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Abstract

The one-default models are widely applied in modeling financial risk and in price val-
uation of financial products such as Credit default swap. In this paper, we are interested
essentially to the so-called natural model. This model is expressed by a stochastic differ-
ential equation called f-equation, this equation displays the evolution of the defaultable
market. So, on the same model and with some assumptions, we will study the property of
homeomorphism of the stochastic flow generated by the natural model in a one-dimensional
case and with some modifications, based on an important theory of Hiroshi Kunita. This

is the main motivation of our research.

1. Introduction

The notion of the stochastic flow associated with a stochastic differential
equation has been studied by several authors, e.g., Elworthy B], Malliavin
M], Ikeda-Watanabe B], Bismut ﬂa] In this work, we are interested by the
stochastic flow generated by the so-called f-model, it is one-default model
which gives the conditional law of a random time with respect to a reference
filtration. This models are widely applied in modeling financial risk and
price valuation of financial products.

Precisely, it is proved in H] that, for any continuous local martingale Y,
for any Lipschitz function f on R null at the origin, there exist a probability
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measure Q and a random time 7 > 0 on an extension of (2,F,P), such that
the survival probability of 7, i.e., Q7 > t|F;] is equal to Z; for t > 0. In
the same last reference, it is also shown that there exist several solutions
and that an increasing family of martingales, combined with a stochastic
differential equation, constitutes a natural way to construct these solutions,
which means that X} = Q[r < |F],0 < u,t < oo, satisfy the following

stochastic differential equation :

—Ay¢

' dXt:Xt<— ‘

(Bu) : A S S Zt))dYt> ,  t€[u,00)

Xu==x

where the initial condition x can be any JF,-mesurable random variable.

The main result of this paper is to prove the homeomorphism property
of the stochastic flow generated by the stochastic flow associated with the
f-equation based on Hiroshi Kunita theory, but we impose the following

hypotheses:

Hypothesis 1. We keep the same naturel model, but we assume that all
the processes indicated in the f-equation take real values. Thus, we impose

that the coefficients of this equation are Lipschitz continuous.

Hypothesis 2. We always assume the hypothesis mentioned in ﬂ], which
t —As
denoted that the stochastic integral / 16

u S

dNg, u <t < o0, exists and

defines a local martingale.

Remark 1. With these assumptions, we recall that the solution of the b-

equation is continuous according to the article H]

Remark 2. It is reported here that the H. Kunita theory appearing in
Section 2 was done for multidimensional processes. Therefore, to obtain
our result in the one-default model, it suffices to apply the unidimensional

version of the Itd’s formula.

2. The Stochastic Flow of Stochastic Differential Equation

This section is borrowed from B]
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Let Gi(z),...,G.(x) be continuous mappings from R? into itself and
M}, ..., M] be continuous semimartingales defined on a probability space
(Q,F,P;F,). Here F;,0 < t < oo is an increasing family of sub o-fields of
F such that A.~oF;re = F, holds for each ¢. Consider an Itd stochastic
differential equation (SDE) on R,

d& = Gj(&)dM]} (2.1)
j=1

A sample continuous Fy-adapted stochastic process & with values in R? is
called a solution of (1), if it satisfies

d t '
b=+ [ e (2.2)
j=170

where the right hand side is the Ito integral.

Concerning coeflicients of the equation, we will assume in this section
that they are Lipschitz continuous, i.e., there is a positive constant L such
that

7 7 d
|G () — G5(y)| < Llz —yl, Va,y e R

holds for all indices i, j, where G;(x) is the i-th component of the vector
function G;(z). Then for a given point = of R?, the equation has a unique
solution such that £y = 0. We denote it as &;(x) or &(x,w). It is continuous

in (¢,z) a.s. In fact, the following proposition is well known.

