Let (-|-) be the L? inner product on
0%4(X) induced by (-|-) and let L%O 9 (X) be the completion of Q%9(X)

with respect to (-|-). We write L?(X) := L%Om (X). We extend 0 to L?

space by

dp : Dom 8y, C L*(X) — L, 1(X), 2.10)
— _ 2.10
Dom dy := {u € L*(X); dpu € L{ 1(X)}.
Definition 2.3. The orthogonal projection

II: L*(X) — Ker 9y := {u € Domdy; dyu = 0}

is called the Szegd projection, and we call its distributional kernel II(z,y)
the Szegd kernel.
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2.3. Pseudohermitian geometry on strongly pseudovoncex CR
manifolds

We will use the same notations as before. We call
HX :=Re (T""X & T"'X)

the contact structure of X, and let J be the complex structure on HX so
that 719X is the eigenspace of J corresponding to the eigenvalue i. Let

90 = —Wy.

The following is well-known:

Proposition 2.1 (ﬂﬁ], Proposition 3.1). With the same notations and as-
sumptions, there exists an unique affine connection, called Tanaka—Webster
connection,

V=V . ¢%X TX) - € X, T*X @ TX)

such that
(1) Vy€>*(X,HX) CE*(X,HX) forU € € (X, TX).
(2) VI =VJ =Vdb, = 0.

(3) The torsion T of V satisfies: 7(U, V) = dby(U, V)T,
(T, JU) = —Jr(T,U), U,V € €°(X,HX).

Recall that VJ € €°(X,T*X @ L(HX,HX)), Vdfy € €*(T*X ®
A?(CT*X)) are defined by (Vi J)W = Vi (JW)—JVyW and Vydio(W, V)
=Udby(W, V) —dbo(NyW, V) — dOo(W,VyV) for U € €°(X, TX), W,V €
¢>*°(X,HX). Moreover, VJ = 0 and Vdwy = 0 imply that the Tanaka-
Webster connection is compatible with the Levi metric. By definition, the
torsion of V is given by 7(W,U) = VywU — VygW — [W,U] for U,V €
¢>*(X,TX) and 7(T,U) for U € €>*(X,HX) is called pseudohermitian

torsion.

Let {L,}"_; be a local frame of 710X and {#*}"_; be the dual frame
of {La}"_;. We use the notations Zg := L, and 6% = . Write

Vie=wl® Ly, Vig=wl® Ly, and recall that VT = 0.
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We call wg the connection one form of Tanaka—Webster connection with
respect to the frame {L,}”_,. We denote ©5 the Tanaka—Webster curvature

two form, and it is known that

o8 :dwﬁ—wg/\wﬁ

« « v
By direct computation, we also have
05 = R 09 N6" + A7,07 1\ 6* + BY,67 N O* + Co Ao,

where Cy is an one form. The term Ri i is called the pseudohermitian
curvature tensor and the trace

n
_ J
Rypi= R
j=1
is called the pseudohermitian Ricci curvature. Also, write
dfo = ig,50° N 07

and ¢°? be the inverse matrix of 9.5 then the Tanaka—Webster scalar curva-
ture R with respect to the pseudohermitian structure 6 is given by

Rl == ¢"R 7. (2.11)

3. The Calculation of the Second Coefficient of the Szegd Kernel
Asymptotic Expansion

In this section, we will prove Theorem We will first show that how
to select a suitable phase function and the leading term of the Szeg6 kernel
asymptotic expansion such that the second order term of the Szegd kernel
asymptotic expansion is well-defined.

3.1. Uniqueness of the coefficients

We first recall some facts from the theory of oscillatory integral and
distributions: Notice that fooo e ®dt = 27!, for Rex > 0. Also notice that
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by partial integration and dominated convergence theorem,

Ly et oo o0
/ dt + / et tdt = / e tlogtdt
0 t 1 0

m t m—1
= lim (/ (1 — —> log tdt)
1
= lim <m/ s og (m(1 — s))ds>
m—0o0 0
1 1
= lim <mlogm/ s s + m/ s log (1 — s)ds>
1 ©© Sk—l—m—l
:mlgnoo logm —m OZ B ds
k=1
X 1 ktm—1
:mlgnoo logm—mZ/O 3 ds
k=1
= 1
- (= g
li 1 NE !
= lim | logm — - —
k=1
1
= mlgnoo <logm — Z E) .
k=1
Accordingly, we can check that by partial integration, if x # 0 and Re z > 0,
then
- mlz—m 1. meZ, m>0
P.V. [ e ®t"dt = ” plaey]
/0 (Snlzl)!mfmA(logx—i—'y— Z 3>:m€Z, m <0
=0
(3.1)

where v := lim,, (Z;n:1 % — log m) is the Euler constant. On the other
hand, by choosing a suitable contour, we can check that for a smooth function

fe€€>XR"), Imf >0, and any € > 0,

1 _ [T au@ior gy,
SEEa) . 2
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and if df (z) # 0 if Im f(z) = 0, with convergence in Z’'(R™), we define

