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Abstract

We show that the mod 2 cohomology of bu A BSO(2n) is isomorphic to a direct sum
of E-modules, F = Z/2(Qo,Q1), n > 2. This would give the algebraic splitting of the
complex connective K-theory of BSO(2n).

1. Motivation

The stable splitting of complex connective K-theory started with E.
Ossa’s computation of bu A X"2BZ/2 A BZ/2(see ﬂg]), with Bruner and
Greenlees giving more results on bu A BG in E], where BG is the classifying
space of some finite group G. For infinite Lie groups, bu A BO(n) has a
splitting derived by Wilson and Yan in ﬂﬂ], and from their results Tsung
Hsuan Wu proved that bu A BSO(2n + 1) also has a stable splitting for
the classifying space of odd dimensional special orthogonal groups|15]. The
method he used in his paper only applies to the odd case, whereas leaving the
even case unresolved. Based on these results I show that there is indeed an
explicit algebraic splitting of bu A BSO(2n), and hopefully in the future use
it to find the topological splitting of bu A BSO(2n) to complete the question.
First we introduce some of the background material that is essential for my
results.
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2. Introduction

We operate our cohomology in Z/2 coefficients, so for example H* (X)
would always stand for H*(X,7/2). A will denote the mod 2 Steenrod Alge-
bra, bu is the spectrum of the complex connective K-theory, with H*(bu) =
A/JA(Qo, Q1) = A®p Z/2, with E = Z/2(Qo, Q1) the exterior algebra over
Qo and Q1, Qo = Sq*, Q1 = S¢® + Sq¢?Sq' are the Milnor primitives. HZ/2
is the Z/2 Eilenberg -MacLane spectrum. If Y is a spectrum, then ¥™Y is
the suspended spectrum with (X™Y"),, = Y;,,4n,. The tensor product ® will
stand for ®z /9, so all the spectra and its homotopy equivalences in this paper
are 2-localised. It is a standard fact that H*(BO(n)) = Z/2[w1, w2, . . . ,wy],
w; € H(BO(n)) is the i-th Stiefel-Whitney class. For H*(BSO(n)), one
uses the 2-fold covering h,, : BSO(n) — BO(n) to show it is equivalent to
Z)2[w3,w3, . . . ,wy], where h(w;) = @;,2 < i < n. First we state the main

result of this paper.

Theorem 1. For every n > 2, the cohomology ring H*(BSO(2n)) as an
E-module, is isomorphic to Bap @ Dap @ Mo, where M, is a free E-
module with a basis To,. Da, is a trivial E-module with trivial genera-
tors @2 ™M@y . . gogn 2 Yomymi > 0, my > 0. Bay is an E-module
with generators of the form (tj@%”q\tj € S7,k > 0) with ST € Tap—1,
where Tay,_1 is the basis of the free E-module of H*(BSO(2n — 1)), and
03252 L g dmnF L Yoiym; >0, m; > 0. The generators of Ba, are

subject to the relations
QoQu(t;@3,") = QoQu (@ ™M @™ -Gy ) = 0.

Remark 1. For n = 1, H*(BSO(2)) is just the cohomology ring Z/2[@s],

which is of course trivial under the E-actions since Q;(wz) = 0.

Next we give the previously related theorems:

Theorem 2 (Theorem 1.1 of ﬂa]) As an E-module, H*(BO(n)) is isomor-
phic to DT ® D5 ® M, where M s a free E-module, D7 is a trivial E-module
with E-generators we>™ w, ™2 - . - wop>™ such that Z?:l m; > 0, 2k < n,

D3 is an E-module free over the exterior algebra on Qo with E-generators



2020] THE ALGEBRAIC SPLITTING OF bu A BSO(2n) 165

w1 ey 2m2 o ?™ sych that Zlizl m; > 0,7 >0,2 <n-—1.

Furthermore, the generators satisfy the relations

Qo(wl2j+1w22m1w42m2 L w2l2ml) _ Ql(w12j71w22m1w42m2 L w2l2ml).

