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Abstract

For system of hyperbolic conservation laws with genuinely nonlinear characteristic
fields, it has been shown that a solution with compact supported perturbation of constant
state tends to the superposition of N-waves, with two time invariants for each charac-
teristic field. The aim of the present article is to generalize the result to systems with
both genuinely nonlinear and linearly degenerate characteristic fields, so that the result
applies to the Euler equations in gas dynamics, magnetohydrodynamics equations, and

full nonlinear elasticity equations.

1. Introduction

Consider system of hyperbolic conservation laws
ur+ f(u), =0, ueR™ (1.1)

The system is assumed to be strictly hyperbolic, with the eigenvectors nor-
malized:

Fwri(u) = Xi(wri(u), Liw)f'(uw) = Xi(w)li(w),
l,(u)r](u) = (57;]', Z,] = 1, 2, Lo, n,
A(w) < Aa(w) < - < An(uw). (1.2)
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Each i-characteristic field is either genuinely nonlinear in that the i-th char-

acteristic value J; is strictly monotone in its characteristic direction r;, [7]:

VAi(u) - ri(u) # 0, for ¢ € I, genuinely nonlinear; (1.3)

or linearly degenerate in that the i-th characteristic value \; is constant in

its characteristic direction r;:
VAi(u) - ri(u) =0, forie II, linearly degenerate, (1.4)

for all states w under consideration. We have TU Il ={1,2,...,n}.

Our aim is to study the time-asymptotic shape of the solution when the

initial datum is a compactly supported perturbation of a constant state wug:

ut+f(u)50 :Oa

1.
u(z,0) = ug for [z| > M, TV = var(u(-,0)) small. (15)

For the inviscid Burgers equation u; + (u?/2), = 0, such a solution
tends to the centered N-waves u(x,t) = N, 4(2,t), each depending on two
parameters p < 0 < ¢, Figure [I}

0, x < —+/—2pt,
0, x> +/2qt.

Here, for simplicity, we have taken the base state ug = 0. The N-wave

vaq(x7 t) =

consists of centered rarefaction wave sandwiched by the shock waves at © =
—+/—2pt on the left and at x = 1/2¢t on the right. The two time invariants
pand ¢, p <0 < q, are determined from the initial data

p=min [ u(y.0)dy =min [ u(y.0)ds
—o0 —o0 (1.7)

o0

o
q= max/ u(y,0)dy = max/ u(y,t)dy, t > 0.
xX T xX

T

The corresponding notion of N-waves can be defined approximately as

simple waves pertaining to a genuinely nonlinear ¢-characteristic field, ¢ € I
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as follows. Consider the i-th characteristic curve R;(ug), which is the in-
tegral curve of r;(u) through a given state wug. It is easily shown that for
u(z,t) € R;(up) to be a smooth solution of the system (L)), its character-
istic speed A;(w) must satisfies the inviscid Burgers equation, see Section 2.
Thus the i-th N-wave Np, . (z,t) = Ny, 4,(uo)(z,t) for the system through a
state ug with parameters p; and ¢;, p; < 0 < ¢; is defined by its characteristic

speed \;(u), Figure

Figure 1: N-wave N_y/ 1.

Ai
Npini (xv t) € RZ(UO)

>

T =V 2t <z < /24,
(ug), = — Ni(ug)t > /2qt;

Divide the (z,t) space into regions

Q1 = {(z,t): =<\t

—

,

{(z,t) :

{(z,1) :

x > S\n_lt},
S\i_lt <z < S\it}, 1=2,.

i(ug), ©— N\(up)t < —/—2pt,

oon—1,

(1.8)

(1.9)
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U space

Figure 2: N-wave for i-th characteristic field.

where \;, i = 1,...,n — 1 are constants chosen such that Ai(u) < N <
Ai+1(u) for all states w under consideration. The i-th N-wave N, 4, (x,t)
is an exact solution to the system (LI except for the two shock waves.
Nevertheless, we will see that it is an accurate time-asymptotic state.

Theorem 1.1. Suppose the total variation TV of the initial data is suf-
ficiently small. Then the initial value problem (LIl has a solution global
in time and tends to the superposition of N-waves and linear waves in the
following sense:

(1) For each i € I, there exist two time invariants p; and q;, such that the
solution u(z,t), (x,t) €y, tends to N-wave N, 4, (2,t) as t — co.

(2) For each i € II, the solution u(x,t), (x,t) € , tends to a linear wave
with speed \i(ug) and taking values on R;(ug) as t — oc.

(3) The time-asymptotic convergence rate in the Li(x) norm to linear waves

12 and to N-waves is t—1/4.

CRA

The study of N-waves for scalar laws was initiated in Friedrichs [3] in the
study of flow pattern around a supersonic airfoil, and subsequently by Hopf
[6], through the inviscid limit of Burgers equation. For two conservation
laws, n = 2, there exists a coordinates of Riemann invariants and the wave
coupling measured in that coordinates is third order. Decay of solutions to
the genuinely nonlinear two conservation laws was shown in an unpublished
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note related to Glimm-Lax [5]. This allows for the generalization of the
N-wave theory for scalar laws to the 2 x 2 genuinely nonlinear systems
by DiPernall]. In [9], it was recognized that, the characteristic speed \;
for the i-th simple waves satisfies the inviscid Burgers equation and the
third order coupling can be attained for general genuinely nonlinear systems,
n > 2. Decay and convergence to N-waves are also shown for genuinely
nonlinear systems in [9]. The optimal convergence rate is attained in [12]
after some pointwise analysis. In the present article, the system is allowed
to have linearly degenerate fields, and third order coupling in terms of the
decaying modes does not hold in finite time. Waves pertaining to linear
degenerate fields interact among themselves and with waves pertaining to
genuinely nonlinear fields, as in the case of magnetohydrodynamics, [10].
Because waves pertaining to linear degenerate fields do not decay, third order
coupling in terms of the decaying modes does not hold. A careful analysis
of repeated wave couplings is applied in place of the third order coupling
used perviously. In Section 1, we briefly review the notion of simple waves
in order to understand the time asymptotic states IN, 4, (LL8)). Our analysis
is based on the existence theory of Glimm [4] through the wave tracing
technique of [8], which is reviewed in Section 3. In Section 4, we carry out
the analysis of wave coupling aforementioned, see also Remark [5.3] there.
In Section 5, we study the decay of solutions, combining the decay analysis
of the unpublished note related to Glimm-Lax [5] and the wave coupling
analysis in Section 4. The convergence to N-waves is shown in Section 6,
using the coupling estimate in Section 5 and generalizing the analysis in [1],

[9] and [12]. Finally the convergence to linear waves is shown in Section 7.

