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Abstract

In this paper, we would like to make a report on Morse inequalities and embeddings
for CR manifolds with transversal CR circle action. The results are contained in Iﬂ], IE],
dﬂ], @] and IE] Furthermore, in the last section we will give an explicit example for
S'-equivariant Szegd kernels and their expansion on the sphere S® in C? with respect to

a family of transversal CR S'-actions.

1. Introduction

Let X be a real smooth manifold of dimension 2n — 1, n > 2, together
with a Lie group action of S'. A CR structure (of codimension one or hy-
persurface type) on X is a complex subbundle 719X of rank n — 1 of the
complexified tangent space CT'X which is formally Frobenius integrable and
satisfies TH9X N TLOX = {0}. Given a Lie group action of S' we say that
this S'-action is CR if it preserves T1°X and transversal if its infinitesimal

generator is transversal to the real part of 719X @ T19X at every point.

Received March 15, 2020 and in revised form June 15, 2020.
AMS Subject Classification: 32A25, 32V30.
Key words and phrases: Morse inequalities, Szeg& kernel expansion, embeddings.

Hendrik Herrmann was partially supported by the Mathematical Institute, Academia Sinica, the
School of Mathematics and Statistics, Wuhan University, and the Graduiertenkolleg ‘Global Struc-
tures in Geometry and Analysis’ at the University of Cologne.

Xiaoshan Li was supported by the National Natural Science Foundation of China (Grant No.
11871380).

93


10.21915/BIMAS.2020201
mailto:post@hendrik-herrmann.de
mailto:hherrmann@uni-wuppertal.de
mailto:xiaoshanli@whu.edu.cn

94 HENDRIK HERRMANN AND XIAOSHAN LI [June

We start with a summary of results. In ﬂ2__4|], we study the Fourier compo-
nents of Kohn-Rossi cohomology on compact CR manifolds with transversal
CR S'-action. By using the Kohn’s L?-estimate on CR manifold, we show
that without Levi-form assumptions the Fourier components of Kohn-Rossi
cohomology are always finite dimensional. Then by studying the asymptotic
properties of the Fourier components of the Szegd kernel function we get
the asymptotic property of the dimension of the Fourier components of the
Kohn-Rossi cohomology. A corollary of our results is that under the condi-
tion that the CR manifold is weakly pseudoconvex everywhere and strongly
pseudoconvex at one point, the CR manifold admits many S'-equivariant
CR functions.

In ﬂﬂ], we study the equivariant embedding of a compact strongly pseu-
doconvex CR manifold with a transversal CR circle action. We develop an
asymptotic expansion for the Fourier components of the Szegé kernels con-
cerning CR functions which only lie in the positive Fourier components of
the space of CR functions. Making use of the Szeg6 kernel asymptotic ex-
pansion, we can construct enough S'-equivariant CR functions by which the
CR manifold can be CR embedded into some CV. Moreover, in the last
section of this paper, we give an example to describe explicitly such Szeg6
kernel asymptotic expansion with respect to the positive Fourier components

of the space of CR functions on the unit sphere S3 in C2.

It is well known that there are no compact Levi-flat CR manifolds in the
complex Euclidean space. Thus, a natural question is whether the Levi-flat
CR manifolds can CR embedded into the projective space by means of CR
sections of a CR line bundle of positive curvature. This is the analogue of the
Kodaira embedding theorem from complex geometry. In Kodaira’s original
proof of the Kodaira embedding theorem (see M]), the Kodaira vanishing
theorem is used to show that there are enough holomorphic sections with
values in the large tensor powers of a holomorphic positive line bundle. In
ﬂﬁ], we use the Szegd kernel asymptotic expansion method developed by
Hsiao and Marinescu ﬂﬂ] to establish Morse inequalities on CR manifolds
with a transversal CR circle action when such CR manifolds admit rigid
CR line bundles. On such CR manifold, without any assumption on the
positivity of the Levi-form we showed that a positive rigid CR line bundle

is always big.



2020] MORSE INEQUALITIES AND EMBEDDINGS FOR CR MANIFOLDS 95

In ﬂﬁ], we prove that a certain weighted Fourier-Szegd kernel admits a
full asymptotic expansion and by using these asymptotics, we show that if
X admits a transversal CR locally free S'-action and there is a rigid positive
CR line bundle L over X, then X can be CR embedded into the projective
space without any positivity assumptions on the Levi form. In particular,
when X is Levi-flat and admits a transversal CR S'-action, we improve the
regularity in the Kodaira embedding theorem of Ohsawa and Sibony @] to
Cc*.

2. Morse Inequalities and Embeddings for CR Manifolds
with Circle Action, I: without line bundle

The problem of embedding CR manifolds attracts a lot of attention. A
classical result of L. Boutet de Monvel ﬂﬁ] tells us that any compact strongly
pseudoconvex CR manifold of real dimension greater or equal to five can be
globally CR embedded into CV, for some N € N. The classical example
of non-embeddable three dimensional strongly pseudoconvex CR manifold
appears implicitly in the non-fillable example of pseudoconcave manifold by
Grauert |16], Andreotti-Siu E] and Rossi @] and was explicited by Burns
H] In [30] Lempert proved that a compact strongly pseudoconvex three
dimensional CR manifold which admits a transversal CR circle action can
always be CR embedded into the complex Euclidean space. Lempert proved
that such CR manifold can always bound a strongly pseudoconvex complex
surface. Then by Kohn’s result @] the Cauchy-Riemann operator 0, as an
operator between L? spaces will have closed range. Thus by L. Boutet de
Monvel B] and Kohn ﬂﬁ] the CR manifold will be CR embedded into some
complex Euclidean space. In ﬂﬂ], under the same condition as in @], we
showed that the functions in the CR embedding map can only come from the
Fourier components of the space of CR functions. For further information on
the embedding problem for CR manifolds we refer the reader to ﬂﬂ, Il_AI, IE]
and the references therein. Now we describe the results in ﬂﬂ]

Let (X,T'°X) be a compact connected CR manifold of dimension 2n —
1,n > 2, where 719X is the given CR structure on X. That is, 70X
is a subbundle of the complexified tangent bundle CTX of rank n — 1 |
satisfying 79X N 701X = {0}, where T%'X = T1O9X, and [V,V] C V,
where V = C*(X, TH0X).
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We assume that X admits a S'-action: S' x X — X, (e, z) — ¢ o 2.
Here, we use € (0 < 6 < 27) to denote the S'-action. Let T € C®(X,TX)
be the global real vector field induced by the S'-action given as follows

