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Abstract

In [25], the second author defined a Landau-Ginzburg model for homogeneous spaces
G/P. In this paper, we reformulate this LG model in the case of the odd-dimensional
quadric X = Qam—_1. Namely we introduce a regular function Wean on a variety Xecan X C*,
where Xcan is the complement of a particular anticanonical divisor in the projective space
CP?™ ! = P(H*(X,C)*). Firstly we prove that the Jacobi ring associated to Wean is
isomorphic to the quantum cohomology ring of the quadric, and that this isomorphism is
compatible with the identification of homogeneous coordinates on Xcan C CP>™~! with el-
ements of H*(X,C). Secondly we find a very natural Laurent polynomial formula for Wecan
by restricting it to a ‘Lusztig torus’ in Xcan. Thirdly we show that the Dubrovin connec-
tion on H*(X,C[q]) embeds into the Gauss-Manin system associated to Wean and deduce
a flat section formula in terms of oscillating integrals. Finally, we compare (Xcan, Wean)
with previous Landau-Ginzburg models defined for odd quadrics. Namely, we prove that
it is a partial compactification of Givental’s original LG model [10]. We show that our
LG model is isomorphic to the Lie-theoretic LG model from [25]. Moreover it is bira-
tionally equivalent to an LG model introduced by Gorbounov and Smirnov [13], and it is
algebraically isomorphic to Gorbounov and Smirnov’s mirror for (03, implying a tameness

property in that case.
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1. Introduction

The geometric Satake correspondence [, [17, 20] constructs representa-
tions of a reductive algebraic group G in terms of geometry of the affine
Grassmannian of the Langlands dual group GV. It has its origins in the
seminal paper of Lusztig [17]. In this paper we describe the mirror symme-
try partner of a smooth, odd-dimensional complex quadric X = Q9,1 from
the point of view of its automorphism group GV = SOsg,11(C), Langlands
duality and the geometric Satake correspondence.

Recall that the Langlands dual group of SOsg,+1(C) is the symplectic
group Sps,,(C). The geometric Satake correspondence provides us with a
‘Langlands dual’ interpretation of the cohomology H*(X,C) of the smooth
quadric X = Qo,,_1 as follows. The quadric X appears as one of the simplest
Schubert varieties inside the affine Grassmannian of SOg,,+1(C),

X < Grgv = 8O02p41(C((2)))/ SO2m+1 (C[[t]]).

Namely this Schubert variety is associated to the first fundamental coweight
of SO2,,4+1(C). The geometric Satake correspondence reinterprets this
coweight as a dominant weight for the Langlands dual group, Sps,,(C).
Moreover the intersection cohomology of the associated Schubert variety
X is then understood to be the representation of Sp,,,(C) with that high-
est weight. In our setting, since the quadric is smooth, the intersection
cohomology coincides with the usual cohomology of X and we obtain the
interpretation,

H*(X,C)=C*" =V,

of the cohomology of X, where V,, is the defining representation of G =
Sp2m((c)'

In mirror symmetry a ‘mirror dual’ construction of the quantum coho-
mology ring of X is sought, along with other structures involving Gromov-
Witten invariants of X, see [1,4]. In the setting of the quadric X, the (small)
quantum cohomology ring is a 1-parameter deformation of H*(X, C), whose
structure constants are Gromov-Witten invariants that count 3-pointed genus
0 holomorphic curves in X subject to certain constraints. The result is a
commutative algebra structure on H*(X,C) ® C[g] which recovers the usual
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cohomology ring when ¢ — 0. For explicit formulas in the case of quadrics

we refer to [3].

There are various previous mirror constructions that apply to odd
quadrics, which we recall in Section 2. Some of these already recover the
quantum cohomology ring, and one construction is already in terms of the
Langlands dual group Sp,,,(C). The main new construction we introduce in
this paper combines the geometric Satake correspondence with the ‘Lang-
lands dual group’ construction of the mirror. As a result we construct a
mirror for the quadric X that is expressed in terms of coordinates which
are naturally identified with cohomology classes of the quadric. An analo-
gous construction was carried out for Grassmannians in [19], and then for

Lagrangian Grassmannians in [22].

The mirror of the quadric X takes the form of a Landau-Ginzburg model
or LG model, that is, of a pair (Xcan, Wean ), where Xcap is an affine Calabi-
Yau variety and Wy, is a regular function Xean — C. In our construction

Xecan 1s the complement of a particular anticanonical divisor in projective

space,
Xean := CP?™~1 = P(H*(X,C)*) = Proj (C[po, - - - , pam—1]) -

Here CP?™~! is viewed as the homogeneous space P(V,y,) for the sym-
plectic group G = Sp,,,(C). Thus the first equality is by the geometric
Satake correspondence. In the second equality, the variables or homoge-
neous coordinates, pg, p1,--.,P2m—1 are identified with the Schubert basis,

00,01, ,09m—1 € H*(X,C), which has one element in each even degree.

To give a concrete example, in the case of X = Q)3 our formula reads

2
Wcan,q = ]2 + pi? + qz2 (1)
bo  P1P2 — PopP3 b3

in terms of the homogeneous coordinates (pg : p1 : p2 : p3) on Xean = CP3,
which are identified with the Schubert classes of Q3.

In the case of X = Q)5 our formula reads

q
Po  P1P4 — PoP5  D2P3 — P1P4 + PoDs D5

2
h P2p4 p p1
Wcan7q - — + + 3 + (2)
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in terms of the homogeneous coordinates (pg : p1 : p2 : p3 : P4 : ps) on
Xean = CP5 , which are identified with the Schubert classes of (5.

We compare our formula with previous constructions of Landau-Ginzburg

models [10, 25, [13], and obtain various mirror theorems for our LG model.

1.1. Quantum cohomology

The LG model (Xcan, Wean) provides the following Jacobi ring descrip-
tion of the small quantum cohomology ring of the quadric X. Let 9; de-
note the i*" quadratic denominator of the superpotential Wea, when i =

1...m—1, and 6,, = pom—1. Then

qH* (X, C)[¢™"] = C[Xean x C;

a)/Vcan,q acham,q a)/Vcan,q
V( op1 ~ Opo ""’3p2m_1>
8chan,q 8)/Vcan,q 8chan,q
dp1 ' Ope ""’ﬁpzm_l)’

= (C[pla cee 7p2m—1751_17 o 75;7,17q:t1]/ (
(3)

where p; is identified with the (unique) Schubert class generator o; in qH% (X,
C) and we have set pg = 1. In particular, the equality (B]) says that the p;
span the right hand side as a free C[q, q_l}—module, and the multiplicative
structure constants compute 3-point genus 0 Gromov-Witten invariants of
the quadric X.

1.2. The Dubrovin connection and flat sections

The next more sophisticated mirror theorem says that the Gauss-Manin
connection defined using Wean 4 recovers Dubrovin’s connection on the free
Clg™']-module, H*(X,C[¢*!]), which is defined using the small quantum
cup product x4, see [3,14]. The precise statement is formulated in Section 11.
Namely we have a natural embedding of the Dubrovin connection into the
Gauss-Manin system, Theorem [II.I] in which the coordinates p; on the
Gauss-Manin side match up with the Schubert classes o; on the Dubrovin
connection side. The theorem in particular implies an integral formula for a
global flat section of the connection, which is stated in Corollary Much
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earlier Givental [10] constructed a flat section for this connection without us-
ing mirror symmetry, as a power series with coeflicients given by descendent
2-point Gromov-Witten invariants of X. Our Corollary implies integral
formulas for these invariants, via a comparison with Givental’s formula. See

the sequel paper [23].

To illustrate the flat section formulas, let X = Q3 and w be a meromor-

phic 3-form on CP? with simple poles along the divisor
D = {po =0} U {p3 = 0} U {p1p2 — pop3 = 0}.

Suppose I is a real 3-dimensional cycle in CP3 \ D for integrating over; e.g.
the compact 3-torus used in Section 1.3 below. Then our result implies that
the H*(X, C)-valued function in ¢,

s = ([ i) ors ([ s ([ i)
r r r
+ (/ ¢Vean,q w> o3,
r

satisfies the ‘flat section’ differential equation

d

— S =o01%, 5.
qdq 1 *q
Here we have set pp = 1 and used p1, p2, p3 as coordinates on CP?\ D, as in
Section 1.1.