The finding of the E-module structure of H*(BO(n)) has its roots in
Wilson’s earlier paperﬂl_él], when he was trying to determine the complex
cobordism of BO(n), which gave H*(BO(n)) as a sum of Ej-modules with
generators, E; = Z/2(Qo, Q1,...,Qj—1) is the exterior algebra of (;,0 <
1<j<n.

Theorem 3 (Theorem 1.2 of ﬂﬂ]) For ¥n > 1, there is a stable splitting

bu A BO(n) ~ {\/EO‘HZ/Q} vV [\/Eﬁbu] V [\/EW)U/\RPOO],
@ B ¥

where o = degd;, d; are the free E-generators of M. [ and their degrees
corresponds to trivial generators of D}. ~ and their degrees corresponds to

the monomials wy?™ wy>M2 - - - we 2™ described in the theorem above.

Once they have computed the exact E-module structure of H*(BO(n)),
they went on to build a stable map by analyzing each monomial generator to
see if there is a topological map that realises them. Details will be omitted
here. The next 2 theorems are attributed to ﬂﬁ]

Theorem 4 (Theorem A of ﬂﬁ]) For each n > 1, H*(BSO(2n + 1))
is isomorphic to Daopy1 @ Mopy1 as an E-module, where Dopyq is a triv-
ial E-module with generators 032" w22 -+ | wan2 ™", dorymi >0, m; >
0, and Mayyy1 is a free E-module with a basis of E-generators Topy1 =

<ti|i S A2n+1> .

Theorem 5 (Theorem B of ﬂﬁ]) For each n > 1, there is a stable splitting

bu A BSO(2n + 1) ~ [\/EO‘HZ/2] v [\/zﬁ bu} ,
o 8

where o = degt; are the degrees of the generators of Moy 1, and B are the

degrees of the trivial generators of Day1.
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The proof of the splitting of bu A BSO(2n + 1) is partially based on
the result of the splitting of bu A BO(n), first one uses the Adams spec-
tral sequence [1] to calculate the E21’* term of bu,(BO(n)), which is in
fact the group Ewt}g’*(ﬂ'*(BO(n)),Z/Q) = Ewt}g’:(Z/ZFI*(BO(n))), where
E, =7/2(&,&2) is the exterior algebra over the Milnor generators & and &
of the dual Steenrod algebra A, = Z/2[£1,&2,...]. The E-module structure
has already been determined in [17], so calculating the Ext groups from the
bar and cobar resolutions is just standard routine. Wu’s paper ﬂﬁ] states
that there is an epimorphism

Exty*(2/2, H(BO(2n))) — Exty(Z/2, H.(BSO(2n + 1))),
so he was able to use this property to track the generators in
Baty’(Z/2, H(BSO(2n +1))) = Bat g (H* (BSO(2n + 1)), Z/2).

With E:ctjlg’* (H*(BSO(2n+1)),Z/2) determined, the E-module structure of
H*(BSO(2n+1)) can then come to light, and with it the topological splitting
of bu ABSO(2n + 1). When investigating the even case, the homomorphism
of the Ext groups

Baty (Z/2, H(BO(2n — 1)) — Exty (Z/2, H.(BSO(2n)))

is not surjective because there is no stable Becker-Gottlieb transfer of the
kind BSO(2n) — BO(2n —1) (see M]), so other approaches have to be
made.

The paper will use results from the previous papers to determine the
E-module structure of H*(BSO(2n)) directly, which is actually related to
E-module structure of H*(BSO(2n —1)). First we introduce some material

needed for our work.

