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Abstract

We consider a series of VOAs generated by 3-dimensional Griess algebras. We will
show that these VOAs can be characterized by their 3-dimensional Griess algebras and
their structures are uniquely determined. As an application, we will determine the groups

generated by the Miyamoto involutions associated with Virasoro vectors of these VOAs.

1. Introduction

Let L(c%,0) be the unitary simple Virasoro vertex operator algebra
(VOA) of central charge ¢, where

6
0
=1-— =1,2,3,....

Cn (n+2)(n+3)7 n Pt A}
Let V be a VOA containing a sub VOA U isomorphic to L(c2,0) and let e
be the Virasoro vector of U. It was shown by Miyamoto [22] that one can
define an automorphism of V' based on the fusion rules of L(c%,0)-modules.
Namely, the zero-mode o(e) of e acts on V' semisimply and the linear map
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Te = (—1)2 42 (43)0(e) i well-defined on V. The map 7, gives rise to an
automorphism of V' and we will call it the Miyamoto involution associated
to e. When 7, is trivial, one can define another Miyamoto involution o,
on a certain sub VOA of V using a similar method. (See Theorem for
detail.) When the involution o is well-defined on the whole space V', such a
Virasoro vector e is said to be of o-type on V. Miyamoto involutions appear
naturally as symmetries of some sporadic finite simple groups in the VOA

theory.

The most important and interesting case would be the first member
¢ = 1/2 of the unitary series. It is shown in [22] that there exists a one-to-
one correspondence between the 2A-elements of the Monster simple group
and sub VOAs of the moonshine VOA V! isomorphic to L(1/2,0) via the
Miyamoto involutions. However, the case ¢ = ¢ is not the only impor-
tant case. It is shown in [12] that there exists a one-to-one correspondence
between the 2A-elements of the Baby Monster simple group and ¢ = ¢ Vira-
soro vectors of o-type in the VOA VB, An injective correspondence between
the 2C-elements of the largest Fischer 3-transposition group and ¢ = ¢} Vi-
rasoro vectors of o-type in the VOA VF? is also shown in [13]. Recently, in
[18], the authors found new correspondences between the transpositions of
the second and the third largest Fischer 3-transposition groups and ¢ = cg
Virasoro vectors and ¢ = cg Virasoro vectors of o-type, respectively. Those
relations between involutions and Virasoro vectors are referred to as the

Conway-Miyamoto correspondence in (loc. cit.).

The purpose of this paper is to study the relations between Miyamoto
involutions associated to two mutually orthogonal Virasoro vectors of ¢ =
& and ¢ = & 41- Straightly speaking, there will be no special relations
between their Miyamoto involutions if the Virasoro vectors are just mutually
orthogonal. Therefore, we need to add extra assumptions and consider their
extensions. Namely, we will consider a VOA A(l/,cl) generated by a 3-
dimensional Griess algebra which is spanned by two mutually orthogonal
vectors and one common highest weight vector. This VOA has already been
considered in [3, [17] and occurs naturally in the moonshine VOA V7 [4].
In this paper, we will give a characterization of this VOA based on the 3-

dimensional Griess algebra in Theorem 3.5. In the description, we will use
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commutant superalgebras studied in [26] and the N = 1 super Virasoro
algebras. A main observation is that
1 3

= C, 6 = —

" z(“W‘mm)’

while the number ¢, is the central charge of the unitary N = 1 super Virasoro
algebra. (The superscript in ¢, means “N = 17, whereas that in ¢! means
“N =07, i.e., non-super case.) The VOA A(1j, cl) has three Virasoro frames

and we can consider associated Miyamoto involutions. Two of them consist

forn=1,2,3,...,

1
0 0
Cn +cn+1 - 5

of mutually orthogonal ¢ = ¢! and ¢ = ¢ 41 Virasoro vectors. We will classify
all the irreducible modules over A(1/, cL) and describe their decompositions
with respect to these three Virasoro frames. As an application, we will
determine the group generated by Miyamoto involutions associated to these
Virasoro frames of A(1/2,ck) in Theorem 4.6. In Theorem 4.8, we will present

certain inductive relations between Miyamoto involutions associated to ¢ =

0 0
n n+1

to mention that our characterization is very simple and easy to check in

A and ¢ = &, Virasoro vectors of A(1/2,ct) when n is odd. It is worthy
practice. Actually, this work is a part of study of Fischer 3-transposition
groups in [18] and the results in this paper will be crucial in the discussion

in Section 5 of (loc. cit.).

The organization of this article is as follows. We first review some basic
notation and terminology about VOAs. In Section 2, we review some basic
facts and results for the unitary series of Virasoro VOAs and the unitary
series of the N = 1 super Virasoro algebras. In Section 3, we study VOAs
generated by their 3-dimensional Griess algebras. In Theorem B we will
give a characterization of such a VOA using its Griess algebra. In Section 4,
we introduce a series of VOAs A(1/2, L) which satisfy TheoremB.5. We study
three Virasoro frames of A(1/2,cL) and classify all its irreducible modules
and their decompositions with respect to three Virasoro frames. We will
then determine the actions of Miyamoto involutions on VOAs which contain
A(ta,cl) as a sub VOA in Theorems and .8 This is the main result
of this paper. In Appendix, we will prove the Zs-rationality of the unitary
series of the Ramond algebra, one of the N = 1 super Virasoro algebras.
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Notation and terminology. In this paper, we will work mainly over the
complex number field C but sometimes we also consider real forms. If V is
a superspace, we denote its Zo-grading by V = VI0 ¢ VI, A VOA V is
of One-Zero type (or OZ-type) if it has the grading V' = @,>0V,, such that
Vo = C1 and V4 = 0. We will mainly consider VOAs of OZ-type. In this
case, V has a unique invariant bilinear form such that (1|1) = 1. A real
form Vg of V is called compact if the associated bilinear form is positive
definite. For a subset A of V, the subalgebra generated by A is denoted by
(A). For a € V,, we define wt(a) = n. We expand Y (a,2) = >, .z an)z "
for a € V and define its zero-mode by o(a) := a(wt(a)—1) if @ is homogeneous
and extend linearly. The weight two subspace V5 of a VOA V of OZ-type
carries a structure of a commutative (non-associative) algebra equipped with
the product o(a)b = a()b for a, b € Va. This algebra is called the Griess
algebra of V. A Virasoro vector is a vector e € V, such that e;ye = 2e.
In this case the subalgebra (e) is isomorphic to a Virasoro VOA with the
central charge ¢ = 2(e|e). A Virasoro vector e € V is called simple if
it generates a simple Virasoro sub VOA. Notice that e is always simple if
it is taken from a compact real form of V. A simple ¢ = 1/2 Virasoro
vector is called an Ising vector. A Virasoro vector w is called the conformal
vector of V if each graded subspace V,, agrees with Kery (o(w) — n) and
satisfies wgya = a(_)1 for all a € V. When V is of OZ-type, the half of the
conformal vector is the unit of the Griess algebra and hence it is uniquely
determined. We write L(n) = w(,41) for n € Z. A sub VOA (W,e) of V is
a pair of a subalgebra W of V and a Virasoro vector e € W such that e is
the conformal vector of W. Usually we omit to denote e and simply call W
a sub VOA. A sub VOA W of V is said to be full if V and W shares the
same conformal vector. The commutant subalgebra of a sub VOA (W, e) of
V' is defined by Comy W = Keryeg) (cf. [§]). For an automorphism o of V
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and a V-module (M, Y (-, 2)), we define its o-conjugate by (M, Yy (-, 2)),
where Y7 (a,2) = Ya(oa, z) for a € V. A module M is called o-invariant

or o-stable if M is isomorphic to its o-conjugate.

