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Abstract

This is a continuation of a previous study [10] on Lie algebra gl in the context of
quantum vertex algebras. In this paper, we study a particular category C of gl -modules
and a subcategory Cin: of integrable gl__-modules. As the main results, we classify the
irreducible modules in these two categories and we show that every module in category
Cint is semi-simple. Furthermore, we determine the decomposition of the tensor products

of irreducible modules in category Cint.

1. Introduction

In the representation theory of Kac-Moody algebras, of great impor-
tance is the category of integrable modules, where classifying irreducible in-
tegrable modules has been an open problem (see [12]). For (finite rank) affine
Kac-Moody algebras, irreducible integrable modules with finite-dimensional
weight spaces were classified by Chari (see [1]). Integrable modules for affine
Kac-Moody algebras were studied further in [2, 3, 4] (cf. [16], [14]).

Integrable representations for infinite rank affine Kac-Moody algebras,
including gl (the Lie algebra of doubly infinite matrices with only finitely
many nonzero entries), are also of great importance in many areas, especially
in mathematical physics. Among the most important and interesting results
is the remarkable relation of highest weight integrable representations with
soliton equations, which was discovered and developed by Kyoto school (see
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[7], [5, 6], [11]). Lie algebra gl has also been used effectively to study
W-algebras (see [8], [13]).

In a previous study [10], we exhibited a natural association of quantum
vertex algebras (see [15]) to gl,,. In that study we came across a category
of gl,-modules W satisfying the condition that for any m € Z, w € W,
Epnw = 0 for all but finitely many integers n. (A canonical base of gl
consists of E,, (m,n € Z), where E,, , denotes the matrix whose only
nonzero entry is the (m,n)-entry which is 1.) This category contains the
natural module C* and its tensor products, whereas it excludes nontrivial
highest weight modules and lowest weight modules. It is our hope to classify
the irreducible objects in this category. This is the main motivation for this
current paper.

In this paper, we focus on a smaller category of gl, -modules, for which
we are able to determine and classify all the irreducible objects. Specifically,
we study gl,,-modules W satisfying the condition that for every w € W,
there exists a finite subset S of Z such that

Epo,w=0 formmneZ, n¢sS.

Denote by C the category of such gl -modules and by C;,; the category
of those integrable gl  -modules. The category C still contains the natural
module C*, and it is closed under tensor product.

Note that for a finite-dimensional simple Lie algebra, or more generally
for a Kac-Moody algebra (see [12]), one has the well known category o and its
subcategory o;,: of integrable modules. To a certain extent, this category C
of gl,.,-modules is analogous to category o. Especially, it is proved that every
module in category C;y; is completely reducible. By using certain generalized
Verma modules, we can classify irreducible modules in categories C and Cjps.
On the other hand, we can also determine the decomposition of tensor prod-
ucts of irreducible modules in category C;,; in terms of the decomposition of
tensor products of irreducible modules for gl,, with sufficiently large n.

We now give a more detailed description of the main results. Let S be
a finite and nonempty subset of Z. To S we associate a triangular decom-
position

ol = ol @l @ glS,

where
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gl®*) = span{E,,, | meZ, p¢ S},
gls) = span{E,, | p ¢ S, n € S},
gl$% = span{E,,, | m,n € S}.
Alternatively, set
ols = oS = span{By | m,m € S}

Given a glg-module U, using this particular triangular decomposition we
define a generalized Verma module M (S, U), which is a gl,.-module induced
from glg-module U. When U is irreducible, M (S,U) has a unique irre-
ducible quotient module, denoted by L(S,U). We show that M (S,U) and
L(S,U) belong to category C and that every irreducible gl -module in C
is isomorphic to L(S,U) for some finite subset S of Z and for some irre-
ducible glg-module U. We also give a necessary and sufficient condition that
L(S1,Uy) ~ L(S2,Us), where Sy, So are finite subsets of Z and Uj, U are

irreducible modules for glg, and glg,, respectively.
Set
H =span{E, , | n € Z},

a Cartan subalgebra of gl. Let S be a finite nonempty subset of Z. Set
Hg = span{E, , | n € S},

which is a Cartan subalgebra of glg. Let A € H* such that A\(E,,) = 0
for n ¢ S. Define M(S,\) to be the generalized Verma module M (S,U)
with U = M (Ag), where M (Ag) denotes the Verma glg-module with highest
weight Ag = Apgg. A fact is that the weight-)\ subspace of M (S, ) is one-
dimensional. We then define an irreducible module L(S, A) as the quotient
module of M(S,\) by the maximal submodule. We show that L(S,\) is
integrable if and only if A(E,,) € N for n € Z and XA(Ep, ) > AN(Ep ) for
m,n € S with m < n. Furthermore, we show that every such irreducible
integrable module belongs to category C;,; and every irreducible gl -module

in C;y¢ is isomorphic to such an irreducible module.

We furthermore study the tensor products of irreducible modules in C;;;.

It is shown that the tensor product of any two irreducible modules in C;y,; is
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always cyclic. Let W be any gl ,-module in C and let S be a finite subset of
Z. Set

Qs(W)={weW | E,qw=0 foranyp,qe€Zwith ¢ ¢ S},

which is a glg-submodule of W. It is proved that if W is irreducible, there
exists a finite subset S’ of Z such that Qg(W) is an irreducible glg-module
for any finite subset S of Z, containing S’. Now, let W7, W5 be irreducible
glo-modules in Cjps. It is proved that for any sufficiently large S, the de-
composition of W7 ® Wy into irreducible gl -modules is determined by the
decomposition of Qg(W1) ® Qg(W2) into irreducible glg-modules. Conse-
quently, the tensor product of any two irreducible modules in category Cip:
always decomposes into a finite sum of irreducible modules, unlike the case

with highest weight modules.

After this paper was completed, we found a very interesting paper [18],
in which Penkov and Serganova had studied the category of integrable mod-
ules with finite dimensional weight subspaces for si(c0), o(c0), and sp(c0).
Among other results they proved that the category of integrable modules
with finite dimensional weight subspaces is semisimple and they also iden-
tified each irreducible module in this category. Their method is somewhat

different from that of this present paper.

This paper is organized as follows: In Section 2, we define categories
C and C;,; of gl -modules and we establish the complete reducibility. In
Section 3, we classify irreducible modules in categories C and C;p¢. In Section

4, we study the decomposition of the tensor product modules.

2. Categories C and C;,; of gl,-modules

In this section, we introduce a category C of gl -modules and a sub-
category C;p: of integrable modules. As the main result of this section, we

prove that every gl -module in category C;,: is completely reducible.

We begin with Lie algebra gl_,, which is the Lie algebra of doubly infinite
matrices with only finitely many nonzero entries, under the commutator

bracket. A canonical base consists of E,,,, (m,n € Z), where E,, ,, denotes
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the matrix whose only nonzero entry is the (m,n)-entry which is 1, and we

have
[Emns Ers] = 0nrEm,s — Om,sErn (2.1)

for m,n,r,s € Z. Let C*° denote the vector space of doubly infinite column
vectors with only finitely many nonzero entries. Denote the standard unit

base vectors by v, for n € Z. The natural action of gl,, on C* is given by

E;jup = 6;,v;  for 4,5,k € Z.

