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Abstract

We prove a rigidity theorem for the Poisson automorphisms of the function fields of
tori with quadratic Poisson structures over fields of characteristic 0. It gives an effective
method for classifying the full Poisson automorphism groups of N-graded connected cluster
algebras equipped with Gekhtman—Shapiro—Vainshtein Poisson structures. Based on this,
we classify the groups of algebraic Poisson automorphisms of the open Schubert cells of the
full flag varieties of semisimple algebraic groups over fields of characteristic 0, equipped
with the standard Poisson structures. Their coordinate rings can be identified with the
semiclassical limits of the positive parts Ug(ny) of the quantized universal enveloping
algebras of semisimple Lie algebras, and the last result establishes a Poisson version of the

Andruskiewitsch-Dumas conjecture on AutUg(ny).

1. Introduction

1.1. Automorphism groups of algebras

The automorphism groups of infinite dimensional (commutative and
noncommutative) algebras are difficult to describe and are known in very
few situations. Before the 70’s, the automorphisms of the polynomial and
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free algebras in two generators, as well as the first Weyl algebra, were deter-
mined. However, the majority of the subsequent results were on the existence
of wild automorphisms: Joseph ] for the universal enveloping algebra of
sly, Umirbaev—Shestakov [32] for the polynomial algebra in three variables,
and others. The automorphism groups of these algebras and their natural
generalizations remain unknown.

In the early 2000’s Andruskiewitsch and Dumas @] posed a conjecture
about a concrete description of the automorphism groups of the positive
parts Uy(ny) of the quantized universal enveloping algebras U,(g) of split
simple Lie algebras g when ¢ is a non-root of unity. This is a drastically
different behavior from the case of universal enveloping algebras and poly-
nomial algebras (in dimension > 3) whose automorphism groups are very
large and not classifiable with the current methods. This and related prob-
lems were settled in @, Iﬁ], where a general classification method was given
for the automorphisms of N-graded connected quantum cluster algebras. In
the root of unity case (i.e., PI algebras), Ceken, Palmieri, Wang, and Zhang
ﬂ] classified the automorphisms of skew-polynomial algebras using discrimi-
nants. However, the Lie theoretic side, e.g. AutU,(ny) for g of rank at least
2 and ¢ a root of unity remains unknown.

1.2. A rigidity theorem and automorphisms of Poisson cluster

algebras

In this paper we prove a general rigidity theorem for quadratic Poisson
structures on tori over fields of characteristic 0. We design a classification
scheme, based on it, for the Poisson automorphism groups of N-graded con-
nected cluster algebras, equipped with Gekhtman—Shapiro—Vainshtein Pois-
son structures. Many important cluster algebras coming from Lie theory fall
in this class, see the next subsection for details.

Cluster algebras form an axiomatic class of algebras, introduced by
Fomin and Zelevinsky ﬂﬂ] They are described as the algebras generated by
families of polynomial subalgebras obtained from each other by an infinite
process of mutation, see the expositions ﬂﬁ, @] Each cluster (y1,...,ym)
of such an algebra A over a field K gives rise to embeddings

K[y, - Ym] CACK[ylil,...,yil] (1.1)
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where the second embedding follows from the Laurent phenomenon ] of
Fomin and Zelevinsky. A Gekhtman—Shapiro—Vainshtein (GSV) Poisson
structure ﬂﬁ] on A is a Poisson structure {-,-} which is quadratic in each
cluster; that is

{yj,ue} = Nwyjur V1<k,j<m (1.2)

for some integral skewsymmetric matrix (A;;). The first and third algebras
in ([I.T]) become Poisson algebras under the natural restriction and extension
of {-,-}. Denote the K-torus 7' = SpecK[yfl, ..., y:£1]. Tts rational function
field K(7') is a Poisson field under the canonical extension of the Poisson
bracket {-,-} which will be denoted by the same symbol.

Now assume that a cluster algebra A is N-graded, A = ®penAy, and the
elements y1, ...,y of one of its clusters are homogeneous of positive degree.
Here and below N := {0,1,...}. When dim 4 is small (in particular when
A is connected, i.e., dim Ay = 1), the description of the automorphism group
Aut(A, {-,-}) of the Poisson algebra (A, {-,-}) boils down to the description
of the subgroup of unipotent automorphisms, defined by

UAut('Av {'7 }) = W € Aut('Av {'7 }) | ¢(f)—f € 69n>k-/4na VkEN7f€~Ak}'

First we prove that every unipotent automorphism ¢ € UAut(A, {-,-}) has
a canonical extension ¢ to an automorphism of the Poisson function field
(K(T),{-,-}) which is unipotent and bi-integral in the sense that it satisfies

o Y(yi) — yr € K[T]>degy,» 1 < k < m (unipotent condition), and

o U(yr), v (yx) € Ky, ..., yml), 1 <k < m (bi-integrality condition).

