Bulletin of the Institute of Mathematics
Academia Sinica (New Series)

Vol. 15 (2020), No. 1, pp. 33-52

DOI: 10.21915/BIMAS.2020103

SOLVABILITY AND BLOW-UP OF SOLUTIONS OF
SEMI LINEAR PARABOLIC PROBLEM
WITH INTEGRAL CONDITION OF SECOND TYPE

SAKER MERIEM"%¢ QUSSAEIF TAKI-EDDINE??
AND BOUMAZA NOURI!:2:ec

!Laboratory of Mathematics, Informatics and Systems (LAMIS). University of Larbi Tebessi-Tebessa,
Algeria.
2Department of Mathematics and Computer Science, Larbi Tebessi University, Tebessa, Algeria.

“E-mail: [meriem.saker@univ-tebessa.dz

3Department of Mathematics and Informatics. The Larbi Ben M’hidi University, Oum El Bouaghi,
Algérie.
bE-mail: [taki_maths@live.fr; takieddine.oussaeif@gmail.coml

“E-mail: nouri.boumaza@univ-tebessa.dz

Abstract

In this paper, semi-linear parabolic equation with integral boundary condition of
second type is investigated. The existence, uniqueness and Blow-up of weak solutions
in finite time are established. The proof is proceeds in two steps; using the variable
separation method for the solvability of the linear cas and applying an iterative process
and a priori estimate, we prove the existence, uniqueness of the weak solution of the semi-
linear problem. Finally, we study a blow-up of solution in finite time for a super-linear

problem by using eigen functions method introduced by Kaplan.

1. Introduction

Many natural phenomena and modern problems of physics, mechan-
ics, biology and technology can be modeled by partial differential equations
(PDEs) with non-local conditions. Indeed, thanks to the modeling of these

phenomena through partial differential equations that we have been able to
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understand the role of this or that parameter, end above all, obtain fore-
casts that are sometimes extremely precise. Partial differential equations
were probably formulated for the first time during the birth of rational me-
chanics during the 17st century (Newton, Leibniz, ...). Then the “catalog”
of partial differential equations has been enriched as the science development
and in particular of physics. If we only have to remember a few names, we
must cite that of Euler, then those of Navier and Stokes, for the equations of
fluid mechanics, those of Fourier for the heat equation, of Maxwell for those
of electromagnetism, of Schrodinger and Heisenberg for the equations of
quantum mechanics, and of course that of Einstein for the PDEs of the the-
ory of relativity. A giant leap was made by L. Schwartz when he gave birth
to the theory of distributions (around the 1950s), and at least comparable
progress is due to L. Hormander for the development of pseudo differential
calculus (in the early 1970s). It is certainly good to bear in mind that the
study of PDEs remains a very active field of research at the start of the 21st
century.

The study of partial differential equations is at the interface of many
scientific problems, simple models in physics or in population dynamics nat-
urally lead to nonlinear partial differential equations. Indeed, most of the
phenomena of physics or engineering sciences are non-linear and a model-
ing by linear equations risks in some cases to erase events that the linear
equations can not take into account.

When the modeled phenomenon is not stationary, the mathematical
model is usually represented by parabolic or hyperbolic evolution equations.
The typical example of parabolic equations is the heat equation

Ou (z,1)

P
e D Au(z,t) + —

Vo € Q
x ) pc7

or A is the Laplacian operator, D is the coefficient of thermal diffusivity and

P is the volumetric heat source.

Mathematical modeling of problems with integral conditions is encoun-
tered in plasma physics (particle diffusion processes in a turbulent plasma)
@], heat transmission theory @M],&]—ﬂg], ﬂﬁh, @], B]—B], @], M ,
thermo-elasticity (, |, [27]—]28]), some technological processes Nj},
middle oscillations ], groundwater dynamics [25], [30], moisture spread

|, chemical engineering [6], Semiconductor [3], demographic models [5]
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and in mathematical problems in biology @] Also, the integral conditions

are also used for the inverse problems of the theory of thermal conduction
(ld-ad), 1), [ -1, ).

So boundary conditions of integral type, it is however of the first type
1 1
/ u(x,t) = E(t), / k(z,t)u(z,t)de = 0, where k is a given function.
0 0
or second type
1
u(0,t) = / k(x, t)u(x,t)dz, vt € (0,T),
0
1
u(l,t) = / k(x, t)u(x,t)dz, vt € (0,T),
0

can be used when it is impossible to measure directly the quantity sought

on the border, its total value or its average is known.