2. Simple Waves

An i-th simple wave takes values along an i-th characteristic curve
R;(ug), Figure Pl Parametrize the curve by a non-singular parameter 7

so that, for some positive scalar factor a(u),

du

= a(u)r;(u), u € R;(ug), i — characteritstic curve. (2.1)
-
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By the chain rule,

0 or du or
%U(%t) = ?E = (g—x (u))ri(u(z, ),
T du T
U@ t) =5 = (Ea(u))m(u(%t))y (2.2)
wp + f(w)y = (% + )\ig—Ta(u))ri(u(x,t)).

Thus for u(z,t) to be a solution of the conservation laws u; + f(u), = 0,

we need to require 7(u(x,t)) to satisfy, as u moves along R;(ug),

B, B,
5 7(w) + Ai(w) 5 —7(u) = 0. (2.3)

When the i-th characteristic field is genuinely nonlinear, (L3]), we may
take the parameter 7 = \;(w) and normalize the right eigenvector r;(u) so

that

VAi(u) - ri(u) = 1. (2.4)
Equation (2.3]) becomes the inviscid Burgers equation

The above procedure yields an explicit way of constructing i-simple waves

by first taking the initial values to satisfy u(x,0) € R;(u) and then set

Ai(u(x,0)) = A(2,0), e+ A =0, Ni(u)(z,t) = Az, t), u(x,t) € Ri(ug).
(2.6)
The inviscid Burgers equation has the centered rarefaction wave solution

connecting two states A\g and A\; with Ay < Aq:

Ao, for x < Aot
Az, t) = $ 2, for Aot < z < Ait, (2.7)
A1, for z > Ait.

From (2.6]) and (27)), we can construct the i-th centered rarefaction waves
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(ug,uq) for the system (LT):

)\i(’u,o), T < Ai(uo)t,
)‘Z(u)(l'vt) = %, /\Z‘(UO)t <z < Ai(ul)t,
)\i(ul), x > )\i(ul)t;

uy, u(z,t) € Ri(uo), Ai(uwo) < Ai(ur).

(2.8)

The above analysis applies only for smooth solutions of the inviscid Burgers
equation and explains the rarefaction waves between the two shocks in the
N-wave Np, 4.(z,t) in (L8). The analysis of the two shocks in N, 4, (z,1)
will be done in the next section on the general consideration of shock waves.
The construction in (2.8]) yields solutions global in time; but that of (2.6)

may form compression waves at later time and the construction fails.

For linear degenerate i-th field, there is a construction of global in time
simple waves along an i-characteristic curve by free transporting along the

characteristic dz/dt = \j(ug) = \i(u(z,0), —o0 < z < o0:

u(z,t) = u(z — X\i(uwo)t,0), u(z,0) € R;(up). (2.9)

3. Riemann Problem

A jump discontinuity (u_,u) with speed s for the system (L)) satisfies
s(uy —u_) = f(uy)— f(u_), Rankine-Hugoniot condition. (3.1)
It says that the two states are connected by a Hugoniot curve, u; € H(u_).

Definition 3.1. For a given state ug, the Hugoniot set H(ug) consists of
all states u with the property that the two vectors u —wup and f(u) — f(uo)

are parallel:

H(uo) = {u: o(u—uo) = f(u)— f(uo),

3.2
for some scalar 0 = o(up,u)}, Hugoniot set. (32)

The following theorem is proved by the implicit function theorem, [7].
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Theorem 3.2. In a small neighborhood around a given state ug the Hugoniot
set H(ug) consists of n Hugoniot curves Hj(ug), j = 1,2,...,n, with the

following properties:

(i) Hj(uo) is tangent to the characteristic curve Rj(ug) at w = ug and the

shock speed o(u,ug) tends to \j(ug) as w approaches ug along H(ug).

(ii) The characteristic curve Rj(ug) and the Hugoniot curve H;(ug) have
second order tangency at u = ug. For a given state w on H;(uy), there
exists another state w on R;(ug) such that |u — a| = O(1)|u — w3,

Figure 3.

(iii) The shock speed is approrimated by the arithmetic mean of the charac-

teristic speed of its end states:

Aj(w) + Aj(uo)

5 +O0M)|u —uwo?, we Hj(ug). (3.3)

o(u,ug) =

R (UO)

1

Figure 3: Wave curve for genuinely nonlinear field.

From Theorem B.2] the two shock waves in the N-wave Ny, . (x,t) vio-
lates the Rankine-Hugoniot condition by an amount of O(1)t~%/2 as t — cc.
We will see that this is of sufficient accuracy for our time-asymptotic anal-

ysis.
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For a genuinely nonlinear i-field, the i-characteristic curve R;(u) and

i-th Hugoniot curve H;(ug) are divided according to the parameter \;:

R;(uo) = R; (uo) U R; (uo),
Ai(w) > Ni(up), for u € R (ug); \i(w) < N\i(up), for u € R; (uo),
H;(uo) — {uo} = H;' (uo) U H; (uo),
Ai(u) > o(ug,w) > \i(ug), for u € H; (ug);
Ai(u) < o(ug,u) < \i(ug), for w € H; (ug). (3.4)

Definition 3.3. Suppose that the i-characteristic field is genuinely nonlin-

ear. An i-shock wave uy € H;(u_), is admissible if it satisfies

Ai(ug) <o(u—,uy) < Ai(u-),
Aj(u) < o(u_,uy), for j <i, Lax entropy condition. (3.5)
o(ug,u) < Aj(ug), fori < j.