This embedding result is proved in Proposition The main result of the
paper is the following rigidity property of unipotent, bi-integral automor-
phisms of quadratic Poisson tori.

Theorem A. Let K be a field of characteristic 0 and T be a K-torus, whose
coordinate ring K[T] = ]K[yfﬂ, o Y=L is equipped with a quadratic Poisson
structure {-,-} as in (L2) and a Z-grading such that degyy > 0, for all k.

FEvery unipotent, bi-integral automorphism ¢ of the Poisson function
field (K(T),{-,-}) satisfies
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where Z(K(T)) denotes the Poisson center of (K(T'),{-,-}).

This is a rigidity result in the following sense. A quadratic Poisson
structure on a torus 7T arises as the semiclassical structure of the deformation
of the coordinate ring K[7'] to a quantum torus. The theorem proves that the
unipotent, bi-integral automorphisms of the Poisson function field of such
a torus only come from its Poisson center which is precisely the subalgebra
of K[T'] that is deformed to the center of the corresponding quantum torus.

The theorem is proved in Section 2.

The Poisson automorphisms of N-graded cluster algebras A with
Gekhtman—Shapiro—Vainshtein Poisson structures {-,-} can be classified as
follows. We embed UAut(A, {-,-}) in the set of unipotent, bi-integral auto-
morphisms of the Poisson function field of a torus 7" associated to a cluster
of A, and then use the rigidity theorem. In concrete situations dim Z(K[T)
is much smaller than that of 7', and one can fully determine UAut(A,{-,-})
from the action of the automorphisms on the height one prime ideals of
A that are Poisson ideals. Finally, Aut(A,{-,-}) is reconstructed from
UAut(A,{-,-}) from the action of ¢ € Aut(A,{-,-}) on Ap. Section 3 con-
tains full details on the method and Section 4 contains a concrete realization.
Section 3 also contains further relations to the modular automorphism group

of the cluster algebra A and the group of toric transformations of A.

1.3. Automorphisms of Poisson cluster algebras on unipotent

groups

We apply Theorem A and the method of the previous subsection to
classify the Poisson automorphisms of an important family of cluster algebras
on unipotent groups related to dual canonical bases and total positivity on

flag varieties.

In @] Lusztig defined a general notion of total positivity in complex
semisimple algebraic groups G. Fomin and Zelevinsky m] proved that the
nonnegative subset G'>¢ has a canonical decomposition obtained by inter-
secting G'>¢ with the double Bruhat cells

GY" .= BywBy N B_uB_
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where By is a pair of opposite Borel subgroups and (w,u) is a pair of Weyl
group elements. Berenstein, Fomin and Zelevinsky [3] constructed upper
quantum cluster algebra structures U (G"*) on the coordinate rings of G*"*
that provide a bridge between Poisson structures and total positivity in the
following sense:

(1) The set G>o N G** is precisely the totally positive part of G*"" in the
cluster theoretic sense, i.e., it consists of the points on which all cluster
variables (equivalently, those in one cluster) take positive values.

(2) The double Bruhat cells G*»* are Poisson submanifolds of G, equipped
with the standard (Sklyanin) Poisson structure Ilg, and the induced
Poisson structures on C[G"""] are GSV Poisson structures for U (G*"*).

The push forward of Ilg under the projection G — G/B. is the standard
Poisson structure 7y on the full flag variety G/By. We restrict mg to the
open Schubert cell Byw,B /B, identified with the unipotent radical U,
of By in the usual way, where w, is the longest element of the Weyl group
of G. Denote the corresponding Poisson structures by mg:

(U+7 Wst) = (B+wOB+/B+7 7rS‘c) — (G/B+7 Wst) “ (G7 Hst)'

For a simply laced group G, Geiss—Leclerc—Schroer @] proved that the
upper cluster algebra U(G™°'!) coincides with the corresponding cluster alge-
bra, and when its frozen variables are not inverted, it gives rise to a cluster
algebra structure A(U;) on C[U4]. (There is a minor detail that for the
last relation one passes to the reduced double Bruhat cell G¥°-!/H where
H := By N B_.) For a general semisimple group G, these facts were proved
in ] The cluster algebras A(U ) have the following properties:

(1) Geiss, Leclerc and Schroer ] proved that the cluster monomials of
A(U4) belong to Lusztig’s dual canonical basis @, @] of C[U4] when
G is simply laced.

