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Abstract

For the simple Lie algebra som, we study the commutant vertex operator algebra of

Lŝom(n, 0) in the n-fold tensor product Lŝom(1, 0)⊗n. It turns out that this commutant

vertex operator algebra can be realized as a fixed point subalgebra of Lŝon(m, 0) (or its

simple current extension) associated with a certain abelian group. This result may be

viewed as a version of level-rank duality.

1. Introduction

Let g be a finite dimensional simple Lie algebra and ĝ the associated

affine Lie algebra. Let Lĝ(1, 0) be the basic representation of ĝ. Then Lĝ(1, 0)

is a rational vertex operator algebra. For l ∈ N, the tensor product Lĝ(1, 0)
⊗l

is still rational and the diagonal action of ĝ on Lĝ(1, 0)
⊗l defines a vertex

subalgebra Lĝ(l, 0) of level l. As a module of the vertex operator algebra

Lĝ(l, 0), Lĝ(1, 0)
⊗l is a direct sum of irreducible ĝ-modules:

Lĝ(1, 0)
⊗l =

⊕
Lĝ(l, Λ̄)⊗C Mĝ(l, Λ̄), (1.1)

where Lĝ(l, Λ̄) are level l irreducible ĝ-modules andMĝ(l, Λ̄) = Homĝ(Lĝ(l, Λ̄),

Lĝ(1, 0)
⊗l) are vector spaces. The subspace Mĝ(l, 0) is a vertex operator al-

Received March 14, 2017 and in revised form February 25, 2018.

AMS Subject Classification: 17B69.

Key words and phrases: Level rank duality, vertex operator algebras, affine Lie algebras.

Jiang is supported by NSFC Grants11771281, 11531004.

Lam is supported by MoST grant 104-2115-M-001-004-MY3 of Taiwan.

31



32 CUIPO JIANG AND CHING HUNG LAM [March

gebra, which is called the commutant (or coset) of Lĝ(l, 0) in Lĝ(1, 0)
⊗l and

is denoted by CLĝ(1,0)
⊗l(Lĝ(l, 0)). Commutant vertex operator algebras ini-

tiated in [29, 30] were first introduced in [FZ] from the point view of vertex

operator algebras. Since then describing commutant vertex operator alge-

bras has been one of the most interesting questions in the theory of vertex

operator algebras. Many interesting examples, especially coset vertex opera-

tor algebras related to affine vertex operator algebras, have been extensively

studied both in the physics and mathematics literatures [1], [2], [3], [4], [5],

[9], [10], [11], [12], [13], [14], [17], [18], [28], [31], [32], [38], [43], [44], etc.

For k ∈ Z+, let L
ĥ
(k, 0) be the Heisenberg vertex operator subalgebra

of Lĝ(k, 0) associated with a Cartan subalgebra. The commutant of L
ĥ
(k, 0)

in Lĝ(k, 0), denoted by K(g, k), is the so called parafermion vertex operator

algebra [46]. Parafermion vertex operator algebras have been studied exten-

sively [2]-[3], [7], [12], [14], [17] -[18], [31], [44], etc. It was proved in [38] and

[32] independently that CL
ŝln

(1,0)⊗l(L
ŝln

(l, 0)) ∼= K(sll, n) as vertex opera-

tor algebras, which presents a version of level-rank duality. More generally,

given a sequence of positive integers � = (l1, . . . , ls), the tensor product ver-

tex operator algebra Lĝ(�, 0) = Lĝ(l1, 0) ⊗ Lĝ(l2, 0) ⊗ · · · ⊗ Lĝ(ls, 0) has a

vertex operator subalgebra isomorphic to Lĝ(|�|, 0) with |�| = l1 + · · · + ls.

The sequence � defines a Levi subalgebra l� of sl|�|. Denote by L
l̂�
(n, 0) the

vertex operator subalgebra of L
ŝl|�|

(n, 0) generated by l�. Set K(sl|�|, l�, n) =
CL

ŝl|�|
(n,0)(Ll̂�

(n, 0)). It was established in [32] that CL
ŝln

(�,0)(Lŝln
(|�|, 0)) ∼=

K(sl|�|, l�, n), presenting a more general version of level-rank duality.

In this article, we try to generalize the results in [38] and [32] to a com-

plex finite-dimensional simple Lie algebra g of type B or D. For l ∈ N,

let Lĝ(1, 0)
⊗l be the tensor product of the affine vertex operator algebra

Lĝ(1, 0). The main aim is to study the commutant of Lĝ(l, 0) in Lĝ(1, 0)
⊗l.

We will determine the structure of this commutant and establish a version

of level-rank duality for these two cases. The idea is to embed the tensor

product vertex operator algebra into a large lattice vertex operator algebra

(or superalgebra) associated with a root lattice of type D or B and to use

the fermionic construction of the affine vertex operator algebra Lŝom(1, 0). It

turns out that the tensor product Lŝom(1, 0)
⊗n is isomorphic to the orbifold

VOA Lŝomn
(1, 0)G for some abelian subgroup G < Aut(Lŝomn

(1, 0)). Us-

ing this fact and some results on conformal embeddings of vertex operator
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algebras given in [35], we show that

CLŝom
(1,0)⊗n(Lŝom(n, 0)) = Lŝon(m, 0)G

if m or n is odd and

CLŝom
(1,0)⊗n(Lŝom(n, 0)) = (Lŝon(m, 0) ⊕ Lŝon(m,mΛ1))

G

if both m,n are even.

The paper is organized as follows. In Section 2, we briefly review some

basic notations and facts on vertex operator algebras. In Section 3, we recall

the definition of fermionic vertex superalgebras and a construction of the

affine VOA Lŝon(m, 0) using the fermionic vertex superalgebras. In Section

4, we discuss and prove our main results.