1 1
= lim

(=)(f(z) +1i0) = >0 (=i)(f(x) +i€)’

and we can check that

1 _ 7 g
0 () + 0) /o o

in the sense of oscillatory integral. Moreover, we have:

Lemma 3.1. Let D C R" be a small enough open set near 0. Assume

F(z) €€ (D),F(0)=0, ImF >0, dF #0 ifImF =0,
and

G(z) € €°(D), G(0) #0, Im(FG) >0, d(FG) #0 ifIm(FG) =0.
Let m € Ng. Then, in the sense of oscillatory integral,

0o 0o m
tG(x)F(z)m jp — itF(x) 00
/0 e t"dt = /0 e Gy dt mod €°°(D).

Proof. First of all, by continuity, we may assume that on D
1
|G| > 5]6‘(0)\ > 0. (3.3)

From the construction of oscillatory integral ﬂa, Theorem 7.8.2], in the sense

of distribution,

/ T HG@F @ m gy _ qim [ e C@F@)Fie) m gy
0

e—0 0

|
. m!
= lim

e—0 (—iG(z)F(z) + ¢)m+1
m! . 1
Gy S @) + )
m! 1
(—iG(z))m*t (F(z) +i0)m+!

= [Teww g 0
A € G(l’)erl
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We first need

Lemma 3.2. Fix p € X. Let D C X be any open coordinate patch of X
with local coordinates x = (x1,...,%on+1), p € D. Let ¢1,p2 € €°(D x D).
Suppose that ¢1, ¢o satisfy (L), ¢1 and ¢ are equivalent in the sense of
Melin-Sjostrand, ¢o and ¢ are equivalent in the sense of Melin-Sjostrand,
where ¢ is as in (1)), and

(T?¢1)(p, p) = (T°¢2)(p,p) = 0. (3.4)

Suppose that

+oo +oo
/ P2 @V (g, y, t)dt = / @Bz y, t)dt mod € (D x D),
0 0

(3.5)
where a(x,y,t), B(x,y,t) € S5 (D x D x Ry) with
« ) = ) )
o(p,p) = Bo(p,p) (3.6)
(Tao)(p,p) = (T'5o)(p; p) = 0.
Then, we have
al(p,p) = ﬁl(pap) (37)
Proof. We take local coordinates x = (x1,...,x2,+1) of X such that
0
T=— .
OT2n41
As in ﬂﬂ, Section 8], we have
¢2('Iay) = f(x’y)qsl(x’y) + O(|£C - y|oo)’
for some f(z,y) € €°°(D x D), and we may assume that
¢2($,y) - f(xay)(ﬁl(xay) (38)
From (B.4]) and (B.8]), we can check that
3}
fam =1, = 0.0 =0, (3.9)

8$2n+1
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and hence
f ((0, .%'Qn+1), 0) =1+0 (‘xQn_i_l‘Z) . (3.10)

Applying Lemma Bl and (B)) to oscillatory integrals ([3.3]), we see that

S — j)la(z, y)(—igr f)! (z,y) mod ¢}
Frti(@, y) (—i(dr (z,y) + i0))n+
S0_o(n = 3)Bi (@, y)(—igy ) (x,y) mod ¢}

- (=ion (z.9) + )" 4y
up to some log term singularities. In particular, when = # vy,
Z(n - j)!(lj(.%', y)(_i(ﬁlf)j(x7 y)
=0
= fn+1(x7 y) Z(TL - ])'5]('7;7 y)(_i(ﬁl)j(x7 y) + (_if¢1)n+1(x7 y)S(.%', y)
§=0
(3.12)

for some S € €°(D x D). Now, take z = (0, z2,41) and y = 0 in the above
equation, then from B.0), (B9) and @BI0), it is straightforward to check
that

(1 = B1)((0,22041),0) = O(|22n11]).