(2) The part of the totally nonnegative subset (G/B4)>o defined and stud-
ied by Lusztig @], that is inside the Schubert cell Biwo,By /B4, is
precisely the nonnegative subset in the cluster theoretic sense for the
cluster algebra A(U..).

(3) The standard Poisson structure my on U is a GSV Poisson structure
for A(U+)
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Denote by {-,-}st the Poisson bracket on C[U.]| associated to 7. The last
result of the paper classifies the Poisson automorphism groups of the cluster
algebras ((C[U-i-]? {'7 ‘}St)'

Theorem B. Let G be a complex, connected, simply connected, semisimple
algebraic group which does not have SLo factors. The automorphism group
of the Poisson algebra (C[UL],{, }st) is isomorphic to

(H/Zg) »x Aut('),

where H = By N B_, Zg is the center of G, I is the Dynkin graph of G,
and Aut(T") is its automorphism group.

Here H acts on Uy by conjugation and Aut(I") acts by permuting a fixed
set of Chevalley generators. The case when G has S Ly factors is excluded be-
cause in that case there are pathological problems coming from the fact that
(ClU4], {+, - }st) is a tensor product of two Poisson algebras, one of which is a
polynomial algebra with a trivial Poisson bracket. The theorem is proved in
Section 4. We prove a more general form of the theorem for split, connected,
simply connected, semisimple algebraic groups G without SLs factors over
arbitrary fields K of characteristic 0. It can be viewed as a Poisson analogue
of the Andruskiewitsch-Dumas conjecture H] on AutU,(ny).

Finally, in Theorem we also solve the isomorphism problem for the
family of Poisson algebras of the form (K[U4],{:, }st) for split, connected,
simply connected, semisimple algebraic groups G over fields K of character-
istic 0 (allowing SLs factors).

We will use the following notation. For j < k € Z, denote [j,k] :=
{j,...,k}. Forn € Z, set Z>,, = {n,n+1,...} and R>,, = [n,00). The
center of a Poisson algebra (P, {-,-}) will be denoted by

ZP)={z€P|{z f}=0Vf€eP}
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2. A Rigidity Theorem

2.1. Statement of main result

Let K be a field of characteristic 0 and 7" be an m-dimensional K-torus.

Denote the coordinate ring and rational function field of T by
KT =Ky oyl KT =Ky,
For a = (i1,...,4m) € Z™, set
y* =y

Let
{61,...,9m} be the standard basis of Z™, (2.1)

s0 3% = y;. The algebra K[T] is Z™-graded by

degy®* =0, acZ™. (2.2)

Fix a skewsymmetric additive bicharacter
Q72" x72"™ - K
and consider the quadratic Poisson bracket on K[T'] and K(7") defined by
vy a = Qa, B)y™y”, Va5 e Z™ (2:3)

It is graded of degree 0 with respect to the Z™-grading (Z2)). In coordinates,
this bracket is given by

The Poisson structure {.,.}q is called quadratic because it comes from the
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quadratic Poisson bivector field

Z Q(0k, 05) Yy Oy, N ayj
k.3

on T'. The center of the Poisson algebra (K[T],{-, }q) is
Z(K[T]) = Span{y® | « € radQ}, (2.4)
where
radQ = {a € Z™ | Q(«o, B) = 0,YB € Z}.
If 51,..., 0 is a free generating set of the (free) abelian group radf2, then

Z(K[T]) =K[y™,...,y"] and Z(K(T)) =K@™,...,y™").

Let D := (p1,...,pm) € ZZ, be a positive integral vector. The Z™-
grading ([22)) of K[T] and D define a Z-grading given by

deg yx = p. (2.5)
In other words, we use the surjective homomorphism Z™ — Z,
Z.151 ++Zm5m '_>i1p1+"'+impm-

The graded components of the Z-grading will be denoted by K|[T],, n € Z.
Set

K[T]Zn = @lZnK[T]l.
Definition 2.1.