0 i6 00
(Tu)(x) = = (u(e o x)) ‘ezo,u e 0®(X). (2.1)
Definition 2.1. We say that the S'-action is CR if
[T,C™(X,T'X)) c C=(X,T'X), (2.2)

where [, ] is the Lie bracket between smooth vector fields on X. Furthermore,

we say that the S'-action is transversal if for each z € X,
CT(z) ® TiUX) o TH' X = CT, X. (2.3)

For x € X, we say that the period of x is %’r, g €N, if e ox # z for

;2m
every0<9<27”andelq ox = x. For each ¢ € N, put

Xy = {x € X; the period of z is %’T} (2.4)

and set p = min{¢g € N; X, # 0}. Without of loss of generality, we assume
p = 1. It is well-known that if X is connected, then X7 is an open and
dense subset of X (see ﬂﬁ] and also the appendix in ﬂ2__4|]) We denote
Xreg = Xi1. We call z € X, a regular point of the Sl-action. Let Xsing

be the complement of X, .

We assume throughout this paper that (X,71°X) is a compact con-
nected CR manifold with a transversal CR locally free S'-action and we
denote by T the global vector field induced by the S'-action. Let wy €
C>®(X,T*X) be the global real 1-form determined by (wq, u) = 0, for ev-
ery u € TWX @ T X and (wp, T) = —1.

Definition 2.2. For x € X, the Levi-form £, associated with the CR struc-
ture is the Hermitian quadratic form on Tp "X defined as follows. For any
U,V e Tp°X, pick U,V € C®°(X,TX) such that U(z) = U, V(z) = V.
Set

Lo(UV) = (U, V(@) wo(x)) (2.5)
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where [, | denotes the Lie bracket between smooth vector fields. Note that
L, does not depend on the choice of U and V.

Definition 2.3. The CR structure on X is called pseudoconvex at x € X
if £, is positive semidefinite. It is called strongly pseudoconvex at x if
L, is positive definite. If the CR structure is (strongly) pseudoconvex at
every point of X, then X is called a (strongly) pseudoconvex CR manifold.
In particular, we call X a Levi-flat CR manifold if the Levi-form vanishes
everywhere.

Let 0y : Q%9(X) — Q%9+1(X) be the tangential Cauchy-Riemann oper-
ator where Q%4(X) is the space of smooth (0, ¢)-forms on X defined as in ﬂQ]
Set Q0(X) = {u € Q¥(X) : Lyu = imu} where Ly is the Lie derivative
along direction T. From (22)) and (23] one has L7, = dyLr. Then it
follows that 3y : Q97(X) — QoI H(X). In ﬂﬂ] we define

~ Kerdy : Q1(X) — QX))
Imdy : Ud (X)) — Q9I(X)

Hq

b (X) : (2.6)
for m € Z. In particular, H,97m(X) = {u € C®(X) : Tu = imu, dyu = 0}.

We call H) (X) the m-th Fourier components of the space of CR functions.

2.1. Morse inequalities

From Kohn’s L?-estimate it is easy to see that dimH{im(X ) is always
finite dimensional without any assumption on the Levi-form. In [24], we
studied the Morse inequalities for dimH; (X) as m — oo. We have the
following results. 7

Theorem 2.4. Let X be a compact connected CR manifold with a transver-
sal CR S'-action. Assume that dimpX = 2n — 1,n > 2. Then for every
q=0,1,2,...,n—1, we have

n—1

dim H}, (X) <

- 27"

/ |det L,|dvx (z) + o(m™ 1), m — co.  (2.7)
X(q9)

Here, X(q) is a subset of X where the Levi-form is nondegenerate and has
exactly g-negative eigenvalues. det L, is the multiplication of the eigenvalues
of the Levi-form with respect to a given S'-invariant Hermitian metric on X.
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Theorem 2.5. Let X be a compact connected CR manifold with a transver-
sal CR S'-action. Assume that dimprX = 2n — 1,n > 2. For every q =

0,1,2,...,n—1, as m — oo, we have
a . . mr—1 )
(‘qu]dimHam(X) < s Z(—l)qj/ ‘ | det £I|dvx(az)—|—0(m"71).
j=0 §=0 X@)

(2.8)
In particular, when g = n—1, as m — oo, we have the asymptotic Riemann-
Roch theorem

n—1 A ) n—1 n—1 A
> (1Y dimH], (X) = 7;” Z(—w/ [ det Ly|dux () + o(m™ ).
j=0 j=0 X()

(2.9)

Recently, analogues to the Atiyah-Singer index theorem in complex ge-
ometry a CR index theorem is established in [9].

Corollary 2.6. Let X be a compact connected CR manifold with a transver-
sal CR S'-action. Assume that dimpX = 2n — 1,n > 2. If X is weakly
pseudoconvex and strongly pseudoconver at a point, then as m — 0o

dimH,?,m(X) ~m" ! dimH{ (X)=o(m" ") for q¢> 1. (2.10)

In the main results above, we only consider the Morse inequalities for
the positive Fourier component dimH; (X) as m — oo. In fact, we also
have the Morse inequalities for the nega;tive Fourier component H, g m(X) as
m — —oo. More precisely, we have 7

Theorem 2.7. Let X be a compact connected CR manifold with a transver-
sal CR S'-action. Assume that dimpX = 2n — 1, n > 2. For every q =
0,1,2,...,n—1, as m — —o0, we have

|m|n71
- 27"

/X( 1 )\detﬁx\dvx(ﬂc)—i—o(]m]"_l),

n—1-—q

q

> (1) dimHj | (X) (2.11)

< Z(—l)“/ | det Ly|dvx (x) + o|m|" ).

=0 X(n—1-j)
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In particular, when ¢ = n — 1, as m — —oo, we have the asymptotic
Riemann-Roch theorem

n—1 | |n71 n—1

- » _mi g . ey
jz%(—l)]dlmHzim(X) T ogn ]Zo( 1)J/X(n1|§1)tﬁx|d x(x)+o(|m[")
(2.12)

From Theorem 241 Theorem and Theorem 2.7, we deduce

Theorem 2.8. Let X be a compact connected CR manifold of real dimension
2n—1 with a transversal CR S'-action. Letq € {0,1,--- ,n—1}. Assume that
the Levi form of X has q non-positive and n— 1 — g non-negative eigenvalues
everywhere. Then

dimH}, (X)
dimHj  (X)

o(m™ 1), asm — oo, forj#q
(2.13)

o(|m|™™1), as m — —oo, forj#n—1—q.