2. Virasoro VOAs and SVOAs

2.1. Unitary series of the Virasoro algebra

Let Vir = @®,c2CL(n) ® Cz be the Virasoro algebra. The irreducible
highest weight module over Vir with central charge ¢ and highest weight A
will be denoted by L(c, h). Let

0 6

-] - =1,2,3,...
Cn (’I’L—|—2)(7’L—|—3)’ n y Sy 9y ) (2 1)
- 2))2 -1 ’
B (r(n+3) —s(n+2)) l<r<n+l, 1<s<n+2
’ 4(n +2)(n + 3)

Then L(c?,0) is a rational Cs-cofinite VOA and L(c2, hﬁ’,?), 1<s<r<
n+1, exhaust the set of inequivalent irreducible L(c!,0)-modules (cf. |6, 25]).
Note that h("s) = hq(;jzz rnt3—s- 1t 1s known that all irreducible L(c2,0)-
modules have compact real forms and L(c?, h,(ﬂ,s)) are usually called the uni-
tary series of the Virasoro algebra. The fusion rules are also known and
given as follows.

L&, R L, 00, = S L, n

Cny Iy s mn op! s [r—r!|4+2i—1,|s—s'|+25— 1) (22)

1<i<M
1<j<N

where M = min{r,”’, n+2—-r,n+2—r} and N = min{s,s’,n+3 —s,n+
3— ¢}
Let V be a VOA and e a Virasoro vector of V. Suppose e generates a

simple ¢ = ¢ Virasoro sub VOA of V. Then V is an (e)-module and one

has an isotypical decomposition

v @ VL (23)

1<s<r<n+1

where V' [h]. is the sum of all irreducible (e)-submodules isomorphic to L(c2, h).
Moreover, the zero-mode o(e) = e(1) of e acts semisimply on V' .
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Theorem 2.1 ([22]). Let e be a simple ¢ = ¢ Virasoro vector of V.. Then
the linear map 7, = (—1)* 2 43)0(€) defines an automorphism in Aut(V).
By @), 7. acts on V[hY]. as (=1)"1 if n is even and as (—1)5+! if n is
odd.

Set

{hgns) |1 <s<n+2} ifniseven,
P, = ) (2.4)
{hyy [1<r<n+1} ifnisodd

It follows from the fusion rules in (2.2]) that the subspace V[P, ]e = @jep, VIh]e
forms a subalgebra of V. We say e is of o-type on V if V.= V[P,].. Again
by the fusion rules in ([2.2]), we have the following Zs-symmetry.

Theorem 2.2 ([22]). The linear map

(=1)5t on V[hg?s)]e if n s even,
(=) on V[hfﬁ)]e if n s odd,

defines an automorphism of V[Py]e.

2.2. Unitary series of the IV =1 super Virasoro algebra

There are two extensions of the Virasoro algebra to Lie superalgebras
called the N = 1 super Virasoro algebras: NS = NS ¢ NS[ and R =
R ¢ R, where

NSU=ROI=Vir=@HCL(n)&Cc, NSll= @ cCG(r), RUV=PCG(r).
nez reZ+1/2 rEZL

In addition to the Virasoro algebra relations, they also satisfy the following

relations:
[L(m),G(r)] = (%m - 7‘) Gm+r), [c,G(r)] =0, and 25)
[G(r), G(s)] = 2L(r + 5) + 6,450 (r* = §) §- '

NS is called the Neveu-Schwarz algebra and R is called the Ramond algebra.
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Neveu-Schwarz sectors. The Neveu—Schwarz algebra has a standard tri-
angular decomposition NS = NS_ @& NSy & NS, such that

NS: = @ CL(n)® @5 CG(r), NSy =CL(0) @ Cc.
+n>0 +r>0

For ¢, h € C, let Cv.j, be a one-dimensional module over NSy @ NS, defined
by

CUch, = CUch, L(0)ven = hvep, NSivep =0,

and define the Verma module over the Neveu-Schwarz algebra Mns(c, h)
with central charge ¢ and highest weight h by the induced module. We
choose the Zy-grading of Mys(c,h) = Mys(c, h)!® @ Mys(c, h)1 so that
ve,n € Mys(e, h)[o]. We denote the unique simple quotient of Mns(c, h) by
Lns(c, h) which is called the NS-sector. Set

L(z)=) L(n)z"?, and Gns(z)= > G(r)z"2  (26)

nez reZ+1/2

Then L(z) and Gns(z) are local fields on Mns(c, h). Namely, they are ele-
ments of End(Mns(c, h))[z,271] and one has the following OPEs:

c 2L(w OwL(w
L(z)L(w) ~ 2z —w)* (2 —(w))2 z —(w) ’
L(:)Gis (1) ~ St 4 ST, )
G (2) G () ~ 2¢ N 2L(w)'

3(z—w)3  z—w

We also have the derivation relations
[L(—1),L(2)] = 0,L(2) and [L(—1),Gns(2)] = 9.Gns(z).

Therefore, L(z) and Gns(z) generate a vertex superalgebra inside

End(Mns(c, h))[z,271]. Set Mns(c,h) := Mys(c,0)/(L(—=1)veo). We de-
note the images of v. g, L(—2)v.0 and G(—3/2)v. o in the quotient Mys(c,0)
by 1, w and 7, respectively. Then Mys(c,0) carries a unique structure
of a vertex operator superalgebra such that 1 is the vacuum vector, w =
L(-2)1 = $G(—1h)G(-3)1 is the conformal vector satisfying Y (w,z) =
L(z) and Y (7, 2) = Gns(z) by Theorem 4.5 of [14]. Note that (G(—1/)vc0) =
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(L(—1)ve0) in Mns(c,0) as G(—14)?* = L(—1) and [G(1/2), L(—1)] = G(-1/2).
It is clear that Mys(c, h) is an Mys(c, 0)-module such that Y (7, z) = Gns(2)
on Mys(c, h) and its simple quotient Lys(c,h) is an irreducible Mys(c, 0)-
module. In particular, the simple quotient Lyg(c,0) is a simple SVOA.