3. Basic Notions

Before we prove our results some basic machinery must be quoted. As a
cohomology operation, the Steenrod Squares S¢’ satisfy the Cartan relation
Sqi(xy) = Z;‘:o Sq(x)Sq" I (y), z,y € H*(X) for a space or spectrum
X [12]. As elements of A, the multiplication satifies the Adem relations:

SqeSqb = Zgaz/g] (bail;f) Sq*tt=7Sq¢7, 0 < a < 2b. The Milnor primitives
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Qn ﬂﬂ] can be defined inductively as Q,+1 = QnSqWLH + SqQ"HQn7 Qo =
Sq',n > 0. Using these relations we can see that Q1 = Sq> + S¢%>Sq', higher
primitives won’t be needed since we are dealing with £ = Z/2(Qo, Q1). Note
that the @,, has the special property Q,(zy) = Qn(z)y + 2Qy(y), which is
quite helpful in our calculations. To use calculate the values of the Stifel-
Whitney classes with FE-actions applied to it, one more formula must be

mentioned.

Proposition 1 (Wu formula @]) For the Stiefel-Whitney classes wy,,

k

m—-—k+t—1

qu(wm) = Z ( ; )wk_twm+t,m > k.
t=0

Now we can start the calculations. For H*(BSO(n)), if 2m < n, then
QO(@Qm) = a2m+1, and Ql(@Qm) = W3Woy, + @2m+3. While for 2m + 1 < n,
Qo(angrl) = O, Ql(angrl) = @3@2m+1- QOQI(@) can be deduced from
these equations. If k& > n, then we let @y = 0. So in H*(BSO(2n)),
QQ(@Qn) = O, Ql(agn) = agagn, and Ql(@gn_g) = agagn_g. We now know
ow Q; acts on Wy, so finding out the value for a monomial composed of wy’s
is just pure calculation, using the derivation property given above. For a

man

general monomial wy'"?w3"" -+ - g, 2", we give its explicit form for all the

F-actions:
QO (@mQ@mS . @;7111271)

n—1
o —~mg-—~m3 /\m2k—1/\mm€+1+1 ——my
—E Mopwa "W - Wag Wok+1 ceop "
k=1

2n
—~Mmo—~m3 ~m _ /\mg/'\m3+1 ~m
Q1 (e w3 ---wan”)—(E mi)wg w3 A
=2
n—2
—~mgo-~—~m3 —~mgp—1 ————mag43+1 ——mg
+E MopWws ~W3 ° Wk 2P Wokt3 Clogn M
k=1

QoQ1 (w2 ws™ -+ -y

2n n—1
_ —~mg—~ms3+1 /\m2j_1/\m2j+1+1 ~mia
—(E mz)E Mmajwz W3 Tl Woiy gy
=2 j=1

n—2n-1 ; (24) (20) (23)
+ mam s gl gt g
2¢Mg; W2 2j 2j+1 2n

i=1 j=1
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where (m(QQi),mgm),..., (233))

= (ma,...,mo; — 1,...,moiys + 1,... ,map).
Keep in mind all the coefficients are in mod 2, and if one tries to calculate
kerQq, ker@)1 and kerQyQ1, set all the coefficients of the Q);-polynomial to
zero and solve the system of equations. For the sake of simplicity, we denote
W™ wg™ - Wit = W (s2, 83, ..., S2,) if necessary. Finally let’s introduce

some concepts related to the EF-modules:

Definition 1. F is the exterior algebra of the generators )y, @)1, then an
E-module M is a Z/2-module equipped with the module homomorphism
v: E® M — M, defined by @Q;-actions on the elements of M, p(Q; ® m) =
Qi(m). A generating set S is a subset of M such that every element in
M is an E-linear combination of the elements in S, and the multiplication
is defined as e - m = p(e ® m) = e(m). The elements of S are called E-
generators. An FE-submodule N is a Z/2-submodule of M which is closed

under the EF-actions.

Definition 2. A free E-module M is an E-module with a basis of E-
generators {r;|i € I}, such that every element a in M can be represented
uniquely by a linear combination of r; with coefficients in E. r; are the free

FE-generators of M.

Definition 3. A trivial F-module D is an E-module generated by a set of
E-generators {g;|j € J}, such that for every g;, e-g; = 0,Ve € E\{1}. g,

are the trivial E-generators of D.

Note that there are generators that are neither free or trivial, so they
should satisfy some FE-relations, which will be explained later. With all the

materials introduced, we can move on to show our results.