2. Preliminaries

Let V = (V, Y,1, ω) be a vertex operator algebra [6], [26], [39]. We

review various notions of V -modules and the definition of rational vertex

operator algebras and some basic facts (cf. [26], [47], [15], [39]).

Definition 2.1. A weak V -module is a vector space M equipped with a

linear map

YM : V → End(M)[[z, z−1]]

v �→ YM (v, z) =
∑

n∈Z vnz
−n−1, vn ∈ End(M)

satisfying the following:

1) vnw = 0 for n >> 0 where v ∈ V and w ∈ M ;

2) YM (1, z) = idM ;

3) the Jacobi identity holds:

z−1

0
δ

(
z1 − z2

z0

)
YM (u, z1)YM (v, z2)− z−1

0
δ

(
z2 − z1
−z0

)
YM(v, z2)YM (u, z1)

= z−1

2
δ

(
z1 − z0

z2

)
YM (Y (u, z0)v, z2). (2.1)
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Definition 2.2. An admissible V -module is a weak V -module which carries

a Z+-grading M =
⊕

n∈Z+
M(n), such that if v ∈ Vr then vmM(n) ⊆

M(n+ r −m− 1).

Definition 2.3. An ordinary V -module is a weak V -module which carries

a C-grading M =
⊕

λ∈C Mλ such that

1) dim(Mλ) < ∞;

2) Mλ+n = 0 for fixed λ and n << 0;

3) L(0)w = λw = wt(w)w for w ∈ Mλ where L(0) is the component opera-

tor of YM (ω, z) =
∑

n∈Z L(n)z
−n−2.

Remark 2.4. It is easy to see that an ordinary V -module is admissible. If

W is an ordinary V -module, we simply call W a V -module.

We call a vertex operator algebra rational if the admissible module cat-

egory is semi-simple. We have the following result from [15] (also see [47]).

Theorem 2.5. If V is a rational vertex operator algebra, then V has finitely

many irreducible admissible modules up to isomorphism and every irreducible

admissible V -module is ordinary.

3. Fermionic Vertex Superalgebras

In this section, we recall the basic fact on infinite-dimensional Clifford

algebras and the associated vertex operator superalgebras [20, 22, 21, 24,

33, 34, 36, 37, 1, 40]. Let m ∈ Z+. The Clifford algebra Cl2m is a complex

associative algebra generated by ψ±
i (r), 1 ≤ i ≤ m, r ∈ Z+ 1

2
, satisfying the

non-trivial relations

[ψ±
i (r), ψ

∓
j (s)]+ = ψ±

i (r)ψ
∓
j (s) + ψ∓

j (s)ψ
±
i (r) = δr+s,0δij ,

where 1 ≤ i, j ≤ m, r, s ∈ Z+ 1

2
.

Let F2m be the irreducible Cl2m-module generated by the cyclic vector

1 such that

ψ±
i (r)1 = 0, for r > 0, 1 ≤ i ≤ m.
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Define the fields ψ±
i (z), 1 ≤ i ≤ m, on F2m by

ψ±
i (z) =

∑
r∈Z

ψ±
i (r +

1

2
)z−r−1.

The fields ψ±
i (z), 1 ≤ i ≤ m, generate F2m, which has a unique structure of

a simple vertex superalgebra [22, 34, 37, 40, 1].

For r, k ∈ Z+, let Lŝor(k, 0) be the simple vertex operator algebra asso-

ciated to the integrable module of the affine orthogonal Lie algebra ŝor with

level k. The following result is well known [21].

Theorem 3.1. Let (F2m)even be the even part of the vertex superalgebra

F2m. Then

(F2m)even ∼= Lŝo2m(1, 0).

Let m ∈ Z+. We now consider the Clifford algebra Cl2m+1 generated by

ψ±
i (r), ψ2m+1(r), r ∈ Z+

1

2
, 1 ≤ i ≤ m

with the non-trivial relations

[ψ±
i (r), ψ

∓
k (s)]+ = δikδr+s,0,

[ψ2m+1(r), ψ2m+1(s)]+ = δr+s,0,

where 1 ≤ i, k ≤ m, r, s ∈ Z + 1

2
. Let F2m+1 be the irreducible Cl2m+1-

module generated by the cyclic vector 1 such that

ψ±
i (r)1 = ψ2m+1(r)1 = 0, for r > 0, 1 ≤ i ≤ m.

Define the following fields on F2m+1 as follows:

ψ±
i (z) =

∑
r∈Z

ψ±
i (r +

1

2
)z−r−1,

ψ2m+1(z) =
∑
r∈Z

ψ2m+1(r +
1

2
)z−r−1.
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The fields ψ±
i (z), ψ2m+1(z), 1 ≤ i ≤ m, generate F2m+1, which has a unique

structure of a simple vertex superalgebra [22, 34, 37, 40, 1]. By [21], we have

the following theorem.

Theorem 3.2. For m ∈ Z+, we have

(F2m+1)
even ∼= Lŝo2m+1

(1, 0).

4. Level-rank Duality for Affine Vertex Operator Algebras

of Type B and D

In this section, we will study the tensor decompositions of affine vertex

operator algebras of type D and B.

4.1. Type D

For m ≥ 4, let Lŝo2m(1, 0) be the rational simple vertex operator algebra

associated with the integrable highest weight module of the affine Lie algebra

ŝo2m with level 1. For n ∈ Z≥2, denote

V = Lŝo2m(1, 0)
⊗n.

Then

U = Lŝo2m(n, 0)

can be diagonally imbedded into V as a vertex operator subalgebra. Our

main aim in this section is to study the commutant CV (U) of U in V . The

proof of the following lemma is quite similar to the proof of Lemma 3.1 and

Lemma 3.5 in [32].

Lemma 4.1. The commutant CV (U) is a simple vertex operator subalgebra

of V , and (U,CV (U)) is a duality pair in V , i.e. CV (CV (U)) = U .