By (B3] and strict hyperbolicity, Lax entropy condition holds locally

for half of the Hugoniot curve:
Ai(ug) <o(u—,uq) < XN(u_), forup € H (u_).

For the construction of rarefaction wave (wup,u;) in (2.8]), we need u; €
R (ug). When the i-characteristic field is genuinely nonlinear, a state w; is
on the wave curve W (up) form either a shock or rarefaction wave (ug,u1),

Figure 3:

W;(up) = R (ug) U H; (ug), wave curve for genuinely nonlinear i-field.
(3.6)

For linearly degenerate field, the wave curve is identical to the charac-
teristic curve, W;(up) = R;(ug) and linear waves with speed \;(ug) can be
constructed to take values on R;(ug), (2.9).

The Riemann problem

ur + f(u), =0, u(x,0) = {ul’ =<0, (3.7)

Uy, x>0,
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is solved by i waves (w;—1,u;), i =1,...,n, satisfying
ug = up, Uy = Uy, w; € Wiui1), i=1,2,...,n. (3.8)

The existence of these states follows from the implicit function theorem using
Theorem

4. Glimm Estimates

The Glimm scheme constructs the approximate solutions using the so-
lutions of Riemann problem as building blocks. The Glimm functional F'(t)
measures the potential of wave interactions after time ¢. It consists of sev-
eral components. The total amount of waves at time ¢ is denoted by the
linear term L(t). There is the quadratic Qilj(t) denoting the potential of
interaction of waves of the i-th characteristic family and waves of the j-th
characteristic family, i # j. A third order term Q%(¢) denotes the potential
of interaction of waves of the genuinely nonlinear i-th characteristic family,

1 € I. The functional is defined for a space-like curve J:

L(J) = Z{a : « strength of waves crossing J};
inj(J) = {a;f; : «; strength of i-wave to the left, 5; strength of j
waves to the right crossing J, i > j, i,j =1,...,n};
Q.(J) ={af(a+p): a,B i-waves crossing J and

4.1
at least one of them a shock}; (4.1)

Qu(J) = QJ(),

i>j
Qs(t) = Y QUJ): F(J) = L(J) + AQa(J) + AQu(J).
i€l
By analysis of local wave interaction, it is shown that the functional F'(J)
decreases as the space-like curve pushes in forward time direction. Let J
be the curve around time ¢, then the above functionals are denoted by
L(t), Qs(t),Qq(t), etc. Given a region 2 in the (z,t) space. Set

Dd(Q)7 DS(Q)7 D(Q) = Dd(Q) + DS(Q) :

4.2
the amount of wave interaction occurs in €. (4.2)
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For Q = {(x,t) : t > to}, write Dg(Q2) = Dy(to), Ds(2) = Ds(to). The

Glimm’s estimate yields
D(t) = O(1)(Qa(t) + Qs(t)). (4.3)

Thus we often use Q4(t), Qs(t) when Dy(t), Ds(t) can be used for more

accurate estimate, e.g., (5.6)).

5. Coupling of Waves

The solutions for system of hyperbolic conservation laws are constructed
by the Glimm scheme, [4], when the total variation TV, (LH), of the initial
data is small. It is shown by using the Glimm functional that the total
variation of the solution w(-,t) at any time ¢ > 0 is O(1)T'V. The i-waves
pertaining to the genuinely nonlinear fields, ¢ € I, decay; while the i-waves
pertaining to linearly degenerate fields ¢ € I1 behave like linear waves and do
not decay. Thus the total amount of waves pertaining to linear degenerate
fields is O(1)T'V. Therefore we differentiate the strength of these two type

of waves and set

X;(t) : amount of i-waves at time ¢, i =1,2,...,n,
amount of waves pertaining to genuinely
X(t) = E Xi(t) ) .
= nonlinear fields at time ¢, (5.1)

n

ZXZ-(t) = O(1)TV : amount of waves at time t.
i=1

Waves are altered by interactions. There are two types of interactions,
interaction among i-waves has third order effects, and interaction between
waves of distinct characteristic fields has the second order effects. We moni-
tor the amount of interactions for different regions in the (z,t) space. There
is the notion of i-th generalized characteristic curve, which propagates with
either shock or characteristic speed. For scalar laws, this is defined first for
piecewise continuous solutions and then approximate the general solutions
by piecewise continuous solutions. For systems, it is defined through the
wave tracing technique of [8]. i-waves do not cross an i-th generalized char-

acteristic curve. For compactly supported initial data, (IL5]), the solution at
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later time is also compactly supported,

u(x,t) =g, for |x|>M+Cit, C; =sup{\i(u), i =1,2,...,n,}
for all v under consideration.

(5.2)

Choose the fixed time tg > M. Through (+£(C1 + 1)M, ty) draw generalized
characteristics ch. These curves meet before time t1, Figure 4. The region
after time ¢1 and between I'; (o) and T} (¢o) is denoted by €2;; and the region
between I';” and ', is denoted by Q;(to). By strict hyperbolicity,

[A] = min{|Aj(u1) — Ag(u2)|, j # k, for all u; and us under consideration }

is positive. Thus these generalized characteristic curves of distinct families
intersect before time ¢, Figure 4, and

M + Chtg
th—to < ——— (5.3)
[A]
From the choice of ¢y > M and (5.3]), we may set
1+C
t1 = Caoty, Co =1+ +9 (5.4)

(A

By the Glimm estimate, the amount of waves at any time ¢ is O(1)T'V.
Waves pertaining to the linear degenerate fields behave essentially as linear
waves and do not decay in time. Waves pertaining to genuinely nonlinear
fields are expected to decay in total variation and tends to N-waves in the

