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Abstract

We establish a closed formula for a singular vector of weight A — 8 in the Verma
module of highest weight A\ for Lie superalgebra gl(m|n) when A is atypical with respect
to an odd positive root . It is further shown that this vector is unique up to a scalar
multiple, and it descends to a singular vector, again unique up to a scalar multiple, in the

corresponding Kac module when both A and A — # are dominant integral.

1. Introduction

For a general basic Lie superalgebra g (which is a suitable super general-
ization of semisimple Lie algebras) with a non-degenerate invariant bilinear
form (-,-), the linkage principle is not completely controlled by the Weyl
group; cf. the book [1]. Besides the more familiar linkage for weights in a
same Weyl group orbit, a so-called S-atypical weight A can be linked to A— 3
for a positive odd isotropic root f3; here by S-atypical we mean (A+p, 5) = 0.
This is one of the fundamental differences between representation theories
of Lie superalgebras and Lie algebras.

Now let g be the general linear Lie superalgebra gl(m|n) over the com-
plex number field C. The main result of this note is a simple closed formula
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for an (odd) singular vector S_gv) of weight A — 8 in the Verma module
M () of highest weight A, when A is S-atypical. We then show that such a
singular vector is unique up to a scalar multiple; see Theorem [l In other
words, we have

Homg (M (X — ), M()\)) = C. (1)

This can be regarded as a super analogue of a classical theorem of Verma
for semisimple Lie algebras. Serganova [6] showed earlier the Hom space in
(@) is non-vanishing by some indirect argument. We note that formulae for
various singular vectors associated to an even reflection in a Verma module

of a basic Lie superalgebra were recently established in ﬁ], cf. also E]

We readily convert our odd singular vector formula to a simple closed for-
mula for the corresponding odd Shapovalov element; see Corollary Bl Mus-
son has studied systematically Shapovalov elements in the setting of basic
Lie superalgebras, and in particular, he obtained in [4, Theorems 9.1, 9.2]
very different and more involved expressions for odd Shapovalov elements in
terms of non-commutative determinants.

For a dominant integral weight A for gl(m|n), the Kac module K () is by
definition a maximal finite-dimensional quotient of the Verma module M ().
Assume \ is S-atypical and in addition A — 3 is dominant integral. We show
that the aforementioned vector S_ 51);{ descends to a (nonzero) singular vec-
tor in K (), and that such a singular vector in K () is unique up to a scalar
multiple; see Theorem [l Indeed this uniqueness is equivalent to an earlier
simple observation by Serganova that dim Hom, (K (A=0), K ()\)) < 1. Hence
we have provided a new constructive proof that Homg (K (A=p),K ()\)) =C,
an old result of Serganova ﬂa, Theorem 5.5].

The identity (II) was also known in E] for the exceptional Lie superalge-
bra D(2,1;() where explicit odd singular vector formulas were established.
We conjecture that the identity () holds for basic Lie superalgebas in gen-
eral. We show that essentially the same odd singular vector formula for
gl(m|n) is valid for half of the odd isotropic roots of osp Lie superalgebras.
It seems highly nontrivial and very interesting to generalize the odd singular
vector formula of this paper to the other half of odd roots for osp and the
other basic Lie superalgebras.
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2. Formula for Odd Singular Vectors

2.1. The preliminaries

Let
I:Im‘n:{m,m—l,...,T,l,Q,...,n}

be a set with a total order

m<m-—1<---<1<1<2<---<n.

Let g = gl(m|n) = g5 @ g7 be the general linear Lie superalgebra with
standard basis {£;; | i,j € I}. Then g admits a natural Z-grading g =
g-1® go ® g1 where gg = g5 and g4 is of the form

ol (i)