We can improve on Theorem [[T.I]in the special case of X = Q3 using a
paper of Gorbounov and Smirnov. Namely in [13] Gorbounov and Smirnov
construct their own ad hoc partial compactification of the original Givental-
mirror [10] for Q2,,—1. They prove with Sabbah and Nemethi that their su-
perpotential Wgg is cohomogically tame, which implies that the associated
Gauss-Manin system reconstructs the Dubrovin connection without need-
ing to pass to a submodule, see [26]. We compare the Gorbounov-Smirnov
partial compactification of Givental’s mirror to the canonical LG model and
show that in the case of Q3 they are isomorphic. Together with the result
of [13], we obtain in this case an isomorphism of the Gauss-Manin system of
(Xcan, Wean) with the Dubrovin connection, see Theorem [I[T.1]
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For dimension greater than three the canonical LG model is only bi-
rationally isomorphic to the Gorbounov-Smirnov mirror. However it still
has the expected number of critical points. We therefore conjecture that
the canonical and the Lie-theoretic superpotentials are also cohomologi-
cally tame, and the isomorphism statement of Theorem [I[T.1] extends to all

quadrics.

1.3. The Lie-theoretic superpotential and Lusztig coordinates

The flat sections S(q) discussed above can also be written in terms
of (XLie,WLie), the Lie-theoretic LG model which was defined in [25]. In
this case the top degree coefficient of S(q) (with respect to the grading on

cohomology) takes on the form

Saron) = [ M, (4)
I'LieCXLic

Here X, is a (2m — 1)-dimensional affine subvariety of the full flag variety

Spam/B (it is a Schubert variety intersected with an opposite big cell), and

w is a particular holomorphic volume form on XLie. This formula (@) which

we prove here was conjectured in |25, Conjecture 8.1].

Crucial to our proofs is a new Laurent-polynomial LG-model. From the
point of view of Lie theory, Xcan can be described as the image inside Xcan =
CP?™~1 of the intersection of two opposite Bruhat cells. It is therefore
natural to restrict (Xcan, Wean) to a ‘Lusztig torus’ Xius inside X an. That
is we consider the same torus which would be used by Lusztig to parametrise
the totally positive part of Xean viewed as an Spa,,,-homogeneous space, in
the theory of total positivity [18]. After restriction of Weay, to this torus we
obtain a very nice Laurent polynomial, which is reminiscent of the standard

superpotential for projective space CP",

1
24—,
A

. Zn

and which can be used to compute the integral ().
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For example in the case of X = Q3 we have a 3-dimensional torus with
coordinates a, b, ¢, and

a+b
WLus7q:a+b+c+qabc. (5)
In the case of X = ()5 we have a 5-dimensional torus with coordinates
ai, az, bla b2a ¢, and
a1 + by

WLus7q:a1+a2+b1+bg+c+q (6)

alagblbgc'

We may rewrite our integral formulas in terms of these coordinates. For
example if X = ()3 we obtain the easily computable integral

(S(a)sou) = § § felorronsi) LA DA (7)

Finally, we note that analogous results in the parallel case of even
quadrics are worked out in [23]. For even-dimensional quadrics, the Lang-
lands dual homogeneous space is another even-dimensional quadric, thus the
canonical mirror (Xean, Wean) looks quite different from the one in the odd
quadrics case. However when we restrict to the Lusztig torus in that setting,
the formula is a straightforward generalisation of (H), (6l), etc., to an even
number of coordinates.

Acknowledgments

The second author thanks George Lusztig for his great PhD supervision
and for introducing her to the theory of total positivity, which turns out to
have so many beautiful connections. The second author also thanks Dale
Peterson for his inspiring lectures on quantum cohomology.

2. Overview of earlier LG models

We begin by recalling various earlier constructions of mirror Landau-
Ginzburg models which are relevant in our setting.

The Givental mirror. The earliest Landau-Ginzburg model construction
which applies to odd quadrics is due to Givental [10], who wrote down an LG
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model for any complex projective hypersurface Y — CPY. Givental’s LG
model is a regular function Wgiy on a hypersurface inside an N-dimensional

torus.

The odd quadric Qa,,—1 is a hypersurface inside CP?™, and Givental’s
mirror is a regular function on a particular hypersurface in a 2m-dimensional
torus, namely

q
(xla"'axQ )‘1‘2 + = =15.
{ R

In a more symmetric formulation the Givental mirror of Q9,1 is

2m+1
Xaiv = {(Vh s vamg1) € (CPH ] vi=a vam + vami1 = 1} ;
i=1

Waiv=v1+ -+ Vom—1.

Additionally, Xqjv comes with a holomorphic volume form. But we do not
include it here as it will not be used later.

The Przyjalkowski mirror. We use the notation (Xprz, Wey,) for a Lau-
rent polynomial mirror written down in [24] which extends Givental’s mirror
from Xqiy to a (2m — 1)-dimensional torus containing it. In the case where
Y is the smooth quadric Q3 in P* the Przyjalkowski mirror is given by

(Y3 +¢)?

Xpp, 1= (C*)3 b0 = Y1 + Yo )
Pr ( )7 WPr ,q 1+ Yo+ Y1YV2Y3

More generally for a quadric Q)2,,—1 the formula reads

o1 +0)*

XPrz - (C*)2m—1’ WPrz,q = Yl + -+ YVZm—Z + Y. .
1.+ Yom1

The superpotential Wp,, is obtained from Wg;i, via the change of coordinates
described in Section 10.

One issue with both (Xgiv, Waiv) and (Xprs, Wey,) is that the super-
potential does not in general have the expected number of critical points
(at fixed generic value of ¢). Namely the expected number of critical points
should be equal to dim H*(Q2;,—1,C) = 2m. The analogous problem in the
case of the even quadric Q4 was already observed in [6]. In this example [6]
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constructed a partial compactification to solve this problem, albeit in an ad
hoc fashion.

The following LG models, described in detail later in the paper, are
partial compactifications of Givental’s mirror (X(;iv, Waiv) which are known
to have the correct number of critical points.

The Lie-theoretic mirror. The quadratic hypersurfaces Q2,1 have large
symmetry groups. Indeed QQo,,—1 can be viewed as the Grassmannian of
isotropic lines in C*™ for a fixed non-degenerate quadratic form. In this way
the quadric Qo,,,—1 is identified as a cominuscule homogeneous space for the
group G = SOgy,41 or its universal cover Spiny,, ,;(C).

For any projective homogeneous space of a complex algebraic group
there is a Landau-Ginzburg model which was defined by the second author
using a Lie-theoretic construction. Namely, in |25] a conjectural LG model
(XLie, Woeie) is constructed for any projective homogeneous space X =GV /PV
of a simple complex algebraic group GV, as a regular function on an affine
subvariety of the Langlands dual group G. This affine variety is generally
larger than a torus. It is shown in [25] that this Lie-theoretic LG model has
the correct number of critical points. Namely its Jacobi ring is shown to
recover the Peterson variety presentation [21] of the quantum cohomology
of X.

The Gorbounov-Smirnov mirror. For odd-dimensional quadrics Q2,1
a recent paper [13] of Gorbounov and Smirnov directly constructs a partial
compactification (XGS, Was) of the Givental mirror, without making use of
[25]. Moreover a version of mirror symmetry is proved, which identifies the
initial data of the Frobenius manifold associated to their LG model with that
constructed out of the quantum cohomology. In particular the Gauss-Manin
connection associated to (X(;s, Was) is shown to be isomorphic to the small
Dubrovin connection.

3. Plan of the paper

We begin in Section 4 by setting up notation and giving a careful def-
inition of the Lie-theoretic LG model (XLie, Whie). The domain is an open
subvariety of a (2m — 1)-dimensional Schubert variety Xp;. of the full flag
variety of Sp,,,(C).
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Our first result is that Wy, restricted to a certain torus recovers the

Laurent polynomial superpotential Wi,s. This is proved in Section 5.

We introduce the canonical LG model in Section 6. It has domain Xeapn
equal to the complement of an anti-canonical divisor in Xean = CP?™, where
CP?™ is viewed as right homogeneous space for Sps,,(C). We then describe

a birational map (depending on q)

XLie — Xcan- (8)

This birational map sends the torus used above isomorphically to the Lusztig
torus XLHS in Xcan. We express the Lusztig coordinates in terms of the homo-
geneous coordinates of Xean and show that the formula for Wi, transforms
to the formula for the canonical superpotential W,,,. Therefore we see that
(XLie, Whie) and (Xcan,Wcan) are birationally isomorphic (to each other as
well as to (XTus, Wius))-

Next, in Section 7 we show that the birational map (§]) restricts to an

isomorphism
XLie — Xcam
It follows that the canonical and the Lie-theoretic LG models are isomorphic.