If moreover the Levi-form is non-degenerate at some point, then
dimH{ (X)) ~m" !, asm — oo
dimH;l;bl_q(X) ~ |m|"t, as m — —o0 (2.14)
dimH{(X) = oo, dimH;" (X)) = oc.

In particularly, if X is weakly pseudoconvexr and strongly pseudoconvex
at a point, then

dim A} HX) = |m|""! as m — —o0

and in particluar dimH;" ' (X) = co. Moreover, dimH (X) = o(|m["™1)
as m — —oo forq <n—2.

Recently, when X is only assumed to be weakly pseudoconvex the esti-
mate dimH; (X) = o(|m|""') when m — —oo is improved by Wang and
Zhou @, Theorem 1.3].

2.2. Szego6 kernel expansion and embeddings of CR manifolds

In this section, we describe the results in ﬂﬂ] From Corollary 2.6] we
know that dimH} (X) = m" ! as m — oo when X is strongly pseudo-
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covnex. Hence, the space of CR functions which lie in the positive Fourier
components of the space of CR functions is very large and thus a natural
question is that whether X can be CR embedded into some CV by CR
functions which lie in the positive Fourier components. In ﬂﬂ] we give an

affirmative answer to this question. More precisely, we proved

Theorem 2.9. Let X be a compact connected strongly pseudoconvexr CR
manifold with a locally free transversal CR S'-action. Then X can be CR
embedded into some complex Fuclidean space by the CR functions which lie

in the positive Fourier components of the space of CR functions.

The main machinery to establish Theorem are Szegl kernel expan-
sion methods. In ﬂﬂ], making use of the complex stationary phase formula
due to Melin-Sjostrand ﬂﬁ] we have the following asymptotic expansion of

the Fourier components of the Szeg6 kernel.

Theorem 2.10. Let X be a compact strongly pseudoconver CR manifold
with a transversal CR circle action. For xg € Xyeg, let (2,0, ) be canonical
coordinates centered at xo and defined on a canonical patch D; = {(z,0) :
2| < e1,]0] < w}. Set D ={(2,0) € C" ' xR : |z| <¢,0] <5} E Ds.
Then on D x D, we have

Sm(z,y) = 217T€m(zzn 1=y2n=1+ @@ m) mod O(m ™),

where

(z,w,m) Zm"ljb (z,w) in S 1(1,D x D),

loc
A (2.15)
bj(Z,w) € COO(D x D)’ j = Oal,Qa"' )
bo(z,2) = "V |det L], z=(2,0), VzeD.
Here, we set D = {z € C"~' . |z| < e}. In particular, we have
Sz, x) = Q—B(Z,Z,m) mod O(m™>). (2.16)
™

Theorem 2.11. Let X be a compact strongly pseudoconvexr CR manifold
with a transversal CR circle action. Assume xy € X,k > 1. Let D1, D
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and (z,0,p) be as above with T — ¢ replaced by 1. For k { m we have
S (x,x0) =0 for all z € D. For k| m we have

Sz, 20) = %am<wm+¢<%0>h§(g, 0,m) mod O(m ™) (2.17)

on D. In particular, given k | m and x = xo, we have

k-
Sm(l“o, xO) = 2_b(05 0’ m) + O(m_oo)
s
and
b(0,0,m) ~ bo(0,0)m™ 4+ by(0,0)m™ 2 + -

in the sense that for any N € Ny there exists Cny > 0 independent of m such
that

N
O 0 m Z ] mn— 1—j < CNmn72fN

holds for all m € N.

In ﬂﬁ], we give a complete description of the diagonal expansion for the
m-~th Fourier component of the Szegd kernel function as m — +o0o0. We also
obtain explicit formulas for the first three coefficients of such an expansion.

3. Morse Inequalities and Embeddings for CR Manifolds
with Circle Action, II: with line bundle

The well-known Grauert-Riemenschneider conjecture states that a semi-
positive holomorphic line bundle on a compact complex manifold is big if it
is positive at least at one point. This conjecture was first solved by Siu ﬂﬁ]
by using the J-equation method. Motivated by Siu’s solution of Grauert-
Riemenschneider conjecture, Demailly ﬂﬂ] gave another proof of this con-
jecture by establishing the holomorphic Morse inequalities. The original
proof of the holomorphic Morse inequalities was based partly on Siu’s tech-
niques and partly on an extension of Witten’s analytic proof for the standard
Morse inequalities. Natural problems ﬂﬁh are to extend the Morse inequali-
ties to cohomology associated to other operators than the d-operator and to
non-compact complex manifolds. Getzler ﬂﬂ] extended the Morse inequali-
ties for Hg (X, L*) on a compact strongly pseudoconvex CR manifold X for
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1 < ¢ < n—2where Lis a CR line bundle over X. Recently, Hsiao-Marinescu
@] established the Morse inequalities for H(X, L¥) on a general CR man-
ifold which satisfies Y'(¢) condition. Both Getzler’s and Hsiao-Marinescu’s
work depend on the sign of the Levi-form on CR manifolds satisfying some
algebraic conditions. So their work can not be used on Levi-flat CR mani-
folds which play an important part in CR geometry. In ﬂﬂ] we studied the
Morse inequalities on CR manifolds which admit rigid CR line bundles. For
Morse inequalities on non-compact complex manifolds which will be not fo-
cused on in this paper we refer the reader to M, Iﬁ, Iﬂ, @] and the references
therein.

In our work ﬂﬁ] we do not need any restrictions on the behavior of
the Levi-form of the CR manifold. From the Morse inequalities we have
established, we prove that a rigid CR line bundle is big if it is positive. In
order to describe this work, we first recall the definition of rigid CR line
bundles.

3.1. Rigid CR vector bundle

In this subsection we use the notations from ﬂﬂ]

Definition 3.1. Let D C X be an open set. We say that a function u €
C*>(D) is rigid if Tu = 0. We say that a function u € C*°(X) is Cauchy-
Riemann (CR for short) if dyu = 0. We say that u € C*°(X) is rigid CR if
Opu =0 and Tu = 0.

The following definitions for CR vector bundles can be found in ﬂﬂ]

Definition 3.2. A complex vector bundle (E, 7, X) over X is called CR
vector bundle if

(i) E is a CR manifold,

(ii) 7: E — X is a CR submersion,

(ili) E®E > (&,&%) & +& e Eand Cx E 3 (N — X € E are CR

maps.