Define deg E; j = j — i for i,j € Z to make gl a Z-graded Lie alge-
bra, where the degree-n homogeneous subspace (g[oo)(n) for n € Z is linearly
spanned by Ey, y4rn for m € Z. We have the standard triangular decompo-
sition

gl = glL @ g% @ 0l

where gl = >+ (j—i)>0 CEi; and 9% =5 CE, . Alternatively, set
H = g% =span{E,, | n € Z}, (2.2)

a Cartan subalgebra of gl_.

The formal completion gl of gl is also a Z-graded Lie algebra, where

(g[oo)(n) = {Z amEm,ern | Ay € C} .

meZ

If W is a gl-module such that for every w € W and for every n € Z,
Epm+nw = 0 for all but finitely many integers m, then W is naturally a

gl-module.

Definition 2.1. A gl _-module W is said to be integrable if for every n € 7Z,
E, , is semi-simple on W and if for any p,q € Z with p # q, E, 4 is locally
nilpotent on W.

A notion of integrable module for a general Lie algebra including Kac-

Moody Lie algebras was introduced in [12]. This definition of an integrable
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module for gl is just a version of that. From [12] (Proposition 3.8), a gl.-
module W is integrable if £, ,, is semi-simple on W for some n € Z and if
Ej ;i1 and Ej i for all j € Z are locally nilpotent on W.

Remark 2.2. Let g be a finite-dimensional simple Lie algebra with Cheval-
ley generators e;, fi,h; (1 < i <1). A g-module W is integrable if e;, f;
(1 < ¢ <) are locally nilpotent on W. From [12] (Proposition 3.8), every in-
tegrable g-module is g-locally finite, hence a direct sum of finite-dimensional
irreducible modules. Consequently, on an integrable g-module, every root
vector of g is locally nilpotent and the Cartan algebra is semi-simple.

Remark 2.3. Consider the three dimensional simple Lie algebra g = s((2, C)
with the standard Chevalley generators e, f,h. Suppose that V is an inte-
grable sl(2, C)-module with a nonzero vector v satisfying the condition that
ev = 0 and hv = kv for some k € C. Then k € N, f*ly = 0, and
ek fry = (K)?0.

Recall that a highest weight gl .-module with highest weight A € H* is
a module W with a vector w such that

E,,w=MNw, E,p,tiw=0 forneclZ,

where \,, = AN(E,,). From [12], a highest weight integrable gl ,-module is
irreducible.

Definition 2.4. Denote by C the category of gl, -modules W such that for
any w € W, there exists a finite subset S of Z such that E,, ,w = 0 for
all m,n € Z with n ¢ S. Furthermore, define C;,,; to be the subcategory
consisting of integrable gl -modules in C.

It can be readily seen that every submodule of a gl -module from C is
in C and the tensor product of any (finitely many) gl .-modules from C is in
C. The same can be said for category Cj,:.

Set

I = ZEn,na (23)

ne”
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which lies in the completion gl of gl... Notice that every gl -module
in category C is naturally a gl__-module. Then for any gl -module W in
category C, I is a well defined operator on W and [/, gl,,] = 0.

Let S be a finite and nonempty subset of Z. Set
glg = span{E,,, | m,n € S}, (2.4)
which is a subalgebra of gl , and set

Is=> Enn € gls. (2.5)
nes

The Lie algebra glg is reductive with one-dimensional center Clg.

Lemma 2.5. Let W be any gl -module in category Cini. Then for every
n € %, By, is semi-simple on W with only nonnegative integer eigenval-
ues. Furthermore, I is semi-simple on W with only nonnegative integer

etgenvalues and H s semi-simple.

Proof. For p,q € Z with p # ¢, let g, , denote the linear span of FE, ,, E,,,
E, ,—E,,, which is a subalgebra isomorphic to sl with E, ;, Ey », Ep p—Eq 4
corresponding to e, f, h, respectively. With W an integrable gl -module, we
see that W is an integrable g, ,-module. Therefore, £, , — F, , is semi-simple
on W (by Remark 2.2).

Let k be any fixed integer. We now show that Ej, j, is semi-simple on .
Let w be any vector of W. Then there exists a finite subset S of Z such that
k€ Sand E, w =0 for all p,q € Z with ¢ ¢ S. Consider the glg-submodule
U(glg)w generated by w. Suppose u € W satisfies that E, ,u = 0 for all
p,q € Z with ¢ ¢ S. Then for any m,n € S and p,q € Z with ¢ ¢ S, we have

EpqEmnu = EpnEp qutogmEpntu—0npEm qu = EmnEpqu—0y pEm qu = 0.

It follows from this and induction that E,,U(glg)w = 0 for all p,q € Z
with ¢ ¢ S. In particular, E, ,U(glg)w = 0 for all ¢ ¢ S. Let n € S.
Pick an integer ¢ with ¢ ¢ S. We have E,, = 0 on U(glg)w, so that
Enn—Eqq (= Epy) preserves U(glg)w. Since E,, ,, — Ey 4 is semi-simple on
W from the first paragraph, E, , — E,, is semi-simple on U(glg)w, which
implies that E,, ,, is semi-simple on U(glg)w. We have already proved that
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Epnm =0on U(glg)w for m ¢ S. Thus H preserves U(glg)w and is semi-
simple. It then follows that H is semi-simple on W. In particular, Ej x is
semi-simple on W.

Let n € Z and let u € W be an eigenvector of E, , with eigenvalue
A € C. There exists an integer m such that m # n and E, ,,u = 0 for all
p € Z. Then

(Enn— Emm)u = E,pu= A and E, ,u=0.

As W is an integrable g,, ,-module, in view of Remark 2.3 we have A € N
and (Ep, )M u = 0, as desired. O

Let W be a gl -module in category Cjn¢. From Lemma 2.5 we have
W = @en W4,

a direct sum of gl -modules, where W[{] = {w € W | I, - w = {w} for
¢ € N. In view of this, it suffices to determine gl ,-modules in category Ci,y,
on which I, acts as a nonnegative integer scalar.

As a refinement of Lemma 2.5 we have:

Lemma 2.6. Let W be a gl -module in category Ciny such that I acts as
a nonnegative integer scalar £. Then for every n € Z, E, , is semi-simple
with nonnegative integer eigenvalues not exceeding £ and (Em,n)g+1 =0 for
all m,n € Z with m # n.

