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Abstract

Finite dimensional irreducible modules of the two-parameter quantum enveloping
algebra U, s (s, ) are explicitly constructed using the fusion procedure when rs ™! is generic.
This provides an alternative and combinatorial description of the Schur-Weyl duality for

the two-parameter quantum linear algebras of type A.

1. Introduction

Schur-Weyl duality is one of the main methods to construct irreducible
modules of the classical simple Lie groups out of the fundamental representa-
tions [22]. The quantum version for the quantum enveloping algebra U,(sl,,)
and the Hecke algebra H,(&,,) has played an important role in the fervent
development of quantum groups. They provide one of the first examples [13]
to show the similarity between the classical and quantum theories.

Two-parameter general and special linear quantum groups [21, 8, 4] are
further generalization of the corresponding one-parameter Drinfeld-Jimbo
quantum groups [7, 12]. The two-parameter quantum groups also had their
origin in the quantum inverse scattering method [20] as well as other ap-
proaches [14, 6]. In particular, the Schur-Weyl duality was also generalized
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16 NAIHUAN JING AND MING LIU [March

to the two-parameter case [2]. As in the classical situation, let V' be the
natural n— dimensional module of U, s(sl,,), then arbitrary irreducible mod-
ules can be constructed using the (r,s)-symmetric tensor S7 (V) and the
R-matrix R = Ryy for two-parameter quantum group U, s(sly,). Alterna-
tively any finite dimensional irreducible U, 4(sl,)-module can be built from
the tensor product V®™ using the symmetry of the Hecke algebra H,(G,,),

where ¢ = /s/r.

In this work we give an alternative description of all irreducible represen-

~1is not a root of unity) using the developments [11] of the fusion

tations (rs
procedure [3] in the quantum inverse scattering method. It seems that the
two-parameter case can be treated quite similarly using the fusion procedure,
thus one can more or less apply the known results from the one-parameter
case to get corresponding formulas. As there is an abstract argument avail-
able to construct the irreducible modules in the two-parameter case, we
nevertheless give a detailed description of all irreducible U, 4(sl,)-modules

using the fusion procedure to supplement the existing theory.

Much of the results in the paper are expected for the experts, and we
hope the current presentation can further show the similarity and connection
to the one-parameter case. The one-parameter case is adapted into the two
parameter situation in a self-contained manner and we try to be complete
as much as possible for pedagogical purpose.

2. Two-parameter Quantum Group U, 4(sl,) and R-matrix

We start with the basic definition of the two-parameter quantum groups
Ur.s(gl,), Uy s(sl,) following the notations in [2]. Let Il = {oj = €j—€j41]j =
1,2,...,n—1} be the set of the simple roots of type A, _1, where €1, €9, ..., €,
are an orthonormal basis of a Euclidean space with inner product (, ). The
root system is then ® = {¢; — ¢;|1 < i # j <n}.

Fix two distinct nonzero complex numbers r, s, and assume they are in

general position.

Definition 2.1. The two-parameter quantum enveloping algebra
U = U,4(gl,) is the unital associative algebra over C generated by e;, f;,
(1 <j<mn)and ', b, (1 <i<n) with the following relations:

(R1) aiﬂ, bijEl commute with each other, and aia;l = bib;1 =1,
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(R2) ae = rlle; and a;fja; b = r{o) £,
(R3) bzejbl_ sleide; and b;f;b;t = s~ f,
(R4) [eq, f5] = 2 (azbir1 — aip1by),

(RD) e, e5] = [fi; fi] = 0,if |i — j| > 1,

(R6) e? ceiv1 — (r+ s)ejeip1e; + rseHlei =0 and

2
eier, 1 — (r+ s)eip1eieip1 +rsed e =0,

(RT) fEfisr = (" + s D fifirrfi+ r*lss*ﬂHf2 =0 and
Jifto = s D fia fifipr + s fi = 0,
where [z, y] = zy — yx is the commutator.

The algebra U = U, 4(sl,,) is the subalgebra of U= U, s(gl,,) generated
by the elements e;, fj, w; and w; (1 < j < n), where wj = a;jbjy1, and

wj = aj11bj. These elements satisfy the relations (R5)-(R7) along with

(R1") The w;, w ] are invertible and they all commute with each other,
(R2) wiej = rioi)sleirntide w, and w; f; = r= (€0 s={€irnes) o,
(R3') wle; = pleit1,05) slevilew! and wif; = 7«_<€i+170‘]’>5_<5i=04j)fng’
(R [ei, f] = 7% (w; — w)).