I rf i thrl

, 0% Qi1

&

. (M + C1to) M + Cito to

Figure 4: Regions for wave coupling, first step.
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Li(z) norm. Thus we distinguished these nonlinear waves and will monitor
their total strength X (¢) at time t. Although there are complex wave in-
teractions, it is possible to quantify the concentration of i-waves in primary
region €;, and the degree of lacuna of waves in the wake region ;. Thus

we set

X;(t) : amount of i-waves at time ¢, i =1,2,...,n;

n
X;(t1) : amount of i-waves at time ¢; outside of Q;, X(t1) = Z Xi(t1);
i=1

amount of wave pertaining to genuinely nonlinear fields

X(t) =Y Xi(t):

Py at time .
(5.5)
Lemma 5.1.
X(t1) =0()((TV)? + (X (t0))*); (5.6
Qa(t1) = O)(TV)?; 5.7
Qs(t1) = O(1)((X(t0))® + (TV)). 5.8

Proof. Note that i-waves, ¢ € II, do not interact among themselves,
and the interaction by wave of the same characteristic families are con-
centrated on i-waves for i € I. Therefore Qs(tg) = O(1)(X(to))3. Clearly,
Qa(to) = O(1)(TV)2. Since points in the region §; are not related by char-
acteristics directly to the support at time t(, those waves in €2; are produced
by interaction, and so

Xi(t1) = O(1)(Qal(to) + Qs(to)) = O(1) ((TV)? + (X (t0))?)- (5.9)

This proves the estimate (5.6]).

At time tq, i-waves in £); do not interact with j-waves in §); for 7 #
4, 1,7 =1,...,n, because they scatter away from each other. Thus there is
no contribution to Q4(to) this way, see the definition of Q4(J) in ([A.1]). The
contribution to Qg(t1) therefore comes from waves counted in X;(t;) with
other waves and so from (5.6])

Qa(t1) = 0(1) Y X;(t)TV = 0(1)((TV)* + (X (t))*)TV.
i=1
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Note that X (t9) = O(1)T'V and so the above yields the estimate (5.7)). Total
amount of i-waves at time ¢7 is less that at time ¢y plus the interaction and
is of the amount of X (¢y) + O(1)(TV)2. The potential interaction of waves
of the same genuinely nonlinear characteristic family at time ¢; is therefore
of the amount of

Qs(t1) = (X(to) + O(1)(TV)?)?,

which yields the estimate (5.8]). This completes the proof of the lemma. O

Repeat the above process and draw generalized characteristics from z =
+(M + Cit1) at time t; which intersect before time ¢ and form regions
Qi(t1), Q(t1), ete, Figure[ Denote by X;(t1) the amount of i-waves outside
of Q(t1), etc. Inductively, we then obtain a sequence of increasing times
m = (Og)mto, m = 1,2,... .

F;(tm) F;r (tM) F;+1 (tm) r;trl (t'm)

Iy (tm) Qi(tm) Qi(tm) Qit1(tm) Ol (tm)

Q() Qn

tﬂl
T —(M + City,) M+ Cit,

Figure 5: Regions for wave coupling, m-th step.

Proposition 5.2. For sufficiently small TV,

m—1
X (Z (TV)™ =1 (X (¢ -))3+(TV)m+1),m:1,2,...; (5.10)
=0
Qa(tm) + Qs(tm)= (i TV (X (t;))3 (TV)m+2) m=0,1,2,....
- (5.11)

Moreover,

u(z,t) = up + O(1)(Qu(tm) + Qs(tm)) + O(1)(X (tm))?,
for (z,t) € Qi(tm), i=1,2,...,n— 1. (5.12)
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Proof. By the same reasoning as in Lemma [5.1],

Qaltm) = OM)TV - X(tm), Qs(tm) = O1)(X (tm))?, (5.13)
and

X(tm) = O(l)(Qd(tm—l) + Qs(tm—l))- (514)

With (513) and (5.14)), the estimates (5.11]) and (5.11]) are easily proved by

induction in m, with the initial case of m =1 done in Lemma [5.11

The solution variation in Q;(t,,) is of the order of

Xi(tm) = O(1)(Qa(tm-1) + Qs(tm—1)) and so

w(ry, ty) — u(xo, t2) = O(1)(Qaltm—1) + Qs(tm-1)),
for any (x1,t1), (a,t2) € Qi(tm).

For (z,t) € Q;(ty), @ € I, besides the amount X(¢,,) of i-waves, there are
other waves of the amount of X (t,,). By Theorem B.2], the i-waves lie on the
i-characteristic curve R; except for a third order error. Thus, for any fixed

(z,t) € Qi(tm),

u(z1,t1) € Ri(u(z,1) + O(1) (X (tm))* + Qaltm—1) + Qs(tm-1)),
for any (z1,t1) € Qi(tm), i € 1.

For ¢ € II, the wave curve Wj(up) = R;(uo) and their is no third order
error as for the genuinely nonlinear case above:

u(w1,t1) € Ri(u(z,t) + O(1)(Qaltm-1) + Qs(tm-1)),
for any (z1,t1) € Qi(tm), 7 € I1.

These two estimates and that u(z,t) = ug for (x,t) in Qg and in €, imply
the estimate (5.12). This completes the proof of the proposition. O

Remark 5.3. For 2 x 2 conservation laws, there exist the Riemann invari-
ant coordinates and when the strength of waves is measured in the Riemann
invariant coordinates, the wave interaction measure ()4 is also third order,
same order as for (5. This is sufficient for the analysis of decay and conver-
gence to N-waves. The decay of solutions were done in an unpublished note
related to Glimm-Lax [5], and convergence to N-waves done in DiPerna
[1]. The analysis of N-waves using the Riemann invariant coordinates is
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replaced by the derivation of the inviscid Burgers equation for the charac-
teristic speed in [9], ([2.5]), which is the natural setting for general systems.
For systems with more than two equations, Qg is second order in general.
Neverthelss, if the system is genuinely nonlinear, the estimates in Lemma

6.1 when repeated to time to, are simplified to

X(t2) + Qalt2) + Qs(t2) = O(1)(X (to))*. (5.15)

For any given ty, we have ty = (C2)?ty, and so ty and ty are of the same
order. This is sufficient for the decay and convergence to N-wave analysis
in [9]. The analysis in [12] is to obtain pointwise estimate and to improve

the convergence rate, under the same setting as [9].