Proof. Let m,n € Z with m # n. Recall that g,,, denotes the three-
dimensional simple subalgebra spanned by E., ., Epm, Emm — Enpn. By
Lemma 2.5, the eigenvalues of E,, ,,, and F), ,, are nonnegative integers which
are bounded by ¢ as I, = ¢. It follows that the eigenvalues of E,, ,,—E), ,, are
bounded by —¢ and ¢. As W is an integrable g,, ,-module, it is a direct sum
of irreducible g, ,-modules of dimension bounded by ¢ + 1. Consequently,
(Epmn) ™t =0. O

The following is an immediate consequence of Lemma 2.6:

Corollary 2.7. Let W be a gl -module in category Ciny such that I = 0.
Then gl acts trivially on W.

Next, we have:
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Proposition 2.8. Let W be a gl -module in category Cins such that I, =1
on W. Then W is a direct sum of submodules isomorphic to the natural
module C°.

Proof. Let v be any nonzero H-weight vector. As I, = 1, there is r € Z
such that E, ,v = v and E, ,v = 0 for all n € Z with n # r. For any m # r,
we have

Em,mEr,m'U = Er,mEm,mU + 5m,rEm,m'U - Er,mv = _Er,mv-

Since the only eigenvalues of E, , are either 1 or 0 (by Lemma 2.5), we must
have E, v = 0. Note that E,, ,,v = 0 for m # r. Let m,n € Z with m # n
and m,n # r. We have E, ,E, n,v = E, v and E, ,Ey, v = B, v, As
I, =1, we must have E, ,,v = 0. Thus E, ;v = 0 for all p,q € Z with q # r.

For n € Z, set v, = Ey, ,v. We have v = v,. Assume n # r. Then
Epnvn = Ep nEnyv = Ey By pv+ Eppv = By v = vy, (2.6)

This forces Ey, vy, = 0 for all m # n (no matter whether v, # 0). Next,
we show that

E,qvn =0 forp,qe€Z with g#n. (2.7)

If p = q # n, we already have E, v, = 0. Assume p #¢q, p#n, ¢ #n. We
have

Eqq(Epqvn) = EpqEqqun — Epqvn = —Ep qUp.

Again, since the only possible eigenvalues of E,, are 0 and 1, we have

E, qu, = 0. Furthermore, we have E,, ,v, = E,, ,v = v,, and
Em,nvn = Em,nEn,rv = En,rEm,nv + Em,rv - 5m,rEn,nv = Em,rv = Un‘(28)

for n # r. It follows from (2.7) and (2.8) that U(gl,,)v is a homomorphism
image of C*°. Consequently, U(gl,,)v is isomorphic to C*. Then it follows
that W is a sum of submodules isomorphic to C*°. As C* is irreducible, W
is a direct sum of submodules isomorphic to C°. O

Next, we shall prove that every gl -module in category C;,,; is completely
reducible. First, we prove a technical result.
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Lemma 2.9. Let W be a gl -module in category Cins. Suppose that v is a
nonzero H-eigenvector of weight A\, satisfying the condition that

E,qu=0 forallp,qeZ with q¢ {r,r+1,...,n},

E.jriv=0 forr<j<mn, 2.9)
where r and n are some fized integers with r < n. Set
V' = (B )M (Bl )M A (B ) Mo € WL
Then
E,o'=0 forallpqg€eZ with q¢ {r—1,r,...,n}, (2.10)
Er_l,ij' =0 forr—1<j<n.
Furthermore, we have
(En,r,l)’\" (En,lvr,l)’\”—r’\" e (Ew,l))‘r’\*“v’ = v, (2.11)

where o = (Ap))2(( A1 — M)D? - (M — Ari1)D)?, @ nonzero integer.

Proof. First of all, by Lemma 2.5 we have A, € N for all m € Z. From
assumption (2.9), v is a singular vector in W viewed as a glg-module with
S ={r,r+1,...,n}. Since W is an integrable glg-module from assumption,
we must have

Aj =X eN forr<j<n-—1.

Note that A\,;,, = 0 for m ¢ S from (2.9). In particular, \,_1 =0 = Ap41.
Let p,q € Z with ¢ ¢ {r — 1,r,...,n}. For r < j < n, we have

Epqurilvj = ET*lv]Epvq - 6p7jET717q'
Then it follows from induction that
E,v'=0 forallpgeZwithq¢ {r—1,r...,n},

proving the first part of (2.10).

For r <m <n, set

Um = (Er—l,m)/\mi)\m-‘rl e (Er—l,n—l))\n_li/\n (Er—l,n)/\nv-
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Note that v/ = v,. Next, in several steps we prove that for every m > r,
E. 1vm=0 forj=mm+1,...,n,

from which we obtain the second part of (2.10) by taking m = r.

First, we have

Ejm(Er—1my -+ Er—1m,v) =0 (2.12)
for any j,m,mq,...,mgs € Z with r < j < m,mq,...,ms. This is because
E; , commutes with F,_1,,, fori =1,... s and Ej v = 0 from assumption
(2.9).

Second, we have
Ej,rfl(Erfl,rm tee Erfl,msv) =0 (213)

for any j,mq,...,ms € Z with r < j < mq,...,ms. This follows from
induction and (2.12), as for 1 <i < s,

Ejr1Er—1m; = Er—1m;Ejr—1+ Ejm,

and F;,_1v = 0 by assumption (2.9).

Third, for any j,mq,...,ms € Z with r < j < myq,...,ms, we have

(Ejj— Er—1p-1)(Br—tmy - Breimv) = (Aj = 8)(Br—1my -+ Bro1,m,0),

(2.14)
noticing that Ej ;v = A\jv and E,_1,_1v = 0 by assumption (2.9).
Fourth, for any j,mq,...,ms € Z with r < j < mq,...,ms, we have
(Erfl,j)()\jis)Jrl (Erfl,rm t Erfl,msv) =0 (2'15)
and
(Ej,rfl)/\jis (Erfl,j)/\jis (Erfl,ml te Erfl,msv)
= (N =)D (Bretny - Bro1,m,0). (2.16)

Recall that for a fixed j with the above condition, Ej, 1, E._1;, Ej; —
E,_1,-1 span a Lie subalgebra isomorphic to sl(2,C). Then the two asser-
tions follow from (2.13) and (2.14) as W is an integrable s[(2,C)-module

from assumption.
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Fifth, we apply this to v, for r < m < n. In view of (2.15) we have

Er—1mvm = (Bp_q )P Ame) =0, (2.17)

where we set v,41 = v. As E,_1; with j > r commute each other, by (2.17)
we obtain

E._i1v,=0 forr<j<n. (2.18)

This also holds for j > n since F,_; ju = 0 from assumption. Now we have
proved the second part of (2.10). The last assertion follows immediately
from repeatedly applying (2.16). O

On the basis of Lemma 2.9 we have:

Proposition 2.10. Let W be an integrable gl -module and let v € W be a
nonzero H-weight vector satisfying the condition that

E,;v=0 forp,q€Z with q¢ {r,r+1,...,n},

, (2.19)
Ejjviv=0 forr<j<n-—1,

where r and n are some integers with v < n. Then the submodule U (gl )v
15 1rreducible.