(i) An automorphism ¢ of the Poisson function field (K(7'),{:,-}q) will be
called bi-integral if

¢(yk)7¢_1(yk) S K[T]7 Vk € [1,771].

(ii) A bi-integral automorphism ¢ of (K(T'), {-,-}o) will be called unipotent
if
o(yx) — yk € K[T)sp,, Vk € [1,m].
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Remark 2.2.

(i) It is easy to see that, if ¢ is a unipotent bi-integral automorphism of the
Poisson function field (K(T'), {-, }q), then ¢~! has the same property;

in particular,
o Hyk) — vk € K[T]sp,, Yk € [1,m].

(ii) If ¢ and ¢ are unipotent bi-integral automorphisms of (K(7),{, }q),
then the composition ¢ o 1) need not have the same property. That
is, the set of unipotent bi-integral automorphisms of the Poisson func-
tion field (K(7'),{-, }q) does not form a subgroup of the group of all
automorphisms of (K(7),{-, }a).

The next result is the main rigidity theorem in the paper.

Theorem 2.3. Let K be a field of characteristic 0, m € Zg, (p1,...,Pm) €
7%y, and Q: Z™ x 2™ — K be a skewsymmetric additive bicharacter. Every
unipotent bi-integral automorphism ¢ of the Poisson function field

(K(T),{-,-}a), satisfies

O(ye)yy ' € Z(K[T)), Vk € [1,m].

2.2. An equivalent formulation

Theorem has an equivalent formulation in terms of automorphisms
of completions of Laurent polynomial rings. The grading (Z.0]) gives rise to
the valuation of K[T']

v:K[T] = ZU{oo}, v(rj+---+ry) =4,Vr; € K[T);,i € [4,k],r; #0.

The corresponding completion of K[77] is
K[T] := {un + upy1 + -+ | n € Z,wy € K[T);}.
It has the descending Z-filtration, defined by

—

K[Ts,, = {un +uns1 + - |w € K[T];} for n€N.
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The Poisson structure (2.3]) has a canonical extension to ]Ig[?] which will be
also denoted by {-,-}a.

Theorem 2.4. Let K be a field of characteristic 0, m € Z=q, (p1,-.-,Pm) €
23,  bic
every continuous automorphism 6 of the Poisson algebra (K(T),{-, }q), sat-

18fying

and Q: 2™ x 7™ — K be a skewsymmetric additive bicharacter. For

(*) O(yk) — Y, 0~ (y) — Yk € K[T]sp,, Vk € [1,m],

we have
O(yr)yy ' € Z(K[T)), Vk e [L,m].
Theorems and [Z4] are equivalent due to the following lemma.

Lemma 2.5. There is a bijection between the set of unipotent bi-integral
automorphisms ¢ of the Poisson function field (K(T),{-,-}a) and the set of
continuous automorphisms 0 of (]Iz[?], {,-}a) satisfying the condition (*) in
Theorem [2.4) The bijection is uniquely defined by the condition that

Pl = Olkr)-

Proof. Let ¢ be a unipotent bi-integral automorphism of the Poisson func-
tion field (K(7'),{-, }q). Thus,

o(yr) = (1 + fr)yr for some fi, € K[T]>q

Define
0(yx) = (yr) = (1+ fe)ue, Oy )=+ f) gt =D ()" fiy;, ' € K[T].
n=0

It is easy to see that # uniquely extends to a continuous automorphism of
(K[T],{, }q) which satisfies the condition (%) in Theorem 2.4

In the opposite direction, let # be a continuous automorphism of the
Poisson algebra (K[T],{, }q) which satisfies the condition (%) in Theorem
24l Define

dyr) == 0(yx), ¢y ") == 0(yr) ™" € K(T).
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It is clear that ¢ uniquely extends to a unipotent bi-integral automorphism
of the Poisson function field (K(7'),{:, }q). O

2.3. Support and cone of unipotent bi-integral automorphisms of
the Poisson function field (K[7],{-, }q)

By a strict polyhedral cone in R™ we will mean a cone of the form
C = RzoX = {7“10[1 + oy | r; € Rzo,ai S X}

for a finite subset X C R™ such that « € C = —a ¢ C for all « € R™,
a # 0. A ray R>pa in R™ will be called extremal for C' if for all oy, a9 € C,

a1+ o € RZ()OJ = Q1,09 € RZ()O[.

Given

f= Z csy’ € K[T),c5 € K
psezm™

and a € Z™, set

[f]oz = Cq- (26)

Definition 2.6.

