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Abstract

Let h be a regular semisimple element in a complex simple Lie algebra g. Let t be
an indeterminate. We consider the “variety” of Iwahori subalgebras of g tensored with
the power series in t which contain t times h. This variety admits a free action of a free

abelian group of rank equal to the rank of g.

We describe a fundamental domain for this action.

Let G be a simply connected almost simple algebraic group over C and
let g be the Lie algebra of G. Let B be a Borel subgroup of G, let T be
a maximal torus of B and let t,b be the Lie algebras of T, B. Let B be
the variety of Borel subalgebras of g. For any nilpotent element N € g we
set By = {b € B;N € b} (a Springer fibre). In H] an affine analogue of
By (“affine Springer fibre”) was introduced. Let F' = C((e), A = C[[¢]],
where € is an indeterminate and let g(F') = F ® g (a Lie algebra over F'),
L = A® g (a Lie algebra over A). An element & € g(F') is said to be
topologically nilpotent if lim,, o ad(£)” = 0 in Endp(g(F)). Let X be the
set of all Iwahori subalgebras of g(F’); this is an increasing union of projective
varieties over C. According to H], for any regular semisimple, topologically
nilpotent element £ € g(F'), the set Xf ={I ¢ X;¢ e I} is a nonempty,
locally finite union of projective varieties all of the same dimension, say be.
Let [5(5] be the set of irreducible components of X’g, a finite or countable
set.
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In the remainder of this paper, h denotes a fixed regular element in t.
Then eh € g(F') is regular semisimple, topologically nilpotent so that the
affine Springer fibre X, = {I € X; e¢h € I} is defined. From ﬂ, §5] we
see that by, = v where v = dimB. As in [, §3], there is a free abelian
group A (see Sec. 2) of rank equal to the rank of g which acts freely on X,
in such a way that the induced A-action on [X'Gh] is also free and has only
finitely many orbits. In this paper we will describe a fundamental domain
for the A-action on X,. Namely, let & be the Steinberg variety of triples
(E,b1,b2) where by € B,by € B and E € by N by is nilpotent. Let & be the
fibre at b of the projection & — B, (F,by,bs) +— by. We can identify &
with {(E,b1);b1 € B,E € nNb;}. We state the following result.

Theorem 1. There is a locally closed subvariety Q of X, which is a fun-

damental domain for the A-action on f(eh such that Q is isomorphic to G.

From the theorem one can deduce some information on the representa-
tion of the affine Weyl group on the vector space C[X,] with basis [X]
defined in E], see Section 6.

I thank Peng Shan and Zhiwei Yun for discussions.

2. Let U be the unipotent radical of B. Let n be the Lie algebra of U.
Let G(F), U(F), T(F) be the group of F-points of G, U, F respectively. Let
G(F) be the group of F-points of G. Note that G(F') acts naturally on g(F')
by the adjoint representation g : x — Ad(g)(x). Let A be the subgroup of
T(F) consisting of the elements x(e) where x runs over the one parameter
subgroups C* — T (viewed as homomorphisms F* — T'(F')). Let X be the
set of A-Lie subalgebras of g(F') of the form Ad(g)(L) for some g € G(F).
We shall regard X as an increasing union of projective algebraic varieties
over C as in E, §11]. For each L' € X, L'/eL’ inherits from L’ a bracket
operation and becomes a simple Lie algebra over C. Let 7y : L' — L'/eL’
be the obvious map. Let B be the set of Borel subalgebras of L'/eL’. Now
X consists of all C-Lie subalgebra of g(F) of the form Wi,l(b/ ) for some
L' € X and some b’ € B,. We define 7 : X — X by I — L' where I C L.
Note that ¢ : I — Ad(g)I is a well defined action of G(F) on X which is
transitive. According to |1}, ¢ : I +— Ad(¢)I defines a free action of A on
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X, = {I € X;eh € I} inducing a free action of A with finitely many orbits

on [Xep|. Let X ={L' € X;eh € L'}.

If ¢ € n(F) := F ®n then exp(§) € U(F) is well defined. Let n(F)" =
Diczicoen C n(F). Let U(F) = {exp(¢); € € n(F)'} C U(F). It is well
known that any L' € X can be written in the form Ad(¢t)Ad(u)L where
t € A, u € U(F) are uniquely determined. Hence we have a partition
Xen = UieaXent where Xepy = {Ad(t)Ad(u)L; u € U(F)',eh € Ad(u)L}
is a locally closed subset of X;,. Let Xeh,t = 7 }(Xeny). This is a locally
closed subset of X,j,. Let Q = Xen1, Q= de’l = 771(Q). Note that

(a) X, = LieaAd(H)Q

as a set. Thus, Q is a fundamental domain for the A-action on X,,. Let
w={E € n(F); Ad(exp(E))(eh) € L}. In preparation for the proof of the

theorem we will prove the following result.

Lemma 3. The map E = e 'Ey + € 2Ey+ e 3E5+--- — Ey is a bijection
¢:w-—"sn. (Here E1, Ey, E3,... is a sequence of elements of n with E; = 0
for large i.)