4.1.1. The case n = 2

We define the following lattice

R2m = Zx1 ⊕ · · · ⊕ Zx2m
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where (xi, xj) = δij , 1 ≤ i, j ≤ 2m.

Let VR2m be the associated lattice vertex superalgebra with the following

2-cocycle ε

ε(xi, xj) =

{
1, if i ≤ j,

−1, if i > j.

Let

L1 =
m−1⊕
i=1

Z(xi ± xi+1) and L2 =
m−1⊕
i=1

Z(xm+i ± xm+i+1)

be two sublattices of R2m. Then L1
∼= L2

∼= Dm and

VL1
∼= VL2

∼= Lŝo2m(1, 0),

and Lŝo2m(2, 0) can be naturally regarded as a vertex operator subalgebra of

VL1 ⊗ VL2 . Set

V = VL1 ⊗ VL2 and U = Lŝo2m(2, 0).

Let D̃m be the sublattice of R2m Z-linearly spanned by

{xi + xi+1 + xm+i + xm+i+1, xi − xi+1 + xm+i − xm+i+1 | 1 ≤ i ≤ m− 1},

and let Dm be the sublattice of R2m Z-linearly spanned by

{xi + xj − xm+i − xm+j, xi − xj − xm+i + xm+j | 1 ≤ i < j ≤ m}.

Notice that D̃m
∼= Dm

∼=
√
2Dm as lattices. By a similar argument as in

[44], it is easy to verify that

VD̃m
⊆ U = Lŝo2m(2, 0).

Moreover, we have the following lemma.

Lemma 4.2.

(1) (VD̃m
, VDm) is a duality pair in V .
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(2) (CV (U),K(so2m, 2)) is a duality pair in VDm , where K(so2m, 2) is the

commutant of VD̃m
in Lŝo2m(2, 0), which is called a parafermion vertex

operator algebra.

Proof. Notice that D̃m and Dm are orthogonal to each other. It means that

the associated lattice vertex operator algebras VD̃m
and VDm are commutant

to each other. The rest of the proof of (1) is similar to that of Lemma 3.2

in [32].

By Lemma 4.1, we know that (CV (U), Lŝo2m(2, 0)) is a duality pair in V .

Notice also that (VD̃m
,K(so2m, 2)) is a duality pair in Lŝo2m(2, 0) ( see [14]

). Then (2) follows from (1) and the reciprocity law established in Theorem

5.4 of [32]. ���

Denote

αi = xi − xm+i, 1 ≤ i ≤ m.

Then {α1−α2, α2−α3, · · · , αm−1−αm, αm−1+αm} is a basis ofDm
∼=

√
2Dm.

Consider

VAm
1
= VZα1 ⊗ VZα2 ⊗ · · · ⊗ VZαm .

Define vertex operator algebra automorphisms of VAm
1

as follows:

τ : αi(−1)1 �→ eα
i

+e−αi

, eα
i

+e−αi �→ αi(−1)1, eα
i−e−αi �→ −(eα

i−e−αi

),

u1 ⊗ u2 ⊗ · · · ⊗ um �→ τ(u1)⊗ τ(u2)⊗ · · · ⊗ τ(um);

θ : αi(−1)1 �→ αi(−1)1, eα
i �→ eα

i

, e−αi �→ e−αi

, i is odd,

αi(−1)1 �→ −αi(−1)1, eα
i �→ e−αi

, e−αi �→ eα
i

, i is even,

u1 ⊗ u2 ⊗ · · · ⊗ um �→ θ(u1)⊗ θ(u2)⊗ · · · ⊗ θ(um);

σ : αi(−1)1 �→ −αi(−1)1, eα
i �→ e−αi

, e−αi �→ eα
i

,

u1 ⊗ u2 ⊗ · · · ⊗ um �→ σ(u1)⊗ σ(u2)⊗ · · · ⊗ σ(um);

where ui ∈ VZαi , 1 ≤ i ≤ m. Then we have

Lemma 4.3 ([13]). θτ(V√
2Dm

) = V σ
Am

1
.
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It can be checked directly that, for 1 ≤ i ≤ m− 1,

θτ [
1

4
(αi − αi+1)(−1)21+ (eα

i−αi+1
+ e−αi

+αi+1
)]

=
1

4
(αi − αi+1)(−1)21− (eα

i−αi+1
+ e−αi

+αi+1
), (4.1)

θτ [
1

4
(αi + αi+1)(−1)21+ (eα

i
+αi+1

+ e−αi−αi+1
)]

=
1

4
(αi − αi+1)(−1)21+ (eα

i−αi+1
+ e−αi

+αi+1
). (4.2)

The following Lemma comes from [38], [32], [43], and [31].

Lemma 4.4.

(1) (L
ŝl2
(m, 0),K(slm, 2)) is a duality pair in VAm

1
.

(2) K(slm, 2) is generated by

ωij =
1

16
(αi − αi+1)(−1)21− 1

4
(eα

i−αi+1
+ e−αi

+αi+1
), 1 ≤ i < j ≤ m.

(3) K(slm, 2) is rational.

By (2) of Lemma 4.4, we have

K(slm, 2) ⊆ V σ
Am

1
. (4.3)

Then by (1) of Lemma 4.4, we have the following lemma.

Lemma 4.5. (K(slm, 2), L
ŝl2
(m, 0)σ) is a duality pair in V σ

Am
1
.

Let

γ = α1 + α2 + · · · + αm.

We are now in a position to state the following level-rank duality.

Theorem 4.6.

(1) CLŝo2m
(1,0)⊗2(Lŝo2m(2, 0))

∼= V σ
Zγ .

(2) CLŝo2m
(1,0)⊗2(Lŝo2m(2, 0))

∼= CL
ŝl2

(m,0)σ (K(sl2,m)σ).

(3) CK(so2m,2)(K(slm, 2)) ∼= K(sl2,m)σ.
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Proof. By (1) of Lemma 4.4, (L
ŝl2
(m, 0),K(slm, 2)) is a duality pair in VAm

1
.