Clearly when 7 = ¢, s = ¢!, the algebra U modulo the ideal generated

1

by the elements w; "~ —w}, 1 < j < n, is isomorphic to Uy(sly).

The algebra U, 4(sl,,) is a Hopf algebra under the comultiplication A such
that w;, w] are group-like elements and the other nontrivial comultiplications,
counits and antipodes are given by:

Ale)) = e @1+w; ®e, A(f;) =1® fi + fi ® wj,
e(e;) = e(fi) =0,5(e;) = —w; Lei, S(fi) = fiwgil'

The representation theory of U, s(sl,) is quite similar to that of one-
parameter case. We recall some of the basic notations for later discussion.
Let A = Zey © Zey @ - -- @ Ze, be the weight lattice of gl,,, Q@ = Z® the
root lattice, and Q4 = Z?:_ll Z>poy, where ¢; are the orthonomal vectors as
before. Recall that A is equipped with the partial order given by v < X if
and only if A\ —v € Q4.
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For each A € A one defines the algebra homomorphism AU C by:

~ ~

Aai) =l \(by) = sl (2.1)

where U° is the subalgebra of U, s(gl,) generated by a;cl, bfcl (1 <i<n).
Then the restriction of A : U? — C of A to the subalgebra U of U generated
by wj, wj (1 < j < n) satisfies:

Aw;) = rioNslemd) - (@) = plord e, (2.2)

Lis not a root of unity, the homomorphisms

It was shown in [1] when rs~
N = i if and only if the corresponding weights A = p. These homomorphisms
are called generalized weights. For an algebra homomorphism y : U? — C

one defines the generalized weight subspace of U, ;-module M by

M, ={ve M|(w;—x(w;))™v=(w;—x(w;))™v=0, for all i and for some m}.

If m = 1, the subspace M, becomes a weight subspace associated with
the homomorphism y. Since UY is commutative, it is easy to see that any
finite dimensional U, ;-module M can be decomposed into a sum of general-

ized weight subspaces:

M =P M,. (2.3)

When all generalized weights in M are of the form x.(—a) for a fixed x
and « varying in Q4 (here x.(—a)(w;) = x(wi)(—a)(w;) and x.(—a)(w}) =

x(wh)(—a)(w))), we say M is a highest weight module of weight x and write
M = M(x). Benkart and Witherspoon [2] have shown that when M is sim-
ple, all generalized weight subspaces are actually weight subspaces. More-
over, if all generalized weights are of the form X for \ € A, we will simply

write M)y for My, and similarly the highest weight module M(\) will be
denoted as M ().

One can also define the notion of Verma modules M () as in the classical
situation. It is known [2] that all finite dimensional simple U, 4(sl,)-modules
are realized as simple quotients of Verma modules. We will write by V' (\)

the simple quotient of the Verma module M (\).
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Now let us look at the simplest irreducible module V' (@;). Let V' be
the n-dimensional vector space over C with basis {v;|]1 < j < n}, and
E;ij € End(V) be defined by Ejjvy = 6j,v;. Define the U, 4(sl,,)-action on V'
by

ej = Ejjr, [ = Ejq,
wj=rEjj+sEjjm+ > B,
ki 1
/
w; = SE]'J' + TE]'+17J'+1 + Z Eyp,
k#3,5+1

where 1 < 7 < n —1. It is clear that V = @?:1 Ve, and it is the simple
Uy s(sl,)-module V (@wy).
Let R=Ryy :V®V — V®V be the R-matrix defined by
n
R= Z Eii@Eii+r Z Eji®Ejj+s" Z Eij®@Eji+(1-rs™) Z Ej;® Eyi,
i=1 1<j 1<J 1<J
(2.4)
which is essentially determined by the simple module V' and the comultipli-

cation A (see Prop. 2.2) . For each 1 <i < k let R; be the isomorphism on
V@ defined by

Ri(w1®w2®"'®wk) :w1®"'®R(wz‘®wi+1)®wi+2®"'®wk-
Then we have the braid relations:
RiRi\1Ri = RiiRiRip1  for 1<i<k-—1, (2.5)
The construction also implies that for |i — j| > 2,
RiR; = R R..
Moreover one can directly check that
i