Then in Section 9 we deduce an isomorphism which identifies the Jacobi
ring associated to (Xcan, Wean) With the quantum cohomology ring of X. We
show that under this isomorphism the homogeneous coordinates {p;} map
to the Schubert classes {o;}, and the quadratic denominators of W, each

map to either g or g9,,_1.

In Section 10 we show that the following LG models are all birationally
equivalent:
e the Givental mirror (Xaiv, Waiy) from [10],
e the Przyjalkowski mirror (Xp,,, Wer,) from [24],
e the Gorbounov-Smirnov mirror (Xgs, Was) from 3],

e and the canonical mirror (Xean, Wean), or equivalently (X, Wiie) from
[25].
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In the case of X = Q3 we also show that the Gorbounov-Smirnov mirror

and the canonical mirror are isomorphic.

Section 11 is devoted to the Gauss-Manin system of (Xcan, Wean)- Inside
this Gauss-Manin system we identify a free C[¢*!]-submodule with connec-
tion, which is then shown to be isomorphic to the Dubrovin connection on
H*(X,Clg™']). From this result we deduce integral formulas for flat sections
of the Dubrovin connection.

Using results from [13] we deduce that the Dubrovin connection on
H*(X,C[g*']) is isomorphic to the Gauss-Manin system of (Xcan, Wean)
(and not just to a submodule) in the special case of the quadric Q3. In
the final section we collect together and write out explicitly the formulas in
the example of Q3.

4. The Lie-theoretic LG model (X, Wric)

To introduce the Lie-theoretic Landau-Ginzburg model we view the odd-
dimensional quadric X = Qo,,—1 for m > 2 as a homogeneous space under
the special orthogonal group GV = SOsg,,11(C). We fix a Borel subgroup
BY, a maximal torus 7" and an opposite Borel subgroup BY, and consider

the Dynkin diagram of type By,:

We denote by PL})/Z_ D BY the parabolic subgroup corresponding to the i-th
vertex of the diagram. The quadric X = Q9,,—1 identifies with the homoge-
neous space SO2,+1(C)/ Py,

The Landau-Ginzburg model for X = SOq,,11(C)/P), defined in (23],
which we call the Lie-theoretic LG model (XLie,WLie), takes place on an
affine subvariety Xp;. of the Langlands dual flag variety. Let G = Sp,,,(C)
be the Langlands dual group of G, and By, T and B_ be the duals of BY,
TV and BY, respectively. The Langlands dual flag variety is Sps,,(C)/B_,
and the Lie-theoretic mirror Xy, is the intersection of two particular op-
posite open Bruhat cells in Sp,,,(C)/B_. This intersection of cells is also
called an open Richardson variety. The Lie-theoretic potential Wye will be
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*

a particular regular function on XLio X (Cq,

where by C; we mean C* with

coordinate denoted gq.

4.1. Notation for the symplectic group G = Sp,,,(C)

We denote by w; for 1 < ¢ < m the i-fundamental weight of Sp,,,(C),
and by V,,, the fundamental representation with highest weight w;. We fix a
basis (v1, ..., vay) for the representation V := V,, = C?™ of G with highest
weight wy in such a way that the matrix of the symplectic form in the basis

(v1,...,v2,) be given by

Then the Borel subgroups B, and B_ consist of upper-triangular and lower-
triangular matrices, and the maximal torus 7" of diagonal matrices (d;;) with
non-zero entries d;; = d2_'n11—i 412m—i+1- We also fix Chevalley generators
(€i)1<i<m and (f;)i<i<m for the Lie algebra g of G. Explicitly, we embed
sp(V, J) into gl(V') and set

e = Eiit1+ Fom—iom—iv1 fori=1,... m—1, and ey = Epnmi1,
where E; j = (6; 101 )k, is the standard basis of gl(V). We also set f; := el

the transpose matrix, for every ¢ = 1,...,m.

Using the Chevalley generators we introduce one-parameter subgroups
of G by setting x;(a) := exp(ae;) and y;(a) := exp(af;). We choose specific
representatives for elements of the Weyl group W of G by associating to a

simple reflection s; the element

$; = yi(Dzi(—)yi(1) € G.
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If s;, - - s, is a reduced expression for w € W we denote by w the element

T

of G given by
W= 8y iy

and we define (w) := r, the length of the Weyl group element w. As is
customary we also denote by wg the longest element in W.

The 1-parameter subgroups given by the x; generate U, and those given
by the y; generate U_. We define the following additive characters on UL
and U_, respectively,

fr:UL = C, o fi(yj(m)) = md; ;.

Recall that we realised our quadric Q9,,—1 as the homogeneous space
GV /P for SO2,41(C). We now consider the dual parabolic subgroup P =
P, of G = Sp,,,(C) associated with the first fundamental weight. Explicitly
it is the subgroup whose Lie algebra is generated by all of the Chevalley
generators e; together with fs,..., fi,, leaving out fi. We let Wp denote
the subgroup of the Weyl group W associated with F,,, namely Wp =
($9,...,8m). We write wp for the longest element in Wp, WP for the set
of minimal length coset representatives for W/Wp, and w? € WP for the
minimal length coset representative of wy.

4.2. Definition of the Lie-theoretic LG model

In this section we follow [25], adapting the results there to our special
case. We first introduce the domain, Xiie C G/B_, of the Lie-theoretic

mirror, namely

XLie == (BywpB_ N B_1inB_)/B_.
It closure in G/B_ is the Schubert variety
Xiie := BiwpB_/B_.

To write down the superpotential Wrje : Xlie X C; — C, we introduce a
variety Z C G which is a covering of XlLie X C;’I‘. Let TWP be the Wp-fixed
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part of the maximal torus 1. Since P is a maximal parabolic, this is a
one-dimensional torus, and we have that

a1 :TWP — C;,

t — o (t)
is a double cover. We set
Z = B_ag N U, T"PupU_, (10)
and define a map
TLie - VA — XLie X (C;

z = utwply —  (2B_,aq(t)).

which is again a double cover. Note that if we were to quotient out Z
by the action of the centre, {£1}, of Spy,,(C), then the map would be an
isomorphism. This would be the convention taken in [25].

We define a regular function on Z by

F: Z — (® )
z = ult’wpﬂ2 — 26: (ul) + E f,L*(fLQ)

From [25] it follows that F is well-defined and descends to a regular function
Wihie : XLie X C; — C such that the diagram

commutes. The corresponding map for fixed ¢, is denoted

Woiie,q : Xvie — C, uwpB_ — Wrie(wiwpB_, q).
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5. The Laurent polynomial superpotential Wi,

We continue using all of the notations from the previous section. We
want to restrict the Lie-theoretic superpotential Wi to a well-chosen torus
to obtain a particularly nice Laurent polynomial. Instead of constructing
the torus inside Xy, we will use Z, the double cover of Xy x C*. Recall
that Z C B_wg consists of those elements z which can be written in the

form

z = uitwpis
for u; € Uy,t € TWP and uy € U_. However, the factors u; and 7y in
this factorisation are not uniquely determined. We can make them uniquely

determined for example by restricting the domain of %y, which is what we

will do now. Let

U .=U_nBy(w")'B,. (12)
We have the following proposition.

Proposition 5.1. For any z € Z there exists a unique iy = tg(z) € UF

such that z has a factorisation of the form
z = uitwpus.
We also write t(z) = t if z is factored as above. The map 0 : Z — UF x TWP

defined by
0z (ug(2),t(2))

is an isomorphism of affine varieties.

Remark. Note that for any z € Z with factorisation z = uitwpus, the
factor t € TWP is uniquely determined and we may write ¢t = #(z). Under
the conditions of the proposition, uy = uy(2) € UP is uniquely determined
by z. This implies that the first factor, u; € Uy, is also uniquely determined

(if we keep the condition on #s). Namely uy(2) = ztig(2) " tiptt(z) L.

The above proposition is proved using the twist map of Berenstein and

Zelevinsky.
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Theorem 5.2 ([2, Theorem 1.2]). Let G be a semisimple algebraic group.
Let By, B_ be opposite Borel subgroups in G and Uy,U_ their unipotent
radicals. Denote by w € G a choice of representative for an element w of
the Weyl group W as in Section 4.1. Consider y € U_ N Byw~'B,. There
exists a unique x € Uy N B_wB_ such that Uy N B_wy = {x}, and the
resulting map

iw:U_NByw !B, - U, NB_wB_, yw—=x

18 an isomorphism. In particular there exists an inverse isomorphism
w:Up NB_wB_ - U_NBiw 'By.