4. Algebraic Splitting of the Spectra

We now enter the main problem. As described in the previous chapter,
if one has to know the behaviour of the stable splitting of bu A BSO(2n),
first we must find out what the F-module structure looks like. Recall that
H*(BSO(n)) = Z/2|ws,ws, . .. ,wy], since this is a polynomial ring and the

Stiefel Whitney classes are algebraically independent, then it can be viewed
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—

as Z/2|ws, w3, ... ,wn| = Z/2]ws, w3, ... ,w0n_1|[@wy], then the cohomology of
BSO(2n — 1) and BSO(2n) are related as polynomial rings

H*(BSO(2n)) = @) H*(BSO(2n — 1))@2,".
k>0

Since HY = HO & Z/2, so H*(BSO(2n)) can be viewed as

H*(BSO(2n — 1)) @ D> H(BSO(2n — 1)@% . The generators of the E-
modules Ds,,—1 and Ms,_1 have been described, but the monomial gen-
erators in H*(BSO(2n — 1)) might not behave the same way when ap-
plied to the E-action in H*(BSO(2n)), owing to the fact that it has an
extra variable wg,. Luckily Proposition 1 tells us that all the E-actions of
0,2 <i<2n—1in H*(BSO(2n—1)) remain the same as in H*(BSO(2n)),
so it’s an E-submodule of H*(BSO(2n)). We only need to worry about
Won- Qo(wW2n) = 0, Q1(w2,) = W3way,, so the E-action of all elements in
H*(BSO(2n)) can be determined. Now for any monomial W (sa, 53, . . ., s2,,),

QOW(S2, 83y 8211) — (QOW(SQa ERTII 552n71))@82n5
Q1 W (s2,53,...,52)
=(Q1W (52,83, ...,5m—1) + s W (52,83 + 1,...,82-1))w2n" ",

so from this one can actually see that every FE-action on the monomial
W (s2,83,...,82,) preserves the degree of wsy,, and no &; can map to wa,
through the E-actions, hence we’ve just proved that every H*(BSO(2n —
1))@a, " is in fact an E-submodule of H*(BSO(2n)):

Lemma 1. For every k > 1, H*(BSO(2n — 1))wa," is an E-submodule of
H*(BSO(2n)), and H*(BSO(2n —1)) is an E-submodule of H*(BSO(2n)).

So from above we can see that H*(BSO(2n)) is actually an infinite di-
rect sum of E-submodules H*(BSO(2n — 1))wg," and H*(BSO(2n — 1)),
what is left is the need to determine the exact module structure of each one.
From Theorem 4, H*(BSO(2n—1)) = Do,y & Ma,,_1, so for this reason we
choose to divide H*(BSO(2n —1))wa," = H*(BSO(2n —1))an" & Z/ 2i2,"
into a sum of two modules, with H*(BSO(2n —1))ws," the elements can be
represented as F-generators related to Doy, 1, Mo, 1. While for the elements
(ﬁg\nk, from calculations above it is straightforward that when k is even won” is
trivial, for k odd it satisfies the relation QoQ1 = 0. We divide H*(BSO(2n —
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1))@k into two cases: the first case is when k is even. For any e € E,
e-(W(sa,ss,... ,Szn—l)@%) = (e-W (s, 83, .. ,szn,l))@% by direct com-
putation. So Wan 2" can be looked as a coefficient independent of E multiplied
to the monomial W (sa, 53, . .., Son_1) € H*(BSO(2n — 1)), from this we can
tell that the E-generators t; € Ma,_1, w2 w22 . . -w/ganm"’l € Doy
of H*(BSO(2n—1)) when multiplied by @2,>" they still retain their property
in H*(BSO(2n)): t;wg,"" is a free E-generator and

—~2my —~2my | ——2mp 1 —2

wo " wy < Wop—2 Waon~" is a trivial E-generator. We summarize this

into the following lemma.