Since (VZγ ,K(sl2,m)) is a duality pair in L
ŝl2
(m, 0), we deduce that

CVAm
1
(K(slm, 2)⊗K(sl2,m)) = VZγ .

By (4.3) and the fact that K(slm, 2)⊗K(sl2,m) and K(slm, 2)⊗K(sl2,m)σ

have the same conformal vector, we have

CV σ
Am
1

(K(slm, 2) ⊗K(sl2,m)σ) = V σ
Zγ . (4.4)

By Lemma 4.3, θτ(V√
2Dm

) = V σ
Am

1
. Notice that K(so2m, 2) is generated by

1

4
(αi − αi+1)(−1)21+ (eα

i−αi+1
+ e−αi

+αi+1
),

1

4
(αi + αi+1)(−1)21+ (eα

i
+αi+1

+ e−αi−αi+1
),

where 1 ≤ i ≤ m− 1. By (4.1) and (4.2),

θτ(K(so2m, 2)) ⊆ CV σ
Am
1

(V σ
Zγ).

Then by (2) of Lemma 4.2, we have

V σ
Zγ ⊆ CV σ

Am
1

(θτ(K(so2m, 2))) = θτ(CV (U)). (4.5)

On the other hand, it can be checked directly that θτ(K(so2m, 2)) and

K(slm, 2) ⊗ K(sl2,m)σ have the same conformal vector. Then by (4.4),

we have

θτ(CV (U)) ⊆ V σ
Zγ .

Together with (4.5), we deduce that

θτ(CV (U)) = V σ
Zγ ,

proving (1) and (2). Since (θτ(K(so2m, 2)), θτ(CV (U))) is a duality pair in

V σ
Am

1
, we have

K(slm, 2) ⊗K(sl2,m)σ ⊆ θτ(K(so2m, 2)).
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Then

K(sl2,m)σ ⊆ Cθτ(K(so2m,2))(K(slm, 2)).

Notice that

CL
ŝl2

(m,0)σ (V
σ
Zγ) = K(sl2,m)σ

and

CV σ
Am
1

(K(slm, 2)) = L
ŝl2
(m, 0)σ .

So

Cθτ(K(so2m,2))(K(slm, 2)) ⊆ L
ŝl2
(m, 0)σ .

Since Cθτ(K(so2m,2))(K(slm, 2)) commutes with V σ
Zγ , it follows that

Cθτ(K(so2m,2))(K(slm, 2)) = K(sl2,m)σ .

Therefore (3) holds. ���

Remark 4.7. For the proof of (1) in Theorem 4.6, one can also refer to [1].

4.1.2. The case m ∈ Z≥4 and n ∈ Z≥3

Let Cl2mn be the Clifford algebra generated by ψ±
ij(r), 1 ≤ i ≤ m,

1 ≤ j ≤ n, r ∈ Z+ 1

2
, with the non-trivial relations

[ψ±
ij(r), ψ

∓
kl(s)]+ = ψ±

ij(r)ψ
∓
kl(s) + ψ∓

kl(s)ψ
±
ij(r) = δikδjlδr+s,0, (4.6)

where 1 ≤ i, k ≤ m, 1 ≤ j, l ≤ n, r, s ∈ Z + 1

2
. Let F2mn be the irreducible

Cl2mn-module generated by the cyclic vector 1 such that

ψ±
ij(r)1 = 0, for r > 0, 1 ≤ i ≤ m, 1 ≤ j ≤ n.

Then by Theorem 3.1, Feven
2mn

∼= Lŝo2mn
(1, 0). Obviously Feven

2mn is generated

by

ψ±
ki(−

1

2
)ψ±

lj (−
1

2
)1, ψ±

ki(−
1

2
)ψ∓

lj (−
1

2
)1, 1 ≤ k, l ≤ m, 1 ≤ i, j ≤ n.
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Define the fields on F2mn as follows:

ψ±
ij(z) =

∑
r∈Z

ψ±
ij(r +

1

2
)z−r−1.

For 1 ≤ j ≤ n, let F2m,j (resp. Fi,n, for 1 ≤ i ≤ m) be the subalgebra of

F2mn generated by the fields ψ±
ij(z), 1 ≤ i ≤ m (resp. ψ±

ij(z), 1 ≤ j ≤ n).

Then Feven
2m,j

∼= Lŝo2m(1, 0). We denote Feven
2m,j by L

(j)
ŝo2m

(1, 0). Then we have

V = L
(1)

ŝo2m
(1, 0)⊗L

(2)

ŝo2m
(1, 0)⊗· · ·⊗L

(n)
ŝo2m

(1, 0) = Lŝo2m(1, 0)
⊗n ⊆ Lŝo2mn

(1, 0).

It is obvious that Lŝo2m(n, 0) can be diagonally embedded into V as a vertex

operator subalgebra of V , and

n∑
j=1

ψ±
kj(−

1

2
)ψ±

lj (−
1

2
)1,

n∑
j=1

ψ±
kj(−

1

2
)ψ∓

lj (−
1

2
)1, 1 ≤ k, l ≤ m

are generators of Lŝo2m(n, 0). We denote this diagonally imbedded vertex

operator subalgebra of V by U and U ∼= Lŝo2m(n, 0). Specifically, let

α∨
kj = ψ+

kj(−
1

2
)ψ−

kj(−
1

2
)1− ψ+

k+1,j(−
1

2
)ψ−

k+1,j(−
1

2
)1,

ekj =
√−1ψ+

kj(−
1

2
)ψ−

k+1,j(−
1

2
)1,

fkj =
√−1ψ−

kj(−
1

2
)ψ+

k+1,j(−
1

2
)1,

for 1 ≤ k ≤ m− 1 and

α∨
mj = ψ+

m−1,j(−
1

2
)ψ−

m−1,j(−
1

2
)1+ ψ+

mj(−
1

2
)ψ−

mj(−
1

2
)1,

emj =
√−1ψ+

m−1,j(−
1

2
)ψ+

mj(−
1

2
)1,

fmj =
√−1ψ−

m−1,j(−
1

2
)ψ−

mj(−
1

2
)1.