The above analysis do not apply to systems with linearly degenerate
modes. The Euler equations in gas dynamics consist of two genuinely non-
linear acoustic modes and one linearly degenerate thermal mode. For magne-
tohydrodynamics equations, there is an additional linearly degenerate Alfven
mode. Linear degenerate modes also occur in elastic models. Our present
aim is to study the N-waves for the genuinely nonlinear modes within the
system containing also linearly degenerate modes. For this, we carry out the
repeated decoupling analysis in Proposition to gain decay for the wave

interaction potential, see also Proposition [(.4] below.

Proposition 5.4. Suppose the total strength of waves pertaining to gen-

uinely nonlinear fields decays at the same rate as for the N-waves:

X)) =0TV -t7V2 t>1. (5.16)
Then the wave interaction potentials decay at the same rate as (X (t))3:
Qu(t) + Qs(t) = O()(TV)3t2, t > (Cy)2M. (5.17)

Proof. From (5.11)),

Q((C2)™t0)+Qu((C2)™t0) = O() ( DTV +3((Ca)ito) "2 +(TV)™+?).
i=0
(5.18)
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For any given ¢t > (C2)?M, there exists m such that

t
(Co)™ < i < (Cy)™1 for some integer m > 2,
and set
to = (Ct)m, so that t = (Cq)™ty, and M <ty < CoM.
2

Then (5.I8) becomes

2

Qult) + Qs(t) = 0TV~ 3 (32 (TV - (Co) )" 4+ (TV)™H(Co) ¥'17)
=0
= O(L)(TV)3t 3.

This proves (G.17)). O

6. Expansion of Rarefaction Waves

Waves pertaining to a genuinely nonlinear i-characteristic field, i € I,
decay because of cancellation of shock and rarefaction waves. This is due to
the expansion of rarefaction waves and the compression of shock waves. This
basic mechanism is quantitatively expressed in the following proposition on
the expansion rate of the rarefaction waves, [5], [11].

C’l CZ
I(t) t
Q
¢ I(T) T

Figure 6: Expansion of rarefaction waves.

Consider a genuinely nonlinear i-characteristic field, ¢ € I. Draw two
generalized i-th characteristics C_ to the left and Cy to the right from the
initial time 7". Let I(¢) be the interval between them at time ¢, and € the
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region between Cj, Co, time T, and time t. Denote by X (¢) the total
amount of j-rarefaction waves on the interval I(¢) at time ¢ between C_ and
C4, and X (T,t) the total amount of j-waves, j # i crossing I(T) or C_, C.
between time T and time t. Denote by  the region between C, Cs, time
to and time t, Figure 6.

Proposition 6.1.

I(t >
Xi(t) < ti—; (1+O0(1)X(T,t) +O(1)D(2)) + O(1)D(R). (6.1)
The estimate (6.1) registers the linear expansion rate of the rarefaction
waves, with the coupling effects of D(Q) and X (T,1).

7. Decay of Solution

Before studying the time-asymptotic behavior of solutions in the next
two sections, we first study the decay of total strength X (t) of waves for
genuinely nonlinear fields and the wave interaction potential Q4(t) + Qs(%).

Theorem 7.1. Consider the solution of system of conservation laws with
small initial total variation TV constructed by Glimm scheme. Then, as
t — o0, the total strength X(t) of waves pertaining to genuinely nonlinear
fields decays at the rate of t—/2:

X(t) =0TV (t+1)2 (7.1)
and the amount of potential wave interactions decays at the rate of t=3/%:
Qu(t) + Qs(t) = O()(TV)3(t + 1) 3. (7.2)
Morevoer,

w(z,t) = ug+ OW)TV3(t+1)"2 for (w,t) €y, i=1,2,.... (7.3)

Proof. 1t follows from Proposition [5.4] that estimate (7.I) implies estimate
(7.2)). Thus we may set up the induction process for verifying (7.1]). The main
step in the induction process is using the estimate (6.I]) on the expansion
waves to establish estimate (1)) from estimate (7.2]). This general approach
is carried out as follows:
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Consider the process (5.2))-(5.4]), Figure 4, and let ty be any given time
and set t1 = T. Let i € I be a genuinely nonlinear field. Through the edge
of support at time ty draw i-characteristics Cy = I‘f and denote by 2 = €;
the region between time ¢ = T" and Cy. We have from (6.1)

X, (t) < tl_(—t)T (1+O0(1)X(T,t) + O(1)D()) + O(1)D(Q). (7.4)

Here I(t) is the distance between C_ and Cy at time ¢, Figure 7, X4 (¢) is
the amount of i-th rarefaction waves in Q at time ¢, and X (T',t) the amount

of j-waves, j # i, crossing I(T') and C1 between times T" and .
C =T, Cy =T} TR

n

Qi1

" —(M +Cty) M +Cty to

Figure 7: Wave expansion and decay.