(i) Define the support of an element f € K[T] to be the set

Supp(f) = {a € Z™ | [f]a # 0}.

(ii) For a unipotent bi-integral automorphism ¢ of the Poisson function
field (K[T],{-, }q), the set

Supp(6) == (N - |JSupp(o(y)y;" — 1))\ {0}
J
will be called the support of ¢.

The following fact was proved in @] in the greater generality of auto-

morphisms of completions of quantum tori.
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Lemma 2.7 (@], Lemma 3.10). Let ¢ be a unipotent bi-integral automor-
phism of (K(T),{-,-}q). Then

Supp(¢~") = Supp(¢),

and for all v € Z'™,

Supp(p(y”) — y®) C a + Supp(e). (2.7)

Furthermore, if 1 is another unipotent bi-integral automorphism of
(K(T),{-,-}q) such that ¢ o1 has the same property, then

Supp(@ 0 ) € ((Supp(6) U {0}) + (Supp(v)) U {0})) \{0},
recall Remark 22 (ii).
Denote the functional
pp: R™ =R, u(ry,...,rm) =7r1p1+ -+ + TmpPm, Vri € R. (2.8)

Definition 2.8. Define the cone of a unipotent bi-integral automorphism ¢
of (K(T),{-,-}q) to be the set

Cone(¢) = R>oSupp(¢) = {rias + -+ + rpay | 1 € R>g, a4 € Supp(o) }-
Since the support of each unipotent bi-integral automorphism of (K(7°),
{-,}q) satisfies
Supp(¢) C {a € Z™ | pp(a) = 1}
and pi,...,pm € Z~g, we obtain the following:

Corollary 2.9. The cone of each unipotent bi-integral automorphism ¢ of
the Poisson function field (K(T),{-, -}q) is a strict polyhedral cone. Further-
more, the set Cone(¢)\{0} is contained in the strict half-space

{a € R" | up(a) > 0}.
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2.4. Restrictions of unipotent bi-integral automorphisms to

extremal rays

The following proposition will play a key role in the proof of Theorem
For a subset X C R™ and f € KT, denote

flx =Y [flsy”,

pexnzm

using the notation in (ZG]).

Proposition 2.10. Assume that ¢ is a unipotent bi-integral automorphism
of the Poisson function field (K(T),{-,-}a) and that R>pa is an extremal
ray of Cone(¢). Then

Olrooa(¥”) = S ) srraga for B € LT, (2.9)

uniquely defines a unipotent bi-integral automorphism of (K(T),{-, }qa). Its
inverse is (¢_1)|R20a.

This automorphism of (K(7),{-, -}q) will be called the restriction of ¢
to the extremal ray R>pc. By its definition,

Supp((ﬁleoa) = Supp(¢) NR>pa.

Proof. It follows from Proposition 3.11 (i) in @] that (29) defines an
automorphism of K(7"). The second part of Proposition 3.11 in [36] implies
that the inverse of this automorphism is (¢~ ')|g.,o. These facts can be
also deduced from Lemma 27 we leave the details to the reader. The fact
that ¢|g.,o is unipotent and bi-integral, and the uniqueness statement in
Propositi_on both follow directly. It remains to prove that ¢|r.,q is an
automorphism of Poisson function fields, for which it is sufficient to prove
that

¢]R20a : Span{y® | o € ZZy} — K[T]

is a homomorphism of Poisson algebras with respect to the restrictions of
the Poisson structure {-,-}qo. Using the fact that the Poisson bracket {-,-}q
has degree 0 in the Z™-grading (Z2)), we obtain that for all 3,y € ZZ,

{#lRo00(¥7), Olrsga(y”)e = {657 51R200: S(U7 )y +Rogate
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= {d)(yﬂ)a ¢(yw)}Q|[3+7+R20a
= o({y”, 9" }0)|s47+R500
= dlroga({y”,y7}0)-

In the second equality we also used the assumption that R>ga is an extremal
ray of Supp(¢) and eq. (27) in Lemma 2.7 a

Let ¢ be a unipotent bi-integral automorphism of the Poisson function
field (K(T"),{:, }q) and 6 be the continuous automorphism of the Poisson
algebra (@, {-,-}a) corresponding to it under the bijection from Lemma

—

Then the continuous automorphism of (K[7],{:,-}q), corresponding to

the restriction ¢|R20a is given by

ethoa(yﬂ) = e(yﬂ”ﬂ-&-Rzoa for peZ™.