Lemma 2. The direct sum of E-modules €D, H*(BSO(2n —1))wan " can
be further splitted into direct sums of free E-submodules Moy _100972" with free

FE-generators tj@2r, Vt; € May_1, and a direct sum of E-trivial submodules

) . .. ~2m —~2 ———2Mpy_1 ——2
Doy, 1w, ", with trivial generators wy” w2 - Wap_o " wan ',
—~2m1 —~2mg ———2Mpy_1
Vwe™ g™ o2 T € Dy

Proof. The verification of trivial generators is easy check since the ws;’s
all have even indices and they cannot be generated by other monomials for
they are even dimensional Stifel-Whitney classes. For the monomials ti@%,
suppose there exist coefficients egr) € F such that ij egr) . tiWQnQT =0, the
FE action on them turns out to act on just ¢; and multiplied by U/JQ\nQT7 which
gives us

doe - (0l = Y (e @ = 0.

ir ir
We rearrange the relation into a polynomial of wan2" with coefficients in
H*(BSO(2n — 1)), hence they are also a polynomial sum of t; with FE-
coefficients. The relation states that the sum is zero, by standard fact on
Stiefel-Whitney classes of BSO(2n), they satisfy no polynomial relations
whatsoever, which leaves us only the possibility that every coefficient of

won 2" must be zero. This means for every fixed r, > elm -t; = 0. But t; are

free E-generators in H*(BSO(2n —1)) and H*(BSO(2n)), hence egr) =0 for

all i and r, showing that t;ia,>" is a generator and free at the same time. O

This concludes the algebraic splitting of the submodules H*(BSO(2n —

1))@k with k even, now we have to deal with the case for k¥ odd, which is a
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bit more complicated. As stated before when the Q;-actions applied to the
monomials, in particular for ¢ = 1 we find that

Q1(W (52,83, -+, S20—1)@2m> 1)
=Q1(W (52,83, -, 820-1))02n " T+ W(s2,83 + L,...,820-1)w2n " 1,

this is the main complication. Again replicating the methods above, any
monomial element W (s, s3, ... ,52,_1) € H*(BSO(2n — 1)) is representable
as a finite sum of generators in Do, 1, Mo, 1 with E-coefficients, when mul-

2r+1

tiplied by way, it can be rearranged as the following:

W(SQ, 83,...,82m— 1)W2n2r+1 <Z €; ti + Z 69) -d >@2r+1’

. .. —~2 —~2 ——2m
where d; abbreviates for the trivial generators ws” " ws“"2 -+ Way_o "L

This form has yet to be presented in a sum of F-generators with E-coefficients.
So (e; (r) ) wan 2t and (ef]) d;)won2" ™ has to be rearranged to a sum of

monomials with E-coefficients. For Qy we have QO( Dwan = Qo (tiwan =,
whilst Q1 we get Q1 ()@ ' = Q1 (tiwmm > 1) +wstiwan > Tt On the right
—2r+1

side of the relation, we have the anomaly w3t;ws, which we are not
quite sure how to classify it at first glance. But if we look at wst; alone
we can tell it actually lies in H*(BSO(2n — 1)), moreover in Ma, 1 since
Dy, 1 consists of trivial generators and cannot generate monomials contain-
ing odd Stifel-Whitney classes through E-actions. So either wst; = t; is
itself another free E-generator, or a E-linear combination of free generators

i eg.k) -tj. For the first case Q1(t))wan> T = Q1(tiwzm>" ) + tjwm > T
is now a formal sum of monomials with E-coefficients, for the Second case
when we place Z (r) - t; inside the equation the sum is again multiplied by

(r)

o2t , by decomposmg the e; 7’s we might encounter Q1 or QpQ1 acting on

t; again, we go back to the previous process to determine the status of wst;,

o2t with coefficients

eventually we will get a finite sum of monomials ¢;wo,
in F (Partially owing to the fact that the @Q;-actions raises the degrees of
monomials, so any polynomial must be a finite sum of other monomials in
E-coefficients). For QoQ (t;)03" !, it is just QoQ1 (t;@a" ™) +Qo(Dst;)@ar