By (43)), the amount of wave interactions D(€2) in Q is bounded by
Qa(T) + Qs(T):

D() = 0(1)(Qu(T) + Qs(T)) = O(1)(Qulto) + Qs(to)). (7.5

The amount X (T, t) of j-waves, j # i, crossing the boundary of Q belong to

those produced by interaction after time t¢g:
X(T,t) = 0(1)D(to) = O(1)(Qalto) + Qs(ta))- (7.6)

By (7.5) and (7.6)), (7.4]) becomes

X, (0) < U (1400 (Qalto) + Qul10)) +0(1) (Qulto) + Qul10))- (77)
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Following the proof of (5.12]) in Proposition [5.2] we have

u(z,t) = uo + O(1)(Quto) + Qs(to) + (X(1))?),
for (z,t) € Q;, j=1,2,...,n— 1. (7.8)

Denote by u; (or u, ) the solution evaluated at the right side of C_ (or left
side of C1) at time ¢ and write

Ao = Ai(ug), A = Ni(wy), Ar = Ni(u).

The distance I(t) is governed by the Rankine-Hugoniot condition. From
Theorem [B.2] the speed of C_ (or Cy) is approximated by the arithmetic
mean of the characteristic speeds \;, (orA,) and \g with perturbation of the
order of O(1)(Qq(to) + Qs(to) + (X(T))?). Thus we have from the estimate

Ar— N

= O(1)(Qu(to) + Qs (to) + (X (T))*) +

— (% +O0()X;(T)) (A — i) + O(1)(Qalto) + Qs(to) + (X(T))?’). (7.9)

+O(1) ((Ar—A0)* = (Ni—X0)?)

The difference A\, —A; is X (¢) minus the amount of i-th shock waves between
C_ and C,, with the perturbation of waves of other families. The latter is
of the amount of O(1)(Qq(to) + Qs(to)). Moreover, from (T8)), X (t) =
X;(t)/2 4+ O(1)(Qq(to) + Qs(tp)). Thus we have

Xi(1)

Ar = A < X (1) + O(1)(Qalto) + @s(to)) = —

+ O0(1)(Qa(to) + Qs(to))-
These, (7)) and (7.9]) yield:

D10y < Gromx @) B+ 0(1)(@Qulto) +Qu(10)+(X(D)): (7.10)
1(1) < (3 +OM)X(T) X:(1) +O()(Qulto) +@ulto) H(X (1)), (T.11)

We now start the induction process. To goal is to show

X;(t) < Hot™3, for t < Ty = 2Ty, m =0,1,2,..., (7.12)
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where

Ty=c 5M, Hy=c 10M3, c=2TV. (7.13)

Since v = HO(TO)_% = ¢, we see that (T.I2) holds for m = 0. Assume that
(712]) holds for m < p with the coefficients H,,,, m =0,1--- ,p, satisfying

Hy < Hy <---< H,<2H,.

As mentioned at the beginning of this proof, it follows from Proposition [5.4]
that estimate (ZI) implies estimate (Z2). Thus the induction hypothesis

implies
Xi(t) < Hpt ™2, Qu(t)+Qs(t)+(X())? = O(1)(H,) 2, for t < T,. (7.14)
We now apply the set up above with
2 _1
to = (Hpr)E’), Yp = Hp(to) 2.
From the induction hypothesis,
X (to) < p-

Integrate (ZI0Q) from ¢ = T to t = T}, making use of (.14,

N
N

I(T,) < ;(1+ O(l)’Yp)Hp((Tp) —T2)+ 0(1)(’Yp)3(Tp =T)+ I(T).

N =

Next integrate (ZI1) for t € (T, Tp41):

t-T

) O T) + 06 - 1)

1) < (
Noting that I(T) = O(1)T = O(1)tp, we have from the above two estimates

I(t) < (%)%O(l)w (%(1 + 0(1)7p)Hp((Tp)% _Th)

+0(1)(3p)X(T, = T) + Ot ) + O()(3)*(t = 7). (7.15)

[NIES

We conclude from (7.7)), (7.8)), and (Z.I5]) that
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t — Cty
T,—T

(NI

Xi(t) < ( )OWw (¢ — Cto)™

| (1,):7* T ;
(1 0y 2=y + 0 ) + 0y (716

The induction is complete if H,1 is found to satisfy

B R (RO At
+ O(l)(]’p_%);] + O(l)(’yp)g S Hp+1t_%, fOI" t e (Tp,Tp+1).
This is so if
2T, — T oy, Tp |1 (T,)2T2
Hpi1 > (W)O(l)v (ﬁ) [(1+ O(U’Yp)Hpi(Tp - T)%
r 3
+0(1) o T)%] +O0(1)(yp)°. (7.17)

We assert that this can be satisfied with a choice of Hy 1 having the property

Hy=e M < H, < Hyyy < Hy3°Ww(14+0(1)y,) + O(1)2 05 < 2H,.
(7.18)

This is the consequence of the following simple estimates. From the definition
11 1 1 2 1
To=e 5M, Hy=¢ 1Mz, T, = 2PTy, to = (HpTp)5, vp = Hp(to) 2

we deduce that

S
=

e 95 Hy
YTp—-1 Hp—l

)

<2
where the last inequality comes from the estimate in (7.I8]) that we have
assumed. Thus

Yp < 27Ty = €270,
which is small and decaying exponentially in p. With this it is easy to see

that (ZI8) should hold if the terms not related to 7, on the right hand side
of (IT) can be satisfied for the small . The basic estimate for this is the
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ratio
4
7 = (G ) <22 Ty = 2% R a0 T
_2__3p 31
= M3 5£25,

which is small and tends to zero exponentially in p. For instance, it implies
the first ratio on the right hand side of (7.I8])

2, -T _,
T,-T =
The other terms on the right hand side of (I8]) are estimated similarly.

This completes the proof of the theorem. O

8. N-waves

With the decay of the total variation of the solution, one can study in
more detail the wave distribution and in particular the convergence to N-
waves and linear waves. This section studies the convergence to N-waves.
Recall from (L9) that the (z,t) space is divided into regions

Qi ={(z,t): &< it}, Q={(z,t): 2> N1t}
~7; = {(a;,t) : S\i_lt <z < S\it}, 1=2,....,n—1,
with the constants X;, i = 1,...,n — 1 chosen such that

Ai(w) < A < Ajg1(u) for all states w under consideration.