Then it can be checked directly that {α∨
kj , ekj, fkj, 1 ≤ k ≤ m} are Chevalley

generators of the simple Lie algebra so2m(C).

Set

ψkj(−1

2
)1 =

1√
2
(ψ+

kj(−
1

2
)1+ ψ−

kj(−
1

2
)1),
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ψm+k,j(−1

2
)1 =

−√−1√
2

(ψ+

kj(−
1

2
)1− ψ−

kj(−
1

2
)1),

for 1 ≤ k ≤ m, 1 ≤ j ≤ n. Then

ψ+

kj(−
1

2
)1 =

1√
2
(ψkj(−1

2
)1+

√−1ψm+k,j(−1

2
)1),

ψ−
kj(−

1

2
)1 =

1√
2
(ψkj(−1

2
)1−√−1ψm+k,j(−1

2
)1),

and

[ψki(r), ψlj(s)]+ = δijδklδr+s,0. (4.7)

It is easy to see that for 1 ≤ k ≤ m− 1,

α∨
kj =

√−1(ψm+k,j(−1

2
)ψkj(−1

2
)1− ψm+k+1,j(−1

2
)ψk+1,j(−1

2
)1),

ekj =
1

2
[(ψkj(−1

2
)ψm+k+1,j(−1

2
)1+ ψk+1,j(−1

2
)ψm+k,j(−1

2
)1)

+
√−1(ψkj(−1

2
)ψk+1,j(−1

2
)1+ ψm+k,j(−1

2
)ψm+k+1,j(−1

2
)1)],

fkj =
1

2
[−(ψkj(−1

2
)ψm+k+1,j(−1

2
)1+ ψk+1,j(−1

2
)ψm+k,j(−1

2
)1)

+
√−1(ψkj(−1

2
)ψk+1,j(−1

2
)1+ ψm+k,j(−1

2
)ψm+k+1,j(−1

2
)1)],

and

α∨
mj =

√−1(ψ2m−1,j(−1

2
)ψm−1,j(−1

2
)1+ ψ2m,j(−1

2
)ψmj(−1

2
)1),

emj =
1

2
[(−ψm−1,j(−1

2
)ψ2m,j(−1

2
)1+ ψmj(−1

2
)ψ2m−1,j(−1

2
)1)

+
√−1(ψm−1,j(−1

2
)ψmj(−1

2
)1− ψ2m−1,j(−1

2
)ψ2m,j(−1

2
)1)],

fmj =
1

2
[(ψm−1,j(−1

2
)ψ2m,j(−1

2
)1− ψmj(−1

2
)ψ2m−1,j(−1

2
)1)

+
√−1(ψm−1,j(−1

2
)ψmj(−1

2
)1− ψ2m−1,j(−1

2
)ψ2m,j(−1

2
)1)].

It is also easy to check that ( see also [23] )

[Y (

2m∑
k=1

ψki(−1

2
)ψkj(−1

2
)1, z), Y (

n∑
l=1

ψrl(−1

2
)ψsl(−1

2
)1, w)] = 0,
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for 1 ≤ i, j ≤ n, 1 ≤ r, s ≤ 2m. Moreover, the vertex operator subal-

gebra of Lŝo2mn
(1, 0) generated by

2m∑
k=1

ψki(−1

2
)ψkj(−1

2
)1, 1 ≤ i, j ≤ n, is

isomorphic to Lŝon(2m, 0). We denote this vertex operator subalgebra by

X (∼= Lŝon(2m, 0)).

Denote by CLŝo2mn
(1,0)(Lŝo2m(n, 0)) the commutant of U = Lŝo2m(n, 0)

in Lŝo2mn
(1, 0). Then we have the following lemma.

Lemma 4.8. X ⊆ CLŝo2mn
(1,0)(Lŝo2m(n, 0)).

Recall that the vertex operator algebra Lŝo2mn
(1, 0) is generated by

ψkj(−1

2
)ψrs(−1

2
)1, 1 ≤ k, r ≤ 2m, 1 ≤ j, s ≤ n. For 1 ≤ i ≤ n, we de-

fine the vertex operator algebra automorphism σi of Lŝo2mn
(1, 0) by

σi(ψkj(−1

2
)ψrs(−1

2
)1) = (−1)δij+δisψkj(−1

2
)ψrs(−1

2
)1. (4.8)

Then

σ2

i = id,

and for 1 ≤ j ≤ n, u = ψk1i1(−m1− 1

2
) · · ·ψk2ri2r (−m2r− 1

2
)1 ∈ Lŝo2mn

(1, 0),

where 1 ≤ k1, · · · , k2r ≤ 2m, 1 ≤ i1, · · · , i2r ≤ n, m1, · · · ,m2r ∈ N,

σju = (−1)δji1+···+δji2ru.

Denote by G the automorphism group of Lŝo2mn
(1, 0) generated by {σi,

1 ≤ i ≤ n}. It is obvious that G is an abelian group. Set

Lŝo2mn
(1, 0)G = {v ∈ Lŝo2mn

(1, 0) | g(v) = v, g ∈ G}.

Let V = L
(1)

ŝo2m
(1, 0) ⊗ L

(2)

ŝo2m
(1, 0) ⊗ · · · ⊗ L

(n)
ŝo2m

(1, 0) ∼= Lŝo2m(1, 0)
⊗n and

U = Lŝo2m(n, 0) be defined as above. We have the following lemma.

Lemma 4.9. U = Lŝo2m(n, 0) ⊆ Lŝo2mn
(1, 0)G and

Lŝo2mn
(1, 0)G = V = L

(1)

ŝo2m
(1, 0) ⊗ L

(2)

ŝo2m
(1, 0) ⊗ · · · ⊗ L

(n)
ŝo2m

(1, 0).