Let h be the Cartan subalgebra consisting of diagonal matrices and let g =
n~ @ bh@dnt be a triangular decomposition, where n~ (resp. nt) consists
of lower (resp. upper) triangular matrices. Let {0y,,...,01,€1,...,€,} C b*
be the dual basis of {Emm,. .. Er1, B, ,Enn} C b, A nondegenerate
symmetric form (+,-) on h* induced by an invariant symmetric form on g is

given by

1 ifi=j,

birek) =0 Vi k, 0;,07) = —(€5,€5) =
(51) (3:85) = —(ei.6) {0 o

The set of simple roots and the set of roots are

II={0pm — 6m—1,...,00 — 01,01 —€1,€1 —€2,...,€6n_1 — €},
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O ={0; —dj,ep— € (0 —¢p) |TH<i#j<T,1<p#q<n}

Furthermore, the sets of positive even roots and positive odd roots are
given by

@g:{éi—éj,ep—eﬂmgg

<j<T1<p<q<n},
of = {6 —¢|mM<i<l<p<

The set of even roots and the set of odd roots are &y = ®§ U (—®¢) and
®; = & U (—®]), respectively. The root space decomposition is g = h @
(Daco 8a), Where

g(SZ'*(Sj = CEEJ’ gsp—sq = (CEp,qv 96Z~fep = (CEE’pv erfdi = CEp,E'

A weight A € b* is integral if (A, o) € Z for all a € ®y, and is dominant
if (\,a) € Zxq for all @ € ®f. We denote by Pt the set of all integral
dominant weights. We recall the Weyl vector

m n
p:%( Z o — Z Oé) :Zl(sl—Z]Ej—%mlm|nv

acdd acdt i=1 Jj=1

where 1,,, = >, 8; = >_7_; €;. If there is a positive odd root 3 € @] such
that (A + p,8) = 0, then the weight X is called atypical (or more precisely,
B-atypical).

In this paper, a weight A = a0, + -+ - + @101 + b1eg + -+ + bpe, € b*
will be denoted by

A= (am,...,a1 | bl,...,bn).
The following clearly holds:

A is integral < a;—aj, by—by € Z,V m<i<j<1,1<p<q<n;
A is dominant < a;—a;j,b,—by >0, VmM<i<j<I1,1<p<q<n; (2)
A is (0s—e;)-atypical < as + by + s—t = 0.
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2.2. Singular vectors in Verma modules

A non-zero vector v in a g-module V is called singular if n* - v = 0.
Recall the Verma module of highest weight X is M (\) = Indg ont C1a, where
h-1)x = A(h)1) and n™ -1, = 0; the highest weight vector of M ()) is denoted

byvj{zl@l)\.

Let § = 05 — €. Assume N\ = (@, @m—1,...,a1 | bi,ba,... b,) is a
[B-atypical weight. Define a sequence of scalars

ST =0s—Qs-1, GG5=0s —As2+1, ..., c=as—a1+s—2; (3)
c1=by—bi1—1, co=b—b2—-2, ..., c1=b—b—t+1. (4)
Denote

A:{J:{Jl)j2aa.]p}c-[|§<jl <]2<<Jp<ta O§p§8+t_2}a

(5)
where it is understood that J = () if p = 0. Then

{EJ = Et7jPEjP7jp—1 ”’Ej17§ | J = {jl’jQ’... ’jp} E A}

forms a basis of the (—/)-weight subspace of U(n™); here it is understood
that Ey = E; 5. For any J € A, define

b= ] o (6)

s<k<t,kgJ

------

ing element in U(n™):

S_g=> dsEy, (7)
JeA
which contains a unique term (called the leading term) with J of maximal
cardinality Eys 1 --- E271E17TE1§ -+« B—_ of coeflicient 1.

s—1,s

Theorem 1. Let f = §s—¢; and let X = (@, @m—1,-..,a1 | b1,b2,...,by) be
a B-atypical weight. Then the element S_/gvj\' is the unique (up to a nonzero
scalar multiple) singular vector in M(X) of weight X — . In particular, we
have

Homgy (M (X — 3), M()\)) = C.
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Proof. To show that S_ ij\r is singular, it suffices to verify that

B S_pvf = Ej1;-S_gvy = By - S_pu{ =0, (V1<i<m,1<j <n).
Indeed, it is trivial that Ej_; ;- S_gvy =0 (Vj > t). Furthermore,

Et—l,t : 575?); = Et—l,t : Z (dJ(Et,t—lEtfl,ji te ) + dJCt—l(Et,ji te ))
t—leJeA

= Z dJ(bt—l _bt+1+ct—1)(Et717ﬁ"') :07
t—leJeA

where the last equation uses the identity b;_1 —b;+1+c¢;—1 = 0 which follows
by ).