R2=(1- g)Ri + gld (2.6)

for all 1 < i < k. In particular, the minimum polynomial of R on V @ V is
(t=1)(t+ %) if s # —r [2].
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Proposition 2.2 ([2]). The endomorphisms R; € End(V®*) commute with
the action of U, s(sl,) on vk,

Proof. By the Hopf algebra structure of U, s(sl,,) it is enough to check this
for k = 2. Then it is a direct verification to confirm that R commutes with
A(e;), A(fi), A(w;), A(w]) for i =1,--- ,n— 1 on the fundamental represen-
tation V (). O

3. Yang-Baxterization and the Wedge Modules of U, s(sl,,)

The fusion procedure relies on the spectral parameter dependent R-
matrix R(z), which satisfies the so-called quantum Yang-Baxter equation.
One form of the Yang-Baxter equation (YBE) is the following matrix equa-
tion on V®3;

Ri(z)Ra(zw)Ry (w) = Ra(w) Ry (z2w)Ra(2). (3.1)

where R(0) = R. The Yang-Baxterization method recovers the spectral
parameter dependent R-matrix R(z) from the initial condition (2.5) at z = 0.
The Yang-Baxterization process was carried out for the two-parameter

R-matrix in [16] using the method of [9].

Proposition 3.1 ([16]). For the braid group representation R = Ry, the
R-matriz R(z) is given by

R(z) = (1—21"3 ZEMQQE“—F (1 —2)( Z—i—s 12 Ej;®F

i=1 >] 1<j
+z(1—rs™ Z Ei®FEjj+ (1 —rs” Z E; ®F (3.2)
1<j 1>7

Remark 3.2. Clearly R(0) = R. Moreover, when r = ¢ and s = ¢!, the

R-matrix R(z) turns into
n
Ry(z) = (1-2¢%) Z Eii® Ei + (1 - Z)QZ Ei; ® Ej;
Z‘i

1#]
+(1 - qz)(z +z Z)En ® Ejj,

i>7 1<j
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which is exactly the Jimbo R-matrix for the quantum affine algebra Uq(s,A[n)
[12]. In this regard we can view R(z) as an (r, s)-analogue of the R-matrix
R,(z) of the quantum affine algebra Uq(;[n) [10]. The one-parameter R-

matrix can also be used to treat the quantum algebra Ugy(gl(m|n)) [19].

For convenience, we introduce a normalized R-matrix with two spectral

parameters
- syR x/y
Rla,y) = 220
Yy —
Sy — 1T
o e M O YO YL
X z>] 1<J
(s —r)x
S miomy+ E S mioEy,. (339
1<j i>]

The original YBE immediately implies the following Yang-Baxter equation:
Ri(xa y)RH—l (IL', Z)RZ (ya Z) = Ri-i‘l(ya Z)Rz(xa Z)Ri-l-l (IL', y) (34)

Let S? (V) be the subspace of V ® V spanned by {v; ® v;]1 < i <
n}U{v;®v;+sv; @]l <i<j<n}and A%S(V) be the subspace of V@V
spanned by {v; ® v; —rv; ® v;|1 <i < j <nj.

Proposition 3.3 ([16]). The subspace S7 (V) is equal to the image of
R(1,r71s) on V@V, and A2,(V) is equal to the image of R(1,7s7') on
VeVv.

Remark 3.4. The above result is equivalent to S? (V) = Ker R(1,sr71)
and A2 (V) = Ker R(1,s7'r). This suggests that special values of the Yang-
Baxter matrix can lead to irreducible modules, which we will show in general

in Section 6.

Proposition 3.5 ([16]). The kth fundamental representation of Uy s(sly,)

can be realized as the following quotient of the k-fold tensor product

vk Z VO RS (V)@ VEETT 2 v(g)). (3.5)
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In Section 6 we will give an alternative way to construct all irreducible
modules using the Yang-Baxter equation.

4. The Hecke Algebra and the Schur-Weyl Duality for U, s(gl,,)

For any r, s € C\{0}, we introduce the Hecke algebra H,,(r, s) as follows.

Definition 4.1. The Hecke algebra H,,(r, s) is the unital associative algebra
over C with generators T;, 1 < ¢ < m, subject to the following relations:

(H1): TiTi1 T = Ti 1 TiTi41, 1<i<m-—1,
(H2): T,T; = T;T,, li— 4] > 1,
(H3): (I; —1)(T; + %) = 0.

Remark 4.2. When r # 0, the elements t; = \/ETZ satisfy

(H3'):(t; — \/g)(ti + \/g) = 0.