Proof. Let u be any nonzero vector in U(gl,,)v. We now prove v € U(gl,)u,
so that U(gly)u = U(gly)v. As u € U(gly)v, there exist two integers 7’
and n' with 7" <r < n <n' such that v € U(glg/)v, where

S ={r'r+1,... 0}

Note that if U(glg/)v is an irreducible glg,-module, then we have v € U(glg/)v
=U(glg)u C U(gly)u, as desired.

As W is an integrable glg-module, any glg,-submodule of W generated
by a singular vector is irreducible. In view of this, it suffices to prove that
there is a singular vector v" such that U(glg/)v = U(glg/)v’. Note that from
assumption we have F, jv =0 forr+1<j <nand E, v =0 for ¢ > n+1.
Thus E, jv = 0 for all j > r 4+ 1. To summarize we have

E,qu=0 foralpgqeZ withqgé¢ {r,r+1,...,0n'},
E.ju=0 forj>r+1



2019] ON A CERTAIN CATEGORY OF gl_-MODULES 67

By repeatedly applying Lemma 2.9, we obtain a vector v’ such that

E,qu=0 foralpgeZ withqgé¢ {r',r'+1,...,n'},
E.jv=0 forj> ' +1

and such that U(glg/)v = U(glg/)v’, where the second condition implies that
v’ is a singular vector of the glg,-module U(glg )v. This proves that U(glg )v
is an irreducible glg,-module, U(gl, )u = U(gl,,)v for any nonzero vector u
in U(gly)v, and U(gl)v is an irreducible gl -module. O

Now, we are in a position to present our main result.

Theorem 2.11. Ewvery gl -module in category Cin: is completely reducible.

Proof. Let W be any gl -module in category Cjn;. By Lemma 2.5, H
is semi-simple on W. To prove W is completely reducible, it suffices to
show that the submodule generated by each vector is a sum of irreducible
submodules.

Let w € W. We shall prove that U(gl,)w is a sum of irreducible
submodules. From assumption, there are integers r and n with » < n such
that

E,qw=0 forall p,geZwithq¢ {r,r+1,...,n}.

Set S = {r,r+1,...,n}. As a glg-submodule of W, U(glg)w is integrable, so
that U(glg)w is a direct sum of finite-dimensional irreducible glg-modules.
Now, it suffices to show that for every finite-dimensional irreducible glg-
submodule U of U(glg)w, U(gl)U is irreducible. Let v € U be a highest
weight vector of weight A\. Then

U(gloo)U = Ul(glyo)v.

Now we prove that U(gl, )v is irreducible. Note that for any p,q € Z with
q ¢ S and for any m,k € S,

EpqEmk = EmiEpq = 0pkEmg-
By induction we get

E,U(glg)w =0 for all p,q € Z with ¢ ¢ S.
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In particular, we have
E,;u=0 foralp,qgeZwithq¢S={r,r+1,...,n}
As v is a highest weight vector, we also have
Ejjyiv=0 for r<j<n-—1.

By Proposition 2.10, U(gl,,)v is an irreducible gl ,-module. Therefore, W
is completely reducible. O

3. Classification of Irreducible gl -modules in C and C;,;

In this section, we classify irreducible gl -modules in categories C and
Cint- To achieve this goal, for any finite subset S of Z and for any irre-
ducible glg-module U, through a generalized Verma module construction
we construct an irreducible gl -module L(S,U) in category C and we show
that any irreducible module in C is isomorphic to a module of this form.
Furthermore, for a linear functional A on H compatible with S in a certain
sense we define a generalized Verma gl_-module M (S, \) and construct an
irreducible module L(S,\). We then determine when L(S,\) is integrable
and we show that every irreducible module in C;y+ is isomorphic to such an
integrable module L(S, \).

Let S be a finite and nonempty subset of Z, which is fixed temporarily.
Recall

glg = span{E,, , | m,n € S} C gl.
To S, we associate a triangular decomposition
ole = gl @ alS? @ gl ), (3.1)
(5,0)

where glsc”™’ = glg,

g[(og7+) = Span{Em,n ’ m,n € Z? n ¢ S}’

S0y (3.2)
gl ™) =span{E,,, |m,n€Z, m¢S, neS}.

Notice that grﬁ,ﬁ") is an abelian subalgebra and that g[gj#) + glg is a semi-
product.
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Recall that
Is=> Enn € gls.
nes

We have
[Is,Emn] =0 for either m,n €S, or m,n ¢S,
Is,Emp) = Emy formeS, né¢s, (3.3)
Is,Empnl = —Em, formégsS, nes.

Using ad(Ig), we make gl a Z-graded Lie algebra for which

Qlc(g) = span{E,, ,, | either m,n € S, or m,n ¢ S},

gl = span{Ep,,, | m € S, n ¢ S}, (34)
glch = span{Ey,,, | m ¢ S, n e S}.
Set
glgo = span{E,, , | m,n ¢ S}. (3.5)
Then
ol = ols & glso, (3.6)

a direct product. Notice that g[g U hoth are abelian subalgebras. We see
that

g0 = gl @ glgo, gl = glCY. (3.7)
Let U be a glg-module. Let g[c(;,g’ﬂ act trivially on U, to make U a
(g[ﬁ;ﬁ’“ + glg)-module. Then form a generalized Verma gl -module

M(S,U) = Ulglae) @, (3.8)

ol +als) v.
In view of the P-B-W theorem we have
M(S,U)=U@ V) oU =S eU.

By endowing U with degree 0, we make M (S,U) a Z-graded gl -module.
(The homogeneous subspaces are infinite-dimensional in general.)
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Lemma 3.1. The gl -module M(S,U) belongs to the category C.

Proof. Let W consist of every w € M(S,U), satisfying the condition that
there exists a finite subset T" of Z such that E,, ,w = 0 for all m,n € Z with
n ¢ T. By the construction we have U C W. Then it suffices to prove that
W is a submodule. Assume that w € W with a finite subset T' of Z such
that E,, ,w = 0 for all m,n € Z with n ¢ T. Let p,q € Z be arbitrarily
fixed. For m,n € Z, we have

B (Ep,qw) = EpqEpnw + 0n,p B g — 0. mEpnw.

One sees that E,, ,(Epqw) = 0 for all m,n € Z with n ¢ T'U {p}. This
proves I, ;w € W. Then the lemma follows. O

Definition 3.2. Let U be a glg-module as before. Denote by L(S,U) the
quotient of the Z-graded gl -module M (S,U) by the maximal graded sub-
module with trivial degree-0 homogeneous subspace.

Remark 3.3. Assume that U is a glg-module on which Ig acts as a scalar
a € C. Then M(S,U) is a canonically graded gl -module

M(S,U) = P M(S,U)an, (3.9)
neN

where M (S,U)q—n = {w € M(S,U) | Is - w = (o« —n)w} for n € N.
Let W be a gl,-module and let S be a finite subset of Z as before. Set
Qs(W)={weW |E,qw=0 forall pgeZ withq¢ S}. (3.10)

It can be readily seen that Qg(W) is a glg-submodule of W.