For 1 < j < t, we have

Ej 1;-S_pvy

—B ;Y dy(- BujEjj1Ejrg- ) diei( Boj1Ejoig-)) 4
I +dyci1(-FujEjy-+) +dycjci—1(-- Byy-+) A

)

ji—leJeA

= Z dy(bj—1 —bj+1—cj+cj1)( EujBj1z---)vy =0,
j,j—leJeA

where the last equation uses the identity b; 1 —b; +1 —¢; +¢;_1 = 0 which
follows by ().

Summarizing we have known E;_q ; - S_ij\r =0 (Vl1<j<mn) Inan

entirely similar way, we can show F;.— - S_ ij\r =0 (V1l<i<m).

In addition, we compute that

di(- B 1B ~F~y-- )+ dyee(- By 1Fys---
B, Y ( A BBy ) il by >>v+

R A
11eJeA +dJcl("'E*,1E1,ﬁ ) +dycier(- By

= > dibi+a+lt+e+ep)( BB vy

1,1eJcA

= Y dilas+b+s—t)( B Byy-o ol by @)-@)
T,1eJeA

=0 by @).
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(In the above calculation, we implicitly assume s,¢ > 1. If either s = 1 or

t = 1, the argument is similar and much easier.)
Hence we have verified that S_ [w;f is a singular vector of weight (A —f3)

in M(\).

It remains to prove the uniqueness. In a nutsell, the reason for the
uniqueness is that the coefficients of summands in S_gvy" (see (7)) are de-
termined recursively by the requirement that S_gvj\r is singular once the

leading coefficient is fixed. More precisely, let

Sl = Z z21E 5, Ej, 5,1 Ej s (for zy € C)
JeA

be a vector of weight A\ — 3 which is annihilated by n™. Subtracting S’ 5 by

a suitable multiple of S_z if necessary, we may assume

Z=15-2,..11,2,..t—1} = 0- (8)

We will show that z; = 0 for any J € A by downward induction on the
cardinality |.J|.

The base step is ), as J = {s—1,...,1,1,...,¢t — 1} has the maximal
cardinality among J € A in (Bl). Suppose we have known that z;» = 0 for
any J' € A with |J/| > k. We consider J € A with |J| = k.

Ift—1¢ J, it follows from E;_q; - Slﬁvir = 0 that zJU{t_l}(bt,l —
by +1) + 25 = 0. Thus z; = 0 because of z; 513 = 0 by the inductive

assumption.

Ift—1€Jbutt—2¢J, it follows from E;_o; 1 - S’_ij = 0 that

Zyuqt—23 (be—2 — b—1 + 1) + 27 — 2(yug—2})\ft—1} = 0.

Thanks to z;(;—2) = 0 by inductive assumption and z(jug—2ypgr—-13 = 0
established in the previous case, we obtain z; = 0.
Similarly, we can show zy = 0ift—1,t—2 € J butt—-3 ¢& J, by

Ei 342 S’_ij = 0. Repeating this procedure, we see that z; = 0 for all
J € A with |J| = k.
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Therefore we obtain that S” g =0, and the uniqueness follows. The
uniqueness of the singular vector implies that (and is equivalent to)
Homg (M (X — ), M()\)) = C. O

It was known ﬂa, Lemma 5.4] that Homg (M (XA — ), M (X)) # 0.

Example 2. Let us write down explicitly some cases of odd singular vectors
in Theorem [Il Keep the notation A\ = (am,...,a1 | b1,...,b,) € b*.