Theorem 8.1. For each i-th genuinely nonlinear characteristic field, i € I,
there exist two time invariants p;,q; so that the solution of (LBl converges
to the N-wave Ny(x,t) = Np, g (x — Ni(wo)t,t)ri(ug) in Q;. There is an
explicit description of the solution, (89)), which yields that the convergence
rate of the solution in Q; to the Nj(x,t) is of the rate of t—/* in Ly(x).

Proof. For a given time t, set tg = t%, ty = (C2)*tp < t and follow the set-up

of Proposition Consider generalized characteristics I', : = = x;(¢), and
It 2 =ua,.(t), Figure 7. Consider the lines separating the characteristics:
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Ai(ug) + Ajr1(w
Ij={(z,t): x=pt, pj = j(u0) 29"'1( 0)

To={(z,t): =N (ug)—1)t}, T ={(z,t): x=Ap(uo)+ 1)t}

}7 ]Zlvvn_la

After finite time O(1)M, the support of the solution is contained in the

region between I'g and T',,.

In the region between I';_; and I';, wp;—1t < x < p;t, we have from
Theorem [7-1] that the amount of i-waves decays at the rate of t71/2, and the
amount of j-waves, j # i, decays at the rate of t—3/2
71 and (Z8), along T;_; and I';, u = ug + O(1)t~3/2. This implies that, in

the weak sense, the solution is governed accurately by the Hopf equation:

. Moreover, by Theorem

A2 ,
At + (?)m = I/Z(aj‘,t), A= Al(u) — )\ot, Ao = )\Z(’U,())

The measure [ v'(z,t)dz comes from two sources, the first is the amount of

j-waves, j # 4, which is of the order ¢3/2

as just noted, and the second is
due to the fact that i-shock waves do not exactly satisfy the inviscid Burgers
equation, there is a third order error (t_l/ 23 = t73/2, Section 3. Thus we

have

Nl

/too /ﬂmt Vi(a, s)dzds = O(1)(TV )24 3.

i—1t
The inviscid Burgers equation has two time invariants, [6], so the above
approximate inviscid Burgers equation yields two time invariants

time-asymptotically, e.g. (IL7):

pi = inf /m Mz, t) — AoJdaz + O(1)(TV )%t 2,
17

i—1t

it
4 = max/ Az, 1) — Aoldz + O (TV)2EE, Mg = Aiug).

Draw generalized i-characteristics * = x;(t) and x = x,(t) starting at
time t¥°, Figure B Draw a backward characteristic through a location
(z,t), 2(t) < & < x,(t), to reach the time t>/° at zy. The change of speed

of the backward characteristic after time s due to waves crossing it is of the
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F’L—l T = Aot FZ

z Tl g T

B

a2/5

Figure 8: Wave distribution for a genuinely nonlinear field.

order of O(1)(TV)?(s 4+ 1)~%/2, and so its location at time ¢ is

z =10+ /tt (i, 1) + O(1)(TV)?(s + 1)"2)ds

2
5

= Nz, )t —3) + O()(TV)2(t + 1)75 = 20 + \i(x, )t + O(1)¢5.

Since xg = )\ot+O(1)t%, this implies that the solution is close to the centered
i-rarefaction wave for x;(t) < x < z,(t), see (L5,

x—)\ot

Ni(z,t) = + O3, ula,t) =ug + O(1)t 2. (8.2)

Next consider the region left of the generalized characteristic, p;—1t <
x < x1(t), and draw a backward i-characteristic to meet the boundary at
time ¢# for some 8, 2/5 < B < 1, Figure B The speed of the backward
characteristic changes due to waves crossing it, which is of the order of
(TV)3(tP)=3/2 = t=38/2_ The end speed \i(z,t) = g+ O(1)(TV)3t=38/2, by
([78)). Thus

2= piat? 4+ (=) (o + 0TV T): o
Mot =2 = (Ao — p-1)t? + O(1)(TV)*# %

Since \g — i1 is positive and of order one and since § > 2/5 and TV is
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small, we have > 1 — 3/3/2. Thus the above shows that
Chit? < Mot — z < CytP,
for some positive constant C7 < Cs. In particular, there exist 5/2<5;, 8, <1,
C1t? < Mot — xy(t) < Cot?, C1tPr <z, (t) — Aot < CotPr. (8.3)

The waves for the interval (j1;_1t,z) are those produced after time ¢? and so
have total strength O(1)(T'V)3t~3%/2, which is of the order of O(1)(TV')?(\gt—
2)~3/2. Similar estimate holds for the region z,(t) < z < u;t and we have

thus shown that

u(z,t) = ug + O()(TV )|z — Mot| "2,

(8.4)
for pi—1t <z < x(t), x.(t) < x < p4t.

From (8.2) and (84),

OW)(TV )3z — )\ot|_%, for pi1t < x < x(t),
Ai(,t) = Ao + ¢ £t O(l)(TV)?’t_g,, for x;(t) < x < x,(t), (8.5)
O()(TV)3|z — )\ot\_%, for x,(t) < x < p4t.

We use this and (83]) to relate the location of the two generalized charac-
teristics * = x;(t) and & = x,(¢t) to the time invariants p;, ¢; given in (81]).
In view of the decay property u(z,t) —ug = O(1)TV (14 t)~'/? in Theorem
[71] the second equation in (835]) implies that

l21(t) — Aot| + |z, (£) — Mot| = O(V)TV ( + 1)3. (8.6)

The integrations outside the generalized characteristics are time-decaying

and do not contribute to time invariants p;, ¢;:
z(t) 1
/ (N, 1) = Xo)dz = O(1)(TV 3|z (t) — Aot "2 = O(1)(TV)*¢~#/2,
pi—1t

/Mt (Ni(2,t) — Ao)dz = O(1)(TV)3|z,(t) — Mot| "2 = O(1)(TV )3t 5r/2,
zr(t)
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The integrations between the generalized characteristics are:

Aot 3
/ ) = o) = _2% (ot — 1(6))> + OVt 2 (Mot — pist),

[ Ostet) = Ao = 0t = 00+ 0TV Gt = ).