Proposition 3.4. Let S be a finite subset of Z and let U be an irreducible
glg-module. Then L(S,U) is an irreducible gl -module belong to category C.
On the other hand, every irreducible gl,,-module in category C is isomorphic
to L(S,U) for some finite subset S of Z and for some irreducible glg-module
U.

Proof. Since U is an irreducible glg-module, U is necessarily countable-
dimensional. Then Ig acts on U as a scalar, say a € C. From Remark 3.3,
M(S,U) is canonically C-graded by the eigenspaces of Ig, where M (S,U) =
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PnenM (S,U)q—pn with M(S,U), = U. We see that every submodule of
M(S,U) is graded. It follows that M(S,U) has a unique maximal submod-
ule. Consequently, L(S,U) is an irreducible gl -module. From Lemma 3.1,
L(S,U) belongs to C.

Now, let W be an irreducible gl -module in category C. Pick a nonzero
vector w in W. Then there exists a finite and nonempty subset S of Z such
that w € Qg(W). Set U = U(glg)w, a glg-submodule of Qg(WW). Using the
P-B-W theorem we get

W =Ul(gloe)w = U(glSV)U.

As W belongs to category C, I, acts on W and commutes with the action of
glo. With W an irreducible gl -module, W must be countable dimensional
(over C). It then follows that I, acts as a scalar on W, say a. Notice
that Ig-w = I - w = aw. Consequently, Ig acts on U as scalar a. As
W=U (grég 1))U , Is is semisimple on W with eigenvalues contained in {a —
n | n € N} and U is the eigenspace of eigenvalue «. It follows that U is
an irreducible glg-module. By the construction of M (S,U), there exists an
epimorphism from M (S,U) to W, which reduces to an isomorphism from
L(S,U) to W. This completes the proof. O

From the second part of the proof of Proposition 3.4 we immediately
have:

Lemma 3.5. Let W be an irreducible gl -module in C. Then there ezists a
finite subset S of Z such that Qg(W) # 0. Furthermore, for any such finite
subset S of Z, Qs(W) is an irreducible glg-module and W ~ L(S,Qg(W)).

The following is also immediate:

Lemma 3.6. Let S be a finite subset of Z and let U be an irreducible glg-
module. Then Qs(L(S,U)) =U.

We next determine the isomorphism classes of irreducible gl -modules
L(S,U). Let S be a finite subset of Z and S; a subset of S. Assume that
Uy is an irreducible glg -module on which I, acts as a scalar o € C. In the
following we associate an irreducible glg-module to U;. Set

N =span{E,q | p,q €S, ¢ ¢ 51} and B =N +glg,.
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We see that both B and N are subalgebras of glg and B contains N as an
ideal. Letting N act on U; trivially, we make U; a B-module. Then form
an induced module

ind%S (U1) = Ulgls) ®u(m) Ut (3.11)
1

As we have seen before, Ig, gives rise to an (o + Z)-grading on indgig (Uy)
1
with Uy as the degree-a subspace. It follows that indgg (U1) has a unique
1
maximal submodule. Then we define U to be the (unique) irreducible

quotient glg-module of indgtg (Uy).
1

Lemma 3.7. Let S be a finite subset of Z and S1 a subset of S. Assume
that Uy is an irreducible glg -module. Then L(Sy,Uy) ~ L(S,U7).

Proof. Set U = U(glg)Uy C L(S1,U1). Note that E, ;U = 0 for p,q € Z
with ¢ ¢ S. It follows that

E,, - U(glg)Uy =0 for p,q € Z withqg ¢ S.

Then
L(Sl,Ul) = U(g[oo) U

and Ig acts on U = U(glg)U; also as scalar « since Ig = Ig, on U;. Just as
with M(S,U), we see that L(Sy,U;) is naturally an (o + Z)-graded gl -
module by Ig, with U as the degree-ax subspace. Since L(Sy,U;) is ir-
reducible, it follows that U is an irreducible glg-module and L(S;,U;) ~
L(S,U). From the construction of U, we have U ~ U{. Thus L(Sy,U;) ~
L(S,U?Y). |

As an immediate consequence of Lemmas 3.6 and 3.7 we have:

Corollary 3.8. Let Sy and So be finite subsets of Z and let Uy and Uy be
irreducible modules for glg, and glg,, respectively. Set S = S; U Sy. Then
L(S1,Uy) ~ L(S2,Us) if and only if UY ~ Uy

Next, we study an analog of Verma module. For ¢ € Z, let ¢; denote the
linear functional on H defined by ;(E; ;) = 0;; for j € Z. The root system
of gl with respect to Cartan subalgebra H is given by

A:{gi_gj "L.,jGZ, 27&]} (312)
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Note that the usual polarization is given by Ay = {*(g; —¢;) | i,j € Z, i <
J}-

Let S be a subset of Z. Recall glg = span{E,,,, | m,n € S}. Set

g[j*gr span{E,, , | m,n € S, £(n —m) > 0},
gl = Hg=span{E,, | n € S}. (3.13)

For A € H*, set
supp()\) - {m €L ’ Am (: )‘(Em,m)) a 0}'

Let A € H* with supp(A) C S. Denote by A\g the restriction of A on Hg. Let
M(As) and L(As) denote the Verma module and the irreducible quotient
module for Lie algebra glg, respectively.

Define M (S, A) to be the generalized Verma gl -module M (S,U) with
U = M(\g). On the other hand, we have a generalized Verma gl, -module
M (S, L(Ag)), which is a quotient module of M (S, \). Furthermore, denote
by L(S, \) the irreducible quotient module of M (S, L(\g)).

Set
A(S)={(ei—¢j) [i,7€S, i>jtU{(ep—ei) [i€S5 pg S}t (3.14)
Furthermore, set
Q-(S)=N-A_(S)cC H". (3.15)
We have
M(S,\) = @acq_(5)M (S, Matas (3.16)

where M (S, \)y is 1-dimensional. It is straightforward to show that every
weight subspace is finite-dimensional.

Definition 3.9. Let W be a gl,-module and let S be a subset of Z. A
nonzero vector v € W is called an S-singular vector if v is an H-eigenvector
such that

E,q,u=0 forpqgeZ with ¢¢5, (3.17)
Eppv=0 form,neS withm <n. .
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The following universal property of M (S, \) is straightforward to prove:

Lemma 3.10. Let W be a gl -module and let w be an S-singular vector
of weight X\ in W. Then there exists a gl -module homomorphism 6 from
M(S,\) to W, uniquely determined by 6(v) = w, where v is an S-singular
vector in M(S,\) of weight \. Furthermore, if W is irreducible, we have
W ~ L(S,\).

We also have the following result:

Lemma 3.11. Let S be a finite subset of Z and let X € H* with supp(A) C S.
Then S-singular vectors in L(S,\) are unique up to scalar multiples.