Proposition 1 (ﬂ§]) & (z,w) is continuous in [0,00) x R? for almost all w.
1)

. » (
Furthermore, for any T > 0 and p > 2, there is a positive constant K,

such that
1 P
Elgi(@) - &)l < K (1o =yl + 1t - %) (2.3)
holds for all x,y of R? and t,s of [0,T].
We thus regard that for fixed ¢, &(-,w) is a continuous map from R?
into itself for almost all w. The purpose of this section is to prove that map

& (-,w) is one to one and onto, and that the inverse map ft_l(-,w) is also

continuous.
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Theorem 1 (E]) Suppose that G1,...,G, of equation ([ZJ)) are Lipschitz
continuous. Then the solution map &/(-,w) is a homeomorphism of R? for

all t, a.s. w.

Remark 3. In case of one dimensional SDE, Ogura and Yamada ﬂﬁ] has
shown the same result under a weaker condition, using a strong comparison
theorem of solutions. In fact, if coefficients are Lipschitz continuous on
any finite interval (local Lipschitzan) and if they are of linear growth, i.e.,
|G;(z)] < C(1+ |z|) holds for all x with some positive C, then the solution

&t(+,w) is homeomorphism for any ¢ a.s.

Remark 4. The (local) Lipschitz continuity of coefficients is crucial for the
theorem. Ogura and Yamada [9] has given an example of one dimensional
SDE with a-Hélder continuous coefficients (% < a < 1), which has a unique

strong solution but does not have the “one to one” property.

Remark 5. It is enough to prove the theorem in case that M}, i =1,...,r
satisfy properties below: Let M, J = Bg + A{ be the decomposition of semi-
martingale such that Bf is a continuous local martingale and A{ is a contin-
uous process of bounded variation. Let < B7 >; be the quadratic variation
of Bg . Then it holds for each j and Vs < t,

Al —A <t-s5,<B > -<B ><t-s  VYs<lL (2.4)

In the following discussion, condition (24 is always assumed. We will
first show the “one to one” property. Our approach is based on several

elementary inequalities.

Lemma 1 (E]) Let T > 0 and p be any real number. Then there is a
positive constant K ;(;2:;“ such that Vx,y € R and Yt € [0,T),

Elé(x) — &) < KOz -y, VoyeRY, vee[0,T).  (25)

The above lemma shows that if © # y then & (z) # &(y) holds for
all ¢t a.s. But it does not conclude that & (-,w) is “one to one”, since the
exceptional null set N, = {w|&(z) = &(y) for some t} depends on the pair

(x,y). To overcome this point, we shall prove the following lemma.
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Lemma 2 (ﬂg]) Set
1

") = Em—aw (26)

Then ni(x,y) is continuous in [0,00) x {(z,y) € R¥|x # y}.

The above lemma leads immediately to the “one to one” property of the
map & (-,w) for all ¢ a.s. We shall next consider the onto property. We first
establish

Lemma 3 (E]) Let T > 0 and p be any real number. Then there is a
positive constant Kz()gi)F such that

E(L + [&(x)2)P < KO +|a?)?, Vo e RY, vt e[0,T). (2.7)
Remark 6. It holds (1+|z|?) < (14|z|)? < 2(14|z|?). Therefore, inequality
21) implies

E(L+ [&(@)))* < 2P (1 + [al). (28)

Now taking negative p in the above lemma, we see that |£(z)| tends to
infinity in probability as x tends sequentially to infinity. We shall prove a

stronger convergence. We claim

Lemma 4 (E]) Let R = R% U {oo} be the one point compactification of
R, Set
1

m(z) = 1+ &)’
0, if x = o0.

if x € RY,

Then m(x,w) is a continuous map from [0,00) X R? into R a.s.

Lemma 5 (E]) Define a stochastic process &, on R4 =R U {oo} by

_ { &(2), ifx € RY,

&) = 00, if T = oo.

Then &,(z) is continuous in [0,00) x R,

Now the map Et is a homeomorphism of @, since it is one to one, onto
and continuous. Since oo is the invariant point of the map Et, we see that &
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is a homeomorphism of R?. This completes the proof of Theorem [

3. Main Result

In our model and with the assumptions set out in Section 1, we show
the homeomorphic property of the solution of the f-equation by applying the
lemmas introduced by H.Kunita presented in the previous section. We take

e=pand f=p—n with p > 0, we have for u < s <t:

X (z) = @ +/

t B_AS t
Xs <_1 7 > st +/ Xsf(Xs - (1 - Zs))d}/;-

We know that the quantity f(Xs — (1 — Z5)) is bounded because f is a
. . . . . —As
Lipschitz function, but as we do not know a priori if the quantity <—f_—ZS>
is finite or not, we introduce the stopping time 7, = inf{t,1 — Z; < %}
Therefore, we assume the process X instead of X: dX; = Xt(—%d]\ft +

f(Xt — (1= Z%;))dY}). Such as X, =X, Vt<m,,neN.