As the first question to ask in the theoretical study is to know if, for
a non-linear evolution equation with initial conditions and boundary condi-
tions, there exists at least one local solution and if it is unique in the case
considered, these problems have been solved for a large class of nonlinear evo-
lution equations by a series of useful methods and theories which have been
developed, particularly since the 1960s, such as the Faedo Galerkin method
(Compactness method), the fixed point method, the semi-group method and

the monotonous iterative method. (For more details on these methods con-
sult H])

Some results of blow up solution of parabolic equation have been ob-
tained in @]—@]—@], where f is positive and superlinear with Dirichlet
conditions, on the other hand in @] they used the methods extend to a wide

variety of problems of the form
ug = f(u)Lu,

where f(u) is a nonlinear function of u, and where £ is a second-order linear
differential operator. And One of the interesting blow up of solutions to
singular parabolic equations with nonlinear sources is studyed by N. T. Duy
and A. N. Dao in @]
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In our article we treat for a first time the blow up solution in finite time
of parabolic equation where f = uP,p > 1, with second type integral boundry
condition. Or the main purpose of this paper is to study the existence and
the uniqueness of the weak solution of the mixed semi-linear problem for an
equation of the heat with an integral condition of second type, where we
start by studying the non-local linear problem by the variable separation
method , then we apply an iterative process based on the results obtained
by the linear problem, to demonstrate the existence and the uniqueness of
the weak solution of the semi-linear problem. Then we use a slight variant
of the eigenfunction method (Kaplan Methote) introduced by Kaplan in @]

to find the maximum time of the existence of the solution.

2. Formulation of the Semi-linear Problem (P;)

Let Q = {(z,t) e R? with: 0 <z <land 0<t<T}.

Consider the following semi-linear problem :

- Au(aj7t) = f(ZL‘,t,U) (33 t) € @
u(z,0) = ¢ (z) vz € (0,1)
du(o,t) =0 vt e (0,T) (P1)
1
u(1,t) :/ u(x, t)dx vVt € (0,T)
0

with the following condition :

Condition 1: Since the function f € L? () is lipschitz, that is, there is a

positive constant k as

1f (2 tyun) = f (2.t u0) o) <k (lun — w2l o)) ¥ i ue € L2(Q).

3. The Study of the Associated Linear Problem

3.1. Position of the associated linear problem (F2)

In the rectangular area @ = (0,1) x (0,7"), with 7" < oo, we consider
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the following linear problem :

G — Au(z,t) = f(z,t)  V(z,t)€Q
u(z,0) = ¢ () Va € (0,1)
Ju(0,t) =0 vt e (0,T) - (P2)
1
u(l,t) = / u(z, t)dx vVt e (0,T)
0

whose parabolic equation is given as follows :

au_

EUZE

Au(l‘at) = f(x7t)7
with the initial condition

lu =u(x,0) =p(x), z € (0,1),

Neumann boundary condition

ou
%(Ovt)_oa tE(O,T),

and the integral condition of the second type

u(l,t)—/olu(a:,t)dx, te(0,7).

3.2. Resolution of problem (P,) by the variable separation method

Let the following associated homogeneous linear problem :

Gt — Au(w,t) =0 V(z,1) € Q
u(z,0) = ¢ () vz € (0,1)
54(0,t) =0 vie (0,T) - (Py)

u(l,t) = /01 u(z, t)dx vVt e (0,T)

Let
u(z,t) = X(z)T'(t). (3.1)
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3.2.1. Find X (x)
Replacing [B.1)) in (P3), we obtain

T'X-X"T =0
X(z)T(0) = ()
X' (0)T(t) =0
1
X(Tk) = X (2)T(t)

So we get for A > 0 that

" !

X T

which gives a Sturm-Liouville problem

X" (2)+2X(z) = 0

Then the solution of the previous problem is given by
X () = Acos V Az + Bsin vV,

or A and B are two real arbitrary.

Using the Neumann condition, we find
X'(z) = —AVAsin VAz + BV Acos VAz,

as
then

Hence

X(x) = AcosVz.
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On the one hand, we use the Dirichlet condition, we get
X(1) = Acos VA, (3.2)
and on the other hand

1 1
/ X(z)dzx = / Acos Vxdz
0 0

1

A
= —sinVz
VA 0

A
= ﬁsmx/x. (3.3)

From [B2)— @3] we obtain the eigenvalues by the following equation :

\/X: tan\/X.