A smooth section s € I'(U, E) defined on an open set U C X is called CR
section if the map s: U — E is CR.
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Let (Eq, m,X) and (E2, m2, X) be two CR vector bundles over X. A map
F: Ey — FEyis called a CR bundle isomorphism if F' is a C*°-diffeomorphism
such that F, F~! are CR maps, m o F' = m; and F is fiberwise linear.

Given a CR vector bundle (E, 7, X) we find (see ]) the linear partial
differential operator ng: I'(X,E) = (X, E ® T X) satisfying

(a) O, (f-s) =s0,(f) + fgf(s) for all f € C*°(X) and s € I'(X, E),
(b) s € I'(U, E) is a CR section if and only if ngs =0.

Definition 3.3. A CR vector bundle (E,r, X) of rank r is called locally
CR trivializable if for any point p € X there exists an open neighborhood
U C X such that E|y is CR vector bundle isomorphic to the trivial CR
vector bundle U x C".

The following lemma is well-known.

Lemma 3.4. Let (E, 7, X) be a CR vector bundle. The following are equiv-

alent:

(i) (E,m, X) is locally CR trivializable,
(ii) For any p € X there exists a smooth frame {fi,...,fr} of E|ly on an
open neighborhood U C X around p such that f1,...,f.: U — E are

CR sections.

Remark 3.5. Let {f1,..., f;} be a frame of E|y for some open set U C X.
Then {fi,..., fr} is called CR frame if any fi, 1 < k < r, is a CR section.
Given two CR frames of E|y we find by (a) and (b) that the corresponding

transition matrix is CR in the sense that any entry is a CR function.

Definition 3.6. Let (X,7T'°X) be a CR manifold and let T € T'(X,TX)
be a CR vector field. A CR bundle lift of T to (E,m, X) is a linear partial
differential operator T¥: I'(X, E) — I'(X, E) (with smooth coefficients) such
that

(1) TE(f-s)=T(f) s+ fTF(s) for all f € C®°(X) and s € I'(X, E),
(i) [TF, 3] = 0.
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In order to define [T ,55] we need to define T# on (0,1) forms with
values in F first. But this definition follows immediately from the fact that
any w € ['(X, E ® T*%1 X) locally can be written w = Z§:1 fi ® W where
{w’?} are (0,1)-forms and {f;} are local frames of E and that 7" is defined
also for (0, ¢)-forms using the Lie derivative.

Definition 3.7. Let (X,7'°X) be a CR manifold and let T € I'(X,TX)
be a CR vector field. A CR vector bundle (E, 7, X) of rank r over X with a
CR bundle lift T of T is called rigid CR (with respect to TF) if for every

point p € X there exists an open neighborhood U around p and a CR frame
{f1,..., fr} of E|y with TE(f;) =0for 1 <j <r.

A section s € T'(X,E) is called a rigid CR section if T%s = 0 and
555 = 0. The frame { fj}§:1 in Definition B.7] is called a rigid CR frame of
E|y. Note that it follows from Lemma [B.4] that any rigid CR vector bundle
is locally CR trivializable.

Remark 3.8. In ﬂZ_AI] and ﬂﬁ] we gave a definition of rigid CR vector bundle
by assuming that the transition functions of a chosen local trivializing frame

are rigid and CR. This definition is actually equivalent to the one given in
Definition B7(see Lemma [3.9]).

Lemma 3.9. Let (E,7,X) be CR vector bundle over a CR manifold
(X, TH0X) of codimension d and let T € T'(X,TX) be a CR vector field.

The following are equivalent:

(i) T has a CR bundle lift T such that (E,w,X) is rigid CR with respect
to TF.

(ii) There exist an open cover {U;}jen of X and CR frames {f{, Y
for Ely;, j € N, such that the corresponding transition matrices are

rigid CR in the sense that any entry is a rigid CR function.

Lemma 3.10. Let (X,T'°X) be a CR manifold with a transversal CR S*-
action. Let T be the infinitesimal generator of the S'-action. Let (E,m, X)
be a locally CR trivializable CR wvector bundle of rank r = 1. Assume that
TF is a CR bundle lift of T to (E,m, X). Then (E,n,X) is rigid CR. More
precisely, for any p € X there exist an open neighborhood U C X around p
and a CR frame {f} of E|y with T¥(f) = 0.
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Definition 3.11. Let E be a rigid vector bundle over X. Let (-|-)g be a
Hermitian metric on E. We say that (-|-)g is a rigid Hermitian metric if
for every local rigid frame fi, ..., f, of E, we have T'( f; | fx )g = 0, for every
Gk=1,2,...,r

In order to simplify the notation we will denote by dy, T the operators
55, TF where E is any rigid CR vector bundle on X. Consider a locally CR
trivializable CR line bundle L over X with a CR bundle lift of 7. By Lemma
we find that L is rigid CR with respect to that bundle lift. Hence there
exists an open covering (U. j)?le and a family of rigid CR trivializing frames
{Sj}é-vzl with each s; defined on U; and the transition functions between
different rigid CR frames are rigid CR functions. Let L* be the k-th tensor
power of L. Then {sf} j=1 1s a family of rigid CR trivializing frames on
each Uj. Let EbLk : Q09X LK) — Q%X LF) be the tangential Cauchy-
Riemann operator. Since L* is rigid CR we have 0f = gbfj ® s?, Tf =
(Tf)® 5;? for any f = f; ® 5;? € 0%(X, LF) and

TO, = 0pT on Q%4(X, LF). (3.1)

Let h* be a Hermitian fiber metric on L. The local weight of A" with
respect to a local rigid CR trivializing section s of L¥ over an open subset
D C X is the function ® € C*°(D,R) for which

|s(z)[}e = e 2% 2 e D. (3.2)

We denote by ®; the weight of h% with respect to 55.

Definition 3.12. Let L be a rigid CR line bundle and let h” be a Hermitian
metric on L. The curvature of (L, ht ) is the the Hermitian quadratic form
RL = R on T1OX defined by

RI(U,V) = (d(0p®; — 0®;)(p),UAV), UV eT°X, peU;. (3.3)

Due to ﬂﬂ, Proposition 4.2], R" is a well-defined global Hermitian form,
since the transition functions between different frames s; are annihilated

by T.

Definition 3.13. We say that (L, h%) is positive if the associated curvature
REL is positive definite at every x € X.