By taking x9,11 — 0, we see that

041(0,0) = 51(0,0). D

‘We need

Lemma 3.3. With the notations and assumptions used in Theorem [L1], we
can take a(x,y,t) in (L) so that

Tay=0 on D,
(3.13)
ap(z,x) = sy for every x € D.
Proof. Take local coordinates x = (1, ..., x2,+1) of X sothat T' = — 8@‘1“
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on D. By the relation

dyp(z,x) = —wo(x), for every z € D,

we know that 895(% (z,z) = —1 # 0. Thus, applying the Malgrange prepa-

n+1
ration theorem E, Theorem 7.5.5], we have

o(z,y) = fi(z,y) (221 + 91(2',y)) (3.14)

for some smooth functions fi(x,y), ¢1(z',y) with fi(z,z) = 1, for every
x € D, where 2/ = (1,...,22,). Note that g; is independent of xg,1. By

Taylor formula, we have

ao(x,y) = ao(z,y) = ao((«', g1(2,v)),y) + (22011 + 912", y)) R(z,y),
(3.15)

where @y denotes an almost analytic extension of ag with respect to the real
variable xo, 41, R(z,y) € €°(D x D). Let

ao(z',y) = ao((2', 1 (2",y)),y) € €= (D x D). (3.16)
Then, by using integration by parts, we get

/ @) g (z, y)t"dt
0

00 .
= / eltd’(z’y)&o(x’,y)t”dt

0
_ Z‘/OO i <ez‘tf1(x,y)(—x2n+1+gl(m’,y))> Mt"dt
0 dt fl(x7y)
oo oo R
- / @Y o (2! y)tndt + i / eito@n) BT Y) gy
0 0 fi(z,y)

Hence, we can replace ag(x,y) by ag(«’,y) in (ILI) and by (LH), we see that

1
ap(x,x) = e for every x € D.

The lemma follows. Od

From now on, we assume that ag(z,y) satisfies [B.I3]). We have
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Theorem 3.1. With the notations and assumptions used in Theorem [LT]

we assume that

b (d(z,y)) vanishes to infinite order at x =y,

_ _ 3.17
Oby(—0(y,x)) vanishes to infinite order at x =y. (3.17)
We have
1
ao(x,y)—%TH = O(|lz—y|N), for every (z,y) € D x D, for every N € N.
(3.18)

Proof. Fix p € X, let x = (21, ...,x2,+1) be local coordinates of X defined

on D with z(p) =0, T = _&ciﬂ and
TH0X = span {Lj;i=1,...,n},
0 1, 0 0 (3.19)
_— = — ] ] = 1 P .
azj 2($2j—1 +Zax2j)7 J 9 ,

— 0
I, = —
i =55 + 0,

From 0pI1 = 0 and 0p¢ vanishes to infinite order at z = y, applying Mal-

grange preparation theorem ﬂa, Theorem 7.5.6], partial integration, Lemma

B Melin-Sjostrand ﬂﬁ, p. 172] and ﬂﬂ, Section 8], it is not difficult to

check that
(Ljao)(z,y) = hj(z,y)(~22n41 + g1(2’,y)) + O(lz — V), (3.20)
for every N e N, h; e €°(Dx D), j=1,...,n, .
where g1 € €°°(D x D) is as in (8I4]). We claim that
1
la0(2, ) — =] = O(|(, 5)|"), for every N € No. (3.21)
ogn+l

It is clear that (B:21]) holds for N = 0. Suppose that ([B.21]) holds for N = Nj,
Ny € Ng. We are going to prove that (2] holds for N = Ny + 1. From

BI9), 320), 32I) and induction assumption, we have

8@0

g(:c',y) = O(|(m,y)|N°), i=1,...,n. (3.22)
J
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Similarly, we have

Bao .
% (4 ) = O p)™), G=1,-...m, (323)
wj
o _ 1 o) - 0 s
where Bu; = i(ay%il —zaij), j=1,...,n.

Fix j € {1,...,n} and fix o, 5 € Ny, a4+ = Ny. From ap(z,z) = w%,

we have
o 9 .. 9 9
(((82’] ij) (8Zj ij

From (3.24]), we have

)5)%) (z,2) = 0. (3.24)

19} 0
Y oY \B _
((827]') (8@]') a0> (0’0) o Z Cay,00,B1,82
ai,a2,81,82€Np,a1 +ae=a,B1+B2=5,a2+51>0
0 0 0 0
_ \» az(_“ A B2
()™ () 5™ () a0 ) 0,0,
(3.25)

where o, 00,88, 1 a constant, for every ai,as, 1,82 € No, o + a2 = a,

B1+ P2 =B, ag + 1 > 0. Since ag + 1 > 0, from [B.22) and [B23]), we get
_ o1 a2 Bl 62 _

for every oy, a9, 51,82 € No, a1 +as =, p1 + B2 = 5, aa + 1 > 0.