3.2.2. Find T(t)

According to the superposition theorem, we pose :

u(a,t) = Xn(x) - To(t). (3.4)

n>0

replacing (34) in ([P)), he comes :

Z (T}, + \T7,) - cos (\/Xx) = Zcos (@x) - fn (1), Vn € N,

n>0 n>0
which implies

TT/L + AT, = fn (t) : (35>

u(x,0) = Zcos (\/Ynx> T,.(0)

n>0
= ¢(z)

= Z«pn - COS (\/Ynm> ,

n>0
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then
1
On = / o(x) - cos (x//\na:> dx
0
hence

We can then solve in a simple way the ODE ([B.0)— (B.6) using the constant

variation method, so it comes

t
T () = gue ™ 4 [ f(r)ar
0

Hence, the explicit solution of the problem (P3) is given as follows :

3 (An cos \/Xa:) : <<pne_>‘t e /0 AT (7) dT) .

n>0

4. Solvability of the Weak Solution of the Semi-linear Problem (P;)

This section is devoted to the proof of the existence and the uniqueness
of the solution of the problem (P)):

We consider the following auxiliary problem with the homogeneous equa-

tion :
— Aw(z,t) =0 V(z,t) € Q
w(x,0) = ¢ (x) vz € (0,1)
9w (0,t) =0 vt e (0,T) (P1)
1
w(l1,t) :/ w(z,t)dx vt € (0,7
0

if u is a solution to the problem (P) and w is a solution to the problem
(P, then y = u — w satisfied

y(l‘a 0) = 0, Vr € (07 1) ) (4 2)
dy B
a—x(o,t) =0 vt € (0,t), 4.3
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or G(x,t,y) = f(z,t,y +w). like the function f, the function G is also

lipschitzian, that is, there is a positive constant k as

1G (2, t,51) — G (2, t,y2) [ [2(g) < K (Hy1 - y2HL2(0,T,H1(o,1))) . (45)

First, we propose the concept of the studied solution.

Let v = v(z,t) any function of V, as

V= {v e 0 (Q), Zuv(0,t) =v(1,t) =0, te [O,T]}.

—
ox
multiply () by v and integrate it on @, we find

% (,1) - v(z, t)dzdt — / Ay(z,t) - v(z, t)dzdt
o

T

:/ G (z,t,y) - v(x,t)dzdt, (4.6)

-

and use a integration by parts and the conditions on y,v we obtain

dy a_y ov

0. E(x,t) ~v(z, t)dzdt + /QT pe (x,t) - %(x,t)dxdt

= G(z,t,y) - v(z, t)dxdt, (4.7)
Qr

it then results from (4.7 that

A(y,v) :/ G(x,t,y) - v(x,t)dzdt, (4.8)
or
B oy dy ov
A(y,v) = o Ot (x,t) - v(z, t)dedt + 0. ar(37,75) ax(x,t)daﬁdt.

Definition 1. the function y € L? (0,T; H' (0,1)) is said a weak solution

of the problem (@I)— @) if (@), [@3]) and (@) are achieved.

Building a recurring sequence starting with y(® = 0. the sequence

(y(”))n oy 18 defined as follows : given the element 31 then for n =
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1,2,3,... We will solve the following problem

oy — Ay™ = G (,t,y™D)

ot -
y\" (x,0) = 0
9y ) (P5>
0 (0,t) =0

y™ (1, t)dr = 0

according to the study of the previous linear problem each time we fix the n,
the problem (3 admits a unique solution y(™ (x,¢) which is given explicitly
by the variable separation method.

Now suppose 2™ (z,t) =y "+ (z, )" (x,1), so we get a new problem:

‘9%(;) — Az = p(r=D (g ¢)
2" (£.0) =0
22 (0,) = 0
2 (1,t)dz = 0

’ (PG)

or

P V(x,t) =G (m,t,y(")> -G (ac,t,y(”_l)> .