Proof of Proposition 5.1l The map z — (u2(z),t(z)) is constructed as
the composition

Z — (U_1iog N ByapU_) x TVP — (Uy N B_wPB_) x TV? — UY x TP,
where the rightmost map is defined using the isomorphism ¢, from Theo-

rem [5.2] the middle map is defined using left multiplication by iy, 1 which
is also an isomorphism, and the leftmost map is defined to be

z = b_g = ([b_]y b_1o, t(2)).

Here [b_]p denotes the torus part of the Borel group element b_ € TU_.
This latter map is also an isomorphism with inverse

(b+wP’LL_, t) — t[b+]alb+wpu_. O

5.1. The intermediate LG model

We now have the commutative diagram

TLi
Xiio X Cp ———— © 7Z

n A
7

><(C*

1%

x TWr

id xa
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defining the maps Fp : UP x TWP — C, and W, : UF x C; — C. Note that
we may invert 7 and id xaq, if we quotient out by the action of {£1} on
Z and TWP. Therefore we may think of (U¥ W) as being an isomorphic
LG model to (Xpie, WLie); there is an isomorphism U? x C, — Xiio X C;
which is the identity on the second factor, and under which Wy, pulls back
to Wy.

5.2. The Laurent polynomial LG model

We define an open dense torus inside U” as follows. The Weyl group

element w? € W7 has the reduced expression

P
w = 8182...Sm-1SmSm—1---S52S51.

As a consequence of this and the Bruhat lemma, a generic element s in UF

can be written as a product of elements of 1-parameter subgroups as follows,

g = y1(a1) . Ym—1(am—1)Ym()Ym—1(bm—1) ... y1(b1), (13)

where a;, ¢,b; # 0. Thus we define the torus 7 C UL to be

T = {yi(a1) - - - Ym—1(am—1)Ym () Yym—-1(bm—-1) ... y1(b1) | as,c,b; € C*}.

Before working out the restriction of the superpotential to this torus, we

note that it is natural to think of 7 as embedded in the homogeneous space
Xcan = P\SPQm((C) = (C]P)Qma (14)

via Us +— P, U2, setting the stage for the canonical superpotential to be
introduced in the next section.

Thus we make the following definition.
Definition 5.3. We denote the image of the torus 7T in Xean by XLHS,

and denote the coordinates on Xius in the same way as those on T, by
aj, c,b; # 0. Explicitly,

Xrus = {Py1(a1) - - - Ym—1(am—1)Ym () Ym—-1(bm-1) ... y1(b1) | as,c, b; € C*}.
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The restriction of Wy to T defines a map
Wias © Xius X c; — C.

Theorem 5.4. In terms of the coordinates a;,b;,c on XLUS,

a; + by
1.-.- am_lcbm_l . bl

WLUS:a1+"-+am_1+c+bm_1+---+bl+qa . (15)

Proof of Theorem [5.4. Consider an element @iy € 7 C UL and choose a
t € TWP such that a;(t) = ¢. By definition, %y admits a factorisation

a2 = y1(a1) - Ym-1(am-1)Ym () Ym—1(bm-1) - . . y1(b1).

Let z := 071 (tig, t), where @ is the isomorphism from Proposition 5.1l Then
z can be written as z = ujtwpus for some unique u; € Uy, and

Wy (2, q) = F(urtwpts) = Z e;(u1) + Z fi ().
i=1 i=1
The theorem now follows from the lemma below. O

Lemma 5.5. If u; and us are as above then we have the following identities

* (1 ai +bp ifl<i<m,
i) = { o ' (16)
c otherwise.
¥ 0 if2<i<m,
ej(u1) = { . /2 -
qa‘l'“amflemfl‘”bl ZfZ =1

Proof. Equation (I8]) is obtained immediately from the definition of @g. For
Equation (I7), let v, and v;“i denote a lowest, respectively highest, weight
vector in V,,, and notice that

<u1_1 ’ ’Uu—)i’ ei ' Uz;)
<ul_1 'U‘;NU‘;'L)

<twpﬂ2 . U:';i, €; - UJ)

e; (u1) =

<tli1pﬂ2 : Uj)_i’ Uu—h)

Assume 2 < i < m. Then e} (u;) = 0 if and only if (uy -vjji,w;lei vy ) = 0.

Wi
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is in the p-weight space of the i-th fundamental
1

-1 _
Now the vector wp e; - Ve

representation, where i = wp's;(—w;). Moreover, iy € By (w")™' B, hence

TLQ-UU‘Z_ can have non-zero components only down to the weight space of weight
(W) Hw;) = wp'(—w;). Since L(wpts;) > L(wp') for 2 < i < m, this is
higher than g, which proves that e} (u;) = 0.

Now assume ¢ = 1. We have

(twptz - vl er - vy,)
<twpﬂ,2 . Ujj_l , U;1>

(g - v:jl,w;lel “v5,)
(U - vy, Wpve,)

wpler - )

ei(ur) =

= (w1 + a1 —wi)(t)

<’EL2 ’ Uj;l,

<’L_L2 : Uj;l’ U;1>

=q

First look at the denominator. The only way to go from the highest weight
vector v}, of the first fundamental representation to the lowest v, is to
apply g € BywB, for w > (wP)~!. Since 4y € By (w")~!B,, it follows
that we need to use all factors of 1z, and normalising v,,, appropriately, we
get

(ug - v;fl,v;l> =ai...0m—-1Cbm_1...b1.

Finally, we look at the numerator (ug - v:jl,u');lel - v,,). Let ¢ denote the
weight of the basis vector v; € V,,, when 1 < < m. The vector w;lel Uy
has weight

= w;lsl(—wl) = w,;l(—@) = €9.

Indeed, w;lel v, = v2. From the definition of wug, it follows that
(g - v;jl,w) = a1 + b1, which concludes the proof of the lemma and of the

theorem. O

In this section we have re-expressed the LG model (XLie, Whie) in terms
of a regular function on a subvariety of U_, namely we introduced the in-
termediate LG model (UF Wy). Then we restricted to a natural choice of
torus inside U to find a simple Laurent polynomial expression, leading us
to (XLusa WLus)-

We are now ready to introduce the canonical mirror.
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6. Construction of the canonical LG model (Xcan, Wean)

We now construct the canonical LG model (Xcan, Wean) and state our

main comparison theorem.
6.1. X.., and its affine subvariety Xean

Recall the definition of X¢an from (I4)), as the right homogeneous space
for Sp2m ((C)a

Xcan = Lw; \Sp2m((C)

If V = C?™ is the defining representation of Sp,,,(C) as in Section 4.1, then

Xean may equivalently be described as P(V*), viewed as an orbit of Sps,,, (C)
acting from the right.

Remark. We note that on V* we have both the action from the right
(matrix multiplication from the right on the vector space of row vectors),
and the action from the left (dual representation of V). Namely these are

related by g - v* = v* - g~ for v* € V*.

We want to choose fixed coordinates on Xcan. Let v = (0,...,0,1) in
V*, so that the line (v°)c € P(V*) has stabiliser P = P,,,. We let w) € W
be defined by

S§182...8k 1fk§m,
WE)y =

5189 ... ... Sm—1SmSm—1-+-Som—r HUm+1<k<2m—1.

This defines a total ordering, wi) = e < w() < ... < Wy_1), on the
minimal length coset representatives for Wp\W. It gives rise to a basis

{00,...,v?m=1Y of V* where v* := 10 - W) Explicitly,
v? =(0,...,0,1),0" = (0,...,1,0),...,v*"" 1 = (1,0,...,0). (18)

We can now introduce notation for the homogeneous coordinates of an el-

ement = € Xcan, described as a coset z = Pg, by using the identification

Xean = P(V*) and the basis (I8]).
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Definition 6.1. For 0 < k < 2m — 1 and g € Sp,,,(C) define the homoge-
neous coordinates py(g) for the coset Pg € Xcan by

pr(g) = (0 - g,0%).
Here the angle brackets refer to the coefficient with respect to the basis

{0, .. vPmly,

Applying this definition, the homogeneous coordinates for a coset Pg €

Xcan are just given by the bottom row entries of the matrix g read from right
to left. We note that, if as before we write g as ¢ = uitwpus, then

(Po(g) : -+ : pam—1(9)) = (po(U2) : ... : pam—1(u2)),

since Pg = Puy. Changing the coset representative only rescales all of the
homogeneous coordinates by a common factor.

Finally, note that the basis elements are of the form v* = o0 . W(k)

and these homogeneous coordinates can also be interpreted as generalised
minors.