If we set ¢ = \/§ , the two parameter Hecke algebra H,,(r, s) is isomor-
phic to H,,(q), the Hecke algebra associated to the symmetric group S,,.
By a well-known result of Hecke algebras H,,(r,s) is semisimple whenever
\/g is not a root of unity.

From Section 2, it is easy to verify that the U, s(gl,,)-module V®™ affords
a representation of Hecke algebra H,,(r, s):

H,(r,s) — EndUrys(g[n)(VQQm) (4.1)
T, — R (1<i<m).

Benkart and Witherspoon [2] gave a two parameter analogue of the
Schur-Weyl duality for U, s(sl,) and the Hecke algebra H, (&) associated
with the symmetric group &g, which we recall as follows.

1

Proposition 4.3 ([2]). Assume rs™' is not a root of unity. Then:

(i) Hm(r,s) maps surjectively onto Endy, (g (V™).

(i) if n > m, Hpy(r,s) is isomorphic to Endy, (g (VE™).
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Let A = (A1, A2,...,\;) be a partition, where [ = [()\) is the length.

Corollary 4.4. Whenrs~! is not a root of unity, as an (U s(gl,)@Hp, (1, s))
-module, the space VO™ has the following decomposition:

YoM o EBVA Q VA,
A

where the partition XA of m runs over the set of partition such that (X)) < n,
Vi is the U, s(gl,)-module associated to A\, and VX is the H,,(r,s)-module
corresponding to .

Remark 4.5. The above theorem is a two-parameter version of the well-
known result of Jimbo [13].

In section 6 we will give detailed information on the idempotents, which
will then give a realization of all irreducible modules.

5. The Orthogonal Primitive Idempotents of H,,(r,s)

For any index i = 1,...,m — 1, let s; = (i,i + 1) be the adjacent
transposition in the symmetric group &,,. Take any element o € &,, and
choose a reduced decomposition o = s;, s;, - - - s5,. Denote T, = T}, T}, - - - T;, ,
this element in H,,(r,s) does not depend on the reduced decompositions of
o [11].

The Jucys-Murphy elements of H,,(r, s) are defined inductively by

vy =1, Yk+1 = ;Tkyka, (5.1)
where k = 1,...,m — 1. These elements satisfy
ye Tt = Tiyg, I#kk—1
In particular, y1, ¥y, ..., ym generate a commutative subalgebra of H,,(r, s).
For any k =1,...,m, we let w; denote the unique longest element of sym-

metric group &g, which is regarded as a natural subgroup of &,,. The
corresponding elements Ty, € Hy,(r,s) are given by T,,, =1 and

Tw, = TW(T2Th) - (Tx—2Tk—3--T1)(Th—1Tk—2---T1)

k
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= (Tl e Tk—QTk—l)(Tl e Tk_ng_g) e (T1T2)T1, k = 2, cee M. (52)

It can be verified easily that

T T = Ty jTu, 1<j<k<m, (5.3)
k(k—1)
2 AN
Ty, = (g) Y1Yy2 -« - Yk, k=1,...,m. (5.4)
For each i = 1,...,m — 1, we define the elements [18]:
s—r
Ti(x,y) = sTi + 5— (5.5)

xT

where x,y are complex variables. We will regard T;(x,y) as a rational func-
tions in z,y with values in H,,(r,s). These functions satisfy the braid rela-
tions:

Ti(xv y)Ti-H('% Z)Ti(yv z) = Ti+1(yv Z)E(x7 Z)Ti-i-l(xv y) (5'6)

We will identify a partition A = (A1, Ag,...,A;) of m with its Young
diagram. The Young diagram is a left-justified array of rows of cells such
that the first row contains A; cells, the second row contains Ao cells, etc.
A cell outside A is called addable to A if the union of A and the cell is a
(proper) Young diagram. A A — tableau is obtained by filling in the cells
of the Young diagram bijectively with the numbers 1,...,m. A tableau T
is called standard if the entries of the tableau increase along the rows and
down the columns. If a cell occurs in the (i,j)-th position, its (r,s)-content
will be defined as (£)7~. Let o} denote the (r,s)-content of the cell occupied
by kin T.

Example 5.1. For A = (2,1), the corresponding Young diagram is

The cells at the positions (1,3), (2,2), (3,1) are the addable cells. For the
A-tableau T = , its (r, s)-contents are o1 =1, 03 = £, 03 = 2.