Ramond sectors. The Ramond algebra also has a standard triangular de-
composition R = R_ & Rop @ R4 such that

R:= @ CL(n) ® € CG(r), Ro=CL(0) ® Ccd CG(0).
+£n>0 £r>0
Since G(0)? = L(0) — c/24, the subalgebra Ry is not Zs-homogeneous in this
case. For ¢, d € C, let Cv.q be a one-dimensional module over Rg © Ry
defined by

CUc,d = CVcd, G(O)qu = dqua R+Uc7d = 07

and define the Verma module over the Ramond algebra Mg (c, d) with central
charge c and top weight d by the induced module. Note that L(0)v. 4 = (d*+
¢/24)v. 4. We call the eigenvalue d? + ¢/24 the highest weight of Mg(c,d).
Our notion of Verma modules is unusual in the sense that G(0) always acts
semisimply on highest weight vectors and there is no canonical superspace
structure. We denote the unique simple quotient of Mg(c,d) by Lgr(c,d)

which is called the Ramond sector. Set

L(z)=) L(n)z™"%, and Gr(z) =Y G(n)z "% (2.8)
nez nez

Then L(z) and Ggr(z) are local Zo-twisted fields on Mg(c,d). Namely,
one has the same OPEs as in (27). We also have the derivation rela-
tions [L(—1),L(z)] = 9.L(z) and [L(—1),Gr(z)] = 0.Gr(z). Therefore,
L(z) and Gr(z) generate a vertex superalgebra inside End(Mg)[2'/2, 2= 1/?]
(cf. [19]). Let 6 = (—1)%0) be the canonical Zy-symmetry (supersyms-
metry) of Mys(c,0). One can directly verify that Mg(c,d) is a O-twisted
Mnys(c, 0)-module and its simple quotient L (c, d) is an irreducible §-twisted
Mys(c, 0)-module. It follows that Lg(c,d) and Lg(c, —d) are f-conjugate to

each other.
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Unitary series. Forn=1,23,... let

3 8
=5 <1_ (n+2)(n+4)>’
A s(n+2)—r(n+4)
" B+ 2)(n+4) ]
| _(r(n4+4) —s(n+2)?—4
24 16 70 8(n—+2)(n+4)

(2.9)

hily = (A +

p
r787p - + g’
where 1 <r <n+1,1<s<n+3 p=0or1/2and r—s = 2pmod2.
Note that A7(17Q2—7",n+4—s = _A7("7713) and h1(£22—7“,n+4—s,p = hgg),p

Theorem 2.3 (|2, 10, [16, 21]). The N = 1 Virasoro SVOA Lns(ck,0) is
rational and Zy-rational. The irreducible representations are as follows.

(1) The NS-sectors Lns(ck pm ), 1<r<m+1,1<s<m+3,r

ny 'rs,0
smod 2, are all the irreducible untwisted Lys(ch,0)-modules.

(2) The R-sectors LR(C}WA,(»T,?), 1<r<m+1,1<s<m+3 r=
s+ 1mod 2, are all the irreducible Zy-twisted Lys(cl,0)-modules.

Proof. The irreducible untwisted Lys(cL:,0)-modules are classified in [16, 2]
and the rationality is established in [2]. The irreducible Zo-twisted

Lxs(cl, 0)-modules are classified in [21]. The Zg-rationality will be given in
Appendix. O

Remark 2.4. The NS-sectors Lys(c; pm ) and the R-sectors Lg(c}, ASZ))

ny 'rs,0
have compact real forms and are called the unitary series of the N = 1 super

Virasoro algebra.

Remark 2.5. If n is even, the top weight AEZ)HW (nd)/2 = 0 is the fixed
point of the Za-symmetry Afﬁz_nn taes, = —AS{? and the corresponding

representation Lg(ck,0) is -stable. Therefore, among the irreducible R-
sectors in (2) of Theorem 23] the representation Lg(cl,0) has a distin-
guished property such that it is not irreducible as an LNS(C,ll,O)[O]—module
while others are still irreducible over Lys(cL, 0)[%.
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3. VOAs with 3-dimensional Griess Algebras

3.1. Free Majorana fermion and ¢ = 1/2 Virasoro SVOA

Let C be the associative algebra generated by ., r € Z + 1/2, subject

to the relations

wrws + Tpswr = 57“—1—3,07 TS5 € 7 + 1/2 (31)

The Fock representation F' of C is a cyclic C-module generated by 1 with
relations ¢, 1 = 0 for r > 0. Then F has a natural Z,-grading F' = FI0 ¢ Fl1]
with

FUl = Spanc{y)_p, -9 1|71 > - > >0, k=imod2}.  (3.2)

The generating series ¥(z) := ZTEZ+1/2 27 "1/2 is an odd field on F and

satisfies the following locality

(21 — 22)[¥(21), ¥ (22)]+ = 0. (3.3)

Therefore, 1(z) generates a vertex superalgebra inside End(F)[z, 27 !] and
F' can be equipped with a unique structure of a vertex superalgebra such
that 1 is the vacuum vector and Y (v_; /51, 2) = 9(z) (cf. [14]). The vector
w = %1[)_3 /2%_1/21 provides the conformal vector of central charge 1/2 and

we have the isomorphisms
Fi = L(th,0), FM e L(1h,1p) (3.4)

as (w)-modules (cf. [15]).

Let Ciy be the associative algebra generated by ¢,, n € Z, subject to

the relations
GmPn + Ondn = Omino, Mm,n € L. (3.5)

The Fock representation Fiy, of Cly, is a cyclic Ci-module generated by v; /16
with relations ¢,v;/16 = 0 for n > 0. Set FE .= (v1/16 T \/igzbovl/m). Then
we have a decomposition Fiy, = FtJer @ F,, as a Ciy-module. The generating
series ¢(2) == >, o7 bnz"""12 is an odd Zoe-twisted field on Fiy, and satisfies
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the following locality

(21 = 22)[0(21), ¢(22)]+ = 0. (3.6)

Therefore, ¢(z) generates a vertex superalgebra inside End(Fy, )[2'/2, 271/?]
and Fiy, can be equipped with a unique structure of a (—1)2L(0)—twisted F-
module such that Y (¢y_y51,2) = ¢(2) (cf. [19]). As Fl%-modules, we have
the isomorphisms (cf. [15])

‘Ft—\":v = Ft;v = L(1/271/16)7 (37)
whereas F;\. and F,, are inequivalent (—1)2)_twisted F-modules since the
zero-mode o(1)_1/21) = ¢o acts as +271/2 on the top levels of thvtv Indeed,

2L(0)

thv are mutually (—1) -conjugate F-modules.

Let V = V10 @ VI be an SVOA with a non-trivial odd part. A tensor
product F' ® V is an SVOA with Zo-grading

(Fe)l = Fllgyltlg pllgyll  (pgv)ll = g yvilg pll g yI0l

(3.8)
Let M = M ¢ MM be an untwisted V-module. Then F ® M is an F @ V-
module and its Zo-homogeneous parts

(Fo M) = FO g0 g rlle M (Foum)M = Fllg MM g Mgl

(3.9)
are (F @ V)%-submodules. Let N be a Zy-twisted V-module. Then tensor
products

Ff@N (3.10)

W

are untwisted (F ® V)%-modules. In this way, given an untwisted or Zo-
twisted V-module, we can construct an (F ® V)%-module. In the next
subsection, we will show that there is a canonical reverse construction of
V-modules from (F @ V)[%-modules.
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3.2. Commutant SVOAs

Let V be a VOA and e an Ising vector of V. Let M be a V-module. For
h=0,1/2, 1/16, we set

Tem(h) :=={a € M | eqya = ha}. (3.11)
Then we have the isotypical decomposition
M = L(Y2,0)®Te ar (0)BL(Y2,1/2) @Te pr (12) D L2, 116) @ Te 11 (Vo) (3.12)

of M as (e)-module. Since (e) = L(1,0) is rational, its zero-mode o(e) acts
on M semisimply. Therefore, the Miyamoto involution 7, = (—1)*8°() is
also well-defined on M and M is 7.-stable. Set

M) = L(15,0) @ To 0 (0) ® LYo, 1) @ Topr(Yo),

(3.13)
M) = L(Ya,16) ® Teni(Yrs)-

Then M*7e) are V{7e)-submodules. Tt is known that 7. (0) is the commu-
tant subalgebra of (e) in V' and T¢ ps(h), h = 1/2, 1/16, are T, /(0)-modules
(cf. |8,126]). As L(1/2,0) can be extended to an SVOA L(1/,0) & L(1/2,1/),
the commutant 7, /(0) can also be extended to an SVOA.