Definition 6.2. We define an affine subvariety of Xean by

Xean 1= Xean \ D, (19)
where D := Dy U Dy U...UDp,—1 U D,,, the divisors D; being given by
Dy := {po = 0},

Dy := {Pepzm—1—z — Pe_1Pam—¢ + -+ (=1) popam_1 20} for 1<<m—1,

Dy, = {p2m—1 = O}

Since the index of projective space Xean = CP?™1 is 2m which is also the
degree of the divisor D, it follows that D is an anticanonical divisor. We
may also use the notation d, for the quadratic expression

0¢ 1= pePam—1—¢ — Pe—1P2m—¢ + -+ + (—1)£P0p2m—17

where 0 < /¢ <m — 1.
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6.2. The superpotential W.,, and the isomorphism theorem

In the previous section we defined Xean and Xea, and the homogeneous
coordinates p;. To define the ‘canonical’ LG model (Xcan,Wcan) it remains
to define the superpotential Weay.

Definition 6.3. The superpotential W,, is defined to be the regular map
Wean : Xean X (C; — C expressed in terms of the homogeneous coordinates
of Xean by
m—1
Pe+1P2m—1—¢ P1

7 +gq .

= PePam-1-t = Pe-1P2m— + -+ + (1) popam-1 " pam—1
(20)

If g is fixed we use the notation Wean 4. We refer to the pair (Xcan, Wean) as
the ‘canonical’ LG model.

P1
Wcan =—+
Po

The next two sections will be devoted to proving the following compari-
son theorem between (Xrie, Wrie) and (Xcan, Wean ). Recall the definition of
the subvarieties Z C B_wy and UY C U_ from (I0) and (IZ), respectively.

By Proposition [B.1] and Section 5.1 we have an isomorphism Xpje X
Cq A Up x C;. We use it to define a ‘comparison’ map

U Xpje x Cy = Up x €y ™3 Xean x C; (21)

where the right hand side map is simply defined by (ug,q) — (Pis,q). All
in all the map ¥ is given by

(9B_,q) = (uitwpuzB_, q) — (12, q) — (P2, q), (22)

where z = ujtwpus is the uniquely (up to £1) determined element of Z for
which a4 (t) = ¢ and zB_ = gB_.

Theorem 6.4. The map ¥ from ZI)) has image Xean X C; and defines
an isomorphism between XLio X (C; and Xean ¥ (C;; such that the following

diagram commutes

\Ij v *
Xean X C

XLie X (C;;

WLie can
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In other words, we have an isomorphism XLio X (C; — Xean X (C; which is
the identity on the second factor, and under which Wean pulls back to Whje.

7. The Superpotential W,,, and the Laurent polynomial Wy

In this section we prove a birational version of Theorem [6.4l To do this
we make use of the Laurent polynomial LG model (XLuS,WLuS) which is
birational to (Xpie, Wiie) by construction.

Proposition 7.1. Consider the canonical superpotential Wean as the ratio-
nal function on Xean X Cg gwen by,

m—1
Weane = n + Z De41P2m—1-2 D1

q T + q ’
T pg PeP2m—1—1 — Pe—1P2m—e + - -+ + (= 1) popam—1 Pom—1

(=1

The restriction of Wean to the Lusztig torus Xins C Xean is regular and
agrees with Wh,us, see Definition and Theorem [5.7.

Note that the Laurent polynomial superpotential Wy s was in fact ob-
tained from Wi, by restriction of Wi e to the torus U1 (XLHS X (C;), compare
Section 5. Thus Proposition [II] has the following Corollary.

Corollary 7.2. We have a commutative diagram of (rational) maps

Xiie X €} — Xpus X C) —— Xean x C}

WLie WLLIS Wcan

Proof of Proposition [T.1. Consider an element z = Py € Xius. By
definition of XLUS, Uy admits a factorisation

uz2 = y1(a1) - Ym-1(am-1)Ym () Ym—1(bm-1) - - . y1(b1).
Recall from Definition that the homogeneous coordinates are given by

0

pk(l’) = <UO . ﬂg,vk> = <UO - U,V w(k))

Using the factorisation of 4y the following result is immediate.
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Lemma 7.3. Let 0 < k < 2m — 1 be an integer. Then if Us possesses a
factorisation of the form (I3]) we have

1 if k=0,
pr(t2) = S ay...ap_1(ap + b) ifl1<k<m-—1,

al...Qm—1Cbm—1...boym—r otherwise.

By an easy computation it follows that

m—1

p1 Pe+1P2m—1—¢
Weang(z) = — +
camd Do ;1 PeP2am—1—t — Po—1P2m—t + -+ + (= 1) popam—1

b1

Pom—1

+q

Since Xpus is open dense in Xean this completes the proof of the

proposition. O

In the next section we will study the locus Xean where Wean,q 1 regular
and prove that U is an isomorphism XlLie X (C; — Xean X (C;. This will
complete the proof of Theorem [G.41

8. The canonical mirror variety

Recall that a element in Xean = P\SLs,,(C) has projective coordinates
(po: p1:-+-: pam—1) which were introduced in Definition[6.1l Then the affine
subvariety Xcan was defined as the complement of a particular anticanonical

divisor D € Xean expressed in these coordinates. Namely
D:=Dy+D1+...+Dyp_1+ Dy,

with Dy = {pp = 0}, D, = {p2m—1 = 0} and each remaining Dy of the form
Dy = {6y = 0} for a particular quadratic polynomial dy, see Definition
We let dg = popam—1-

The goal of this section is to prove the following proposition.
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Proposition 8.1. The map from 1)) defines an isomorphism ¥ : Xy e X
C; — Xean X C}.

Proof. By construction, the canonical superpotential Wean 4 is regular on

Xcan and this is the whole regular locus. Now from Corollary it follows
that ¥ maps Xpje X Cj into the regular locus of Wean. Therefore ¥ must
have its image in Xean X (C;. We will now prove the result by constructing

an inverse map ¥ : Xy X (C; — X1je X (C;.

It suffices to set ¢ = 1 and construct a map \Ilq_zll : Xean — X for
which

vl (Pug) = 2B
where z = ujptiy € Z. Then U~ is constructed out of \I/q_zll by setting

Ut (Plg,q) — t(q)V,L (Pig) = t(q)2B-,

where for any q we let t(q) € TP be a torus element for which o (¢(q)) = q.

To construct \I/q_:ll we consider the morphism

D Xcan — B_by, (pO price :me—l) — (I)(po ‘P :p2m—1)7
where ®(pg : p1 : -+ : pam—1) is the matrix of the linear map which to the
basis element v; of V = C?™ associates

P2m—1U2m lf] =1,

Y Jj—2 . .
(1) 15;_;“2m+1—j + P2m—j (E (—1)¢ o Vam—r + U2m> if 2<j <m,
=1

e j-1 o
(=1)/ 1%02m+1—j+192m—j< X (D) vy
l=m+1

2m—j —£
m—1
+30 (1) P vam g+ vom ifm+1<j<2m—1,
(=1 B

m—1

m—1
3—01111 + > (—1)£+1 Lmé_zl_é Vep1 + Y, (—1)£ éfflvgm_g + vo, if j = 2m.
(=1 (=1
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Here pg = 1. Let Q C Xean be the open dense subset where the coor-
dinates pm, Pm+1, - - - s P2m—2 do not vanish. This subset is isomorphic to the
Lusztig torus X7, via the change of coordinates

_16; _ 2
i:7p2m11 , bizimml foralll <i¢<m-—1, = LPm_
P2m—1-i0i—1 Pam—1—i Om—1
Lemma 8.2. For any element (pg : p1: -+ : Pam—1) € Q, P(po : p1: -+ :

Pom—1) factorizes as uywpus, where

2 = y1(a1) . . Ym—1(am—1)Ym(C)Ym—1(bm—1) . .. y1(b1)

and uy is given by the matriz

1 —(aj+by) —(am—1+bm—1) —1 _1 _1
ap---@m_1¢bpmq..-b1 777 ap...am o qcby, g ap.apmo1 777 ay al---Gmm16bm 1...b1
1
1 L
1 (—nHm

al.-@m 1

1 1ym—1 Am—1+bm—1
(=1 ai...a cb
1 m—1m—1

1 —(a1+b1)

al...Qmy _1¢bpy 1...01

1

Proof of Proposition Using the definition of the y;, it is easy to
check that s - v; is equal to

/

m—1—j i—1
v; + ZZO (ajye+bjre) (HO br> Vjte41
= r=

m—1 5
+ Z (H am_r) Cbm_l e ijm+1+g if 1 < ] <m — 1,
(=0 \r=1
m—1
U + D Gk - Qm—1C Ut 14k if j =m,
k=0

2m—1—j /0—1
vj + (an_j + bzm_j) > ( II an_l_j_r> Vjgpiqe i m4+1<5<2m.
=0 r=1

Now a straightforward computation shows that ®(pg : p1 : -+ : DPan—1)

= wwpus. O
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Lemma 8.2 shows that ®(12) is contained in Z,—; := B_1o N UrwpU-_.
In the next lemma we prove that the entire image of ® is contained in Z,—.