3.1. Proof of the one to one property

In this part we will apply the Lemma [ to the one-default model. So
if z = y the inequality is clearly satisfied for any constant R’iT. We shall

assume x = y. Let € be an arbitrary positive number and:
oz = inf{t > 0, [ X{'(x) — X{'(y)| < &}

denote A; = X*(z) — X{*(y), and we shall apply It6’s formula to the function
f(2) = |z|P. Then it holds for ¢ < &;

~ t e As t ~
X (:C) = —|—/u X <—m> dNy +/u Xsf (Xs - (1 - Zs)) dYs
—A¢

AX () = %, (——C
t(x) t( 1_Zt/\7'n

%) = Xe)| — e =P

- [ (e - xtw)

AN+ f (% - (1- 7)) dYt>



2020] STOCHASTIC DIFFERENTIAL EQUATION 149

( 1— Zonr )dN + Xs(2) f (Xs(m)—(l—zs))dys

(«)
(- _ZM>dN LX) (£ - (1= Z0)av,
0’ f

[ 52

[ ( 1= Zonr, > dN; + Xs(2)f (Xs(:v) —(1- Zs)) dy,
- X

X
1
2

_ t%(;m)—fff(y))x{ (@) - X)) <—1_ZA> NS

1

2 — Zsn
+ (XK@ (K@) - (1-20)) - Kw)f (R - (1-2))) av
K@) - Kr @) o -yl =T+ J,

we start with It:

h= [ 2 (xrw) - x0) (%) - 2ow) (- )

+ (R@)f (Klo) - (1= 20)) = Kw)f (Kl) - (1= 2,))) avi].

Noting
V() =Xo(@)f (Xlo) - (1 2,))
V(RN =X,w)f (Xuw) - (1-24)
such that

V(D - VEy| < L]xs - x|
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and
8f _ p—1
az _p|Z|
we put
L=1I} + I}
such that
i [ () - 1) (R) - %olw) (g ) o
t_uaz t \& t \Y s\T s\y 1— Zonr, s

= [ (xw) - Srw) (V52 - VD) av.

A
=
E/D:iz
&

!
=
&

Therefore

¢
I} < ‘P’/
u

. . » ¢ oA
Xs(x)—Xs(y)‘ dsx/ — & 4N,

- 1- ZS/\Tn
Noting
¢ o=
Q: = / —#dN s, it is a local martingale according to hypothesis
— HSsA\Tp

(so called the hypothesis Hy (C') H]) So

= o ~ p

B <iplQi [ [ute) - Xuto)| ds

u

For I?, we have:

7 (fr@ - xrw) (V&) - 7)< P LR - Kt
< LX) - X
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t
I} < IplL/
u

t
L=0'+1? < |p|Qt/
u

t
Slpl/
u

Therefore, we have

Therefore

Xs(z) — Xs(y)| ds.

- ~ ‘p
So, we have

Xo(2) - X)) ds

X,(r) - )" ds + o L [

Xs(x) —

)| ds Qi+ D).

t

(E Tinee| < 1P| (Qine. + L) /u E|Xsnos () — Xonos(y)] ds. (3.1)
Next,
=5 [ 54 (i) - %1)
oA o 2
X [(Xs(:v) - Xs(y)> (- — an> dN, + (V(Xg) - V(Xy)> dYs}
=5 [ 5 (%10 - x2w)
x [(&(m)—mw)g (—1_6; )2dNSst+(WX;”)—V(X;/))Qdmm
2 (Xufa) - X)) (—%) (v5) - V() vy

7= [ 2 (- xiw) < (% - %) (5 _ZA) ANaN,
72 = [ 54 (Ret) - ) x (V) - V) aviay,
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and note that

0% f _
9.2 =p(p— DzP?