Proof. Recall that for 1 ≤ j ≤ n, L
(j)
ŝo2m

(1, 0) is generated by
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ψkj(−1

2
)ψlj(−1

2
)1, 1 ≤ k, l ≤ 2m. By the definition of σi, for any 1 ≤ i ≤ n

σi(ψkj(−1

2
)ψlj(−1

2
)1) = ψkj(−1

2
)ψlj(−1

2
)1.

So L
(j)
ŝo2m

(1, 0) ⊆ Lŝo2mn
(1, 0)G. This implies that V ⊆ Lŝo2mn

(1, 0)G. In

general, by the definition of σj, 1 ≤ j ≤ n, we have

σju = (−1)δji1+···+δji2ru,

for u = ψk1i1(−m1 − 1

2
) · · ·ψk2ri2r (−m2r − 1

2
)1 ∈ Lŝo2mn

(1, 0), where 1 ≤
k1, · · · , k2r ≤ 2m, 1 ≤ i1, · · · , i2r ≤ n, m1, · · · ,m2r ∈ N. Then for each j,

σju = u if and only if the number of ik’s which ik = j is even. This means

that u ∈ V . ���

4.1.3. The case n = 2N and N ≥ 2

In this subsection, we assume that m ∈ Z≥4, n = 2N ∈ 2Z+ and N ≥ 2.

Set

β∨
k =

√−1

2m∑
i=1

(ψi,N+k(−1

2
)ψik(−1

2
)1− ψi,N+k+1(−1

2
)ψi,k+1(−1

2
)1),

ek =
1

2

2m∑
i=1

[(ψik(−1

2
)ψi,N+k+1(−1

2
)1+ ψi,k+1(−1

2
)ψi,N+k(−1

2
)1)

+
√−1(ψik(−1

2
)ψi,k+1(−1

2
)1+ ψi,N+k(−1

2
)ψi,N+k+1(−1

2
)1)],

fk =
1

2

2m∑
i=1

[−(ψik(−1

2
)ψi,N+k+1(−1

2
)1+ ψi,k+1(−1

2
)ψi,N+k(−1

2
)1)

+
√−1(ψik(−1

2
)ψi,k+1(−1

2
)1+ ψi,N+k(−1

2
)ψi,N+k+1(−1

2
)1)],

for 1 ≤ k ≤ N − 1 and

β∨
N =

√−1

2m∑
i=1

(ψi,2N−1(−1

2
)ψi,N−1(−1

2
)1+ ψi,2N (−1

2
)ψiN (−1

2
)1),

eN =
1

2

2m∑
i=1

[(−ψi,N−1(−1

2
)ψi,2N (−1

2
)1+ ψiN (−1

2
)ψi,2N−1(−1

2
)1)

+
√−1(ψi,N−1(−1

2
)ψiN (−1

2
)1− ψi,2N−1(−1

2
)ψi,2N (−1

2
)1)],
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fN =
1

2

2m∑
i=1

[(ψi,N−1(−1

2
)ψi,2N (−1

2
)1− ψiN (−1

2
)ψi,2N−1(−1

2
)1)

+
√−1(ψi,N−1(−1

2
)ψiN (−1

2
)1− ψi,2N−1(−1

2
)ψi,2N (−1

2
)1)].

Then {β∨
k , ek, fk, 1 ≤ k ≤ N} are Chevalley generators of son and generate

the vertex operator subalgebra X ∼= Lŝon(2m, 0). For 1 ≤ i < j ≤ n, set

u(ij) =

2m∏
k=1

(ψki(−1

2
) +

√−1ψkj(−1

2
))1, (4.9)

v(ij) =

2m∏
k=1

(ψki(−1

2
)−√−1ψkj(−1

2
))1. (4.10)

The following lemma can be checked by a direct calculation.

Lemma 4.10. For 1 ≤ i < j ≤ n,

u(ij), v(ij) ∈ CLŝo2mn
(1,0)(Lŝo2m(n, 0)).

Furthermore, for 1 ≤ k ≤ N , r ∈ Z+, we have

β∨
k (r)u

(ij) = ek(r)u
(ij) = fk(r)u

(ij) = 0,

β∨
k (r)v

(ij) = ek(r)v
(ij) = fk(r)v

(ij) = 0,

and

β∨
1
(0)u(1,N+1) = 2mu(1,N+1), β∨

s (0)u
(1,N+1) = 0, ek(0)u

(1,N+1) = 0,

β∨
1
(0)v(1,N+1) = −2mv(1,N+1), β∨

s (0)v
(1,N+1) = 0, fk(0)v

(1,N+1) = 0,

where 2 ≤ s ≤ N , 1 ≤ k ≤ N .

Let Λi, i = 0, 1, · · · , N, be the fundamental weights of the affine Lie alge-

bra ŝon. Notice that Lŝo2mn
(1, 0) is an integrable module of X = Lŝon(2m, 0).

Therefore, the Lŝon(2m, 0)-submodule of Lŝo2mn
(1, 0) generated by u(1,N+1) is

irreducible and is isomorphic to Lŝon(2m, 2mΛ1) by Lemma 4.10. We simply

denote the Lŝon(2m, 0)-submodule generated by u(1,N+1) by Lŝon(2m, 2mΛ1).

Notice that U ⊗X ∼= Lŝo2m(n, 0)⊗ Lŝon(2m, 0) is a full vertex operator

subalgebra of Lŝo2mn
(1, 0). From now on, we simply identify U ⊗ X with

Lŝo2m(n, 0)⊗ Lŝon(2m, 0). The following lemma comes from [35].



2019] LEVEL-RANK DUALITY 47

Lemma 4.11.