(1) Let 8 = d3 — €1 and let A be f-atypical, i.e., ag + by + 1 =0. Then
S-g=FE 1B 3+ (a2 —a1)Ey 5.
(2) Let 8 = d3 — &1 and let A be S-atypical, i.e., ag + by +2 = 0. Then
S-p =B\ 1B15E53+ (a3 — a2) By 1 Fy 3
+ (a3 —ay + 1)E1’§E§7§ + (ag — a1 + 1)(&3 — a2)E1,§'
(3) Let B = 3 — 9 and let A be S-atypical, i.e., ag + by = 0. Then
S-p=E21E 1B 5+ (a2 — a1) B2 B 5
+ (bg — b — 1)E2’TE1§ + (CLQ - al)(bg — b — 1)E2’§.

Inspired by the formulas ([B)-(), we introduce the following elements in
C+phcU(bh):

C—-

S—

1
CT:Eg’g—ETj—i-S—Q

I
S

s

s B G = EBss — B +1, -
Ci1=E;—E 141—-1, Cio=FE,;—FE 24 2—2, ...,
Cl - Et,t - El,l -t + 1.
Denote the Borel subalgebra b= = n~ @& . By definition, a Shapovalov
element is an element 63 € U(b™)_a such that Hﬁv;\r is a singular vector of

weight A — 3 for any [-atypical weight \. We have the following corollary
to Theorem [

Corollary 3. Let 8 =05 —¢; € @f. Then the element

05 = ZEJ( 11 ck)

JeA s<k<t,kgJ
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is the unique element in U(b™)_g which satisfies 951};( = S_ij\r for any
B-atypical weight A; hence it is a Shapovalov element.

Some other more complicated expressions for a Shapovalov element as-
sociated to 8 € <I>f in terms of non-commutative determinants were also
obtained by Musson in |4, Theorems 9.1, 9.2]. By the uniqueness, these two
versions of odd Shapovalov elements coincide.

Remark 4. It was brought to our attention by an anonymous expert that
S_ 3 above are examples of lowering operators (in different forms) which have
been studied in the literature; see |3, §4] (and in particular Theorem 4.11
therein) where general lowering operators were constructed and studied for
general linear Lie superalgebra g.

2.3. Singular vectors in Kac modules

For any dominant integral weight A € P*, let L°()\) be the finite di-
mensional irreducible gg-module of highest weight \. Extending the go-
module L°()\) to a go @ gi-module by a trivial gj-action, we define the
(finite-dimensional) Kac module as

K(X) :=1Ind§ o0, L°(N). (9)
For any dominant integral weight A\ = (ap,, ¢m-1,-..,a1 | b1,b2,...,by)

€ P, it is well known that
K(X) = M(X)/1) (10)

where I is the g-submodule generated by the singular vectors

i — Qg bi—b; 1 . .
o O A ( l<i<ml<j<nf. (1)

Let Jy be the n™-submodule of M (\) generated by

{Em,zvfanH,jvf ‘ I<vsmlsj< n} (12)
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Lemma 5.
(1) Forn>i>j>1orl>i>j>m, wehaveEiijjet])\.
(2) Form>t>1>73>m, we have Et,gv;\r & Jy.

Proof. (1) For any n >4 > j > 1, we have

Eijvy = Eij+1Ejr1505 — B, Eijvy

— +

= —Ejt1Bijrivy =

— i—j—1 —

= (—1)2 J Ej+1,jEj+2,j+1 te Ez‘,z‘—lvj\_ =0 (mod J,\)

The remaining case (with 1 > ¢ > j > m) follows by an entirely similar
argument.

(2) Let ny =n" N g5:n7 = nt N gy, and so that n~ = ng @ ng. Thanks
to the PBW theorem, we have U(n™) = U(n; )U(ny) = U(n;) @ U(n")ng .

We have E;s € U(ny), and hence Eis ¢ U(n")ng. Therefore we have

Etyg’l)j\_ ¢ U(n’)ngvj\r = J)\. O
We continue to denote by v;f the highest weight vector in K (\).