106 HENDRIK HERRMANN AND XIAOSHAN LI [June
3.2. Morse inequalities for CR manifolds with circle action

Let (X, T1YX) be a compact connected CR manifold of dimension 2n—1,
n > 2. Let L be arigid CR line bundle over X. For every u € Q%4(X, L¥), we
can define Tu € Q¥9(X, L*) in a natural way since locally we can find rigid
CR frames such that the transition functions are rigid and CR. Moreover,

we have
Ty = 0pT on Q%(X, LF), (3.4)
where 0, : Q09(X,LF) — Q%9+1(X LF) denotes the tangential Cauchy-

Riemann operator. For every m € Z, the m-th Fourier component of 9y,
cohomology is given by

_ Kerdy : QX LF) — QX LF)
Im 3y : Q07 (X, LF) — QNY(X, LF)

H (X, LF): (3.5)

Without any Levi curvature assumption, for any m € Z and any ¢ =

0,1,2...,n—1, we have
dim H{ (X, L*) < oc. (3.6)
Fix A > 0 and set H{ .\(X,LF) := @ H{ (X,LF). In this work,
— meZ,m|<x

we study the asymptotic behavior of the space H} _, (X, LF) and its partial
Szegd kernel. Our main results are the following

Theorem 3.14. For k large and for every q =0,1,2,...,n— 1, we have

. —n —1)1 n : ; n— n
dim Hy _, 5(X, L*) < (2m) (n_i)!k /X/]R (IRE425iL,)" L A(—wo Ho(k™),

ra N3]
(3.7)

where RL denotes the curvature of L, L, denotes the Levi form of X, wy is

(

the unique global non-vanishing real one form determined by (wgy, u) = 0,
Vu € TYOX @ TO'X and (wo, T) = —1 and

Ry q:={seR: RE 4 2sL, has exactly q negative and (3.8)
n — 1 — q positive eigenvalues}. .

Note that RE, £, € Ti* X AT X (see Definition 22). Hence, (RE +
2sL,)" "1 A (—wo(z)) is a global 2n — 1 form on X. Any Hermitian fiber
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metric h” on L induces a curvature R%. It is easy to see that the integral
in (B.7) does not depend on the choice of Hermitian fiber metric of L.

Theorem 3.15. For k large and for every ¢ =0,1,2,...,n — 2, we have
q . .
Z ~1)4Jdim Hg<k5(X, Lk (3.9)

L n— 1 n
Z/ /“nﬂ?, +i2sL,)" " A (—wo(z))ds+o(k™),

<.
Il

0
< (2m)™

and when ¢ = n—1, we have asymptotic Riemann-Roch-Hirzebruch theorem

|
—

n

(—1)/dim Hj _5(X, L¥) (3.10)

n—1
_ k" // L, - —1
2r) " —— E TRy +125L,)" " N (—wo(z))ds+o(k™).
) (n—1)! oo/x Rx,jn[—éﬁ(} ) (~en() ()

<.

—~ <

Assume that R” is positive. If § > 0 is small enough then R, ;N[6, 6] = 0,
Vx € X and for every j = 1,2,...,n — 1. From this observation, [B.7) and
(B10), we conclude that

dim Hy <15(X, L*)

=2m) " n iRL 4+ 250 )1 —wo(x))ds + o(kE™).
—(2n) ’“//Rm , RE 2L, A (o)) + o(k”)

(n —
Hence, dim HY ., s(X, L¥) ~ k™. We conclude that

Theorem 3.16. If L is a positive rigid CR line bundle, then L is big, that
is, dim HY(X, L¥) > k™ when k > 1.

3.3. Kodaira embedding theorems for CR manifolds with circle

action

Ohsawa and Sibony @] constructed for every k € N a CR projective
embedding of class C* of a Levi-flat CR manifold by using O-estimates.
A natural question is whether we can improve the regularity to x = oc.
Adachi ﬂ] showed that the answer is no, in general. The analytic difficulty of
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this problem comes from the fact that the Kohn Laplacian is not hypoelliptic
on Levi flat manifolds. In ﬂﬁ] we give an affirmative answer to this question
under the condition that the CR manifold admits a transversal CR, S!-action
and a rigid positive CR line bundle. Now we describe the results in ﬂﬁ]

For every m € Z, let L2,(X,L*) ¢ L?(X,L*) be the completion of
C>(X, L*) with respect to the Hermitian inner product (-|-) induced by

the S'-invariant Hermitian metric on X and the rigid Hermitian fiber metric
hY for L. Let

QY LA(X,LF) — L2,(X, L% (3.11)
be the orthogonal projection with respect to (-|-). We recall the weighted
Fourier Szeg6 projection defined in |2]. Fix § > 0 and a function

- d 6
75 € C5°((—9,6)), 0<75<1, 7s=1o0n ~305 |- (3.12)

Let Fs: L?(X, LF) — L?*(X, L*) be the bounded operator given by Fj s(u)
=Y ez 7o () Qﬁg?k(u),Vu € L*(X,LF). For every A > 0, we consider
the partial Szegé projector IIj < : L*(X, Lk — H£,<A(X, LF) which is the
orthogonal projection on the space of equivariant CR functions of degree less
than A. The weighted Fourier-Szegd operator is defined as follows.

Pyg = Fys0ll) <50 Frg: LA(X, LF) — Hyp <5(X, L. (3.13)

The Schwartz kernel of P s with respect to dvy is the smooth function
Py s(r,y) € LFe (LZ)* satisfying

(Prsu)(z) = /X Py s(z, y)uly) dvx (y), u € L*(X, LF). (3.14)

Let Pyss - L2, (D) — L?(D) be the localization of P 5 with respect to

com
a local rigid frarrr)le s of L over an open subset D C X. Here, L2, (D)
is a subspace of L?(D) with elements having compact support in D. Let
Py s5s(x,y) € C°(D x D) be the Schwartz kernel of P 5 with respect to
dvyx, defined as in ([B.14]). Then we can describe the structure of the localized

Fourier-Szegd kernel Py 5 s(x,y).