Proof. Set £ =3 7 m = D e5Am- Then Is - w = fw for w € L(Ag)
(the irreducible highest weight glg-module of highest weight Ag). We see
that L(S,\) is an (¢ 4+ Z)-graded gl .-module with

L(S,A) = D L(S, Ne-n

neN

where L(S,\)j—p, = {w € L(S,A\) | Is-w = ({ —n)w} and L(S,\)y = L(\g).
It is straightforward to see that the subspace spanned by all S-singular
vectors in L(S,\) is Ig-stable, so that it is a graded subspace. Let u be
any homogeneous S-singular vector of degree ¢ — k with k € N. We have

Ulgloo)u = U(alS")U(gls)u © €D LS, Nen-

n>k

Since L(S, \) is irreducible, k& must be zero, so that every S-singular vector
is contained in L(S,\);. Then each S-singular vector is a singular vector
in L(\g) viewed as a glg-module, which is known to be unique up to scalar
multiples. Consequently, S-singular vectors in L(.S, \) are unique up to scalar
multiples. O

As an immediate consequence we have:

Corollary 3.12. Let S be a finite subset of Z. and let A\, u € H* such that
supp(A), supp(p) € S. Then L(S,\) ~ L(S, n) if and only if A = p.

Lemma 3.13. Let W be an irreducible gl -module in category C, satisfying
the condition that for any vector w € W and for any finite subset S of
Z, U(glg)w is a glg-module in category o. Then W ~ L(S,\) where S =
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{r,r+1,...,n} for some integers r and n with r < n and for some A € H*
with supp(A) C S.

Proof. Let w be a nonzero vector in W. As W belongs to category C, there
exist integers r and n with r < n such that

E,qw=0 foralpqeZ withq¢ {r,r+1,...,n}.

Set S ={r,r+1,...,n}. We have w € Qg(W) and hence U(glg)w C Qg(W).
From our assumption, in the glg-submodule U(glg)w there exists a highest
weight vector v. Then we have

E,qu=0 forall p,q € Z withq¢ S,

Eppv=0 form,neS withm <n.

On the other hand, as £, ,v = 0 for ¢ € Z\S, v is an H-eigenvector of some
weight A € H* with supp(A) C S. Then v is an S-singular vector of weight
A. It follows from Lemma 3.10 that W ~ L(S, \). O

By Corollary 3.8 we have:

Corollary 3.14. Let 51,52 be finite subsets of Z and let \,u € H* be such
that supp(A) C S1 and supp(p) C Sa. Then L(S1,\) ~ L(S2,p) if and
only if L(Xs,)® ~ L(us,)®, where S = S; U So, and L(\s,), L(us,) are the
irreducible highest weight modules for glg, and glg,, respectively.

Remark 3.15. Let 0 be a permutation on Z. It can be readily seen that o
becomes an automorphism of the Lie algebra gl by defining

J(Em,n) = Ea(m),a(n) for m,n € 7. (318)

For any gl -module W, we denote by Wl the gl-module with W as the
underlying space and with the action given by

a-w=oc(a)w foracgl,, weW

We see that if W is an integrable gl -module, then Wl is still an integrable
module. Furthermore, if W is in category Cins, W9l is still in category Cipns.

The following is straightforward to prove:
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Lemma 3.16. Let A € H* be such that supp(\) C S, and let o be a per-
mutation on Z such that o(m) < o(n) for any m,n € S with m < n. Then
LS,V ~ L(e=(S), o0 0).

Next, we determine when L(.S, \) is an integrable module.
Definition 3.17. Denote by Py (S) the set of A € H* such that

)‘(EZ,Z) eN forie Z,

AE;i) =0 whenever i ¢ S, (3.19)
ME;;) > ME;;) fori,j €S withi< j.

)

Note that if A € P, (S), then supp(\) C S.

Remark 3.18. We here mention a fact which we need in the proof of the
next proposition. Let A be a (dominant integral) weight for Lie algebra g, ;
such that

)\jEN fOrlSan—i—l, and)\leQZ---Z)\n_H.

Then the irreducible highest weight gl,,, ;-module L() is finite-dimensional.
Let p be the lowest weight of L(X). We claim that p; € Nfor 1 <j <n+1.
It was known (cf. [9]) that © = o(A\) where o is the longest Weyl group
element. Suppose 7 is any weight such that v; € N for 1 < j < n + 1. For

1 < i < n, with the reflection r;, we have

ri(y) =7 — (v, o Yai =7 — (v — Vip1) (€ — €i1)-
Then
v ifj i+,
ri(V)(Ejg) = vier i j =1,
Vi if j=i+1,

which implies r;(y); € N for 1 < j < n + 1. Then the claim follows from

induction.

We have:
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Proposition 3.19. Let S be a finite subset of Z and let A € H* be such
that supp(A) C S. Then L(S,\) is an integrable gl -module if and only if
A Py(S).

Proof. In view of Remark 3.14 and Lemma 3.16, it suffices to prove the
proposition for S = {r,r +1,...,n} C Z, where r and n are fixed integers
with r» < n.

Assume L(S, \) is an integrable gl -module. Then L(S, \) is in category
Cint- By Lemma 2.5, \,,, € N for all m € Z. As an integrable gl -module,
L(S, ) is necessarily an integrable glg-module, containing L(Ag) as a sub-
module. Then it follows that A\, > A\,y1 > -+ > A\,. Thus A € Py(S5).

Conversely, assume A € P, (S). By definition, \,, € N for all m €
Z and A\, > Ay1 > -+ > A,. Notice that E,, ,, for m € Z are semi-
simple on L(S,\). We now show that L(S, \) is integrable, by proving that
Ej i1, Ejq1,; for j € Z are locally nilpotent. We shall freely use the following
observation: Suppose that W is an irreducible gl  -module. For any p,q € Z
with p # ¢, if (Ep7q)kw = 0 for some nonzero vector w € W and for some
positive integer k, then E), , is locally nilpotent on the whole space W. This
simply follows from the fact that adE), ; is locally nilpotent on gl..

Let v be a highest weight vector in glg-module L(Ag) C L(S, A).

(1) For r < j < n—1, we claim that F;;; and Ej;1; are locally
nilpotent on L(S,\). With the assumption on A, we know that L(\g) is
an (irreducible) integrable glg-module, so that E; ;1 and E; 1 ; are locally
nilpotent on L(Ag). Then it follows from the simple observation.

(2) Let p,q € Z with p # q, ¢ ¢ S. As E, qu = 0, it follows that E, , is
locally nilpotent on L(S, \).

(3) We claim that E, 1, is locally nilpotent on L(S, \).
Recall that

E,qu=0 forallpqgeZ withq¢ S={r,r+1,...,n},

Er,r—i—lv = ET+1,7‘+2U = =Lp-1nU= 0.

With n+1 ¢ S we also have E, ,11v = 0. Thus v is also an S-singular
vector with S = S U {n + 1}. By Lemma 3.10, we have L(S,\) ~ L(S,\)
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which contains L(Ag) as a glg-submodule. Notice that
NeN forieZ and A\ > X > - >\, > Apq1 = 0.