From this observation and (B.25]), we get

0 0
<(£)a(%)5ao) (0,0) =0, for every o, B € Ng, a4+ 5= Ny.  (3.26)
j j

We can repeat the proof of ([3.26) with minor change and deduce that

dNay 0\
<<&> <8_@) a0>(0,0) =0, for every a, 8 € Ny, |a| + || = No. (3.27)

Since aq is independent of x9, 1 and ag(z’, z) = Wﬁ, we have

0
((8y2 » )Nao) (x,z) =0, forevery N € N. (3.28)
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From (3.28]), we can repeat the proof of ([8.20]) with minor change and deduce

that
()" () () ) 0:00=0 329

for every a, 8,7 € N§, |a| + |B] + |7] = No.

From B.22), B.23), B.21), B.2), we get

1
lao(z,y) — 531 = O(|(z, y)[Y0H1).

By induction, we get the claim (B.2I)). From (321]), the theorem follows. O

3.2. Calculation of the coefficients

To calculate a;(z,x) in (II]), we need to choose some good coordinates.
We will work with the assumptions as in Theorem [Tl Fix p € X. Since
0y, has closed range, from ﬂ], we see that there is an open set U of p such
that U can be CR embedded into C"*!. From now on, we identify U with
OM (D, where

OM = {z € C"; r(2) = 0},
r(z) € € (C",R),

3.30
J(dr) =1 on OM, J is the standard complex structure on C"**!, ( )
D is an open set of p in C" 1,
From ﬂ, Lemma 3.2], we can find local holomorphic coordinates x = (z1, ..., Zo,4+2) =
2= (21,..,%n41), 2j = T2j—1 +ixo;, j = 1,...,n + 1, defined on D (we
assume that D is small enough) such that
z(p) =0,
(3.31)

n
r(2) = 2lmzpgs + Y |57 +O((o1 - zngal)).
j=1

From now on, we assume that (3.3I)) hold. It is well-known that (see E,
Proposition 1.1, Theorem 1.5]) we can take ¢ € €°(U x U) in (1)) so that
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¢ satisfies (L2) and

¢ = dluxv,
. 1 ooth @
P(z,w) = = Z (%T%;(O)%% +O0(|(z,w)| ¥, (3.32)

7
o,BENG T ol +|BI<N

for every N € N.
From (B.32)), we can check that

Op.2(¢(z,y)) vanishes to infinite order at z = y, (3.33)
Oby(—¢(y,x)) vanishes to infinite order at z = y. .

From now on, we assume that ¢ satisfies (L2) and (B3.32).

From implicit function theorem, if D is small enough, we can find
R(z1,...,2on41) € €°°(D) such that

for ever xeb,m,...,m eD,
y (1 2net1) (3.34)
x € U if and only if xop10 = R(x1,...,Ton41),

where D is an open set of R?"*! 0 € D. From now on, we assume that
D is small enough so that 334) holds. Let z = (z1,...,Z2,41) be local
coordinates of D given by the map

(.%'1, e ,.%'Qn_H) eD— (1‘1, - ,x2n+1,R(x1, e ,.%'Qn+1)) eU. (3.35)

From now on, we identify U with D and we will work with local coordinates
r = (x1,...,%2n41) as (B30). The following follows from some straightfor-
ward calculation. We omit the details.

Proposition 3.2. With the notations used above, we have

2n
1
R() = =53 a2+ O(la),
j=1

- : (3.36)

0) = — =46, k=1,...
azjaik( ) 9 7,k 7 ) , 1,

- (OR OR
WO(JC) :d$2n+1 — ZZ (a—Zdej - a—g}d@) + O(|£C|4), (337)
Jj=1
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" R
dwo(x) =21 ———dz; Ndzy + O :U3,
0( ) jZLk (3zj(3zk 7 k (| | )
0 oR 0 "
THX =5 an{——i—z’— +0 m4} ,
p aZj aZj 8$2n+1 (’ ‘) j=1
0
T(z) = — + O(|z]?).
(@) = = gr— + Olal)

In particular, the volume form on X given by

1 —dwo "
)\(Cﬂ)dﬁﬂl coodropy = E < 5 > N Wo
satisfies
A0) = 1,
o\
— = =1,...,2 1.

We also need

Proposition 3.3. With the same notations above, we have

. n
7 _ _
$(x,y) = —Tont1t Yont1 + 5 > Iz — wi? + (Fjw; — %7w5)]

j=1
+0 (| 9)"),
4 4
%(070) = — i%(o% gk, ls€{1,...
4 4
awjaui;swgaws (0,0) = —Z'W(O), gk, s €{1,...
where % = %(# —i%), j=1,...,n, and

T2¢(0,0) = 0.