Lemma 1. Suppose the condition ([E3B) be satisfied. So for the problem (B,
we have the following a priori estimate :

Hz(n)||L2(o,T,H1(0,1)) < CHZ(n_l)||L2(0,T,H1(0,1))7

or

k2T exp (%T)
c= | ——.
2€min<%, T)

Proof. multiply

9z

C = A2 =Dz )

by z(™, and integrate it on Q,, we obtain :

(n)
/ 02 (2,t) - 2" (x, , t)dedt — Az (z,t) - 2 (2, t) dadt
Q. Ot Qr

—/ P Y (1) - 2™ (2, 1) dasdt.
Qr
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Let us use an integration by parts for each term by taking account of the

initial condition and the boundary conditions, we find :

2
1 (n)
%/ (2™ (a:,r))zda:—l—/ <8g$ (a:,t)) dxdt
0 Q-

_ / PV (2, 8) - 20 (2, 1) dacdt.

T

Using Cauchy with e—inequality, we obtain :

2
| ()
% / (2™ (2, 7))2dz + / <ag$ (a:,t)) dadt
0 T

< (p(”_”)gdwdwrf/ (2™ (z,1))2dzdt.
28 Q- 2

T

On the other hand we have

‘pnil(xvt)‘z = ‘G ($,t,y(")> -G (m,t,y("fl)) ?

I

as (G est lipschitz we find that

)l < 12 (fy -y )

‘2
z;”_l)r) ;
/ ’p”fl(w, t) ’2 dxdt

< k‘2/ <‘z("1)‘2 + ‘Zg(gnl)r) dxdt
Q- Q-

kK2 (a, t)”%?(O,T ; H1(0,1))

— 2 ’Z(n—l)

< k2 <‘z(”_1) ’2 +

then we integrate it on @

A

IN

Using Gronwall’s lemma, we get :

2
1 (n)
% / (= (2, 7))2dz + / <(9§$ (x,t)) ddt
0 T

1
< —
~ 2 Jo,

(p("_l))gda;dt - exp <§T> ,
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so we find
§HZ( )||%2(0,1) + 128 )H%?(QT) = g”z( 1)($7t)’|%2(0,T . H1(0,1)) ~ XP (§T> ;

then integrating it on (0,7"), we obtain :

k2T exp (%T)

(n—1) 2
§25—:min{%,T}Hz @ Olz207; mr01) B

12 (2, )1 7207+ 11 (01)

According to the criterion of series convergence, the series > -, 2" is

said convergent if

k2T exp (%T)

—= < 1L
2e min (%, T)

Which give

2e min (%, T)

T exp (%T)

k<

Y

as 2z (z,t) =y (x,t) — y™) (2, 1), and ) (x,t) = 0 we have

n—1 n—1

20 = 30 (y<i+1>(x,t) —y(“(ant))

-
Il
o
o~
Il
o

(n—1)

then the sequance (y("))n defined by
Y () = 37 20,

is convergent towards an element y € L? (0, T, H'(0, 1)) .

Now we will demonstrate that lim, .,y (z,t) = y(x,t) is a solution
of the problem (4I])— (4] showing that y checked :

A(y,v) = 0 G(z,t,y) - v(z, t)dxdt.
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Therefore we consider the weak formulation of the problem (P) following :

oy™ oy v
(n) P y— . y— - —_—
A (y ,v) = /T : (x,t) - v(x, t)dzdt + ) (x,t) (x,t)dzdt.

As A is linear, we have

A (y(”), v) =A (y(”) -, 1)) + A (y,v)

(n) _
= M(m,t) ~v(x, t)dxdt
0~ ot
Ay —y) v
+/ T @b gpmtdedt
Jy oy v
+ QTE(:L"t) U(xat)dl‘dt_‘_ o %(l‘at) %(:‘U’t)dxdt’ (49)

we apply the Cauchy Schwartz inequality on A (y(") -, v), we obtain

(n) _ (n) _

ov
t) — t)dxdt
e [ G e

SH%HL?(Q) [H <y(n) - ?J)t HL2(07T,H1(0,1)) + |l (y(n) - y)x HL2(0,T,H1(0,1)) .
On the other hand, as
y(") —» y  dans L? (O,T7 H! (0, 1)) ~ H! (Q),
SO

y(") — dans L? (@),

yﬁ") — 1y dans L? (@),

yé") — vy, dans L? (Q),
Let’s go to the limit when n — +o00, we find

lim A(ﬁm—ym>:0. (4.10)

n—> oo

From (I0) and going to the limit in (@3] we obtain

lim A (y("), 1)) = A(y,v).

n—> oo
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Theorem 1. If the condition (1) is satisfied and

25min<%,T)

T exp (%T)

k<

Y

So the problem @EI)—@A) admits a weak solution belonging to L*(0,T;
H'(0,1)).