Proposition 3.1 ([11], [26]). Let V be a VOA and e an Ising vector of
V' and suppose Tcyv (1) # 0. Then there exists an SVOA structure on
Tev(0) @ Te v (Y2) which is an extension of the commutant sub VOA T¢ v (0)
such that the even part

((L(1/2,0) @ L(12,12)) @ (T (0) & Ty (12))) )

of a tensor product of SVOAs is isomorphic to the sub VOA V). If V is
simple, then Tpyv(0) & T, v (1) is a simple SVOA and T,y (0) is a simple
sub VOA.

Next theorem provides a construction of 7, v (0) &7y, (1/2)-modules from
V{7e)-modules, which is a sort of reverse of (3.9) and (Z10).

Proposition 3.2. Let V be a VOA and e an Ising vector of V' such that
T.(14) # 0. Let M be a V) -module. Decompose M as in (312) and define

ME) s in BI3).
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(1) The space Te p(0) @ Te pr(Yf2) forms an untwisted T v (0) & Tev(L)-
module such that M'™) as a V{7 -module is isomorphic to one of the
Zo-homogeneous parts of the tensor product of the adjoint module of
L(12,0)®B L/, %) and the T, v (0)&T,,v (1/2)-module Te a1 (0) BT pr(1/2).
If M7e) is an irreducible V7<) -module, then T, pr(0) @ Toar(15) is also
irreducible as a Tev(0) & T, v (1/2)-module.

(2) The space T, pr(Ye) forms a Zo-twisted Te v (0) @ Te v (1/2)-module such
that M=) as a V{7 -module is isomorphic to a tensor product of a
Zo-twisted L(1/2,0) @& L(1/2,1/)-module L(1/2,116)" and the Zo-twisted
T.v(0) ® T v (Vo)-module Ty pr(Vie). If M) is an irreducible V{7)-
module, then Tear(Y16) is also irreducible as a Zg-twisted T,y (0) &
Te,v(1/2)-module.

Proof. The proof for the existences of structures of modules is similar to
that of Proposition Bl (see Theorem 2.2 of [26]). The irreducibility is clear

and follows from the fusion rules of L(1/,0)-modules. O

Remark 3.3. If V is simple and both V[l2]. and V[/16]e are non-zero, then
the fusion rules of L(1/2,0)-modules guarantee that T, 57(h) is also non-zero
for all non-zero V-modules and for h = 0,1/2,1/16. On the other hand,
if V' is simple, V1] # 0 and V[/i6]e = 0, then again by the fusion rules
of L(1/2,0)-modules one of T ar(0) & Tear(Y/2) or Tenr(Y/16) is zero for an
irreducible V-module M.

Suppose e is an Ising vector of V' such that T¢ v (1/2) # 0. By Proposition
B2 there is a correspondence between V{7)-modules and untwisted and Zo-
twisted T v (0) & Te,v (1/2)-modules via (3.9) and (3.10). It is shown in [24]
that V' is C-cofinite if and only if T, 1/ (0) is. Therefore, we have the following

theorem.

Theorem 3.4 (cf. [24]). Suppose e is an Ising vector of V' such that Te v (1/2)
# 0.

(1) V is Cy-cofinite if and only if T, v (0) is Ca-cofinite.

(2) V") is rational if and only if Toy(0) ® T. (1) is rational and Zo-

rational.
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3.3. A characterization by 3-dimensional Griess algebras

In this subsection, we will prove the following theorem:.
Theorem 3.5. Let (V,w) be a VOA of OZ-type. Suppose the following.

(1) The central charge cy of V is not equal to 1/2.
(2) V has an Ising vector e.

(3) There exists a 3-dimensional subalgebra B = Cw+ Ce+ Cx of the Griess
algebra of V' such that 2e(;yz = = and (z | x) is non-zero.

Suppose that W = (B) is a full sub VOA of V. Then the commutant super-
algebra

Te,w (0) & Te,w (Y2)

is isomorphic to an N =1 Virasoro SVOA with the conformal vector w — e.

Proof. Set f :=w —e. Since V is of OZ-type, epyw = 0 so that e and f
are mutually orthogonal Virasoro vectors by Theorem 5.1 of [§]. The central
charge of f is ¢; := 2(f|f) = cv —1/2 # 0. By a normalization, we may
assume that (z|z) = 2cs/3. Since x is a highest weight vector for (e) ® (f)
with highest weight (1/2,3/2), we have

(yzle) = (z]zme) = (xéw) - %f (3.14)
(zzlf) = (zlzqyf) = 3(:62' z) = cy.

By assumption, o(e) acts on B semisimply with eigenvalues 0, 1/2 and 2.
Thus e is of o-type on W = (B) and defines the involution o, by Theorem
Since o, negates x, we have zz € B{%¢) = Ce 4 Cf and so we can
write z(1)z = ae + Bf with a, 8 € C. Then

(zyz|e) = (e + Bf|e) = ale|e) = %,

(3.15)
ez 1£) = (ae + 871 £) = 871 ) = 2.
By (14) and (BI5) we have
)T = . +2f. (3.16)

3
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Decompose W as
W = L(1/2,0) @ Tew(0) & L(12,12) @ Te.w (12)-

Then T := T, w(0) ® T, w(le) is an SVOA with the conformal vector f
by Proposition Bl Since x is a highest weight vector for (e) and (f) with
highest weight 1/2 and 3/2, respectively, there exists a highest weight vector
a € T w(Y/2) for (f) with highest weight 3/2 such that x = ¢_; 51 ® a. Let
Yy (-, 2) and Y7 (-, 2) be vertex operator maps of V and T', respectively. Then
Yy (z,z) = ¢(2) ® Yr(a, z) by Proposition Bl and we have

)T =1 ®ap_ya+ Z Y_j_32%_1/21 ® A(p4j41)0 (3.17)

J=0

Since V is of OZ-type, so is T, y(0) and we havell amye =0, azya € Cl and
amya = 0 for n > 2. Then by [B.I7), we have

ryr =1®apya+ 1/1_3/21/1_1/211 ® a(2)a. (3.18)

Since 1_3/9%_1 /21 = 2e, comparing (3.16) and (3.18)) we obtain

2
21, ama=0, agua=2f. (3.19)

a(2)a = 3

Now set Lf(m) = Jims1) and G(r) = a(41/2) for m € Z and r € Z + 1/2.
By (319) their commutators are as follows.
a > (m+1
[L5(m), G*(1)] = [foms+1): apr1)] = Z( . > (D) o 3/2-0
=0
= (fya) (mar+3/2) T (m +1) (fya) (m+r+1/2)
= - (m +r+ %) A(m+r+1/2) T %(m + Dagmsr41/2)

= (3m = 7) Apsry1y2) = (3m — 1) G4m + 1),

IThat a(rya = 0 also follows from the skew-symmetry.