For J} we have

ﬁ (X;‘(gc) — X;L(y)> X <X5(CC) - Xs(y))Q

<Jpllp = 11| Xs(@) - X[

Therefore

xuo) - )| ds [ ifdmdm

t
jlépp—l/ _
Pl -1l | .

The hypothesis 2] is always assumed, so

~ t ~ ~
J < pllp - 11Q2 / Ru(z) - Xu(y)

u

For J? we have

T (%20 - %20)) = (V%) - V(xD)

022 s

< ol = DIP222 (X200 - K2)

<Ipllp — 112 | X (@) - Ku(y)
So

R <lplp-1/2 [

u

For J? we have

(120 - X2w) x (o) - ) (V8D - V)
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< |pr - DI (X0) - £ow) '

The hypothesis 2] is always assumed, so

t
- - - - P
JP < 2pllp — 1|LQt/ X(x) — Xs(y)| ds.

u

Therefore

I
Ji =3 T+ T2+ T
-1 5 ¢
o= -1} |

+2rpup—1\£czt/

u

~ P

Xs(m)—XS(y) ds

t
~ ~ p -
()=o) ds lpllp 1/ 2

u
t

X.(0) - Xt

t

T <3lollp = 11(@: + L / K@) - Ku(w)| ds.

u

Therefore

1

Bee| < bl 1@+ 27 [ B[Rr) - ) ds. 62

-2

Summing up these two inequalities Bl and B2 we obtain

ds

B[R0 - Kb ] < oo+ G [ B[R - Ke)]

where ép is a positive constant.
By Gronwall’s inquality, we have:
- - P -
E|%0. (2) = Ko )] < BE 2=yl u<t<oo
such that
K & — yP = exp (Cyu)
Letting € tend to 0, we have:
- - P ~ (o
E Xtu/\a(x) - X;L/\J(y) < Kz(),zl ‘.%' - y‘p

where ¢ is the first time such that X*(z) = X*(y). However it holds o = oo
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a.s, since otherwise the left hand side would be infinity if p < 0. The proof
is complete.

The above lemma shows that if z # y then X/(x) # X/(y) holds for
all ¢ a.s. But it does not conclude that X;(.,w) is one to one, since the
exceptional null set N, , = {w/X}(x) = X{(y)forsomet} depends on the
pair (z,y). To overcome this point, we shall apply the Lemma 2

In this case we have:

~ t e—As t ~
Xz )—:c+/ Xs< m)st%—/u X (K- (-2))ay,
{ As i ~
:CU+/ s( >st‘|'/Xsf <Xs_(1_Zs)>dY;;
S/\Tn u
t As t ~
:y+/XS< )dNSJr/XSf(XS—(l—ZS))dYS
1 S/\Tn u
t As { ~
:y+/Xs< >st+/Xsf <Xs_(1_Zs)>dYt9
1- s/\’rn u
Putting
1
nt(ﬂf,y) v cu
| X3 (z) — X (y)
1
i (@', y') =— =
| X (@) = X3(y')]
So

By Holder inequality

E |77t($, y) - ﬁt’ (CC/, y/)‘l’ < 2F (E(ﬁt(x’ y)4p)E(ﬁt’(x/’ y/)4p))i

<[ (e -2p) + (E%1 G- XpwOP) |
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By lemme [[l and proposition [ we have

E [ii(@,y) =i (2,4 )|"<Corlo—yl P10’ =y |77 (Jo—a' P+ ly—y/ [P +2]t ¥
<Corb ™ (lo—a/P+ly—y/ P+2lt—¢ |} )

if [ —y| > 6 and |2’ — /| > &, where C,, 1 is a positive constant. Then by

Kolmogorov Theorem [, 7 (, y) is continuous in [0, T] x {(z,y)/|z—y| > }.

Since T and § are arbitrary positive numbers, we get the assertion. The proof

is complete. O

The above calculus leads immediately the one to one property of the

map X}(.,w) for all t a.s. We shall next consider the onto property.