2.5. Proof of Theorem [2.3]

We will call a continuous automorphism 6 of (]Ig[?], {-,-}q) unipotent if

—

G(y]) —Yj € K[T]>pj7 Vj S [1,m].

It is easy to see that this is equivalent to saying that

—

0(y°) — y° e K[T] VB ez

>up(B)’
in terms of the functional in (Z8]).
Lemma 2.11. Let a € Z, o ¢ radfQ.

(i) If 9 is a Z™-graded derivation of the Poisson algebra (K[T],{-,-}q) of
degree o (with respect to the grading (22))), then

8 == a{yav _}Qv

for some a € K.
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(ii) If 0 is a unipotent continuous automorphism of (]Iz[?], {, }a) with sup-

port contained in Z~qo, then

o0
0 =[] exp(an{y™ —}a) (2.10)
n=1
for some a1, a9, ... € K, where the product is taken in decreasing order

from left to right.

Note that, since the Poisson structure {-,-}q is graded of degree 0 with
respect to the Z™-grading (2.2), the composition in the RHS of (210

. exp(ag{ym, —}a)exp(a1{y®, —}a)

—

is a well defined unipotent continuous automorphism of (K[T],{-, }q) for all

an € K.

Proof. (i) Let k € [1,m] be such that Q(«, d;) # 0. Denote

d(y;) = bjy®T% for some by,... by € K.

The derivation properties of 9 with respect to the commutative product and

the Poisson bracket, and the definition of {, -}q give

k- yite) = {0wk), yita + {uk, 0(y;)}o
= (b + Ok, ;) + b;QSp, a + 8;)) y* Tk
and
Ok, yjta) = Q0k,0;)0(yry;) = (br + bj)Q((Sk’(Sj)ya-‘r(Sk—‘rﬁj.

This implies that
o Q(Oé, 53)
T Qo b)) "

for all j € [1,m], and thus,

_ b, a
J= Q(a,dk){y ) }Q
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(ii) For j € [1,m], define O(y;) € K[T]a+s; by

O(y;) = [0(y)]ate, v .
Since

Supp(¢(yj) — yj — 0(y5)) € 6 + Z>20cv,

—

and ¢ an automorphism of the Poisson algebra (K[T7],{-, }q), 0 extends to
a derivation of (K[T,{-, }a). By part (i), 9 = a1{y*, —}q for some a; € K.
Hence,

Y = exp(—a1{y”, —}a)¢

is a unipotent continuous automorphism of (K[T],{-, }q) whose support is
contained in Z>sa. In the same way one shows that there exists as € K such
that

exp(az {y**, —}o)¥

is a unipotent continuous automorphism of (K[T7],{, }q), whose support is
contained in Zssa. The proof of part (ii) is now completed by induction. O

Corollary 2.12. Let o € Z, o ¢ radf). For every unipotent bi-integral
automorphism ¢ of the Poisson function field (K(T),{-, }q) with Supp(¢) C
Z>10, we have

oY) =y

The corollary follows from Lemma 21T (ii) and the fact that for ev-
ery unipotent bi-integral automorphism of (K(7'),{-,-}q), the continuous

—

automorphism of (K[T],{-,-}q), corresponding to it under Lemma 25| is
unipotent.

Proof of Theorem Because of (24]), the statement is equivalent to
the inclusion

Supp(¢) C radQ.

Assume that this is not the case. Since radf2 is the intersection of a subspace
of R™ with Z™, Cone(¢) will have an extremal ray R>o« such that

a ¢ radQQ. (2.11)
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By rescaling a we can assume that
RZ()OC NZ™ = Na.

Denote
¢ = ¢|R20a-

By the definition of support of ¢, there exists k € [1,m] such that

n
U(yr) = Y aiyy, with a; €K
=0

for some n > 0, a,, # 0. It follows from Proposition [Z 10l that ¢ is a unipotent
bi-integral automorphism of (K(T), {-,-}a) and ¢! = ¢~ g ya. So,

I
O yk) = Y iy with o €K
=0

for some I > 0, a; # 0. By applying Corollary 212 we obtain

n l
Yp = ww—l(yk) _ Z Z aia;-y(i“)ayk.

i=0 j=0

However, n + [ > 0 and the coefficient of y™Thatde — ¢ (nthey, in the LHS
of the last equality is 0, while in the coefficient of y(™*)y, in the RHS
is apa; # 0. This is a contradiction, which completes the proof of the
theorem. O

3. Poisson Automorphisms of Cluster Algebras

3.1. Poisson clusters and cluster algebras

Definition 3.1. Assume that (P, {-,-}) is a Poisson algebra over a field K.
We will say that the n-tuple (y1, ..., ym) of elements of P is a Poisson cluster
of P, if the following three conditions are satisfied:

(1) {yj,ye} = ciryiyr, Yi, k € [1,m] for some cj;, € K.
(2) y1,.-.,yn generate a polynomial subalgebra of P.