134 CHING HUNG LAM AND HIROSHI YAMAUCHI [June

a a > r+ 1/2
[G(r), G(s)] = [ags1/2), Ast1/2)] = Z( 1/ > (@0)@) (g1 )

]

i=0
r+1/2
= (008 (1) T ( 5 > (@) g1y
r+1/2\ 2c
= 2f(rgst1) T < 9 > : Tf “Lrgs—1)

=2LI(r+s)+ 6150 (M — 1) &

Therefore, Yr(f,z) and Yr(a,z) generate a representation of the Neveu-
Schwarz algebra NS on T'. Since W' is generated by e, f and z = ¢_; 51 ®a,
it follows that T' = T, w (0) @ T w(1/2) is generated by f and a. Therefore,
T is isomorphic to an N = 1 super Virasoro VOA. O

4. Extension of a Pair of Unitary Virasoro VOAs

Consider the even part
A(fo, ) == L(12,0) @ Lns (e, 0) & LY, o) ® Lns(cp, )M (4.1)

of the tensor product of SVOAs L(1/,0) @ L(1/2,1/2) and Lys(ch,0) where
cl is defined as in (Z9). This VOA is also considered in [3, [17]. The VOA

A(1/2,cl) inherits the invariant bilinear forms of L(1/,0) & L(15,1/) and
Lxs(cl,0) and has a compact real form.

4.1. Griess algebra

Let e = %1/1_3/21/1_1/211 and f = 3G(—1L)G(-3/k)1 be the confor-
mal vectors of L(1s,0) and Lns(ch,0)%) respectively, and let z =

V(n+2)(n+4)Y_1,10G(-3/2)1 be the highest weight vector of L(1/2,1/)
@Lns(cl, ). Then A(lh,cl) is of OZ-type and its Griess algebra is 3-
dimensional with an orthogonal basis e, f and = such that

1 3 1
ce = 2¢, eqyf =0, eqyr = g, foyf =2f, fayz = 5, (ele) = 7,
1
ryr =2n(n+6)e+2(n+2)(n+4)f, (f|f)= %" (z|z) = n(n + 6).



2019] 3-DIMENSIONAL GRIESS ALGEBRAS AND MIYAMOTO INVOLUTIONS 135

By (&) and ([.2), we can apply Theorem to A(l2,cl) and obtain a
characterization of it. By a direct calculation, we can classify the Virasoro
vectors in A(1f, ch).

Proposition 4.1 (|3, [17]). Let

u::m(ne+(n+4)f+w), and v:i=e+ f—u. (4.3)

0

(1) w and v are mutually orthogonal Virasoro vectors with central charges c,,

and ¢&9_;.
(2) The set of Virasoro vectors of A(Lf2, ck) is given by {w, e, f,u, v, 0o, oev}.
(3) A(1f,ck) is generated by its Griess algebra.
(4) Aut(A(lp,ch)) = (oe) if n > 1 and Aut(A(Y, cl)) = (oe, 04) = S3.

Proof.

(1): Tt is straightforward to verify that u and v are mutually orthogonal
Virasoro vectors and w = u + v is a Virasoro frame of A(15,cl) (cf. [3]).

(2): The solutions of the quadratic equation y? = 2y in the Griess algebra
provide a complete list of Virasoro vectors in A(1/, c}) which is as in the

assertion.

(3): Let V be a subalgebra of A(l,cL) generated by the Griess algebra.
Then V satisfies the conditions in Theorem and it follows that V =
Ao er,).

(4): If n > 1 then e is the unique Ising vector of A(lh,cL) and o, is the
unique non-trivial automorphism of the Griess algebra. Since A(l/,cl)
is generated by its Griess algebra, we have Aut(A(l,cl)) = (o). If
n = 1, then A(1/2, cl) has three Ising vectors e, u and o.u of o-types and
o-involutions associated to these Ising vectors generate Ss. O

Since A(1/,cl) has a compact real form, it contains a full sub VOA
(u) @ (v) = L(2,0) ® L(c2, 1,0). By [@Z) and ([@3), the Griess algebra is
spanned by e, u and v where their multiplications are as follows.

. u_n—kle+ n-4 2 " n+4 ’
W= 0 +3" " 4n+3)  4(n+3) »
n+5 n-4 2 n+4 (4.4)

‘O B T i) Ty
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Clearly, the relations above uniquely determine the Griess algebra so that
A(2,cl) is also characterized by the structure in (&4]) thanks to Theorem

Proposition 4.2. Let Vg be a compact VOA of OZ-type. Suppose e, u and
v are simple ¢ = c(l), c=c andc= c%H Virasoro vectors of Vi, respectively,
such that u and v are mutually orthogonal and satisfy ([@4). Then the sub

VOA generated by e, u, and v is isomorphic to A(1/,ch).

Proof. Suppose uyv = 0 and (£4) holds. The inner products (e|u)
and (e|v) are uniquely determined by the invariance property (e(yulu) =
(eluayu) = 2(elu) and (e(yv|v) = (e|lvqyv) = 2(elv). Then by change of
basis, we recover the relations (£2]) and hence the subalgebra generated by

u, v and e is isomorphic to A(1,cl) by Theorem O
Set
w=3n(n+6)e—(n+2)(n+4)f+ 3z. (4.5)

Then w is a highest weight vector for (u) ® (v) with the highest weight

+1 n+5
h(”) h(”‘H) — n )
(1,7 3,1 ) n+37n+3

Therefore, A(lf,cl) contains L(cg,hgfg) ® L(cgﬂ,hgllﬂ)) as a (u) ® (v)-
submodule. A complete decomposition will be given in the next subsection.
Theorem 4.3 (cf. [3]).

(1) A(Lf,cl) is rational and Cs-cofinite.

(2) The even part Lys(cl,0) is Cy-cofinite.

Proof. The rationality of A(1/2,c.) follows from Theorem Z3]and (2) of The-
orem[3.4l Since A(1/2,c}) has a Co-cofinite full sub VOA L(c%,0)®L(c2, ,0),

it is also Cy-cofinite (cf. [1,13]), and the Cy-cofiniteness of Lys(ck, 0)[% follows
from (1) of Theorem 3.4 O

4.2. Modules

Let n be a positive integer and let Ly (n,j) = Ly ((n — j)Ag + jA1)
be the level n integrable highest weight sly-module with highest weight (n —
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Ao+ jA1, 0 <j <n. Byld], Ly (1,0)® L (n,0) contains a full sub VOA
L(,0)® L &, (n+1,0) and we have the following decompositions for i = 0,1
and 0 < j <n.