It remains to be proven that the problem (4I])—([Z4]) admits a unique
solution.
Theorem 2. Under the condition [L3), the solution of the problem ([EII)—
@A) is unique.

Proof. suppose that y; and ¥, in L? (O,T; H(0, 1)) are two solutions of
[EI)— @), then Z = y; — ys satisfied Z € L* (0,7; H*(0,1)) and

ty =22 Az = (1),
ot
Z(x,0) = 0, Vxe(0,1),
o0z
o =0 ve©,
Z(,t)dr = 0 Vie(0,1),

or

Y (x,t) =G (z,t,y1) — G(x,t,y2).

Following the same method as that used for the proof of the Lemma [, we
obtain

1Z1| 20,75 11 0,1)) < €2l 20,7, m1.0,1) - (4.11)
or ¢ is the same constant of Lemma [Il

As ¢ < 1, so according to (AI]) it comes that

(L =) 2l 20.7; m1(0,1)) < O-

We conclude that y; = yo in L? (O,T; HY(0, 1)) . O
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5. Blow-up of Solution in Finite Time for a Super-Linear Problem

We are going to study the explosion in finite time of solution for the
semi-linear problem (Py)) in the particular case by taking f (z,t,u) = uP,
p>1

%—?—Au(x,t) =uP V(z,t) €Q
u(z,0) = ¢ (z) Vae(01)
Ju(0,t) =0 Vte (0,t) o
1
u(l,t) = / k(z,t)u(z,t)de YV te (0,t)
0

or k is a positive and bounded function.

Let the following Sturm Liouville’s problem :

—AE =X
£(0)=0
£1) =0

Where the solution is given by
¢ (x) = Acos V Az + BsinVz.

Using the Dirichlet-Neumann conditions, we obtain the following eigenfunc-

tions

&(x) = Acos(2k +1) ga:
for k = 0, we have

¢(r) = Acos gw

V-3

Let us pose the function II (¢) defined by

multiply
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by & (z) and integrating it on (0,1), we find

L ou

1 1
[ S eyt - /0 Au(,t) - () dadt = /0 P (1) - €(x)dadt,

by integration by parts, we get

1 1
' (t) + M) = — </0 k(x,t) - u(x,t)da:) g (1) —i—/o E(z)uP (x,t)dxdt

T 1 1 ,
> 5 </0 k(x,t) - u(a;,t)dx) —i—/o €(x)uP (z, t)dadt

T . 1 1 ,

T 1 ,
= 5 (’f(l’at))H(tH/o E(a)ul (z, t)dadt. (4.12)

Applying Jensen’s inequality, we find

/01 gup(x,t)g(x)dx > (g /Olu(x,t)f(x)dx>p2 (g)pl(/olu(x,t)g(x)dx>p

™

= (3)" @y (413)

Replacing ([AI3)) in ([AI2]), we obtain the following inequality :

' (t) + (A — g (;ﬁl)iél@ (k(x, t))II(t) > (g)p_l (TI(t))P.

To find the finite time of explosion which verifies the previous inequation,

we need to solve the following Bernoulli equation :

IV (1) + (A — g(II?;QQ (k(x, 1)) - TI(t) — (g)”*l () = 0. (4.14)

To solve this equation, we use the following variable change
v=T1I""7, (4.15)

and replacing (@3] in [@I4]), we find

1
vt - F min ()0 - (3) v =0
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So, we just solve the following Bernoulli equation :

49

V() + (1 =p)- (A — = min_(k(,t))) v (t) = (1 - p) (f)p‘l. (4.16)

2 (z,t)eQ

First we will solve the following homogeneous equation :

V) + (1 =p) (- g min (K(,0)) - o(t) =0

by simple integration we get
v1(t) = 1™,
with

™ .
ko= (M- 3 i, (h(z,1)) ).

Now we move on to solving the non-homogeneous equation (4I0) by the

constant variation method, where we put
va(t) = 1 (t)eko?,

we find

from where

So the solution of ([AI6]) is

v(t) =v1(t) + va(t)

Which give
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on the other hand we have
which implies

Then

mo=((omon e (57 (5)) 0w (7 (5))

as ]% > 0, then
. 1-p m\P~1 1 kot
IT — +oosi | (II(0)) P+ (1 —p) (5) —])e 0
0

~a-n(5) (5) o

so, we obtain

Hence
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