Theorem 3.17. Let X be a compact CR manifold with a transversal CR
locally free S'-action and let L be a positive rigid CR line bundle on X.
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Consider a point p € X and a canonical coordinate neighborhood (D,x =
(x1,...,@on—-1)) centered at p = 0. Let s be a local rigid CR frame of L on
D and set |s|}ZL = e 2%, Fiz § > 0 small enough and Dy € D. Then

Pyss(x,y) = / eik‘p(gﬁ’y’t)g(x,y,t, k)dt + O(k™>) on Dy x Dy,  (3.15)
R

where ¢ € C®(D x D x (=4,9)) is a phase function such that for some

constant ¢ > 0 we have
Ao (2,1, 1) |a—y = —2Im By ®(x) — two(),
dyp(x, Yy, t)|p=y = 2Im 0y ®(x) + two(x), Tmo(z,y,t) > c|lz — w\g,
(x,y,t) € D x D x (=4,0),x = (2,221,-1),y = (W, Y2n-1), (3.16)

2
Imp(z,y,t) + %f(x,y,t)‘ >clr — y|2, (x,y,t) € D x D x (=4,9),

o(z,y,t) =0 and %‘f(:ﬂ,y,t) =0 if and only if x =y,

and g(x,y,t, k) € Sl

loc

(1; Dx D x(—6,0))NC (D x D x (—4,0)) is a symbol

with expansion

g(x,y,t, k) ~ Zgj(x,y,t)k”*j in St (1;D x D x (=9,9)), (3.17)
§=0

and for x € Dy and |t| < § we have
go(z,z,t) = (2m)™" !det(RaLﬂ +2tL,)| 75 (t)]? . (3.18)

Corollary 3.18. In the conditions of Theorem [BIT we have as k — oo,
Pyg(z,x) ~ > K"bi(x) in SfL.(1; X) (3.19)
j=0
where bj(z) € C*°(X), j=0,1,2,..., and
—n L 2
bo() = (27) / ldet(RE + 26L.)| [rs(t) dt, (3.20)
R
with 75 € C§°(R) introduced in (312).

In @], we give an example to show that the Szeg6 kernel for H l? <k 5(X,
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LF) does not admit an asymptotic expansion as k — oco. Thus, the weighted
Szegd kernel is necessary for the existence of an expansion.

We define now the Kodaira map. Consider an open set D C X which is
Sl-invariant and let s : D — L be a local rigid CR trivializing section on D.
For any u € C*™(X, L¥) we write u(x) = s*(z)®u(z) on D, with u € C>°(D).
Let {f; ;l’“zl be an orthonormal basis of Hl?,gké(X’ L*) with respect to (-|-)
such that f; € Hgmj (X, L*) and set 9; = Frsfj, 1 < j < d. The Kodaira
map is defined on D by

Oy 5: D — CPh 1

s _ (3.21)
T — [Fk,(gfl, - 7Fk,5fdk] = [gl(m), -5 9d, (.%')], for x € D.

Theorem 3.19. Let (X, T'°X) be a compact CR manifold with a transver-
sal CR locally free S*-action. Assume there is a rigid positive CR line bundle
L over X. Then there exists 69 > 0 such that for all § € (0,0¢) there exists
k(d) so that for k > k(8) and any orthonormal basis { f; };j’;l Ole?,gsz(X’ LF)

with respect to (-|-) such that the map ®y, 5 introduced in B.21) is a smooth
CR embedding.

In @], it was shown that if X admits a transversal CR locally free S1-
action and there is a rigid positive CR line bundle L over X, then X can
be CR embedded into projective space under the assumption that condition
Y (0) holds on X. In Theorem B.I9lwe remove the Levi curvature assumption
Y (0) used in ﬂE]

As a consequence of Theorem [B.J9 we obtain an embedding result for
Levi-flat CR manifolds.

Corollary 3.20. Let X be a compact Levi-flat CR manifold. Assume that
X admits a transversal CR locally free S'-action and a positive rigid CR
line bundle. Then there exists g > 0 such that for all § € (0,0d0) there exists
k(9) so that for k > k(5) the map Py s introduced in B2I) is a C° CR
embedding of X in CP%~1 which is S'-equivariant with respect to weighted
diagonal actions.
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4. Equivariant Szeg6 Kernels on S°

In this section we will give an explicit example for S'-equivariant Szegd
kernels and their expansion. We will study the 3-sphere S3 as the boundary
of the open unit ball B? in C? together with a family of CR S'-actions. On
the one hand for each of this actions we have to construct a metric on S3
satisfying several properties (see the definition of rigid Hermitian metric).
We will do this in Section 4.1 and we will also calculate the determinant of
the Levi form (see Lemma 7)) there. On the other hand we will compute
the Szego kernel for positive Fourier coefficients in such settings explicit by
constructing an orthonormal basis for the function spaces in question (see
Section 4.2, Theorem I0). In Section 4.3 we will discuss the example in
context of the general theory as presented in Section 2.2.

A point in C? or S? is always denoted by z = (21, 22).

4.1. Setting

Let X = 83 = {p(2) := |21]? + |22]?> = 1} C C? be the 3-sphere together
with the CR structure given by T71°X = CTX NT"C? = CZ where

(- 0 _ 0

for € X and 7 is a smooth non vanishing function defined on C2. Moreover,
let £: X — C? denote the inclusion map. For n € Z consider the holomorphic
Slaction fi: S x C? = C2, (¢, 2) > (e21,e"P25). Then ji restricts to a
CR action on X which we will denote by u. One has

._g(i(? ) — 2_—i+ i_—i
Tt le—o T\ P15, T Flaz, T M\ P T 2oz,

for z € X and T (resp. Z) can be extended in an obvious way to a vector
field on C? also denoted by T' (resp. Z). We further assume that |y, |
is p-invariant. The following theorem describes crucial properties for the
CR S'-action p on X for several n (see Definition E1] for the definition of
transversal CR S!-action).

T,
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Theorem 4.1. One has that p is:
(i) locally free & n#0

(ii) globally free < ne{£l}

(iii)  transversal & n>0

Proof. For n # 0 one has that T, = 0 implies z = 0 ¢ X. On the other
hand T{g 1y = 0 when n = 0 which proves (i). In order to prove (ii) one
observe that for z = (0, 29) € X, u(e?,2) = z if and only if nf € 277 and
for z = (21,22) € X such that z; # 0 one has pu(e?,z) = z if and only if
0 € 2nZ. For the third part we define a 1-form o on C? by

o, = % (Zldzl —Z1dz1 + 20dZo — EQdZQ) .
Then a # 0 in a neighbourhood around X and since a(gradp)|x = 0 (where
p is a defining function for X') one has that ¢*« defines a non vanishing 1-
form on X. One has a(Z) = a(Z) = 0 and o(T), = |21|* + n|z2|?. Thus, for
n > 0 one obtains a(T) > 0 which implies CTNT*°X @ T X = 0. Given

n <0set 2z =+—n/(1—n), 22 =+/1/(1 —n) and z = (21,22). Then

|z|? = 1 and

—n n

=0=a(2), =a(2),.