Proof. From ([B.32]), we have

n

&(x,) =—on +y2on —i[R()+R(y)+ Y _ 2w0;]+0 (|(z,y)[*)

J=1

351

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.45)
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. n
= ottt O (12 =225+ s ) +0 (12, ) )
j=1

. n
= —T2nH +y2n+1+% Z [12) —w; |+ (zjw; — z7w,)] +O (|(2,9)|*)

j=1
(3.46)
and
¢($,O) = —T2n+1 — ZR(:C)
1 1 o*r
+ - > —) P

... | e n+l

! ozjENQ,j:1,...,n+17o¢1+~~~+an+1:4 ar Ontl: azl azn+1
20 (Topg1 + iR(x)) " + O (|:U|5) . (3.47)

From (B.47), we get

34¢ 84R
920210207 =—im——7——7—7—(0), j k¢ 1,....n). (3.48
azjaZkaggazs (O’O) Zazjazkagzazs( )7 1R, £ S S { 5 7n} ( )

Similar,

0% , O*R
(0’ 0) N _lazjazkazgazs

3w8wk8wﬂ9@ (O)? j? kj,f, ENS {]-, e ,TL}. (349)
J s

From (346), (348) and (349), we get (B.43]) and (3:44]).

Finally, because for all x near p,

d
T(x)=— + O(|z|?),
() =~ + O(lal?)
it is clear that
T2¢(0,0) = 0. (3.50)

O

By Malgrange preparation theorem ﬂa, Theorem 7.5.5] again, we have

¢(z,y) = fz,y)®(x,y) on D,

(3.51)
q)(x’ y) = —T2n+1 + g(x,’ y)a

where f(x,y),9(2',y) € €*°(D x D), 2’ = (x1,...,29,). From Proposi-
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tion B3] it is straightforward to check that

f@y) =14 0(/(z,y)P),

3.52
O (x,y) satisfies (B.43), (3.44) and (B.43). (3:52)
We write
M(z,y) = / M)z, y, t)dt = / ") Az, y, t)dt, (3.53)
0

where a(z,y,t), A(z,y,t) € SG(D x D x Ry),

a(z,y,t) Zaj (z,y)t" 7 in S%(D x D x Ry), aj(z,y) € €°(D x D)

for all j € Ng,
(3.54)

Az, y,t ZA z,y)t" 7 in ST(D x D x Ry), Aj(z,y) € €°(D x D)
for all j € Nj.

We can repeat the proof of Lemma[3.3land conclude that we can take a;(z,y),
Aj(z,y) are independent of 9,41, for every j. From now on, we assume that

aj(z,y), Aj(x,y) are independent of x9,1, for every j, and hence

aj(x7y):a](xl7y)7 j:0717"'7

, 4 (3.55)
Aj(z,y) = Aj(@’y), §=0,1,....

Since ¢ satisfies ([3.33]), we can repeat the proof of Theorem Bl with minor
change and deduce that

1

ag(2,y) = Sl T O(|(z,y)|"), for every N € N. (3.56)

Moreover, from Lemma[Iland the proof of Lemmal[33] we can take Ag(2’,y)

to be

1
Aoz, y) = ap(2,y)— , 3.57
o) = ol ) ) (357

where f is an almost analytic extension of f. From (352, (3358) and @57)
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and , it is easy to see that

Aofa' y) = 5y + O, m)P). (359)

From Lemmal[32] we see that to prove Theorem[I.2] we only need to calculate
a1(0,0). Note (T2¢)(0,0) = 0, (T?®)(0,0) = 0. From this observation, we
can repeat the proof of Lemma and deduce that

a1(0,0) = A1(0,0). (3.59)

Hence, to prove Theorem [[.2] we only need to calculate A;(0,0). Now, we

are going to calculate A;1(0,0). We apply the projection relation

I = 112

)

or equivalently, in the sense of oscillatory integral
I(z,y) = / (2, w)II(w, y)A(w)dw mod € (D x D), (3.60)
D

to compute A;(0,0) = a1(0,0), where A\(w)dw is the volume form on X.