(1) If m ≡ N ≡ 1 mod 2, the simple vertex operator algebras W such that

Lŝo2m(n, 0) ⊗ Lŝon(2m, 0) ⊆ W ⊆ Lŝo2mn
(1, 0) are in one to one corre-

spondence with the subgroups of Z/2Z× Z/2Z.

(2) The simple vertex operator subalgebras W such that

Lŝo2m(n, 0) ⊗ Lŝon(2m, 0) ⊆ W ⊆ Lŝo2mn
(1, 0) are in one to one corre-

spondence with the subgroups of (Z/2Z)3 if m ≡ N ≡ 0 mod 2, and the

subgroups of Z/2Z× Z/4Z if m ≡ 0 mod 2 and N ≡ 1 mod 2.

We have the following lemma.

Lemma 4.12. For m ∈ Z≥4, n = 2N ∈ 2Z+ and N ≥ 2,

CLŝo2mn
(1,0)(Lŝo2m(n, 0)) = Lŝon(2m, 0) ⊕ Lŝon(2m, 2mΛ1).

Proof. By Lemma 4.8 and Lemma 4.10, we have

Lŝon(2m, 0) ⊕ Lŝon(2m, 2mΛ1) ⊆ CLŝo2mn
(1,0)(Lŝo2m(n, 0)).

If m ≡ N ≡ 1 mod 2, by (1) of Lemma 4.11, the simple vertex operator

algebras W such that Lŝo2m(n, 0) ⊗ Lŝon(2m, 0) ⊆ W ⊆ Lŝo2mn
(1, 0) are in

one to one correspondence with the subgroups of Z/2Z × Z/2Z. Then we

can deduce that

CLŝo2mn
(1,0)(Lŝo2m(n, 0)) = Lŝon(2m, 0) ⊕ Lŝon(2m, 2mΛ1).

If m ≡ 0 mod 2 or N ≡ 0 mod 2. Set

w1 =

m∏
i=1

N∏
k=1

[√−1
(
ψik(−1

2
)1−√−1ψi,N+k(−1

2
)1
)

+
(
ψm+i,k(−1

2
)1−√−1ψm+i,N+k(−1

2
)1
)]

,

w2 =
m∏
i=1

(
N−1∏
k=1

((
ψik(−1

2
)1+

√−1ψi,N+k(−1

2
)1
)
+

√−1
(
ψm+i,k(−1

2
)1

+
√−1ψm+i,N+k(−1

2
)1
)))(

(ψiN (−1

2
)1−√−1ψi,2N (−1

2
)1)

+
√−1(ψm+i,N (−1

2
)1−√−1ψm+i,2N (−1

2
)1)

)
.
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Then it can be checked directly that

n∑
j=1

α∨
kj(r)w

i =

n∑
j=1

ekj(r)w
i =

n∑
j=1

fkj(r)w
i = 0,

β∨
s (r)w

i = es(r)w
i = fs(r)w

i = 0,

where i = 1, 2, r ∈ Z+, 1 ≤ k ≤ m, 1 ≤ s ≤ N . Furthermore, we have⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

n∑
j=1

α∨
lj(0)w

1 = 0,

n∑
j=1

α∨
mj(0)w

1 = −nw1,

n∑
j=1

fkj(0)w
1 = 0,

1 ≤ k ≤ m, 1 ≤ l ≤ m− 1,

⎧⎪⎪⎨⎪⎪⎩
β∨
s (0)w

1 = 0,

β∨
N (0)w1 = −2mw1,

fk(0)w
1 = 0,

1 ≤ s ≤ N − 1, 1 ≤ k ≤ N,

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

n∑
j=1

α∨
lj(0)w

2 = 0,

n∑
j=1

α∨
mj(0)w

1 = nw2,

n∑
j=1

ekj(0)w
1 = 0,

1 ≤ k ≤ m, 1 ≤ l ≤ m− 1,

⎧⎪⎪⎨⎪⎪⎩
β∨
s (0)w

2 = 0,

β∨
N−1

(0)w1 = −2mw1,

ek(0)w
1 = 0,

s = 1, · · · , N − 2, N, 1 ≤ k ≤ N.

This means that the Lŝo2m(n, 0)⊗Lŝon(2m, 0)-submodule of Lŝo2mn
(1, 0) gen-

erated by w1 is isomorphic to Lŝo2m(n, nΛm) ⊗ Lŝon(2m, 2mΛN ), and the

Lŝo2m(n, 0) ⊗ Lŝon(2m, 0)-submodule of Lŝo2mn
(1, 0) generated by w2 is iso-

morphic to Lŝo2m(n, nΛm)⊗Lŝon(2m, 2mΛN−1). By (2) of Lemma 4.11, the

simple vertex operator subalgebras W such that Lŝo2m(n, 0)⊗Lŝon(2m, 0) ⊆
W ⊆ Lŝo2mn

(1, 0) are in one to one correspondence with the subgroups

of (Z/2Z)3 if m ≡ N ≡ 0 mod 2, and the subgroups of Z/2Z × Z/4Z if

m ≡ 0 mod 2 and N ≡ 1 mod 2. By the fusion rules of affine vertex
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operator algebras of type D (see [41]), we have

CLŝo2mn
(1,0)(Lŝo2m(n, 0)) = Lŝon(2m, 0) ⊕ Lŝon(2m, 2mΛ1)

as desired. ���

Recall that G ≤ Aut(Lŝo2mn
(1, 0)) is the abelian group generated by σi,

1 ≤ i ≤ n, where σi is defined as in (4.8). The following is the main result

of this subsection.

Theorem 4.13. For m ∈ Z≥4, n = 2N ∈ 2Z+ and N ≥ 2,

(1) CLŝo2m
(1,0)⊗n(Lŝo2m(n, 0)) = (Lŝon(2m, 0) ⊕ Lŝon(2m, 2mΛ1))

G.