3.2. Proof of the onto property

In this part we will apply the lemmas B, 4 and Bl to our model.

Let T'> 0 and p any real number:

~ to —As v -

X () :x—i—/ X, (-#) dNSJr/ X.f <XS i —ZS)) dy,
u — LSsA\Tp Uu

e

Xu(z) =X, (-—
a t(x) t( 1_Zt/\7'n

AN+ f (% - (1= 7)) dYt> .
We shall apply Ité’s formula to the function f(z) = (1 + |2|?)?. It holds

F(Xi(@)) = f(x)

- [ () [ (—%)st+f<s<:c>f(Xs<x>—<1—zs>)dys}

L[ P () g ) Kol (o)1 2]

f(X{(x)) — f(z) = I + J; such that
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For I;, we have
- [ )
x [Xs(x) <— - _eZAA) AN, + X, (@) (Xo(@) = (1= 2,)) dYs}
@/g@m>u< QJM

[ () o (o1 2

= I! + I? such that

Il :/ut % (Xg(@) X, (x) (-1 —eZ[:ATn> N,
7= [ 9 (%) Kutwis (Re) - (- 20) av.

~ 0
For I}, note 8—f:2pz(1+\z]2)p*1
2

and the hypothesis 2] is always assumed,

SO
" /ut g]zf <X§(az)> X (@) <_1 —eZAWn dN,
O (x2(@) Xuw)| <20pll2) (14127 [Rofo)
<2p| <1+ Xs(x)r) -
Therefore
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For I2. we have
t

Noting
V(XD = X(0)f (Xu0) - (1- 2,)).
Let K be a positive constant such that
~ ~ ~ 1
V(XD <K (14X (@)P)"

O (X(w) Xalo) x V(£0)

So
t
Pk [ (141X @) ds
Therefore
B t _ 2\ P _ t N D
h<2plan [ (1 [f)] ) asr2plE [ (14 R@P)

t

<2yl (@ + ) [ (14 K@) ds.

u

‘We have

t

BI|< 2@+ ) [ E(1+ %)) ds

u

Next, for J; we have

T 1 agf u
Jt_i/u aZ <X < 1-Z7 s/\7—> NS

+ Xo(2)f (5( ) }

<20p| |2 (1+ 2" K (1 + |Xs(:c)|2)

157

=

tﬁ <X;L(96)> [Xs(x) < m)zd]v dNs+V (XT)? dYsdYs
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158
~ eiAS ~  ~
+2 X (z) | ———=— | V(X7 ) dNdYs| .
1— ZS/\Tn
Noting .J; = % {jtl + J2 + jf’}, such that
_ taQ - _ B_AS 2
1 :/u o <XS (:c)) x Xy(z)? <_m> dN,dN,
T tan U (7 (YL
J? = /u a2 <XS (x)) x V(X5 dY,dY,
to2e , B —As o
=2 [ 5 (R2w) x Xetw) (~5 g ) VD vy,
u — HSsA\Tp

and note that

32f_ 2\p—1 . 2 2\p—2
52 =20 (LH 1) +ap— )20+ PP

Then for .J} we have

B t 62 N - —As 2

Jtl :/u a_zé (Xg(m)) X Xs(l')Q (-1_678%> dNSdNS
f .

a—Qé (Xi(@)) x Ko@)

<|(2p 1+ 1R +4p (= 1) 21+ 2P 2) Ko@)’

<2l -1+ (1+ 10 )

Therefore
—As

B t N 2\ P t 2
b <2ip| <2<p—1>+1>/ <1+\Xs(m>\> ds/ (—#) dN,dN;.
u - SN\Tp,

u

By hypothesis 2, we have

R <2l -1+ @2 [ (1+ (Xs<x>(2>pds.

u
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For J?, we have

= [ TL (%) < V(R av.ay,
01 (xe@) x V(%2

< \(210 (14 1=2)7" +dp(p— 1) 22(1 4+ [22)2) x & (1 n \fw)(?)\
<2l -+ DR (14 L))
Therefore
R <20l -1+ )R

For J3}, we have

J? zz/t % (Xg(m)) x X,(z) <—%) V(X7)dN,dY;
f /o s
o (Xr@) x X @)V (%)

1

< | (Y - D2+ BPP2) 2 (1)) fum‘

<ol 2 -1 + DK (1 4 (Xs(m)f)p.