Lo, (L)@ Ly (nj)= @ LAY )@ Ly (n+1,k).  (4.6)
perh

By [20], the affine VOA L (2,0) admits an extension to a simple SVOA
L;,(2,0) & Ly (2,2) by a simple current module Ly (2,2). The classifica-
tions of irreducible untwisted and Zo-twisted Ly (2,0) & Lg_(2,2)-modules
are established in (loc. cit.). The adjoint module is the unique irreducible
untwisted Ly (2,0)®Lg, (2, 2)-module and there exist two inequivalent struc-
tures Lg (2, 1)* of irreducible Zo-twisted L;,(2,0) @ L, (2,2)-modules on
Ly, (2,1) which are mutually Zs-conjugate to each other. It is shown in [9]

that a tensor product
(L£[2 (2’ 0) @ Lg:[Q (27 2)) & Lg:[z (n’ 0)

contains a full sub SVOA Lys(ck,0)® L 4, (12, 0) and we have the following

decompositions for ¢ =0, 1 and 0 < j < n.

Ly, (2,20) @ Ly (n,5) = €D Lns(ch b 1) 7 @ Ly (n+2,k),
=j

(L5[2(2, '@ Ly (2, 1)—) © Ly (n,])
- P (LR(C;, A L)@ Ly(el, —Ag.’fl,kﬂ)) ® Ly, (n+2,k).(4.7)

0<k<n+2
k=j+1(2)

As we have seen, A(12, ¢h) = L(12,0)® Lxs(ch, 0) @ L(/,1/2)® Lns (ch, 0)1
contains a full sub VOA L(c%,0) ® L(c?,,0). We consider the decomposi-
tions of irreducible A(1/s, ¢})-modules as L(c,0) ® L(c?, ;,0)-modules.

First, we label the irreducible A(1/, cl)-modules as follows.

M(0,h{") = L(12,0) ® Lus(ch, " )Y @ L(1o,12) ® Lus(ch, bl ),

Mo, 1) = L(a, 1) @ Lus(ch, B ) @ L(1/2,0) @ Ins(ek, b)Y,
M(the, A = L(if, the)" ® Lu(ch, AM), (4.8)
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where h,(f,é{p and ATTLS) withl <r<n+4+1,1<s<n+3,p=0,landr—s=
2pmod 2, are as in (2.9). The zero-mode o(¢_1 /21 @ G(—3/2)1) = ¢ ® G(0)
acts on the top level of M (1/16, Afn@) by

1 A s(n+2)—r(n+4)

V2 T T amr2)ntd) (4.9)

Note that A(@2_T’n+4_s = —AS’;’ so that

L(116,0)” ® Ly(ch, AM) = L(116,0)* @ Lr(ch, AT, 0 )

as A(lf,cl)-modules and M (1/16,:tA,({;)) are mutually o.-conjugate while
M (1o, hff{o) are oe-invariant. The next theorem follows from Proposition

S
12.2)

Theorem 4.4. The set of irreducible A(1fs, cl)-modules is given by the list

@3y).

We decompose an irreducible A(1/, cl)-module into a direct sum of ir-
reducible modules over L(c,0) ® L(c%, ,0). By (6), we have

Lg,(1,0) ® Ly, (1,0) = L(12,0) ® Ly, (2,0) & L(1, ) ® L, (2,2),
Ly, (1) ® Ly, (1,1) = L(th,0) ® Lg,, (2,2) © L(1a, 1) ® Ly, (2,0), (4.10)
L£[2(17O) ®L£[2(1’1) @Lglz(l’l) ®L§[2(170) )

+
= (LOAe) ® L (2.1)) " & (D02 16) @ Ly, (2,1))
Plugging (£.10) into (4.7)), we obtain the following,.

Proposition 4.5 (|3, [17]). As L(c2,0) ® L(c%,,0)-modules, we have the

following decompositions.

n n n 1
MenWy= @ L&A Lm0, =0, 5
1<j<n+2
Jj=(r+s)/2+2¢ (2)
Mo, 2AD) = @ LA @ L5, ).

1<j<n+2
J=(rfst1)/2(2)
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Proof. The decomposition of M (e p™ ) with ¢ = 0,1/2 is straightforward

s o 5,0

(cf. [3]). By (@8] and (A7) we obtain

M(tho, AT & Mo, AT = €D L W) @ L, 1)
1<j<n+2

By (4.3) and ([4.9), the top levels of M (1/16, iA,(nf;)) contain those of

0 5(n) 0 (n+1)
L(C”’ hr7(r+s:l:1)/2) ® L(Cn+1’ h(r+s:l:1)/27s)’
respectively. Since

Alfochy = MO )= @@ L, h") o L, b,
15

the decompositions of M (1/16, j:AfnZ)) are determined by the fusion rules of
L(%,0) and L(c?, ;,0)-modules in (Z2)) as in the assertion. O

4.3. Automorphisms

We will determine the group generated by Miyamoto involutions of ¢ =
d and ¢ = ¢? | Virasoro vectors in A(1/,cl).

Theorem 4.6. Suppose a VOA V contains a sub VOA U isomorphic to
Ao, ct). Lete, u and v be c =, c =) and c = ¢ | Virasoro vectors of
U given by ([A3)), respectively. Then the following hold.

(1) [Tu, o] = [Towus Toww]) = 1 in Aut(V') and 7. centralizes (Ty, Tv, Toous Toww) -
(2) If n is even then T,Ty = TouTo.w = Te, Tu = Toou ONA Ty = Top IN
Aut(V).

(3) Ifn is odd then Ty = Ty, Toou = Toww ANA TyTeou = ToToow = Te 0 Aut(V).

(4) (Te, Tu,s Toy Toous Toww) 1S an elementary abelian 2-group of rank at most 2.

Proof. Since w = u+ v = o.u + o.v are Virasoro frames of U, we have
[Tus o] = [Toeus Toow) = 1 in Aut(V). Since e is of o-type on U, 7. is trivial
on U. Then it follows from 7, = 7, = 77y for y € {u,v,ocu,oc.v} that
Te centralizes (Ty, Ty, Toous Towv)- BY (1) of Theorem 3] V' is a direct sum
of irreducible A(l/,cl)-submodules. By definition, Miyamoto involutions



140 CHING HUNG LAM AND HIROSHI YAMAUCHI [June

preserve each irreducible A(1/2,cl)-modules. If n is even, it follows from
(n)
r,s70)7

e=0,1/2 and M (116, AS?,?) as (—1)"*! and (—1)**!, respectively. Then the

product 7,7, = (—1)""% is trivial on M (e, hfqih”s)’o), e =0, 1/2, and is equal to

—1 on M(1/16,A,(f§)) since r = smod 2 for the NS-sectors and r # smod 2
for the R-sectors. On the other hand, 7. is trivial on M(e B ), e =0,

» 5,0
1/2 and acts as —1 on M(l/lﬁ,A,({;)). Thus 7,7, = 7. in Aut(V). Since

M (E,hfnt?’o) is oc-invariant and M (1/16,:tA,({;)) are mutually o.-conjugate,

we have 7, = 74,4 and 7, = 7,_, in Aut(V).
If n is odd then both 7, and 7, act on L(c2, hg;-)) ® L(0 4, hg-ﬁ:rl)) by
(—1)7*1 and it follows from the decompositions in Proposition that 7, =