Lemma 8.3. The image ®(po : p1 : -+ : pam—1) of any element (po : p1 :
ot Pam—1) € Xcan lies in Zy—.

Proof of Lemma B3l Since Q is open dense in Xeun we have that
®(Xcan) C B_1ig N U wpU_. Suppose indirectly there exists z = (pg :
PLicee: pam—1) € Xean such that ®(z) ¢ U, wpU—. Then from the Bruhat
decomposition, we get ®(x)uwy ! € UpwlUy with w < wpwg. Tt follows that
we must have

0= (D(x)ig ! - vl ,vg,) = (®(x) vy, vg,) (23)

w1 w1 w1’ w1

+

in the representation Vi, of G, where v,

= v1 and vy, = vy, compare
Section 4.1. However we have seen that the lower right hand corner of the
matrix representing ®(z) is equal to 1, contradicting ([23). Thus we must

have ®(z) € Z;—1. O

We have thus shown that the map ® is a regular morphism Xean — Zg=1.
Moreover by construction the composition with the coset map, 7 : Z,—1 —
Xtje, 2 — zB_, gives the map

\Ilq_:l : Xcan — XLie

we were looking for. This concludes the proof of Proposition Bl O

We have now proved our main comparison result, Theorem [6.4l

9. The Jacobi ring presentation of qH*(X,C)[g}]

The main result of [25] was to show that there is an isomorphism between
the quantum cohomology of X and the Jacobi ring of (XLie, Whiie) (for the
case of the quadric X as well as for a general homogeneous space X =
GY/PY). This result made use of the remarkable Peterson presentation [21]
of qH*(GY/PY), which identifies the quantum cohomology ring with the
coordinate ring of an associated affine variety Yp C G/B. The variety Vp
is called the ‘Peterson variety’ associated to the parabolic subgroup P.
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Now that we have proved that the canonical LG model (Xcan, Wean) is
isomorphic to the Lie-theoretic LG model (X1, Wiie), Theorem [6.4] we may
apply the result from [25] to deduce that there is an isomorphism between
the quantum cohomology of X = Q9,1 and the Jacobi ring of (Xcan, Wean)s

a)/Vcan,q acham,q
Ip1 7 Opam—1

C [Xean x C;] / ( ) ~ qH*(X,C) [¢7']. (24)

In this section we prove that the isomorphism sends the homogeneous coor-
dinate p; to the Schubert class o;.

Theorem 9.1. The isomorphism
C[Xcan X (CZ]/(awcan,q) — qH” (X)[q_l] (25)

defined using [24], identifies the coordinate q with the quantum parameter q
and sends p; to the Schubert class o; € H*(X,C).

We first prove the following lemma. Note that when we write pg we
mean 1, since this homogeneous coordinate has been fixed as pg = 1.

Lemma 9.2. In the Jacobi ring C[X an xc;;]/(awcan,q) of Wean, the element
00 = popam—1 has the property

5(2) = p%m_l =q¢ and op; = qp;, fori=1,...,2m —1. (26)
For the elements 6y with 1 < /{ < m — 1 we have

q if £ is odd

Pom—1  if £ is even,
(27)

8¢ = DePam—1—0 — Pe—1DP2m—t + -+ (=1)'popam_1 = {

i the Jacobi ring.

Proof. The equations (28) and (27 for p; replaced by o; are a straightfor-
ward consequence of quantum Schubert calculus on the quadric (which can
be deduced from the quantum Chevalley formula [7] in this case), see also
B3). It is not hard to check by a direct calculation that the relations

8chan,q

=0
Op;
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imply that the p; in the Jacobi ring satisfy all the same relations as the o;
do in the quantum cohomology ring.

Alternatively, particularly to prove (26]), one can check that the coor-
dinates of the critical points of Wean 4 satisfy the equations. They are all
non-degenerate; the quantum cohomology ring is semisimple. These critical
points are worked out explicitly in [23, Proposition 2.3]. O

Proof of Proposition While we already noted in the preceding proof
that the p; satisfy the relations of quantum Schubert calculus in the Jacobi
ring of Wean, the statement of the theorem is about a specific isomorphism.
It remains to check that this isomorphism does indeed send p; to o;.

The isomorphism,
qH*(X,C)[g™"] — C[XLie X C}]/(0WLic ), (28)

coming from [25] and involving the Peterson presentation [21] takes the fol-
lowing form. The Schubert class oy, is associated to the element w*) ¢ WF
defined by

w® —

SESk—1---S51 if k& < m,

So9m—k - - - Sm—18mSm—1--.51 ifm+1<k<2m-—1.
Note that w®) = w@%, compare Section 6.1. The isomorphism (28] is ex-
plicitly given by o +— fr where f is the regular function

(205, 0™ )

Ju(zB-) =

<Z ’ U;17U;1>

Here v, = va, is the lowest weight vector of the representation V' =V, .
We may assume that z = ujt(q)wpus, as in Section 4.2. We need to show
that

fe(2B-) = pi(t2),

whenever Puy is a critical point of Wean q with ¢ = aq(t). We use the
notations from the proof of Proposition Il Recall that there we have a
map P : Xean — B_1iy given explicitly in terms of the coordinates p;, for
which

t(q) ®(p1(tz), ... ,P2am-1(U2)) = 2z = wit(q)wpiy € Z.
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We can now work out fi(zB_) by looking at the entries of the last column

of the matrix z = t(q)®(p1(u2), . .., p2m—1(u2)). Namely we get

1, if k=0,
ipkv if 1 <k<m,
fe(zB-) =™ .
3 , ifm4+1<k<2m-—1,
%mfkfl
+, if k=2m—1.
0

Applying the relations (26) and ([27) we get the identity fir(2B—-) = pg(u2)
as required. O

It is interesting to note that by the isomorphism from Theorem and
the quantum Pieri rule, the summands of W,,, map to o7 or 201, and Wean
maps to the anticanonical class of X in the quantum cohomology ring. In-
deed for k = 2,...,m—2 it follows from the relations that the k-th summand
of Wean = W1+ Wo + ... + W1 4+ qW,,, in the Jacobi ring simplifies to

W, = Pk+1P2m—1—k

=1 - =9
(Sk D1,

while £k =1,m — 1, m gives

P
P2m—1

2
p

Wi = pa, Wm—lzé_m:pla Wi, = = p1.
m

In total we have Wean = (2m — 1)p; in C[Xcan X (C;]/(@W(;an,q) and Wean
represents the anticanonical class (2m — 1)o7 of X = Q9,,—1 via the isomor-

phism (25]).

10. Comparison with other LG models

Let us now see how our canonical mirror (Xcan,Wcan) and the corre-
sponding Laurent polynomial mirror (Xpus, Wius) compare with previous
Landau-Ginzburg models for odd quadrics presented in Section 2. From
Theorem we already know that (Xcan,Wcan) is isomorphic to the Lie-
theoretic mirror (Xpie, Wiie), S0 it only remains to consider the Givental,
Przyjalkowski mirrors and the partial compactification by Gorbounov and

Smirnov.
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Comparison with the Givental mirror and Przyjalkowski Laurent
polynomial. First recall the definition of the Givental mirror of Q9,,—1,

2m~+1
Xaiv = {(Vl, o vamg) € (CPH T v = ¢ovam + vamar = 1} :
i=1

Waiv =v1 + -+ + Vam—1.

The Laurent polynomial ‘extension’ of this mirror, written down in [24], is
as follows

(om-1 +9)*

XPrz = (C*)Qm_l’ Wiz =Y1+ -+ Yam—2 + Yi... Yo 1 .

It is obtained via the change of coordinates

Y_{um if1<i<2m-2,
(2 . .
q#ﬁl if i =2m — 1.

The torus Xpy, is slightly larger that XGiV, as
Xaiv 2 Xpw, \ {Yom—1 +q =0}

Our canonical mirror is a partial compactification of the Givental mirror, as
shown by the following result, whose proof is immediate.

Proposition 10.1. The change of coordinates (dependant on q)

}% if1<i<m-—1,
qz& ifi=2m — 2,
s fi=2m=1

induces an isomorphism between Xpy, and the torus inside Xean where the
Plicker coordinates p; for 0 < i <m — 1 are all non-zero.