A set of primitive idempotents of H,,(r, s) parameterized by partitions
A of m and the standard A-tableaux T can now be defined inductively by
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the following rule [5]. Set E = 1 if m = 1, whereas for m > 2, one defines

inductively

(Ym —p1) - (Ym — pr)
(0 —p1)-(o—pr)

where U is the tableau obtained from T by removing the cell o occupied

E} =E} (5.7)

by m, p is the shape of U, and py,...,px are the (r,s)-contents of all the

addable cells of u except for «, while o is the (r,s)-content of the latter.

These elements satisfy the characteristic property that if A and X are

partitions of m

E%E%l/ - 5/\,)\/6T,T’E% (58)

for arbitrary standard tableaux T and T of shapes A\ and X respectively.

Moreover,
S Ep=1, (5.9)
AT

summed over all partitions A of m and all the standard A-tableaux T

6. Fusion Formulas for the Orthogonal Primitive Idempotents of
Hy(r, 5)

We now apply the fusion formulas [11] to the situation of the two-
parameter quantum algebra to derive a corresponding formula for the idem-
potents of H,,(r,s), which can then be used to construct all the irreducible

Uy s(sl,)-modules.

Let A = (A1,..., ;) be a partition of m, the conjugate partition N =
(A],...,A) of A the partition of m whose diagram obtained by reflection in
the main diagonal. Hence X, is the number of nodes in the ith column of \.
Define

bA) = (A;>.
i>1 2
If @« = (7,7) is a cell of A, then the corresponding hook is defined as h, =
Ai+ N —i—j+ 1



26 NAIHUAN JING AND MING LIU [March

Now we introduce the rational function in complex variables uq, ..., U,

with values in H,,(r, s),

Uur,.oyum)= [ (Telur, ung) Tooa (uz, 1) - - To(ug, upi)) - T L

m

where the product is carried out in the order of K = 1,--- ;m — 1. The
following theorem is obtained by a similar argument as in the one-parameter

case [11].

Theorem 6.1. For the partition A of m and a standard \-tableau T, the

idempotents E% can be obtained by the consecutive evaluations

E% = f()‘)\ll(ula cee ’um)|U1:0'1 |u2=02 T |Um:0'm’ (61)
where
J) = Gy G =Sy L= 0
Q€A

Example 6.2. For m =2 and A = (2) we get
By = fN T +7),

where f(\) = -, for the standard tableau T = [i[2], In particular, o1 = 1,

r+s?

_— S
0'2—;.

Example 6.3. For m =2 and A = (1,1), we get

82
By = f0Z(1-Th),

where f(\) = ———, for the standard tableau T' = , In particular, o1 = 1,

s(r+s)
g9 = g

1
Example 6.4. For m =3, A= (1,1,1), T = , we have
3

6
s
U (ur,u2, u3)|ui =0 lus=os lus =3 = ﬁ(l — T T+ T Th + ToTy — ThIXTh),
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and f()\) = (s+r)(32frs+r2)s

=. Thus we get

$3

E) = 1—T) =Ty + Ty + ToTy — TYTLT
T (8+T)(82+T8+r2)( 1 — T+ TV + ToTh — TVIRTh),

which is the same as that in formula (5.7).

From Corollary 4.4, we have

B (V™) = By (@D Vi V7).
i

Since E2 annihilates the irreducible H,,(r, s)-module V', we have

Ex(VE™) = Ep(ED Vi ® VH) = Vi@ EpVA.
“w

Furthermore, since E2 acts on the irreducible module V* of H,,(r,s) as
a projector on a l-dimensional subspace, we can get the following explicit
description of the irreducible modules of U, 4(sl;,).

Theorem 6.5. For a partition A = (A1,...,\;) of m with length | < n and
T a standard \-tableau,

V() = Bp(VE™m)
is the finite dimensional irreducible representation of U, s(sl,,) with the high-
est weight Z?;ll()\i — Nig1)w;

Remark 6.6. We can see that Proposition 3.3 is a special case of Theorem
6.5. Actually, it is easy to check that R(1,7~'s) = s(sR + 7). While from
Example 6.2 for A = (2), we have

1
E) = T, .
T r—s(s 1+7)

Thus we have SZ (V) = R(1,r 1s)V®? = Erf,?)(V@). Similarly, using Ex-
ample 6.3 we have A2 (V) = R(1,rs 1 )V®2 = E(Tl’l)(V®2).
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