(3) P is contained in the localization K[y, ..., yE1].
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In particular, each Poisson cluster of (P, {-,-}) gives rise to the embed-
dings of Poisson algebras

Klyt, - ym] CP S Ky ') (3.1)

The first algebra is a Poisson subalgebra of (P, {-,-}) because of the condition
(1). Every localization of a Poisson algebra has a canonical structure of
Poisson algebra. Hence, the Laurent polynomial ring K[yfl, .., y:E1] admits
a canonical Poisson algebra structure as a localization of the first algebra.
Because of the embeddings in ([B1]), the third algebra is also a localization
of the second, namely,

K[yit:L? R 7y$l] g P[yl_17 R 7y’l:l,1:|

as Poisson algebras.

Seeds of cluster algebras give rise to Poisson clusters as follows. Assume
that A is a cluster algebra of geometric type ﬂﬁh with base ring extended
from Z to the field K. Let ¥ = (y1,... ,ym,é) be a labeled seed of A, i.e.,
one whose cluster variables y1, ..., Y, are labelled with the integers in [1, m].
Here B is the exchange matriz of 3; it is an integral matrix of size m xn whose
principal n x n submatrix B is skew-symmetrizable (i.e., diag(dy,...d,)B
is a skewsymmetric matrix for some collection dy,...,d, of positive, rela-
tively prime integers). The number n is the number of ezchangeable cluster
variables of A. We will assume throughout that y,+1,. ..,y are the frozen
variables of A. We refer the reader to ﬁ, ) @] for details on cluster

algebras.

Definition 3.2 (M, ]) Let A = (Aji) be a skewsymmetric integral matrix.
The pair (A, E) is called compatible if the n x n principle submatrix of the
m x n matrix —AB = A'B equals diag(dy,...,d,) and all other entries of it
vanish.

Here and below X! denotes the transpose of a matrix X. Following
M, ], for a mutable index k € [1,n], define the m x m matrix

Ep = (e55), ey =4 -1, if i=j=k
max(0,b;), if i #£j=k
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where b;;, ¢ € [1,m], j € [1,n] are the entries of the exchange matrix B. If
(A, B) is a compatible pair and k € [1,n], then M, ] the matrix

N = ELAE,

has the property that for the seed mutation () = (Y1, .-, Yk—1, Vs Yk+1,
e Yns pk(B)), the pair (A, ug(B)) is compatible. (We refer the reader
to |4, Sec. 3] for a detailed study on the properties of compatible pairs.)
Iterating this formula, simultaneously with the seed mutation formulas, one
constructs compatible skewsymmetric integral matrices with all seeds of the
algebra A, and defines the Gekhtman—Shapiro—Vainshtein Poisson structure
of A (associated to A) to be given by

Wiy} = Ngysue, Vi, k € [1,m]. (3.2)

More precisely, by the Laurent phenomenon ], A C K[yfl,...,yﬁll].
It was proved in NE] that A is a Poisson subalgebra of K[yfl,...,yfgl],
equipped with the Poisson bracket (B.2]), and that the Poisson bracket be-
tween the cluster variables in every seed of A is given by the analogues of
(B2) in terms of the associated A-matrix to the (labeled) seed. This formula
implies the following:

Corollary 3.3. Let A be a cluster algebra of geometric type equipped with
a Gekhtman—Shapiro—Vainshtein Poisson structure {-,-}. For every labeled
seed ¥ = (y1,...,Ym,B) of A, (y1,...,yn) is a Poisson cluster of (A,{-,-}).