Thus we have two distinguished tori inside the canonical mirror variety
Xcan, namely the Lusztig torus, XLuS, and the image of Xp,, under the map
from Proposition [[(0.Il They are however distinct, since Xlus is the torus
inside X.,, where the Pliicker coordinates p; for m < i < 2m — 1 are all
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non-zero. In fact, Xean is an example of a cluster variety, see [11, Section
12], so it contains multiple tori. We will describe the cluster structure in
detail in Section 11 where we will also see that the two distinguished tori

are cluster tori.

Comparison with the Gorbounov-Smirnov mirror. The Landau-

Ginzburg model (Xgg, Was) from [13] goes as follows

Xas={(T; 015 Yme15 215 - -+, 2m_1) EC™ X (CY™ Y | 2y .. ym_1 — 140},

m—1 2

T
Was = > yi(l+2)+4q
; 1( 1) ($y1y2 - Ym—1 — 1)2122 e Zm—1

(29)

Consider the change of coordinates:

Y = Pi for1<i<m-—1;
bi—1
0i—
2 = — 2 for2<i<m-—1;
i—1
_ Po _ PoPm
21 =(q , L= .
DP2m—1 Om—1

Proposition 10.2. The change of coordinates {p;} — {x,yi, zi} above de-
fines an isomorphism between the torus {pi ...pm—1 7# 0} and {y1 ... Ym—1 #
0} inside Xas and the torus inside Xcan, which pulls back the Gorbounov-
Smirnov superpotential Was t0 Wean. Moreover when m = 2 the change of

coordinates is a well-defined isomorphism between Xean and Xcs.

Proof. We have yi(1+ 21) = p1 + ¢z2—, and y;(1 + z;) = PL2m=i for

P2m—1 i—1
2 <i¢<m—1. Moreover

Om—9 q p2
TYL - Y1 — 1 = nes 21 Bm—1 = 2 =
5m—l 5m—2

which gives
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hence the change of coordinates maps Wgas to Wean. Finally, the change of

coordinates is well-defined on the tori, and so is its inverse,

m—1
T
po =1, piZHyj for1<i<m-—1, pn= g
e 21 1 XYL - - Ym—1 — 1
1+ 2 _
P2m—1—i = al + ziv1) for 1 <7 <m—2, DPom—1 = ij
Y121 ---Yi%4 21
which concludes the proof. O

It follows from Proposition that the LG models (Xcan, Wean) and
(XGS, Was) are isomorphic in the case of the three-dimensional quadric Qs,

but in the general case we only get a birational equivalence.

11. The A-model and B-model connections

Recall that we have proved that the canonical LG model (Xcan, Wean)
is isomorphic to the Lie-theoretic LG model (XTi, Wric); hence using [25]
we deduced that there is an isomorphism between the quantum cohomology
of X = Qa1 and the Jacobi ring of (Xcan, Wean)s

} / <8Wcan,q . 8)/Vcan,q) '
8pl 7 7 8me—l

qH*(X,C) [¢7'] 2 C [Xean x C}
Furthermore we have proved that the isomorphism is given by mapping the
Schubert class o; € H*(X,Z) to the Pliicker coordinate p;.

We may now prove a more detailed mirror theorem by comparing two
flat connections, one related to X = @9,-1 and one constructed from
(Xcan,Wcan). Let Ha be the sheaf of regular functions of the trivial vec-
tor bundle with fibre H* (X, C) over C; x Cy, the two-dimensional complex
torus with coordinates /& and ¢q. The A-model connection 4V, also known as
the Dubrovin connection, is defined on H 4 by

o 1
Avqaq = qO_q + %pl *q O,
A 0 1
Vo, = h% ter— oo (TX) *q o,
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where gr is a diagonal operator on H*(X,C) given by gr(a) = ka for « €
H?:(X,C). Here we are using the conventions of [15]. Let H Y be the vector
bundle on Cj x C} defined by H} = j*Ha for j : (h,q) — (—h,q). This
vector bundle with the pulled back connection AVY = j* (AV) is dual to
(Ha,4V) via the flat non-degenerate pairing,

<Uj,0k> = (27Tih)2m_1/[ ]O‘j U O — (27Tih)2m_1(5j+k,2m_1.
X

The dual A-model connection 4V defines a system of differential equations
which we call the (small) quantum differential equations

Vs, 8 =0. (30)

Let us now define a C[h*!, ¢*!]-module

G = QY (Xean) [P, ¢/ (d - %dwcan,q A > OV (Xean) [B51, ¢,

where QF ( Can) is the space of holomorphic k-forms on Xean. We denote
by Hp the sheaf with global sections G. The B-model connection, or Gauss-

Manin connection, on Hp is given by

0 1 8)/Vcan,
5l = b + 7 |17
0 1
B 100 [n] = g 1] = 7 Wean..

Oh h

Since Xean is a cluster variety there exists a unique up to a scalar non-
vanishing N-form on X, with simple poles along the boundary, which we
denote by weqn, compare [16]. Explicitly, in terms of homogeneous coordi-

nates we write

m—1 m—1
dp; do;  dpog,—
Wean = /\ _pl VAN —= A D2m 1.
1)
i— Pi - % Po2m—1

In the isomorphic case of X this is the form introduced in [25, Section 7].
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Theorem 11.1. The map

U: (Ha, V) = (Hp,BV) (31)

0j = [PjWean)]

is an injective homomorphism of bundles with connection. Moreover, in the
case of the three-dimensional quadric Q3 it is an isomorphism.

Proof. We use the cluster variety structure of the mirror of QQ9,,—1. Namely,
the coordinate ring C[Xcan] has a cluster algebra structure of type AT
which is described in detail in |12, Section 2] and [11, Section 12]. Consider
the following initial quiver:

Here the initial cluster variables correspond to the vertices in the top row
of the quiver, while the frozen variables (or coefficients) correspond to the
vertices in the bottom row. In particular, it is of finite type AT_I, and there
are 2™~ 1 different clusters, consisting of

e the cluster variables rq,...,7,—_1, where r; € {p;, Pam—1-i};

e the frozen variables (or coefficients) d1,...,0,—1, and pa,—1.

Moreover we have set pg = 1. The exchange relations are

Pom—1 + 01 fori=1;
PiPoam-1-i =19 , (32)
0i—1 + 9; for2<i<m-—1.

For the injectivity of W the proof agrees with the proof of the analogous
lemma [19, Lemma 9.3]. We note that the only ingredients used in [19,
Lemma 9.3] are the isomorphism of the Jacobi ring with the quantum co-
homology ring, see Theorem [0.I] and the fact that W,a, has isolated criti-
cal points, see [23, Proposition 2.3]. It remains to prove that ¥ maps the
A-model connection to the B-model connection. We use a change of coor-
dinates to reduce the problem to checking only the action of ¢d,. Namely,
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this follows by replacing (p;, q, h) with (p;,q, #), where
pPi = h_ipia q= hl_Zm(]a h= ha

and observing that written in these coordinates the Gauss-Manin system for
%Wcan,q no longer involves the h.

Now we check that the map W preserves the action of ¢d,. We consider
the following identities in qH*(Q2,m—1, C), which are a special case of results
in [7]:

Oit1 for0<i<m-—-2orm<i<2m—3;
20 fori=m—1;

01 *q 03 = " . (33)
oom—1+q fori=2m —2;

qo1 for i = 2m — 1,

We need to prove that there are similar identities on the B side:

( [pi-i-lwcan} for 0 <i1<m-—2
oW orm <1< 2m—3;
[q4acqan’qpiwcan} = [2pm—1wean] for i =m — 1; (34)

[(me—l + Q)Wcan] for ¢ = 2m — 2;

[qplwcan] for i =2m — 1,

where weqyn is the canonical (2m — 1)-form on Xean. The proof of these
identities on the B side proceeds by constructing closed (2m — 2)-forms v;
such that the relation corresponding to p; will follow from the fact that

[dWmmq A Vi] = [(d + dWcan,q A _)Vi] = 0.
(The first equality above comes from the fact that v; is closed, and the second

comes from the definition of the B-model.)

Concretely, we will pick a cluster C containing a particular Pliicker co-
ordinate, say p;, and use the following Ansatz for constructing v;. We define
a vector field

§i = pi Z mecO.

ceC\{pi}
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and define an associated (2m — 2)-form by insertion v; = Lg;Wean- Here the
m,’s are constants and ¢ is the interior product.