7, in Aut(V). BEach summand L(c2 h(n)) ® L(cgﬂ,h;ﬁjl)) of M(e ™ )

ny 'rg » 'r.s,0

with e = 0, 1/2 satisfies j = (r + 5)/2 + 2¢e mod 2 and hence 7, = 7, acts
as (—1)r+9)/242 on Mr(e, B ). Since M(e, h™ ) is o.-stable, its decom-

» 5,0 2 05,0
position with respect to (oeu) ® (oev) is isomorphic to that with respect to
(r+s)/2+2¢

the decompositions in Proposition that 7, and 7, act on M (e, h

(u) ® (v). Therefore 7,,, = Ty, also satisfies 75,4 = o0 = (—1)
on M (e, B ). Thus TyToou = ToTow = 1 = 7. on M (e, B ). On the

r,s,0 r,s,0
other hand, each summand L(c2, hg;-)) ®L(Y, hg-ﬁ:rl)) of M (146, Asfls)) sat-
isfies j = (r 4+ s+ 1)/2mod 2 and hence 7, = 7, acts as (—1)"ts+D/2 on
M (Y16, ATZ)). Since the decomposition of M (1/, Afn@) as a (oeu) @ (oev)-
module is isomorphic to that of M (1/;6, —Afn@) as a (u)® (v)-module, we have
Towuw = Toww = (—1)5=1/2 on M(1/16,A7(~TLS)). Therefore 7,754 = ToTow =

(=) = -1 = 7. on M (116, Af?s)). This completes the proof. O
Remark 4.7. (3) of Theorem [£.6is also proved in [12] in the case of n = 1.

Theorem 4.8. Suppose n is odd and a VOA V contains a sub VOA U
isomorphic to A(Yfa,cl). Let e, u and v be ¢ = ¢, ¢ = ¢ and ¢ = ),
Virasoro vectors of U given by ([@3)), respectively. Then v is of o-type on the

commutant Comy (u). Moreover, o, and T, define the same automorphism
of Comy (u).

Proof. Let X be an irreducible (v)-submodule of V. Then X C Comy (u)
if and only if there exists an irreducible A(1/, c.)-submodule M of V' con-
taining a (u) ® (v)-submodule isomorphic to L(c?,0) ® X. By Theorem
@4 and Proposition @5 X = L(cgﬂ,hg?;rl)) and M = M(E,hgfgo) with
s =4e+1mod4 for e =0, 1/2 or M = M(1s, £A")) with s = 3% 1mod 4,

s
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Therefore, v is of o-type on Comy (u). From the above possibility of X
and M, both o, and 7. define the same automorphism on the commutant
Comy (u). This completes the proof. O

Remark 4.9. Theorem [4§] is also proved in [12] in the case of n = 1 and
in [13] in the case of n = 3.

Appendix

In this appendix we prove the Zs-rationality of Lys(ck,0). The classi-
fication of irreducible Zy-twisted Lys(cL,0)-modules is accomplished in [21]
in the category of superspaces. Our argument is almost the same as in (loc.
cit.) but we do not assume the superspace structure on Zs-twisted modules.
First we recall the Zo-twisted Zhu algebra of an SVOA. Let V = V[0 ¢ V1
be an SVOA such that V[ has (Z + i/2)-grading. For homogeneous a and
b €V, we define
wt(a)

wt(a)
a* b := Res.Y (a, z)b%

a(i—1)b,

o

@
Il
=)

1

<wt§a)> " i

(14 z)vt@
2

o

i
o

ao b:= Res.Y (a, 2)b

)

and extend bilinearly. We then set
A (V) :=V/Ow(V),  Ow(V):= Spanc{ato bla,beV}. (A.2)

We denote the class a + Oy (V) of a € V in A (V) by [a]. It is shown in [7]
that Ay, (V) equipped with the product X in (A.I)) forms a unital associative

algebra such that [1] is the unit and [w] is in the center. The twisted Zhu
algebra Ay (V) determines irreducible Zo-twisted representations.

Theorem A.1 (|27, 7). Let V =Vl @ VI be an SVOA such that VI
has (Z +i/2)-grading.

(1) Let M be a Zo-twisted V -module and Q(M) its top level. Then the zero-
mode o(a) = a(wi(a)—1) defines a representation of Awy (V') on Q(M).

(2) Let N be an irreducible Ay (V')-module. Then there exists the unique
irreducible Zs-twisted V-module N such that its top level is isomorphic
to N as Ay (V)-modules.
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(3) There is a one-to-one correspondence between irreducible Zo-twisted V -
modules and irreducible Ay (V')-modules.

We classify irreducible Zs-twisted modules over the N = 1 Virasoro
SVOA Lys(ch,0) based on Theorem [AJl We first consider the Zs-twisted
Zhu algebra Aty (MNs(C, O)) of the universal N =1 Virasoro SVOA Mys(c, 0)
= Mns(c,0)/{(G(=1/)1)). Note that Myg(c,0) has a linear basis

L(—’I’Ll) .. 'L(—’I’LZ‘)G(—’H) .. 'G(—T‘j)]l, N> 2n; >2, 1> C >y > g
(A3)

Images of Virasoro descendants in Ay (HNs(C, O)) are easy to compute.

Lemma A.2. [L(—n)a] = (—1)"(n — 1)[at>sv w] + (=1)"[L(0)a] for n > 1.
Proof. See (4.2) of [25]. O

For odd elements we have the following recursion.

Lemma A.3. [G(—r)a] = — Z < 3/2 >[G(—s)a] forr>5/2.

r—s
s<r
Proof. By Lemma 2.1.2 of [27], for any n > 0 one has

14 2)3/2 3/2 _
Res.Y (1, z)a(ZTBL = Z < f >7'(_2_n+i)a € Oy (MNS(C,O)) )
i>0

Noting 7(_s_p44) = G(=5~ —n + 1), we obtain the lemma. O

Lemma A.4. [7]? = [w] — &[1].

Proof. By definition, one has

TET = > <3§2> TinT = <3£2> G(i —3k)G(-3R)1

1>0 120

= G (M7)cmacsan + (%)) comesen

C
= L(—-3)1 L(—2)1 — —1.
(-3)1+3L(-21 -

Then by Lemma [A.2] one obtains

[r)? = [rx 7] = [L(=3)1] + 3[L(~2)1] - 2—04[11] = [w] = o7 [1].
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This completes the proof. O

Proposition A.5. The Zo-twisted Zhu algebra Aiy (MNs(C, 0)) 18 isomor-
phic to the polynomial algebra in [T]. More precisely, the class

3

[L(—Tll) s L(—m)G(—Tl) s G(—Tj)ﬂ], ny>--->2n;>2, rp>-- >y > 5,

corresponds to a polynomial in 7] of degree at most 2i + j.

Proof. We prove that [L(—ny)--- L(—n;)G(—7r1)--- G(—7;)1] is equivalent
to a polynomial in [7] of degree at most 2i 4+ j by induction on the length
i+ j. By Lemma there exists a polynomial f(X) € C[X] of degree at

most 7 such that
[L(—=n1) -+ L(=n)G(=r1) -+ - G(=1;)1] = f([w]) - [G(—=r1)--- G(—=r;)1].