Theorem 6. Let 3 € ®], A € Pt and \—8 € P* be such that (\+p, ) = 0.
Then S,gv;f s a singular vector of weight X — 5, unique up to a scalar
multiple, in the Kac module K(X). In particular, we have

Homg (K (X — 8), K(\)) = C. (13)

Proof. Recall K(\) = M(A)/I, in ([0). We check that S_gv) (regarded as
a vector in M (X)) does not lie in the submodule I). To that end, let

B:{J:{j17.j27"'7jp}CI ‘ 13]1<]2<<Jp<t70§p§t_1} CA7

where it is understood that J = ) if p = 0. Moreover, below it is under-
stood that Ey; F;
repeatedly we have

- Ej 5= E;5if p=0. By applying Lemma [](1)

p—Jp—1 "

+ — N S . T
S_puy = Z djEj, Ej,—j, - Ej 505
JeB

= ( Z dJ> Et,gv;\“

JeB
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= (I @) ( II +e)Busef  (mod Jy). (14)
5<i<1 1<j<t

We know Etyg’l)j\_ ¢ J\ by Lemma[Bl2). Note that A — 8 € P implies ¢; > 0
fors <i<Tand1l+4c; <0for1 < j <t Itfollows by () that S_gvy & Jy.

Since the n~-submodule generated by the singular vectors in ([IIl) is equal
to I, we have Iy C Jy by the definition ([I2]) of Jy, and hence S_Bvir & Iy.
We conclude by Theorem [ that S_ ij\r descends to a singular vector in the
Kac module K(\).

To complete the proof of the theorem, it remains to prove that
dimHomg(K()\ — ﬁ),K()\)) <1,
or equivalently, by Frobenius reciprocity,
dim Homg, (L°(A — ), A(g—1) ® L°(\)) < L. (15)

The statement (3] was stated by Serganova in ﬂa, Proof of Theorem 5.5] who
skipped the proof. Let us provide a short proof below (which is a simplified
version of our original argument thanks to inputs from Shun-Jen Cheng).
A singular vector for the gg-module A(g_1) ® L°(\) must be of the form
TRV +- -®U(n5)ngvj\r for some 0 # = € A(g_1), and so is of weight A+
for some weight p for A(g—_1). Now observe that the (—3)-weight subspace
A(g—1)—p = A'(g_1)_p is one-dimensional; hence (I5) follows.

The proof of the theorem is completed. O

Remark 7. The equality ([I3]) was proved by Serganova in ﬂa, Theorem
5.5] in a different approach. Our proof that Homg (K (A — 3), K (X)) # 0 is
constructive and direct.

Remark 8. The assumption A — 3 € PT in Theorem [f cannot be removed.
Consider g = gl(2|1) and 8 = dy — &1 € ®]. A weight A = (ag,a1 | by) with
by = —ay — 1 is f-atypical. The formula ([7) reads S_g = E,1E735 + c7E 5.
If a1 = ag, then by @) ¢ = 0 and hence S_gvy = 0 in K(\).
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2.4. Other basic types

Verma g-modules M (\) can be defined as usual with respect to a trian-
gular decomposition g = n~ @ h®n™ for any basic Lie superalgebra g (cf. ﬂ,
Chapter 1] for basic Lie superalgebras with standard choices of positive root

systems).

Conjecture 9. Let g be a basic Lie superalgebra. Assume a weight \ is

B-atypical for an isotropic positive odd root 5. Then

Homg (M (X — 8), M()\)) = C.

We note that via the study of Shapovalov elements Musson M] has al-
ready established the Hom space in (l) is non-vanishing. The conjecture
holds for g = gl(m|n) by Theorem [Il It also holds for the exceptional Lie
superalgebra D(2|1;() by [2, Lemma 2.3], where formulas for the singular

vectors are given.

Below we focus on the ortho-symplectic Lie superalgebras osp. A stan-
dard set of simple roots for g = osp(2m|2n) is

I = {6i11 — 03,01 —€1,65 — €41, €m1+ € | 1 <i<n, 1 < j<m},

and the sets of positive roots and roots are

(I>+Z{éiﬂ:5j,5ii€k,€ki€l,2(5i ‘Z‘>j,k‘<l}
=3 U (—dh).