(2) CLŝo2m
(1,0)⊗n(Lŝo2m(n, 0)) is generated by u(ij) + v(ij), 1 ≤ i < j ≤ n.

Proof. By Lemma 4.12, we have

CLŝo2mn
(1,0)(Lŝo2m(n, 0))=CLŝo2mn

(1,0)(U)=Lŝon(2m, 0) ⊕ Lŝon(2m, 2mΛ1).

Recall that Lŝon(2m, 0) is generated by
2m∑
k=1

ψki(−1

2
)ψkj(−1

2
)1, 1 ≤ i, j ≤ n.

Since for 1 ≤ r ≤ n,

σr

( 2m∑
k=1

ψki(−1

2
)ψkj(−1

2
)1
)
= (−1)δri+δrj

2m∑
k=1

ψki(−1

2
)ψkj(−1

2
)1,

it follows that Lŝon(2m, 0) is invariant underG, that is, G acts on Lŝon(2m, 0).

By (4.9) and (4.10) we have⎧⎪⎪⎨⎪⎪⎩
σ1u

(1,N+1) = v(1,N+1),

σN+1u
(1,N+1) = v(1,N+1),

σju
(1,N+1) = u(1,N+1),

j �= 1, N + 1.

Notice that Lŝon(2m, 2mΛ1) is generated by u(1,N+1) and v(1,N+1) is in the

son-submodule of Lŝon(2m, 2mΛ1) generated by u(1,N+1), we know that G

acts on Lŝon(2m, 2mΛ1), also. Then (1) follows from Lemma 4.9 and (2)

follows from Lemma 4.10. ���
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4.1.4. The case n = 2N + 1, N ∈ Z+

In this subsection, we assume that m ∈ Z≥4, n = 2N + 1 ∈ 2Z + 1 and

N ∈ Z+. Using Table 3 of [35], we can deduce the following result.

Lemma 4.14. For m ∈ Z≥4, n = 2N + 1 ∈ 2Z+ + 1 and N ∈ Z+,

CLŝo2mn
(1,0)(Lŝo2m(n, 0)) = Lŝon(2m, 0).

By Lemma 4.14 and Lemma 4.9, we have

Theorem 4.15. For m ∈ Z≥4, n = 2N + 1 ∈ 2Z+ 1 and N ∈ Z+,

CLŝo2m
(1,0)⊗n(Lŝo2m(n, 0)) = Lŝon(2m, 0)G.

4.2. Type B

Let m,n ∈ Z+. We now consider the Clifford algebra Cl(2m+1)n gener-

ated by

ψij(r), r ∈ Z+
1

2
, 1 ≤ i ≤ 2m+ 1, 1 ≤ j ≤ n,

with the non-trivial relations

[ψij(r), ψkl(s)]+ = δikδjlδr+s,0,

where 1 ≤ i, k ≤ 2m+ 1, 1 ≤ j, l ≤ n, r, s ∈ Z+ 1

2
.

Let F(2m+1)n be the irreducible Cl(2m+1)n-module generated by the cyclic

vector 1 such that

ψij(r) = 0, for r > 0, 1 ≤ i ≤ 2m+ 1, 1 ≤ j ≤ n.

Define the following fields on F(2m+1)n

ψij(z) =
∑
r∈Z

ψij(r +
1

2
)z−r−1.

The fields ψij(z), 1 ≤ i ≤ 2m+1, 1 ≤ j ≤ n generate on F(2m+1)n the unique

structure of a simple vertex superalgebra [22, 34, 37, 40, 1]. Recall from [21]
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that

Feven
(2m+1)n

∼= Lŝo(2m+1)n
(1, 0).

4.2.1. The case n = 2

Let
⊕

2m+1

i=1
Zεi be a lattice such that (εi, εj) = δij . Set

γ =
2m+1∑
i=1

εi.

Let VZ2γ be the lattice vertex operator algebra associated with the lattice

L = Z2γ. Let σ be the automorphism of VZ2γ defined by

σ(γ(−n1)γ(−n2) · · · γ(−nk)e
α) = (−1)kγ(−n1)γ(−n2) · · · γ(−nk)e

−α

for ni ≥ 1, 1 ≤ i ≤ k and α ∈ L. The following result follows from [1].

Theorem 4.16.

CLŝo2m+1
(1,0)⊗2(Lŝo2m+1

(2, 0)) ∼= V σ
Z2γ .

4.2.2. The case n ≥ 3

As in Subsection 4.1.2, we define the vertex operator algebra automor-

phism σi of Lŝo(2m+1)n
(1, 0) for 1 ≤ i ≤ n as follows:

σi(ψkj(−1

2
)ψrs(−1

2
)1) = (−1)δij+δisψkj(−1

2
)ψrs(−1

2
)1.

Then

σ2

i = id.

Denote by G the automorphism group of Lŝo(2m+1)n
(1, 0) generated by

{σi, 1 ≤ i ≤ n}. Then G is an abelian group. Set

Lŝo(2m+1)n
(1, 0)G = {v ∈ Lŝo(2m+1)n

(1, 0) | g(v) = v, g ∈ G}.

Similar to the proof of Lemma 4.12 and Lemma 4.14, using Table 3 of
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[35] we can deduce that for n ≥ 3,

CLŝo(2m+1)n
(1,0)(Lŝo2m+1

(n, 0)) = Lŝon(2m+ 1, 0).

Then as discussions in Section 4.1.4, we have

Theorem 4.17. For n ≥ 3,

CLŝo2m+1
(1,0)⊗n(Lŝo2m+1

(n, 0)) = Lŝon(2m+ 1, 0)G.

Remark 4.18. By the above results, [42, Theorem 5.6], [45, Theorem 1],

and [8, Theorem 5.24], the commutant vertex operator algebra

CLŝom
(1,0)⊗n(Lŝom(n, 0)) is regular for m,n ∈ Z≥2. Then the classification of

irreducible modules of the commutant vertex operator algebra follows from

[16].
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