This and (8.6) yields
Aot 1 ) )
/ (Ni(z,t) — Np)dx = o ()\ot — xl(t)) + O(l)(TV)g’t_ﬁ,
(1)

/T:(Ai(x,t) — Xo)dz = %()\ot — 2, (1)) + O(1)(TV)?t 0.

The above analysis also shows that

inf " @)~ doldr = —%()\ot —zy())? + 0(1)(TV)Pt o0,
pi—1t
max /MtP\(i’% t) = Aoldw = %(Aot — 2,(1)) + O(1)(TV )Pt 1.

This and (81]) for the time invariants p;, ¢; gives the estimate of the location
of the generalized characteristics:

Aot — 2(t) = /—2pit + O(1)(TV)3 10,

L (8.7)
z,(t) — Mot = /2¢;t + O(1)(TV )3t 10,

Consider the generic case of p < 0 < ¢. From (83) and [B7), we see
that two relatively strong shock waves eventually emerge on the generalized
characteristics

Aarlt) = 0,6) = XiCan(6) +0,0) = | =2 + 0TV, .

Aoz, (t) — 0,8) — Ai(2n(t) +0,8) = \/iz +O()(TV)3s.

After the emergence of the two relatively strong shocks, say after time T,
we may redo the above analysis as follows: Let C; and C, be the generalized
characteristics through (u;—17,7T) and (u;T,T) which eventually coincide
with the two relatively strong shock curves after some finite time 77 > T.
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For (z,t), t > T, between C; and C, draw backward characteristic to meet
time 77 at (zg,T1) between C; and C,. The backward characteristic has
speed \;(x,t) + O(1)(TV)3(s +1)73/2, Ty < s < t, and so

T =x0+ /t (Ni(z,t) + O()(TV)3(s + 1)_3/2)d8 = \i(z, )t + O(1).
T

This improves the second estimate of (835]). For (z,t) between I';_; and I';,
but outside of C; and C,., we also repeat the process before, and we conclude
from the above, (83]) and (8.7) that

Ai(x7t)'_ Ao

O()(TV)3| Aot — x\_%, for p; 1t < x — Aot < — /%7

2= Aot 341 —2p; 2 (8.9)
- P+ O)(TV)2 7, for — /=32 <z — Aot </,

O()(TV)3|z — Aot| "2, for /2 < & — Aot < .

This completes the description of the solution between I';_; and I';. By
direct calculations using (8.9,

/M |Ai(x,t) — Ao — N(x — Aot t;p,q)(z,t)|[Dx = O(1)(t + 1)_%. (8.10)
n

i—1t

This completes the proof of the theorem. O

9. Linear Waves

For a linearly degenerate i-th field, ¢ € I1, the solution u(zx,t), (z,t) €
Q. tends, time-asymptotically, to a linear i-the simple wave, (2.9). The
asymptotic profile depends on the initial data u(z,0). The convergence rate
is better than that for the N-waves in Theorem B.Il To describe the linear
wave which dominates the solution in €2;, consider a stationary wave ¢(x) and
the corresponding i-th simple wave ¢(z,t) is constructed by parametrizing
the i-th characteristic curve R;(ug) by a non-singular parameter 7 with

T(up) = 0 and set, (2.9)),

d(x,t) € Ri(uo), T(d(x,1)) = ¢(x — Ai(uot). (9.1)
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Theorem 9.1. For each i-th linearly degenerate characteristic field, i € 11,
there exists ¢(x) such that:

(1) &) = O] "% as Jz] — oo;
(2) the solution u(x,t), (x.t) € Q, tends to the corresponding simple wave
o(z,t), @), as t — oo and the convergence rate is t—Y/% in Li(x).

Proof. In the region Q;, the amount of j-waves, j # i, is of the order of
Qa(t) + Qs(t), which decays at the rate of (TV)3t~3/2, (TZ). This and (7.8)
imply that

3

w(z,t) € Ri(ug) + O(1)(TV)* 2, Ai(w)(x,t) = Ai(uo) + O(1)(TV)3 2,
for (z,t) € Q; and as t — oc.
(9.2)
The i-waves in ; do not decay because of linear degeneracy. The i-
waves do not interact among themselves, and change in time of the order
of Qq(t) + Qs(t), and so the change in time is of the rate t=3/2. Thus the
solution in €; tends to a limiting function (z,t) satisfying

u(z,t) — iz, t) = O(1)t~2, for (x,t) € Q.

This implies that

Ait 3 1
/X (e, t) — @|(x, )| de = O(1)¢ - (1)¢~3 = O(1)¢ 3.

i—1t
This proves the second statement of (2).

By ([@.32]), the limiting function @(z,t) satisfies w(z,t) € R;(ug) and
Ai(w)(x,t) = Ai(up). In other words, the limiting function @(z,t) is an i-th
simple wave solution of the conservation laws, (2Z9). Therefore it is of the
form of (O.I]) for some stationary wave ¢(x).

From (Z8), the u(z,t) = ug + O(1)t=3/2 for (x,t) on the edges z =
Xi_1t, © = M\t of the region ;. By varying = — Ai(ugt > 0, and with
(z,t) on the right edge of Q;, we have = — \;(ug)t is of the same order as t.
Therefore u(z,t) — ug decays at the rate t=3/2. In other words,

Njw

u(z,t) — up = O(1)t~2 = O(1)(z — Ai(uot) "2,
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and for the limiting function
a(z,t) — uo = O(1)(z — Ai(uot) 2.

Similar estimate holds for x < X;(up)t. This implies the tail behavior of
o(z) in (1). O

The main theorem, Theorem [IT] follows from Theorem B.Iland Theorem
9.1]
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