_1—n+1—n

Since (*a, # 0 and the linear independency of Z and Z one has T, €
THX T X, O

Remark 4.2. For |n| > 1 one can write X = X,;sUX,, where X,eq = {2 €
X|Zl 75 O}
Given m € Z, m > 0, consider the space

Clz1, 22)m := spang ({z = 2R Lk >0,m =1+ nk:}) .

Lemma 4.3. We have that the linear map €*: Clz1, zo)m — HY (X)) is well

defined and injective.

Proof. Since k,l > 0 one has (z — z§z§)|x € HY(X) as the restriction of a

holomorphic function and 27z} 25 = OQW(eiezl)l(emgzz)ke_imgdﬁ for all z €

X if and only if m =l + nk (see ([2.0) for the definition of H,g]’m(X)). Hence
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0*Clz1, 22]m C H,97m(X ). From the Bochner’s extension theorem it follows
that every smooth function in Hl? (X) extends uniquely to a function in
HO(B?)NC>°(B?) where H°(B?) denotes the space of holomorphic functions
on B2. Hence for f € Clz1, 23]y, with £*f = 0 we must have f = 0 which
proves the injectivity of £* restricted to C[z1, 22]m. O

As a direct consequence of Lemma we have

m 1 fi > 1
dim (¢*Clz1, 22]m) = {LHJ Thorme

o0, else,

and hence dim Hy, (X) = oo in the case n < 0.

Remark 4.4. We observe the importance of having a transversal CR S'-
action for HY, (X) being finite dimensional.

Lemma 4.5. Given n > 1 we have ¢*C|z1, 22}y, = HY  (X).

Proof. By Lemma L3 we have (*C|z1, z2],,, C Hp, (X). On the other hand
choose an arbitrary f € Hl?, n(X). By the Bochner’s extension theorem we
find a uniquely determined F' € H%(B?) N C*(B2) such that F|x = f. Put

B 1 2w

F(z) F(f(e?, 2))e=™0dh for all z € B2.

Then F € HY(B?) N C*°(B2?) and for any z € X we have

1
o

27‘- . .
F(2) /0 F((e™, 2))e=™0d0 = £ ()

which implies F |x = f. By the uniqueness of the extension we find F' = F

and hence

1
o

2m
F(z) / F(iu(e, 2)e"™%dp for all z € B2 (4.1)
0
Since F is holomorphic on B2 we can write F(z) = D 1k>0 ap 12425 in a small
neighbourhood around 0. Using (41]) we find that al,k_: 0 for m # [ + nk,
i.e. only finite many a;;’s are different from 0. From the identity theorem
for holomorphic functions we find F = F |5z with F € Cplz1, 2] and (*F =
R, =T O
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From now on we assume n > 1. Since p is transversal we find that a
global frame for CTX is given by (Z,Z,T), where Z (resp. Z) is a frame
for TH0X (resp. T%!1X). We want to construct an S'-invariant Hermitian
metric (-|-) on CT'X such that

() TWOX1TYX, T1(T"X @ T X), (T|T) =1,

(%) (u|v) is real if u,v are real tangent vectors.

We do so by defining (Z, Z,T) to be an orthonormal frame. Then, () and
(#x) are satisfied. Moreover, the assumptions on v and the construction of
Z imply

d/‘(ewa ')zZz = )‘(eie’ Z)Z,u(eie,z)

for some smooth function A\ on S' x X with |\ = 1. Thus, the metric is
rigid. Note that for the S'-actions considered in this example, any rigid
Hermitian metric which satisfies () and (#%) can be obtained in this way.

For z # 0 we define

v(2)

= m (TLZ2le — Zle2) S TZI’O CQ

Qy

and
7
2(|21]% + nlzel?)

Wy, =

(Zldzl — Z1dz1 + z9dzo — EQdZQ) .

Furthermore, we set Z* = (*a, Z' = ¢*a and wy = *@.

Lemma 4.6. (Z*, 7", —wy) is the dual frame for (Z,Z,T).

Proof. A direct calculation shows wo(Z) = wo(Z) = 0, wo(T) = —1,

Z5T)=Z(T)=0,2(Z)=2Z"(Z)=0and Z*(2) = Z"(Z) = 1. O
Using this lemma we can compute the Levi form £ and its determinant:

Lemma 4.7. One has

(=)

1
detL. | = -———F"+—" .
et L] = S TP T nlmal?

Proof. Consider

v
EZ :idwoszl’OXfo’lX
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1 — —
=P i) (P N AR+ N dZ) oy o
1 y(=)|?

——— 2 _Z*NZ.. O
2)z112 +n|z27F T2

We define an orientation on X by saying (Z, Z,T) is an oriented frame.
Then the volume form of X is given by

*

dVy = —%(Z*JFZ*)/\(Z*—? IN(=wp) = —iZ*NZ Awp = —il* (A NG AQD).

In the next section we need to compute several integrals on X. Thus, it is

useful to have the following expression,

Lemma 4.8. One has

b [v(2)| ? -
(aNaAw), = 5 <7|21|2 P <(zldzl —Z1dz1) Ndze N dZs

+ndz; A\ dzy N (ngfz — EQdZQ)) .

Proof. One calculates

2i (|21]2 + n|2?)° (
[v(2)]2
= (n2‘22’2d2’1 AN dz1 + ‘2’1’de2 NdZo — nzozZ1dz1 N Zo — nz1Zodzy /\51)

aNaN@),

A (z1dZ1 — Z1dz1 + 22dZo — Zodz2)
:an2|22|2dzl ANdzZq Ad22—22n2|z2|2d21 ANdzZq /\d22—|—z1|21|2d51 Ndzo NdZo
— El\zllzdzl /\dzg/\dEQ—i-an]zl\del/\d?l/\dZQ—nzl\zglzdzl Adzo NdZo
— n§2]21\2dz1 ANdzZy N dzy + nz1]22\2d§1 ANdzo A dZy
= (|21 + nl22|?) (z1dZ1 A dza A dZa — Z1dz1 A dze A dZs
+nzodzy A dzy A dzZg — nZodzy A dzy A dzy). O

4.2. Computation of the Szeg6 kernel

Recall that we assume n > 1. In this section we will construct an or-

thonormal basis for HY (X). Therefore we choose v € C*(C?) (see Section
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4.1) such that
1(2) = Va4 nlzf

on X. Then all the assumptions on  stated in Section 4.1 are satisfied.