Now, shrink D if necessary. From
I(z,y) € €°(X x X \ diagX x X),

we may assume that all the base variables x,y,w € D are within a compact

set. Then, in the sense of oscillatory integral,

/ M@ Az, y, t)dt
0

/// @) Fis®wy) A (2 4y ) A(w, y, s)Mw)dwdsdt
DXR+ XR+

/ <// eit¢(x’w)+iw¢(w’y)tA(x,w,t)A(w,y,ta)A(w)dwda) dt
0 DXR+

/Oo <// 6it(71‘2n+1+g(x/7w)+0(7w2n+1+g(w/7y))tA(x’w,t)
0 DxRy

X A(w,y,ta)A(w)dwda) dt. (3.61)
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Consider the phase function
V(w,0,2,y) = —Toms1 + (2", w) + o(—wans1 + g(w',y)).
It is clear that Im W > 0 for ¢ > 0. Also,
B = dug(a',0) + (s + g 9). 2 = s + g,

and with respect to (w, o), Hess(V¥) is a matrix of the form

Hess(¥) = oz (902, 0) +og(w' ) (5 (—wanr1 +g(w',y)))"
a%(—w2n+1 + g(w',y)) 0

Directly, at (w,o;z,y) = (0,1,0,0) € R*T! x R, x R2HL x R2n+L
¥V =0andd,,¥=0

and notice that ® satisfies (3.43), (B.44) and B45) (see (B52)), we can

compute that at (w,o;2,y) = (0,1,0,0) € R**! x R, x R2nH1 x R2n+1

2ily, 0 0 2ily, 0 0
detHess(W) =det | 0 0 —1| =—det| 0 1 0| =(=1)"t22"
0 -1 0 0 0 1

(3.62)
Hence, we can find a solution W (z/,y) and (z/,y) near 0 € R?>"*! and
1 € Ry such that

oV, - - oV, -
%(W,E,x,y) = %(W, Y, z,y)=0. (3.63)

Note that W(z,y) = W(z',y) and W(z,y) = %(z',y) are independent of
ZTon+1. S0 by the stationary phase theorem of Melin—Sjostrand, we get

/ eitq)(x’y)A(x, y,t)dt
0

= // MW T2V A (2w, t) A(w, y, to) A(w)dwdodt
DXR+

oo ~( 0 ’
= / git(—wamir+i (e Wie ’y)))B(ac,y,t)dt, (3.64)
0

where
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[ee]

(z,y,t) ~ > Bj(z,y)t" 7 in SH(D x D xRy), Bj(x,y) € €(D x D),
7=0

for every j € Ny. (3.65)

Since W (a',y), S(',y) and Aj(z',y) are independent of 2,41, for every
§ € Ny, it is straightforward to see that up to O(|z —y|"V), for every N € Ny,

Bj(x,y) to be independent of 9,1, for every j € Ny. Hence,
Bj(x,y) = Bj(z',y) + O(jz —y|), forevery N€N,jeNy.  (3.66)

Also, observe that

[

Bo(0,0) = det (Hesi(;/’) > 7 40(0,0)2A(0)

2
= opntl L
- opntl

1
on+tl

= 40(0,0). (3.67)

For now II = II?, we have
o (e o] ~
/ eit(sz"“Jrg(zl’y))A(x,y,t)dt — / eit(*m”“‘Lg(z/’W(x/’y)))B(x,y,t)dt.
0 0
Because of
AO(xa y)BO(ma y) 7& Oa
as in ﬂﬁ, Section 8], we can show that

g («, W', y)) = gla’,y) + O(fz — V), for every N € No,

We may replace g <x’, W (2, y)) by g(«’,y) and we have

/ @Y Az, y, t)dt = / @Y Bz, y, t)dt mod €>°(D x D). (3.68)
0 0
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Lemma 3.4. With the notations used above, we have

Bj(z,y) = Aj(z,y) + O(|lx —y|V), for every N€N, jeNg.  (3.69)

Proof. We can repeat the procedure as in the discussion before ([B.12) and

conclude that

Bo(z,y) — Ao(z,y) = h(z,y)(~22011 + g(2',y)) + O(lz —y "),

(3.70)
for every N € N, j € Ny,

where h(z,y) € €°(D x D). Take almost analytic extension and Zg,41 =
g(2',y) in ET0), and notice that up to O(|z — y|V), for every N € Ny,
By(x,y) — Ap(z,y) is independent of z9,,41, we conclude that

Bo(z,y) — Ao(x,y) = O(|z — y|V), for every N €N, j € Ny. (3.71)

From (BX1I)), we can repeat the procedure as in the discussion before
[BI2) again and conclude that

Bi(z,y) — Ai(z,y) = hi(z,y)(—z2n 41 + 9« ) + O(lz — y|V),

(3.72)
for every N € N, j € Ny,

where hi(z,y) € €°(D x D). Take almost analytic extension and Zop4+1 =
g(2',y) in ET2), and notice that up to O(|z — y|V), for every N € N,
Bi(z,y) — Ay (z,y) is independent of 4,11, we conclude that

Bl(l',y) - Al(xay) - O(‘.YJ - y’N)a for every N e N7 j S NO-

Continuing in this way, the lemma follows. a

3.3. Recursive formula between the first and the second coefficient
From (B.64)), we see that

t // PO F+o®(w.0) 4(0 1w, t)A(w, 0, to) \(w)dwdo
DxR (3.73)

~ By(0,0)t" 4+ B1(0,0)t" "t - .
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In this section, we will from the the asymptotic expansion [B.73)) and Lemma

B4 to get recursive formula between the first and the second coefficient.