Qo(Wst;) € May,—1 is dealt in the same way above. Summarizing the facts,

for r > 0 every W (so, s3, .. Sgn,l)(fg;zrJrl can be written as a sum of mono-
mials ;a2 d @QTH with FE-coefficients, but we still have to check if

—2r+1

they qualify as E-generators. For djwa, , it is simply a generator since
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it’s a product of even Stiefel-Whitney classes wy;, which can’t be gener-
ated by E-actions through other monomials (Q;(W) # 0 contains a term
which has @o) 1 as its factor for some p). The monomial tioan Tt is what
we need to investigate in the whole problem. Once we have determined
its properties we then can claim to know the entire E-module structure of
H*(BSO(2n)), concluding our question. We now bring the result on the

odd case of H*(BSO(2n — 1))wa":

Lemma 3. For Vr > 0, we have the E-module isomorphism H*(BSO(2n —
D)@z = By @ My,
of free generators of the form (tiwon> t|t; € Sg) for some set S§ C Toy—1,
where Ty, 1 is the basis for the free E-module Mo, 1 of fNI*(BSO(2n —1)).
Bé,? is a E-submodule with a generating set (tjla, > ' |t; € STYU(d 00, |
dj € Dap_1) for some set ST C Top—1, S§NST = 2. In B\

= 2n 7

where MQ(;) is a free E-submodule with a basis

every generator
is subject to the E-relation

QoQ1(tjan ™) = QoQ1(dsian ™) = 0.

Proof. First look at djw,>" ! which is fairly easy to verify. Its status as
an E-generator has been verified above, so we check the relation it satisfies.
Q1(d w2, = Gad s, 2", now if we apply the Qg-action to it, the result
is zero because Qo(W3) = Qo(dswa,> ) = 0, and the fact that Qu(zy) =
Qo(z)y + 2Qo(y). For tiwg,> ™', the entire collection of these monomials
with d;wo," altogether would of course generate H*(BSO(2n — 1))wan 2",
but they need to be classified. To do this we select all the ti@2r+1 from the
set TQ(;) = <ti@2r+1

they themselves are not generated by other t;ws,,

|t; € To,—1) such that they qualify as E-generators, i.e.,

2rtlg and will also generate

(r)

—2r+1 . . r) . .
Mo, 109, "1 Such selection exists, for we can rearrange 75, into an infi-

nite pairwise disjoint union of sets WQ(;)n = (tiwan T deg(t;) = n). WQ(;)n is

W) this

obviously finite, so we use induction on 1. Take the union | J DI

u<n
set spans to some finite E-module, what we do is pick mechanically all the

(r)

suitable t;ioa, 2" Tt € Uu<77 W, such that it is not generated by elements
inside this F-module other than itself, and at the same time check that the

WQ(;)U When there
(r)

are no generators left to pick, move on to search generators of (J, <, Wy

by looking at the newly included set Wéz)n L1

selected generators will be the same as the span of the set TQ(;). In this way we

span of these generators is of equal to the span of (<,

When 1 — oo, the span of the
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will eventually obtain the generating set of Mo, 12,2 1 as required. Call

that set U(T). The free E-submodule of H*(BSO(2n — 1))z, > "' must of

2r+1

course have generators of the form tlwgn2er1 because d jwa,, is relational,

so every free generator would lie in U2(n)' We collect all these free generators
so they form a basis VQ(:;) = (tjan " T|t; € S&) for the free submodule MQ(;),
with S5 € Tb,—1. Now for the set U(T)\ r) — = (tjwg "ty € ST), the

2r+1

remaining generators t;wa, should all samsfy some F- relation Note

that S, 5] can select to be the same for every r. Here U \

(dy @2r+1|d J € Do, _1) altogether forms the generatmg set for the mod—

ule Bén) Now pick any generator in U2n \VQn . say i, (tlo/Jg\nQTH)
is a cyclic E-submodule. Since it’s not free, then by definition there should
exist some ¢; € F\{1} such that el-tl@QTH = 0. Owing to E as an exterior
algebra, we can definitely find some €] € E that eje; = QoQ1, so in the end

for every generator twa,> T not free, the common E-relation they satisfy

is QuQ1 (tian ") = 0. O

Remark 2. The existence of both free and non-free E-generators can be
further verified by actually computing QoQ1 (W (s2, 83, ..., S2,)).