Then L(Ag) is an integrable glg-module. In particular, E, 1, is locally
nilpotent on L(Ag). Then it follows that E, 41, is locally nilpotent on
L(S,\).

(4) We claim that E,_, is locally nilpotent on L(S, \).

Recall that L(Ag) is an integrable glg-module. Consequently, L(\g) is
finite-dimensional. Let v, be a lowest weight vector in glg-module L(Ag), so
that

Eii1v,=0 forr<j<n-1
We also have

E,qui=0 forp,qeZ with q¢S.

In particular, we have E,,_jv, = 0. Set S =Su {r — 1}. Then v, is
a lowest-weight singular vector in the glg-module U(glg)v.. We see that
L(S,\) = U(gl)v« can be naturally Z-graded by Ig with U(glg)v. as the
highest degree subspace. As L(S, ) is irreducible, it follows that U(glg)v«

is an irreducible glg-module.

Let u be the H-weight of v,.. By Remark 3.18, we have p, € N. Now

consider the vector (E,_1, )" Tlu,. As
Er,rflv* =0 and (Er,r - Erfl,rfl)v* = Ly pUsx = [pUx,

we have

Er,r—l : (Er—l,r)'urJrl'U* =0.

For r <j <n—1, since [Ej;1;, Er—1,] =0 and Ej;1 jv. =0, we have
Ejt15- (Erfl,r)‘”“v* =0.
Furthermore, for p,q € Z with ¢ ¢ S and ¢ # r — 1, we have

Ep,qET—l,T = T—l,TEpvq - 5r,pET—1,Q'
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By induction we get E,, - (E,—1,)" "tv, = 0. Thus, (E,_1,)"* " tv,, if not
zero, is another lowest-weight singular vector in the glg-module U(glg)v..
As v, and (E,_1,)* Tlu, have different H-weights, (E,_1, ) t1v, must be
zero. It then follows that E,_;, is locally nilpotent on L(S, \).

To summarize, we have proved that F;; 11 and E;;q; for ¢« € Z are
locally nilpotent on L(S, ). It was known that H is semi-simple on L(S, \).
Therefore, L(S, \) is an integrable gl, -module. O

With Proposition 3.19 and Theorem 2.11, using a standard argument
(see [12]) we obtain:

Corollary 3.20. Let S = {r,r +1,...,n} with r < n and let A\ € P(S5).
Then the mazximal submodule of M(S,\) is generated by Eéf{}nv, EXMTLy

r—1,r%
and E;i;;\”ﬁlv for r < i < n —1, where v is a highest weight vector of
weight .

To summarize we have:

Theorem 3.21. Let S = {r,r + 1,...,n} where r and s are integers with
r <n andlet A\ € H* be such that supp(A) C S and A € P (S). Then L(S,\)
belongs to category Ciny. On the other hand, every irreducible gl -module in
category Cint 1s isomorphic to a module of this form.

Proof. The first assertion follows from Lemma 3.1 and Proposition 3.19.
Now, let W be an irreducible gl -module in C;,;. By Proposition 3.4, W ~
L(S,U) for some finite subset S of Z and for some irreducible glg-module U.
As W is an integrable gl,.-module, W is an integrable glg-module containing
U as a submodule. Then U is finite-dimensional. Let v be a highest weight
vector in U viewed as a glg-module. Noticing that E, ;v = 0 for ¢ ¢ S, we
see that v is an H-weight vector of a weight A € H* with supp(\) C S. It
follows that W = U(gl.)v ~ L(S,\). Furthermore, by Proposition 3.19 we
have A € P (S). O

4. Decomposition of Tensor Product Modules In Category C;,:

In this section, we construct the irreducible integrable gl -modules
L(S,)\) by using the natural module C*, and we also determine the de-
composition of tensor product modules in category Cip:.
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Let A denote the polynomial algebra Clz,, | m € Z|. Define deg x,,, = 1
for m € Z to make A a Z-graded algebra

A= @1"20141"-
It was well known that Lie algebra gl naturally acts on A with

Enn=xms— form,ncZ.

oz,

It can be readily seen that A is a gl -module in category C;,;. We see that
A, for r > 0 are submodules with Ayp = C and A; ~ C*°. In fact, A is
isomorphic to the symmetric algebra S(C*) with v, identified with z,, for
m € 7.

One can show that for each r» > 0, A, is an irreducible gl -module. For

each n € Z, let g, be the linear functional on H defined by
en(Emm) = 0pm for m € Z.

Clearly, &, (n € Z) are linearly independent. For i1,...,i, € Z, the H-

weight of monomial z;, - - x;, is ;, +--- +¢;,.. We see that every H-weight

T

space of A, is 1-dimensional. Then any nonzero submodule of A, must
contain a monomial of degree r. For ji,...,jr € Z, n1,...,ni € N with

nh<jo<--<jpandni+---+ng=r, we have

(B o) - (B g )™ (a2 ) = mal oo myla.
For any p,q € Z with p # ¢, we have

(Ep7q)rac; = T!x;.

We also have

1 1 T r—mi Mg
—'—'(Ezl,t)ml(Ezs,t)msx;:< )( ‘TZH‘TZS
ma: mg: ma meo i

forii,...,ig,t €Z, m1,...,mg € Nwith i1 <io < -+ <ig,mi+---+ms =
r, and ¢t # i1,...,%s. It then follows that A, is an irreducible gl -module.
We see that A, ~ L(S,rey) with S = {1}.
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On the other hand, gl,, naturally acts on the exterior algebra A(C>),
which is also an N-graded module

A(C®) =P An.
neN

We have A = C and A' = C>®. For n > 2, the submodule A” has a basis

consisting of vectors

Vi A A,

for i1,...,1, € Z with i1 < i9 < -+ < iy,. One sees that the H-weight of
vector v;, A--- Aw;, is g + -+ ¢, of multiplicity one. Similarly, one can
show that for every n > 0, A" is an irreducible gl_-module. For n > 1, we
have A" ~ L(S,e1 + -+ +¢&,) with S ={1,2,... ,n}.

Note that for any permutation o on Z, A,, and A" are o-invariant.

Remark 4.1. Let n be a positive integer and let A € H* be such that
Am =0form ¢ {1,2,...,n}, \; e Nfor 1 <i<mn, and

ALZ A > > A
Note that

A = ()\1 — )\2)81 + ()\2 — )\3)(61 + 62) + -+ ()\n—l — )\n)(€1 + -+ €n_1)
+An(er+e2+ - +en).
For 1 <k <n, set
wr =& NE N N GAk.
Furthermore, set

wy = wi@(/\li/\Q) ® (w2)®()\2*)\3) R ® (wnil)(@()\n—l*/\n) ® (wn)®/\n,
which lies in the gl -module

(A1)®(/\r/\2) ® (A2)®()‘27)‘3) ® - ® (An71)®()\n—1*)\n) ® (An)®An‘

Set S ={1,2,...,n}. It can be readily seen that w) is an S-singular vector
of weight A. Then it follows that U(gl,,)wy ~ L(S, \).
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For the rest of this section, we discuss the decomposition of tensor prod-
uct modules in category C;p:. In view of Theorem 2.11, the tensor product
of any two irreducible modules in category C;,; is completely reducible. For

example, we have
Al ® A = C®RC™® = S?(C®) @ A%(C™®) = Ay ® A%

This typical example indicates that the tensor product of two irreducible
modules in category C;,; can be a finite sum of irreducible submodules.
Next, we show that indeed this is the case. First, we establish a technical

result.