Fix m > 0. For 0 < k <[] define s;, € H,97m(X) by

sk(z) = \/akz{”_"kzg, aj = (4.2)

m+(1—n)k+1/m+(1—-n)k
472 k ’
One has the following lemma which we will prove in the end of this section.

Lemma 4.9. The set {so,s1,...,5 m|}is an orthonormal basis for Hgm(X).

Using this lemma we can write down the Szegé kernel (see Section 2.2).

Theorem 4.10. Fiz n € N, n > 1. For the metric on X constructed
in Section 4.1 with v chosen as above and any m > 0 the Szegd kernel
Sy € C®(X x X) for HY, (X) is given by

3|3

)
Son(2,w) = 4—7172 (m * (2_ ”)k> (m+ (1= n)k + 1) (210) ™ (2072)" |

k=0
In the following we will prove Lemma
Proof of Lemma Consider the map

¥:(0,1) x (0,2m)2 — X

r.s.t) = (re®. \/1—r2et).
(r,s,t) (re'®, v/

Then for any f € C*°(X) one has

[ rave= [ 1 / E O%Wfdvx),

i.e. we have to compute ¥*(dVy). We write down

Vrdzy = e (dr +irds), *dz = eit(—ﬁdr +iV 1 —r2dt).

Thus,

Y (dzy Ndzy) = =2irdr A\ ds, *(dze A dzg) = 2irdr A dt
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and

U (21dZ) — Zidzy) = —2ir?ds, ) (zdZy — Zodzg) = —2i(1 — r2)dt.
Using this we get

U ((21dZ) — Z1dzy) Adzg N dZe) = —4r3dr Ads A dt
V¥ (ndzy A dZy A (20dZ9 — Zadzo)) = 4n(—r 4+ r3)dr Ads A dt,

which leads to

P (dVy) = 1 <h(re“,meu),

2 r2 +n(l—r?)
”y(reis,meit)‘Q
r2 4+ n(l—r?)

= 2rdr ANds A dt

2
) (=473 + 4nr3 — dnr)dr A ds A dt

= 2r dr Nds N dt

where for the last line we used that (yov)(r,s,t) = /72 +n(1 —r2). Now

we compute

2
/SksldVX \/aka// / 2m=n(k+l) /1 _ nl=k)s gilk=Dtopdqrdsdt

0, for k # 1,
B Amlay, fol (TQ)m_nk (1-— TQ)k 2rdr, for k=1.

This shows directly that the s; are pairwise orthogonal. In order to prove
skl =1, 0 <k < [m/n] we set

I(k,m —nk) := /01 (TZ)m nk (1—r )k2rdr

for 0 < k < [m/n] and observe for k > 0
1
I(k,m—nk) = / PR (L — )R dr
0

m—nk+1 1— k1l 1
_ r ( T) + k / rm—nk—l—l (1—T)k_1 dr
m—nk+1 o m—nk+1]
k
= —I(k—1,m— 1
. R (k—1,m—nk+1)
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and I(0,m — nk + k) = (m — nk + k + 1)~1. By induction one gets

Ik, m — nk) = ((m_:i“k) (m -k + k + 1)>_1 — (4r%a)”!

which finishes the proof of Lemma O

4.3. Discussion of the general theory in context of the example

For n > 1 we have that the CR S'-action p on the compact CR man-
ifold X = S? is transversal (see Theorem E)). We also constructed a rigid
Hermitian metric such that 710X 1 701X, T 1 (T"0X ¢ T X), (T|T) =1
and (u|v) is real if u, v are real tangent vectors in Section 4.1. Theorem 10
provides an expression for the Szeg6 kernel:

]
1 m+ (1 —n)k m—n _
S (z,w) = 4_7T2k:0< +(k ) )(m+(1_n)k+1) (2101)™ ™ (292)" .

[z

(4.3)
From Lemma 7] and its proof we find that the CR structure is strictly

pseudoconvex and that the determinant of the Levi form is given by

1 1
2 (J21/? + n|22f?)?

|det L£,| =

On the one hand, all the assumptions for applying Theorem 210 or Z11] are
satisfied. On the other hand we have an explicit expression for the Szegd
kernel. We will now study the expression in several cases and compare it to
the results stated in Theorem and Theorem 2.11]in that specific case.

In the case n =1 one has X,; = X and (Z3]) simplifies to

I m+1, _ —
Sm(z,w) = 3 o7 (21071 + 20w2)"™" .

Because of |det £,| = 4, one observes that

1 1 /1 1
mt = — <—|detﬁz|m1—|——|detﬁz|m0>
T v

1
Sm(2,2) = o2 2 or

which verifies Theorem 2.T0]and shows that the leading term of the expansion
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of Sim(z,2) coincides with the term stated in (ZI6). Given n > 2 one

considers the following two cases:

For z € X,, and w € X one has

0, for n {m,
S (z,w) =

(% + 1) (22 else,

A2 )
and |det £,| = 1/(2n?). Thus, for 2z ¢ Xyeq

m+n Xm,n . Xm,n

Sm(2,2) = 22 2n2 27

1
<—| det £.|m' + 2| det Ez|m0>
v T

where X, = n for n | m and X, , = 0 otherwise, which coincides with the

behaviour of the Szegé kernel expansion on X \ X,¢, predicted in Theorem

21T

By way of comparison, for z,w € X with |z1] = 1 (which implies z €
Xreg) one finds
m—+1

S (z,w) = N (zy07)™
and | det £,| = 1/2 which leads to
m+1 1 1 /1 1
Sm(z,z) = 57 5= 3 <;|detﬁz|m1 + %| detﬁz|m0> ,

i.e. S;(z, z) has an asymptotic expansion as described in Theorem 210l

Vice versa, one can apply Theorem 210 in order to deduce results on
the asymptotic behavior of certain expressions in elementary analysis. Let
m,n > 1 be integer and a € (0,1) a real number. Consider the expression

T

J
A(m’n’a) = (m " (2_ n)k> (m + (1 — n)k? + 1) (1 — a)mink ak.

k=0
Choosing z € Xyeq satisfying |z2|? =a one finds that A(m,n,a)=472S,,(z, z)
holds. Thus, using Theorem 2.I0] we can study the behavior of A(m,n,a)
for m — oo. One has for example

lim m~'A(m,n,a) = (1+ (n—1)a) "2

m—r00
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