To see that these (2m — 2)-forms are closed, write weq, = /\pec <. . For
c € C, we have 1.5, Wean = Ang\ (e} %p, and so v; is a C-linear combination of

terms of the form p; /\pec\ (e} %p for ¢ # p;. Such a term is closed, because p;
lies in C \ {c}. Using the fact that dWean g A Wean = 0, we get dWean q A v; =
+dWean q(&i)wean- It follows that

ow,
dWcan,q ANV =Dj Z mccﬂ Wean -

dc
ceC\{p:i}
. OWean ,q —
Therefore e.g. in order to prove that [ 7plwc,m} — [pit1Wean) = 0, we
will show that qawca“ Z=Say — piy1 has the form p; (ZCEC\{pi} mccamggn’q), for

some choice of coefﬁments Me.
To prove these identities, we will work with two clusters:

e the initial cluster C; = {p1,...,Pm-1,01,- -, 0m—1,P2m—11};
L the CIUSter C2 = {p2m_27 AR 7pm7517 AR 75m_17p2m_1}'

Let us first start with C; and express Wean,q in terms of it using the
exchange relations ([82). To simplify our notation we let dy denote pa,,—1.

Pe100—1 pz+1) P1
=p1+ +qg—.
Weang ; ( Pedy De do

The partial derivatives of Wean 4 are:

ancan,q _ N

dqg q%,
o OWean,q - P20 P2 qﬂ
op1 p1o1  p1 do’
5 ; i+10i—
iawcan,q: Pi0;—2 4 bi  Pi+1%i-1 _ Pit1 for2<i<m-—1,
Op; Pi—10i—1  Pi-1 Ppid; Di

5 Meang P20 p1
0 - )
LN P101 do
5, MWeang __Picidict | Pidi gy o,
0, pidi Pit10i41
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Hence
MWVeang " Weang = MWeang o~ . MWVeang
T P TP PR VIS PR U
Jj=i+1 =
for 0 <4 <m — 2, and
m—1
q%pm—l — 2 = —Pm1 6] ow, can,q

0q

Jj=0

Since the right-hand sides of the above equations have the form
i (Ecec\{pi} mccﬁcwcan,q) this proves identity (34]) for 0 <i <m — 2.

To prove the remaining identities, we use the cluster Cy. In this cluster

chart, Wean,q takes the following form:

5 m—1 D p S

0 2 1-¢ 2m—1—000+1

Wcan,q = + Z < m— m (;‘ >
P2m—2 p2m 2 —1 Pom—2— E P2m—2—¢0¢

q q01
D2m—2  D2m—200

Working out the partial derivatives of Wean 4 as before, we get

2m—2 2m—2—1i

ow, ow,
q can,qp — D1 = Z p] can,q Z (5 can,q
9 j=i+1 Op;

form§z§2m—3.

Recall that dq is poy—1. The final two relations are

oW,
Q$p2m—2 — (P2m—1 + @) = —pP2am—200

8chan,q o
45— P2m—1—ap1 =0.
q

8chan,q
0%

and

This gives us the identities ([B84]) for m —1 <+ < 2m — 1, which concludes the
proof of the homomorphism. To deduce that the map is injective as claimed
we use the same strategy as in [19, Lemma 9.3]. Namely, observe that the
relations in the Gauss-Manin system recover the relations of the Jacobi ring
as h tends to zero. On the other hand as we already proved, the Jacobi ring
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is isomorphic to quantum cohomology with the homogeneous coordinates p;
playing the role of the Schubert basis. Therefore we see that the [p;wean] € G
are linearly independent in the 7 — 0 limit. Hence they must be linearly

independent already in G.

In the case of (I3 the added surjectivity result is a consequence of the
fact that (Xcan, Wean) is isomorphic to the Gorbounov-Smirnov mirror in
that case, see Proposition Indeed Wgg is cohomologically tame [13],
hence 50 is Wean. Therefore G is a free C[A*!, ¢*']-module of rank 2m (cf.
[26]), and Hp a trivial vector bundle of that dimension. O

Let I'g be a compact oriented real (2m — 1)-dimensional submanifold of

Xean representing a cycle in H*™ 1 (X an,Z) dual to wean, in the sense that

1

@it fFo wWean = 1. From Theorem [[T.Jl we deduce the following formula.

Corollary 11.2. The integral formula

2m—1

1 Wean,q
So(h,q) = W Z </ e’ pjwcan> Oo2m—1—j
j=0 “’To

describes a solution to the quantum differential equation (30).

The corollary follows as in [19, Theorem 4.2]. If we replace (Xcan, Wean)
by the isomorphic LG model (XLie, Whiie) the above corollary implies a spe-

cial case of |25, Conj. 8.1] for odd-dimensional quadrics.
12. The mirror to @3

In this section we work out in detail the example of the three-dimensional

quadric, ()3, to illustrate our main results.

The Laurent polynomial mirror (XLUS,WLHS). Recall from Section 4
the definition of the variety Z C G,

Z = B_uwoNULTVPuwpU_.

A generic element g € Z can be written as g = utwpius, where

uz = y1(a)y2(c)y1(b),
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and a, b, c are non-zero, i.e.

1 0 0 0
a+b 1 0 0
cb c 1 0

acb ac a+0b 1

From this the expression of the Laurent polynomial mirror follows, namely,

. . a+b
Xius = (CVaper Wi =a+btct ——.

This illustrates Theorem [B.4] in the case of Q3.

The canonical mirror. The map Z; — Xcan >~ CP3 takes z = uqtpis to
Pz = Puy. This may be interpreted as taking z to the span of the reverse row
vector corresponding to the last row of 4y after the identification Xean = CP3.
The homogeneous coordinates of @y are given by pg = 1,p1 = a4+ b,p2 =

ac,p3 = ach.

The image of Z;—4 in CP? is independent of gy, so we may choose
qo to be 1, and restrict our attention to Z,—1 := B_wo N U;wpU_. The
image of Z,—; is obtained in coordinates (po : p1 : p2 : p3) by removing the

anticanonical divisor

D = {po = 0} U {p3po — pap1 = 0} U {p3 = 0}.

Thus

Xean = {(po : p1 : p2 : p3) € CP? | po(p1p2 — pop3)ps # 0}

In terms of the homogeneous coordinates, the canonical superpotential from

Equation (20)) is given by

2
Wcan,q = Iﬂ + L + qﬂ~
Po  DP1P2 — Pops3 p3

Comparison with the Gorbounov-Smirnov-mirror. The mirror (XGS,
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Was) for Qs is given by
22

Xos = {(@.,2) € €| (ay = 1)z # 0L Wos = y(1+2) + a5

It corresponds to (Xcan, Wean) Via the change of coordinates (setting pg = 1):

D2 . o . q
y Y =DPp1; Z=—

r=——7——
p1p2 — P3 p3

This change of coordinates is well-defined on Xcan, and its inverse,

p=y pr=— o py=1
1 ) 2 ("L’y—].)Z, 3 >

is well-defined on Xgg. This illustrates the result of Proposition [[0.2], namely
that for @3 the LG models (Xcan,Wcan) and (XGS,WGS) are isomorphic,
even though that is not the case in higher dimension.

Isomorphism between the quantum cohomology and the Jacobi
ring. Recall that the cohomology of Q)3 is generated by the Schubert classes
o; € H*(Q3,C) for i = 0,...,3. Moreover it has a presentation:

H*(Q3,C) = Clo1, 03]/ (01,01 — 202),
and the quantum cohomology of ()3 is presented as follows,

qH*(Q37 C) = C[GLO-Q)(J]/(O-% —qoy, O-% - 202)'

Now the Jacobi ring of (Xcan, Wean) 18

Cl[Xecan x C;1/ (3 — a3, p1p2 — 2p3, 3 — qp1) -

The map

1
3
p1+> 01, P2+ 02, P3 > 501

defines an isomorphism between the Jacobi ring of (Xcan, Wean) and qH*(Q3,
C) as in Theorem

The quantum differential equations. Recall from Section 11 that the
dual A-model connection AVV defines a system of differential equations
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called the quantum differential equations,
A _
Vq@qS =0.

In the case of Q3 our mirror result, Theorem IT.1] tells us that the map
(Ha,V) = (Hp, BV) given by

o; [piwcan]a
where weq, = ‘Z’% A % A %, is an isomorphism. If I" is a real 3-dimensional
cycle in CP? \ D this implies in particular that the function

SF( (/ Wean, Ip3 Wcan) oo + </ Wean, P2 Wcan) 01
</ Wean, 1 wccm) o9 + (/ Wean,q Wcan) g3

satisfies AvqaqSF(q) = 0.
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