The hypothesis 2] is always assumed, so

R < 4l - )+ VEQ [ (1+ \Xs@)f)pds.

u

Therefore
Ji :% LR
3 t ) p
hi=j lpwleo-v+n e [ (1+]%e]) e
- t - 2\ P
+21p| (2(p—1)+1)K2></ <1+(Xs(x)(> ds

u



160 FATIMA BENZIADI [June

t <1+ ‘X’S(m)r)pds}

J<llCr-D+1) (@ +R’)2/ut (1 ; 1f<s<m>\2)pds.

1 4lp) <2<p—1>+1)f€’@t/

u

So

(Ejt( < l2p-1)+1) (Qt+f()2/:ﬂ-z<1+‘Xs(x)(2>pds. (3.4)

Summing up these two inequalities and B.4] we obtain

E <1 + y)?s(x)g)p < (1+[22)” + const x /tE (1 + ]f(s(m)’?)pds

u

By Gronwall’s inequality, we have
- P -
E (1 + |Xs(:c)|2) < (1+]af?)? x exp (cp,u)

such that

~ t - P

Cpu = const x / E <1 + |Xs(g;)|2> ds

u
and
K3 =exp (Cpu).-

So, we have the inequality of the Lemma

~ p ~
E (1 + ]Xs(x)\2> < K3, (1+).

Now, taking negative p in the above calculus, we see that ‘X’t(x)‘ tends to
infinity in probability as x tends sequencially to infinity. We shall prove a

StI'OngI' convergence.

Let R = RU {oo} be the one point compactification of R. Set

- b e b o
X/ (z) == —|—/u X (-m) dNy +/u Xsf (Xs - (1= Zs)) dYs
1

(@) = § 1+| %)

0, if z = oo.

, ifz eR,
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Evidently 7;(x) is continuous in [0, 00) x R. Thus just to prove the continuity
in the vicinity of infinity. Suppose p > 2. It holds

By Hélder inequality, proposition [l and Lemma Bl we have

N N - 1, 1 - - 1
B i) — )l < (Be)?)* (E()™)* EIK (@) - Zo(o)P)
<Cor (L4 [al) P (L4 [y) 7 (o — g+t = 5/3)

ift,s € [0,7] and z,y € R, where CN'p,T is a positive constant. Set

-1

_:x
x
Since
|z —y| 11
<|=--|
A+ lzDA+y)) ~ |z y

We get the inequality

- - ~ 1 1
Eline) ~ 1.0 < Gy (|- 3

p p
+ |t — 5|5> .
Define

@), ifx#o,
m@%—{a if 2 = 0.

Then the above inequality implies

— — ~ b
Bli(e) = )l < Cyr (Jo =yl + 1t —slF), @ £0,y#0.
In case y = 0, we have
Eli ()P < Cyr|af?.
Therefore 7;(z) is continuous in [0,00) x R by Kolmogorov’s theorem. This
proves that 7;(x) is continuous in [0, 00) X neighborhood of infinity.
So, define a stochastic process X; on R = RU {oo} by
S B { Xi(z), ifxeR,

Xi(z) = 00 ifzr =00
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Then X,(x) is continuous sur [0,00) x R by the previous lemma. Thus for
each t > 0, the map X;(.,w) is homotopic to the identity map on R. Then
X;(.,w) is an onto map of R by a well known homotopic theory. Now,
the map X; is a homeomorphism of R, since it is one to one, onto and
continuous. Since oo is the invariant point of the map X;, we see that X; is
a homeomorphism of R. This completes the proof of Theorem [l

4. Conclusion

This work contains a new and original methodological approach to the
subject in question and could therefore be a good contribution to the theory
of stochastic differential equations, based on a very interesting lemmas of
Kunita E] Some difficulties have been encountered because the subject
deals with a difficult area “Stochastic differential geometry”. As prospects,
we try to prove the same result of the paper, but on manifolds.
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