We have p=(n—m,...,2—m,1—m | m—1,m —2,...,0). Moreover, the

set of positive odd roots is
O ={6i+e |1<i<n1<k<m)

For B =ds+e € @, a weight A = D1 | a;0; + > vy brer = (an, ..., a1 | by,
.., bm) is f-atypical (that is, (A + p,3) = 0) if and only if as —m + s =
Denote by e, (o € ®) the Chevalley generators of g. Regarding g as a

subalgebra of gl(2m|2n), the generators can be chosen explicitly as follows
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(ct. [1)):

e, = Ei e—25, = B3,
esivs; = By + B €55, = Byt By (0 #7)
es,—s; = Ei5 — B s Cer—e; = Eri — Eipm ktrm,
Cepte = Erjrm — Eijtm, ecp—e = Eipmpk — Epymy, (K<)
it = Epimt Bippmy €dima = Eppmi— Egmw
Coi—ep = Ek+m,m+E€,kv C—iter — Ek,E_Em,k+m'

(The generators for osp(2m + 1]2n) can be similarly chosen; cf. @])
Recall the set A in [{@). For any J = {ji1,j2,...,jp} € A, we set

€J = Cer—ejp Cejp—e€jp_y T Cejy—€s

where we use the convention e; := d;. It is understood ey = e, —s5,. Recall
the scalar d; in (@). Now we set S_g =% ;. 1dje;.

Proposition 10. Let g = osp(2m|2n) or osp(2m+1|2n). Let = 65 —€;. If
a weight A = (an,...,a1 | b1,...,by) is B-atypical, then the element S,gv;f
is the unique (up to a nonzero scalar multiple) singular vector in M(\) of

weight X — 5.

Proof. Follows by the same proof as for Theorem [I1 O
In particular, Conjecture [0 holds for odd roots of the form g = §; — ¢

of the osp Lie superalgebras. This singular vector formula does not easily
generalize to the setting of an odd root of osp of the form d5 4+ €. We end
with an example of osp of low rank supporting the conjecture in this case.
Example 11. Let g = 0sp(6]2), p = (=2 ] 2,1,0) and 8 = §; + €1. Assume
A= (a| by,ba,bs) with a = by + 4. Then (A + p, ) = 0. Define

S_f =€es—ercs—erCiy_c,Cer—5 — (b2 + D3 + 2)€ey—er—ey—e1 Ceye Cer—s
— (b2 —b342)e_eg—er€e5—c1Cer—er €er—5— (201 F4)€cs—erCes—erCen—e) €cy—s
— [(b1 = b2)(b1 + b2+ 3) + (b2 — bg +2)(b2 + b3 + 2)]e—ey—c; €cr—c1 €61 —5
— (b1 —b2)(b1 + b2 +3)ecs—c16c5-1€c,-5

(b1 + b2+ 3)(b1 + b3+ 2)€es—crCep—ey E—es—0

(b1 + b2+ 3)(b1 — b3 + 2)e—e5—cr€er—c, €e5—5

[

+
+
+[(b1 — ba + 1) (b2 + b3 +2) — (b1 — b2)(b1 + b2 + 3)]€cs—e,€—ec5—e1 €y —6
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(b1 —ba+1)(ba—bs+2)— (b1 —b) (b1 +b2+3)]ecsesCescsCer s
+ [(b1—b2)* (b1 +b2+3) + (b1 —ba+1) (b2 — b3 +2) (b2 + b3 +2)]e—cy—e, €cs—s
+ (b1 +ba+3)(b1 —bs +2)(b1 + b3 + 2)ecy—e,6—cy—s

+ (b1 — b2) (b1 + b2 + 3)(b1 + b3 +2)ec; ;€55

+ (b1 — b2) (b1 + b2 + 3)(b1 — b3 + 2)e—e5—e1 €e5—5

+ (b1 — b2 + 1)(b1 + ba + 3)(b1 — b3 + 2)(b1 + bz + 2)e_¢, —6-

Then by a direct computation S,gvj is the unique (up to a scalar multiple)
singular vector in the Verma g-module M () of weight A — 8. It remains a
challenging and interesting problem to find a closed formula for the singular
vectors with respect to odd roots 5 = d5+¢; for general osp Lie superalgebras.
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