It follows from Lemma [AZ4] that f([w]) is equivalent to a polyno-
mial in [7] of degree at most 2i. By Lemma [A.3] we can rewrite the
class [G(—r1)--- G(—r;)1] into a sum of shorter monomials in L(—n) and
G(—r). Note that an even element L(—n) appears when we rewrite a pair
of two odd elements G(—r)G(—s) by taking a commutator. In the rewriting
procedure L(—n) increases the degree of [7] in the terminal form at most
two whereas G(—r) does at most one. So we can apply the induction and
[G(—71) - - - G(—r;)1] is equivalent to a polynomial in [7] of degree at most
j. Therefore, every element of Aty (MNS (c, 0)) is equivalent to a polynomial
in [7] of degree as described in the assertion. This shows that there exists an
epimorphism from C[X] to Ay (Mns(c,0)) defined by X — [r]. We prove
that this is the isomorphism. For any d € C, the zero-mode o(7) = G(0)
has a minimal polynomial X — d on the top level of the Verma module
Mpg(c,d) over the Ramond algebra. Hence, Aty (MNs(C,O)) has an irre-
ducible representation on which [7] acts by an arbitrary scalar. This implies

Atw (MNs(C, O)) is indeed isomorphic to a polynomial algebra in [7]. O

Now we describe the twisted Zhu algebra of Lys(cL,0).
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Theorem A.6 (|21]). The Zs-twisted Zhu algebra of Lns(ch,0) is isomor-
phic to a quotient of a polynomial ring C[X] modulo the following polynomial.

I1 (X - A,@) .

1<r<n+1
1<s<n+3
r—s=1(2)

The isomorphism is given by [1] — X.
Proof. By Proposition [AL5] there is a polynomial f(X) such that
Apw (Ls (e, 0)) = CIX]/(£(X)).-

It follows from the structure of the Verma modules over the Neveu-Schwarz
algebra that the maximal ideal of Myg(cl,0) is generated by two singu-
lar vectors, G(—1/2)vc1 o and the one of weight (n + 1)(n + 3)/2 (cf. [10]).
Let x be the singular vector of Myg(c},0) of weight (n 4+ 1)(n + 3)/2. By
Proposition [A.5] there exists a polynomial g(X) such that g([r]) = [z] in
Apw (Mns(c,0)). It is clear that f(X) divides g(X) since [z] = g([r]) = 0
in Ay (Lns(ch,0)). If n is odd then the weight (n + 1)(n + 3)/2 is an even
integer and z is an even element, whereas if n is even then (n+ 1)(n + 3)/2
is a half-integer and x is an odd element. By this we see that the possible
longest monomial of the form (A3]) in x is L(—2)%("+1)(”+3)11 if n is odd
and L(—2)%”(”+4)G(—3/2)]1 if n is even, respectively. Therefore, by Propo-
sition [AJ5] the degree of g(X) is at most (n + 1)(n + 3)/2 if n is odd and
n(n +4)/2 + 1 if n is even, respectively. On the other hand, by the GKO
construction [9] (cf. Eq. @), we have irreducible Zy-twisted Lns(cL,0)-
modules LR(c,i,Aﬁﬁé)) forl<r<n+1,1<s<n+3andr—s=1(2).
The zero-mode o(7) = G(0) acts on the top level of Lg(cL, A,(nf;)) by Afff).
It is straightforward to see that Af«?s) with 1 <r<n+4+1,1<s<n+3,

r —s =1 (2) are mutually distinct. (Note that hf«?@/z = hv(g2—r,n+4—s,1/2

but ASQQ_TW 4 = —Aﬁf).) Therefore, f(X) is divisible by the polynomial

[T x-al).

1<r<n+1
1<s<n+3
r—s=1(2)

The degree of the polynomial above is (n + 1)(n + 3)/2 if n is odd and
n(n +4)/2 + 1 if n is even. Therefore, by comparing degrees, we see that



2019] 3-DIMENSIONAL GRIESS ALGEBRAS AND MIYAMOTO INVOLUTIONS 145

both g(X) and f(X) are scalar multiples of the polynomial above. This
completes the proof. O

As a corollary, we obtain the classification of irreducible Z,-twisted

Lxs(ch, 0)-modules.

Theorem A.7 (|21]). The irreducible Zs-twisted Lns(ch,0)-modules are
LR(c,ll,A,(nz)), 1<r<n+1,1<s<n+3,r—s=1mod2.

Theorem A.8. Lys(ck,0) is Zg-rational.

Proof. In this proof we use the notation as in Section 2.2. Since the
even part Lys(cl,0)% is Cy-cofinite by (2) of Theorem .3} every Zo-twisted
Lns(ck,0)-module is N-gradable by [1, 23]. Let M = @,>oM(n) be an N-
graded Zo-twisted Lys(ch,0)-module with non-trivial top level M(0). Then
by Theorems [AT]and M (0) is a semisimple Ay (Lns(cl,0))-module and
is a direct sum of eigenvectors of o(G(—3/2)1) = G(0) with eigenvalues AS«Z),
1<r<n+4+1,1<s<n—+3,r—s=1mod2. We shall show that every
eigenvector of G(0) generates an irreducible Zs-twisted submodule. Let z
be a G(0)-eigenvector of M with eigenvalue AS’;’ and let X be the submod-
ule generated by x. Then up to linearity there is a unique epimorphism
7 Mg(cl, ATZ)) — X. Tt is shown in Theorem 4.2 of [10] that every sub-
module of Mg(c’, A,(j,?) is generated by singular Vect0r52|. For1<r<n+1
and 1 < s <n+ 3, set
i(n+2)+r)(n+4)—s(n+2))?—4 1 e

(& ) 8(35—#2)(21—}—45) ) +E if i=0mod 2,

(=) (n+2)+7)(n+4)+s(n+2))2—4 1
8(n+2)(n+4) +1_6 if i=1mod 2.

hiz),l/z(i) =

It is also shown in (loc. cit.) that the L(0)-weights of singular vectors of
Mg(cL, A, s) belong to the set

Y, = {hf@l/z(z') ( i€ 7\ {0}} .

2In the Ramond case the Verma module of central charge ¢ and highest weight h in [10] corre-

sponds to Mg (c, v/h — ¢/24) & Mg (¢, —\/h — ¢/24) if h # ¢/24, and to an extension of Mg (c, 0)
by itself if h = ¢/24.
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Suppose X is reducible and we have an L(0)-homogeneous singular vector
y of X. Then by Theorem [A.6] the L(0)-weight of y is equal to hrﬁ)s,’l o =
(Afj)s,)Q—l—c}l/M forsome1 <7 <n+1,1<s <n+3andr —s = 1mod?2.
However, for 1 < 7,7/ <n+1and 1 < s,s < n+ 3, it is directly verified
that hfz)s,’l /2 ¢ Hﬁ?l /o Thus X has no singular vector and is irreducible.

Now the theorem follows from Proposition 5.11 of [5]. O
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