Now, let

F(w,0) := ®(0,w) + c®(w,0) = g(0/,w) + o(—wap1 + g(w',0)).

As ([B62) and the discussion before ([B.62]), we have (d,,F")(0,1) = 0,
(dyF)(0,1) = 0 and

2ils, 0 0
det Hess(F)(0,1) =det | 0 0 —1| =(-1)""'2" (3.74)
0 -1 0
and
+ln, 0 0
Hess(F)"'(0,1)=| 0 0 -1 (3.75)
0 -1 0
and
1 92 0?
Hess(F)(0,1)7'D, D) = 2i 42 , 3.76
(Hess(F)(0,1) ) z;azjazj T (3.76)
where D := (—i0y,, ..., —i0py, 1 —i@a)t. By Hérmander stationary phase
formula Theorem 2],
By(0,0)t" + By (0,0)t" " + - --
~ t// W) 400, w, 1) A(w, 0, to) \(w) dwdo (3.77)
DXR+
tHess(F)(0,1)) 2 &
o StF(0,1) ess ’ -ip,
e det( oo Zt P; (3.78)
7=0
~ 2T M Py 4t P 4 ), (3.79)

where

Py = Ap(0,0)2X(0) (3.80)
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and
1 2 2 prl
i 0 9
P = — | 7 — +
0;;62 ,u!(u + 1)! ; 82’]‘82’]‘ 8$2n+180
X (G“(CE, U)AO(O? x)AO (CE, 0))\(5[?)0'”) (Oa 1) + 2A0(Oa O)Al (Oa 0))‘(0)’
(3.81)
and

Gla,) = Fla.) — F(0.1) ~ & <Hess(F)(o, 1 ( ’ 1) | ( - 1>>
1 T -
= F(z,0) — 5 <Hess(F)(0, 1) (U - 1) ’ (U : 1>>

(0,1)=0 for all a; € NZ"™ ap €Ny, |a|=|ay|+|aa|<2. (3.82)

satisfying
0°G

Oz Joa2

Also, from Proposition and ([3.52)), we can find that

0°G o

Tpa (0.1) = 5= (2(0,2) + (x,0)) = 0, forall a € N2""! |a| = 3.
r=
(3.83)
Also, observe that
0°G
W(O’ 1) =0, forall a € Ny, |a] > 2. (3.84)
We now calculate each terms in P;: For g = 0 in the summation, the

summand is

2 2
i 5 5 | (Aol0,2) Aol A )™ (0,1

for £ =1 in the summation, the summand is

n

1 i o Y Z o* i o
— | - — + 2
21 - 8zj8§j6zk8§k = azjazjamnﬂaa (9:6%”“802

J
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acting on

G(xz,0)Ap(0,2)Ag(x,0)A(z)o™

valuing at (z,0) = (0,1); and for p = 2, the summand is

1 6 n 6
o z - 33 e
124 i 8z]8z]8zk8zk8zlazl e 8zj8zj0zk8zk8x2n+180

)

o o
3
- ZZ  92,0%,00%, 1,007 | 031,007

acting on

G*(z,0)Ag(0,2)Ag(z,0)\(z)o™

valuing at (z,0) = (0,1). Thus, by Proposition B2l Proposition B3], (8.52]),

B32), BR83) and [B.84), also with (B58) and Lemma B4 it is straightfor-
ward to check that

n

= 2' 0*(9(2,0)+¢(0, 2)
=A
0(0,0)° (Z 82']82']) )\(O) szazjazkazk

Jh=1
+24,(0,0)A; (0, 0)A(0).
(3.85)
From (3.42), 3.44), (3.52)) and notice that Ag(0,0) = 5- s—ir, We can rewrite

(B.85):

1 “~( 0 1
J S — A
LT 2t T2 21 (82']32]) Z: 8z]8zj32k32k ) o 1(0.0),

. (3.86)

where R is as in (3.44). From Lemma B4 and (B.77), we get

A1(0,0) = By1(0,0) = 27" Py.
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From this observation and (3.86]), we get

A1(0,0) = B1(0,0)

= 27Tn+1P1
1 n 2\ n R
~ opntl |z (827]02]-) (0) + Z m(o) +24,(0,0).
Jj=1 k=1

(3.87)

So we need to calculate

A IR .
(0,0) 27T"+1 ; (82']82']) ©) +]Z::1 07,0005 )| 388)

in the final subsection.