The equation defining w is exp(ad(E))(eh) € L that is

eh+ Y e UE B+ (1/2) Y eI E, (B, B
i>1 4,721

+(1/6) Y eI B, (B, (B b)) + - € L,

1,5,k>1
that is
D TUEL N+ (1/2) 3 T E (B b))
1>2 byl
+H(1/6) S IR, (B, (B b))+ € L,
i,5,k>1
that is

(B hl=—(1/2) Y [Ei[E; R

i,5>1i4j=r
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(a) —(1/6) > BB, Bk +

ij k> 1k j+k=r
for r = 2,3,.... In the right hand side we have i < r, j < r, k < r, etc.
Hence if E, is known for v < r then [E,, h] is a well defined element of n.
Hence E, is a well defined element of n. (Note that E — [E,h] is a vector

space isomorphism n —n.)

It remains to show that E,. = 0 for large r. For r > 1 let n” be the
subspace of n spanned by all iterated brackets of r elements of n. (Thus,
n! = n, n? is spanned by [a, b] with a,b in n, n?

a,b,c in n, etc.) Note that

is spanned by [[a, b], ¢]] with

(b) E — [E, k] is an isomorphism n” — n” for any r > 1.
We show by induction on r that
(c) E.en” forr=1,2,...

For r = 1 this is clear. Assume now that » > 2. From (a) and the induction
hypothesis we deduce that [E.,h] € n". Using (b) we see that for some
E’' € n" we have [E,,h] = [E', h], hence [E, — E',h] = 0, hence E, = F'.
Thus E, € n", proving (c). Since n” = 0 for large r we see that E, = 0 for

large r. This completes the proof of the lemma.

4. For E € n we set up = exp(E) € U(F)" where E = ¢~!(E) (see Lemma
3). Note that Ad(ug)(eh) € L. Now E — Ad(exp(—E))L is a bijection
Y1 w—+Q. Hence ¢/ := 1¢~! : n — Q is a bijection. We have ¢/(E) =
Ad(uz')L. We show:

(a) Let E € n and let Ly = Ad(uz')L € X. Note that ¢h € Lp. Then
nr,(€h) € Lg/eLp and nr(—[E,h]) € L/eL correspond to each other
under the Lie algebra isomorphism 7 : L/eL — Lg/eLg induced by
Ad(up'): L= Lg.

We must show that Ad(ug)(eh) = —[E, h]mod eL or that Ad(exp(E))(eh) =
—[E,h)mod €L where E = ¢ 'E; + ¢ 2Fy + ¢ 3E3 + --- corresponds to
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FE = FE; as in Lemma 3. Thus we must show that

eh+ Y e UE, R+ (1/2) Y e I E,, (B, b
i>1 1,521

+(1/6) Z 677:7j7k+1[Ei7 [Ej) [Ekv h’]]]+ = _[El) h] mod EL,
,5,k>1

or that

Z E_H_I[Ei, h] + (1/2) Z e—i—j-‘rl[Ei, [Ej, h”

i>2 3,51

+(1/6) > e TITHE, (B, [By, b)) + - € €L
i,7,k>1

But the left hand side is actually zero, by the proof of Lemma 3. This proves
(a).
From (a) we deduce:
(b) the map B — TE(B) is a bijection {8 € Br;wr(—[E,h]) € p} — {f €
Br,;7rL,(eh) € 5'}.

Taking union over all F € n and using the bijection ¢’ : n —  we deduce

(c) the map (E,B) — WE; (t(B)) is a bijection {(E, B) € nxBr;nr(—[E,h])
€ B} Q.

We consider the bijection

(d) {(E,B) enx Br;nr(—[E,h]) € B} = &

given by (E, 3) — (—[E, h],b1) where b; € B is defined by 71, (b1) = 5. The
composition of the inverse of (d) with the bijection (c) is a bijection

(e) 650

From the proof we see that the bijection (e) is an isomorphism of algebraic
varieties. This proves the theorem.

5. Let NT be the normalizer of 7" in G and let W = NT/T be the Weyl
group. For any w € W let B, be the variety consisting of all b; € B such

that (b, by) are in relative position w. Note that B, is isomorphic to clvl
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where |w| € N is the length of w. Let &, = {(F,b1) € &;b; € By,}. The
second projection &,, — B,, makes G,, into a vector bundle with fibres of
dimension v — |w|. Hence &,, is isomorphic to C” as an algebraic variety.
We have a partition & = U,ew S, (as a set) with &,, locally closed in
& (the closure of &,, in & is denoted by &,,). Hence we have a partition
Q = Upew QL (as a set) where Q,, corresponds to &, under 4(e). Note that

Q,, is isomorphic to C¥ as an algebraic variety and that €, is locally closed
in Q. For w € W,t € A we set Q,; = Ad(t)Q,,. Using 2(a) we see that

(a) Xeh = |—|(w,t)€W><AQw,t

as a set, where Qw,t is locally closed in X, and is isomorphic to C”. Let

Q¢ be the closure of th in X.,. Note that Qw7t is open dense in Qw,t-

Since X, is of pure dimension v, we see that

(b) (w,t) = Qu s is a bijection W x A "5 [Xg].

In particular,

(¢) The number of A-orbits on [Xep] is equal to the order of W.

A result closely related to (c) (but not (c) itself) appears in M]

6. Let [&] be the set of irreducible components of & (a finite set naturally
indexed by W by w — &,,). The bijection 5(b) gives rise to an imbedding
(6] = [Xcn], S = Q1 hence to an imbedding of vector spaces

(a) C[&] = C[Xen]

with bases [S], [X.]. Springer has shown that W acts naturally on C[S]
(this is known to be the regular representation of W in a nonstandard basis).
In E] it is shown that the affine Weyl group of G acts naturally on C[X].
Hence, by restriction, W acts on C[Xeh]. From the definitions we see that
the imbedding (a) is compatible with the W-actions.
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