If W(sa,s3,...,52,) is free then QoQ1(W') cannot be zero. For generators
belonging to Bén), QoQ1(W (s2,83,...,82,)) = 0. From chapter 3 the exact
solution of QoQ1 (W) = 0 is solved by setting all its Z/2-coefficients to zero,
so W e Bgl) should be monomials of the form

Wokan WZJ 1,

=1

with 0 < k < n—1, Y 15Z > 0,s; > 0 and Z?:_llpj even, p; > 0
(For k = 0, we let Wy = 1 for convenience). Then ¢; would of course

_1 —~2s;

be wop [Ti2) @2™ [T5Z 1 Goj17. Finally for the special cases k = 0 and
pj = 0 for all j, the monomial is just the generator d JW2n2r+17 while for
1 <k <n-1andp; =0 for all j, the monomial Wontoay L | L5525 s
easily verified as a relational E-generator since it has no odd Stiefel-Whitney
classes, and the same can be said of the generator t; = Wy, H?;ll ;2% which

is free over FE.

Remark 3. From ﬂﬁ], when the author describes their E-module decom-
postion of H*(BO(n)), for the module D}, he gives the E-relations as
Qo(Wh) = Q1(W7), this is in fact equivalent to QoQ1(Wp) = QoQ1(W1) = 0,
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which is done by just applying the actions @)y and Q1 respectively to the
whole relation. He chose to write it in that fashion partly because he can
compute the exact monomial, whilst for the free generators they can only
show the existence of a basis. Note from Remark 2 we also have the similar

relation
n—1
—~2s; j Si — Pj
Qo(w2k+2w2n H HW2J+1 > Ql(w2kw2n H HW2]+1 >
j=1

So if one must describe the generators of Bg;l) in full, more information about
t; € Ms,_1 must then be given, which is not a very big concern since we are
just trying to determine what H*(BSO(2n)) looks like as an E-module.

Proof of Theorem 1. We already know from Lemma 1 that H*(BSO(2n))
~ H*(BSO(2n — 1)) ® D> H(BSO(2n — 1))@, each is an E-submodule
of H*(BSO(2n)). By the previous Lemmas 2 and 3, the respective E-module
decomposition of each H*(BSO(2n — 1))wz," is given, so we sum them up
and the module B, Z/ 2w2n" to get the result. The direct sum of all the
free submodules in H*(BSO(2n —1))@a," for all k > 0 is the free E-module
Moy, of H*(BSO(2n)) with basis Ts,, while the direct sum of the modules
D, Doy, 1009727 and D, Z/Q@QT is the entire trivial E-module Dsy,,
and the sum of all the submodules Bgl) in H*(BSO(2n — 1))z, and
D,~0Z/ 2oy 2T gives our anomaly F-module Bs,,, every generator belong-
ing to it satisfies the relation QoQ1 = 0. The elements of By, ® Do, & My, of
course belongs to H*(BSO(2n)), and since every element of H*(BSO(2n)) is

. o~~~ — q o~~~ —\ —k
a polynomial P(ws,ws, ... ,wap) = > {_o Pr(@2,w3,...,W02m—1)way, , We sort
each Py (w3, ws, ... ,w/gnj)@k out as a sum of monomial generators with E-

coefficients shown in Lemma 2 and Lemma 3, with each generator belonging

to one of the modules By, Do, M>,, and so we are done.

5. Addendum

Although the E-module structure of bu A BSO(2n) has been given, the
generators of B, does not have a suitable spectra representing them, this
is because the structures of the generators themselves do not correspond to

any known space or spectra. If such a space exists, then we can go on and
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obtain the stable topological splitting. Hopefully positive results will turn

out.
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