Lemma 4.2. Let S be a finite subset of Z and let X\ € P(S). Let v €
L(S,\)x nonzero and set K& = span{E,; | p > max(S), i € S}, an
abelian subalgebra of gl.,. Then there exists a nonzero H-weight vector

v' € U(K)v C L(S,\) such that

E,iw'=0 forallpeZ,i€S.

Proof. Let i € S. Assume E; ju = kv where k is a nonnegative integer (by
Lemma 2.5). Then

Ei; (Epl,i T Epr,iv) = (k- T)Epl,i e Ep, v

for any integers pi,...,p, outside S. As E;; has only nonnegative integer

eigenvalues, we have

E

i Ep, v =0 whenever r >k + 1.

Since K; is abelian and S is finite, it follows that there exists a nonzero
H-weight vector v’ € U(K{)v such that

E,iv'=0 for p>max(S), i€ S. (4.1)

Let p be a fixed integer such that p > max(S) and E,,v" = 0 for all ¢ € Z.
For i,j € S, we have E, jv' =0, E; o' =0, and E, ,v" = 0, so that

Ei,jvl = Ez"pEpJ"Ul — EpJ'EZ"pU/ + 5i,jEp,pUI =0. (42)
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Furthermore, let ¢ ¢ S, i € S. As E; ;o' =0, we have
Ei,i(Eq’Z‘UI) = Eq7z‘E’L"iUI — Eq’z"[), = _(Eq,ivl)'

Because E;; has only nonnegative integer eigenvalues, we must have E, v’ =
0. Therefore, we have E, ;o' =0 for all p € Z, i € S, as desired. O

We shall also need the following simple fact:

Lemma 4.3. Let W be a gl -module in category Cins and let S be a finite
subset of Z. Suppose that U is a glg-submodule of Qg(W) such that U
generates W as a gl,-module. If U = [[,c; L(AS) is a glg-module with
A € H* such that supp(A*) C S for a € I, then

W ~ H L(S,\%).

acl

Furthermore, Qs(W) =U.

Proof. Since W is an integrable glg-module, Qg(W) as a submodule is a
direct sum of finite-dimensional irreducible glg-modules. Noticing that for
any v € Qg(W), E;qv = 0 for ¢ ¢ S, we see that any singular vector in
Qg(W) viewed as a glg-module is an S-singular vector. Suppose that v is a
singular vector in Qg(W) viewed as a glg-module of H-weight A* with « € I.
By Proposition 2.10, U(gl.,)v is irreducible, so that U(gl,,)v ~ L(S,A%). It
then follows that there are singular vectors vg (8 € J) in U (C Qg(W)) with
H-weights A\? such that

W = ®pesU(glo)vs = BpesL(S,X7).
From this, using Lemma 3.6 we get
Qs(W) = DpesQs(U(8loe)vg) = DpesLNG) C U.
Therefore Qg(W) =U. O

Now, we give a decomposition into irreducible submodules of the tensor
product of any two irreducible modules in category Cjnt.

Theorem 4.4. Let S = {r,r +1,...,n} be a finite subset of Z with r < n,
and let \,u € Py(S). Then L(S,\) ® L(S,pu) is a cyclic gl-module.
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Furthermore, there exists an integer k with k > n such that for any in-
teger n. > k, the decomposition of L(S,\) ® L(S,u) into irreducible gl -
submodules agrees with the decomposition of L(Ag) ® L(pg) into irreducible
glg-irreducible submodules where S = {r,r +1,...,n}.

Proof. Let u € L(S,\)\ and v € L(S,u),, both nonzero. Then u €
Qg(L(S,N)), v € Qs(L(S, ). By Lemma 4.2, there exists a nonzero H-
weight vector v € U(K{)v such that E, o' =0 for all p € Z, ¢ € S. We
now prove that u ® v’ generates L(S,\) ® L(S, u) as a gl-module. Set

K =span{E,; |p€Z, i S}.

We have U(K)u = U(gl
K -v" =0. Then

Ju = L(S,\) (using the P-B-W theorem) and

[e.9]

UK)(u@v)=UK)uev =L(S,\) .

As L(S, ) = U(gly)v', it follows that U(gly,)(u ® v') = L(S,\) @ L(S, p).
This proves that L(S,\) ® L(S, ) is cyclic on u ® v'.

Furthermore, let k be an integer larger than n such that
vV E(E,i |In<p<k, i€S)- v,

where (-) denotes the generated subalgebra of U(gl,,). Let i be any integer
larger than k and set S = {r,r +1,...,n}. Noticing that

u € QS‘(L(S7 )‘))7 v e Qg(L(S,,u,)),
we have
L(S,3) ® L(S, 1) = U(gloo)(u® ) = U(gld ) U (glg) (u @ o).

As u and v are singular vectors in the integrable glg-modules L(S,\) and
L(S, i), respectively, we get

U(glg)u = L(Ag) and U(glg)v = L(ug).
Noticing that U(glg)v’ C U(glg)v = L(pg), we have

Ulgls)(u®@v') C L(Ag) ® L(pg) C Qg (L(S,A) @ L(S, ) -
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By Lemma 4.3 we get
U(gls)(u®v') = L(Ag) ® L(pg) = Q5 (L(S,\) ® L(S, n)) (4.3)
and
L(S,A\) @ L(S, ) ~ L (S,L(A\g) ® L(pg)) -
This proves the second assertion. O

Example 4.5. For an illustration, consider A,, ® A, with m,n positive

integers, where
Ap, = L(S,me1) and A, = L(S,ne1)

with S = {1}. In this case, we can show that A,, ® A, is cyclic on z{" ® z5.
Set K =span{E, 1 | p# 1}. Then

Ay =U(gly )" =U(K)z!* and K -z5 =0.

We have

UK)(2]'@25) =U(K)z' @ 25 = A, @ ay,
from which it follows that U(gl.,) (27 @ %) = A, @ A,,. Set S = {1,2}. We
have glg = gly, linearly spanned by E; ; for 1 <4,5 <2, and

Ulglg)at" = L(me1), Ulglg)ry = L(ner).

For gly-modules, we have

|m—nl|

L(me1) @ L(ne1) = @) L((m+n—jer + jea).
=0

This gives rise to a decomposition of A4,, ® A,, as a gl,,-module

jm—n|
An® Ay = @ L (S, (m+n—jle + jea) .
j=0
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