3.4. Calculation by geometric invariance

In this section, we calculate each term in ([B.88]) by the geometric invari-
ance on X. We will continue work with local coordinates z = (x1,...,Z2,41)
as (B30). We first calculate the Tanaka—Webster scalar curvature in terms

of the coordinates = = (z1,...,Z2,+1). Recall that from Proposition

~~(0R OR

wo(m):dx2n+1—zz<£ 2= 5 dz]> + O(|lz*), (3.89)
j= J
R
duwo(x) = 2i Z 520 ———dz; Az + O(|2?), (3.90)
g k=1
d
T(x) =— 2 .
(x) T + O(|z]%), (3.91)
TIOX —span (L], = span { 5=+ i5E 50— O(el )

7 g o =l (3.92)

L0 R
7 aZj aZj 8$2n+1

+0(jz[Y, j=1,...,n.

Write Vp, L; = I'L L1, where V denotes the Tanaka-Webster connection (see
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Proposition 21)). Recall that from ﬂﬁ, Lemma 3.2],

dc«.)o (VLiLj,fk) = Li(dWQ(Lj,zk)) — dwo (Lj, [Li,zk]To,l) . (3.93)
Directly,
- — 0’R
L - L — ot~ 3 3.94
dwo (V1 L;, Tp) = dewy (FULl,Lk> 2l +0 (1), (399)

— . O°R OR PR 5
L (dwo (Lj, Ly)) =2 (Zaziazjazk _a_ziaxgnﬂazjazk) +0 (|z]?), (3.95)

0 0RO
8zi 322 3$2n+1

0 OR 0
4 2 Y
+ O(|:C| )’ 0z, Zaik 0%op+1

LTl = | +0(al")

OR  9’R OR  9’R . O’R o) 3
i U = - — — 41 — +O(‘-’E’ ),
322‘ 8zk6m2n+1 sz aziaxgn_u 8z18zk 8x2n+1
and hence
dwo (Lj, [Li,zk]To,l) = O(\x!g) (3.96)
Accordingly, by B34), for all 4,j,k =1,...,n,
k

Moreover, by taking % both sides in (393)), from (B.30]), (3.:94)), (3.95]) and
(396)), it is not difficult to check that

ory; 'R
2(0) = —2——————(0). :
oz, (0) 8zi8zj82k82h (0) (3 98)

Now, let {#*}7_; and {93};‘:1 be the dual frame of {L,}}_; and {fﬁ};‘:l,

respectively. Denote
VL, = wg & Lﬁ,

and we can check that the (1,1) part of dw? is

= > (Tir})) 65 £ 6"+ O(lal),
k=1
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and the (1,1) part of @ﬁ = dwa —wd A wv denoted by
B pk !
Z Rakza Ao
k=1

equals the (1,1) part ot dwg. Hence the pseudohermitian Ricci curvature

tensor at origin is

n "ory -
i _ Z 3 ) _ ka

Also, for
—dwo = ig, 0% N 6P,

we can find that 6%(0) = dz, and 93(0) = dzg, and

95(0) = dag.

Let ¢° be the inverse matrix of g .5 We have g°%(0) = 0.4 and the Tanaka

Webster scalar curvature at the origin is

Rscal( ) N g R =2 Z Z 8zlazlazkazk( ) (3.99)

Finally, for the volume form

we have the expression

(( Z az dzj/\dzk+0(|:c|)>n
A@%H 13 (g fdzj)wuxr‘*)))

= (3.100)

1 - B O’R dzj/\dzk
_n!<<z 28238zk —2i O (e |)>

J,k=1

<~ (OR OR
A <d$2n+1 —’LZ ((9—zjdzj — az]d_ ) —|—O(|£C| )))
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From Proposition B2 we can check that

82\ N 'R z 'R
=(=2)" ([ —= —(0)=-2 —FF—F  (0).
02,07 (0) ( ) ( 2) ; leailﬁzj(%j (0) ]; 3213518zj8§j (O)

(3.101)
From (B.88)), (3:99) and (3.I01]), we conclude that
1
Al(o, 0) - WRSCEM(O)- (3102)

Thus, the proof for (2) in Theorem [[2]is completed for the point-wise equa-
tion (BI02]) holds for all zp € D and Rgca is globally well-defined on whole
X, and in particular on D.
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