3.2. Automorphisms of N-graded connected algebras admitting a

homogeneous cluster

Let (P = @penPhn, {-,-}) be an N-graded Poisson algebra. The Poisson
bracket will be assumed to be graded but not necessarily of degree 0. Denote
by Aut(P) the group of automorphisms of the Poisson algebra (P, {-,-}) and
by

UAut(P) = {¢ € Aut(P) | ¢(f) — f € P>ny1, YneN, f e P,}

the subgroup of unipotent automorphisms of (P, {-,-}). When dim Py is small
(especially when P is connected, i.e., dimPy = 1), it is easy to describe
Aut(P) in terms of UAut(P). Thus, the problem for determining Aut(P)
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reduces to that of determining UAut(P). The latter problem is extremely

hard and has been solved only in very few situations.

Our next result proves that all unipotent automorphisms of N-graded
connected algebras admitting a homogeneous cluster, have a very special
form that depends only on the Poisson center of the associated Laurent
polynomial ring. It can be used to fully describe the automorphism groups
of such algebras; in the next section this is illustrated with the coordinate
ring of the open Schubert cells of all full flag varieties equipped with the

standard Poisson structure.

Theorem 3.4. Assume that (P = ®nenPn,{,-}) is an N-graded Poisson
algebra over a field K of characteristic 0 and (y1, ..., Ym) is a Poisson cluster
of P consisting of homogeneous elements of positive degrees. Then every
unipotent Poisson automorphism ¢ of (P,{-,-}) has the property

¢(yk)yl;1 € Z(K[yitl7 e 793[11])7 Vk € [17 m]7

where Z(-) refers to the center of the Poisson Laurent polynomial ring with

the Poisson structure {-,-}.

Theorem 4] places a very strong restriction on the possible form of
the unipotent Poisson automorphisms of (P, {-,-}) because in all important
situations the Krull dimension of Z (K[yfl, ...,y:£1]) is much smaller that
that of P, see next section. Furthermore, because of the second embedding

in B10), ¢ is fully determined from the values ¢(ys) for k € [1,m].

Assume the setting of Theorem B4l and denote by 2: Z™ x Z™ — K the
skewsymmetric additive bicharacter given by €2(d;, ) := Ajr. We have the

isomorphism of Poisson algebras

(K[ylilv"'vyilh{'?‘}) = (K[T]v{v}ﬁ) (33)

where the first algebra is equipped with the restricted Poisson structure from
P and the second is the one considered in Section 2. Denote by pr € Z~¢
the degree of y;.

Theorem 4] directly follows from Theorem 23] and the following propo-

sition.
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Proposition 3.5. In the setting of Theorem B4, we have a group embedding
v: UAwt(P, {-,-}) — Aut(K[T], {-, }a)

whose image is contained in the set of unipotent bi-integral automorphisms
of (K[T1,{-,-}a). For ¢ € UAut(P,{-,-}), t(¢) is the unique automorphism
of (K[T,{-, }a) such that

UP)lp = ¢

Proof. Denote K[A™] := Klyi,...,ym]. It is a Poisson subalgebra of
(K[T],{, }q). Identifying the Poisson algebras in (B3]) and taking into ac-
count ([B]), gives the embeddings of Poisson algebras

(K[Am]7{7}ﬂ) - (P7{7}) - (K[T]7{7}Q) (34)

Since the elements yi,...,¥y, are homogeneous, these embeddings are
graded. Fix ¢ € UAut(P,{-,-}) and define

®: K[A™] — K[T] by ®(f):=¢(f) € P CK[T], Vf € K[A™] C P.

Taking into account that ¢ is an automorphism of (P,{,-}) and using the
embeddings in ([B.4]), we obtain that ® is a homomorphism of Poisson algebras

with respect to the Poisson structure {-,-}q. Since
(I)(f) — f c P2n+1 C K[T]ZnH,Vf S K[Am]n - Pn,n S N, (35)

® is injective. Thus, it extends to an injective Poisson homomorphism
O (K(T),{-, }a) = (K(T),{:, }a). Since P is a subalgebra of K[T], it is an
integral domain. This, the definition of ® and the fact that P is contained
in the field of fractions of K[A™] imply that

olp = . (3.6)

Denote by ¥: (K(7),{-,-}a) — (K(T'),{:,-}a) the injective Poisson homo-
morphism obtained in the same way from ¢~! € UAut(P, {-,-}). It follows
from (B.6]) that

VO(f) = Vo(f) = ¢ ¢(f) = f, VfeK[A™
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because ¢(f) € P. Therefore, ¢ is a Poisson automorphism of (K(7),{-,-}q)
with inverse ¥, and by ([B.3]), ® is a unipotent bi-integral automorphism. De-
fine 1(¢) := ®. Eq. (B0) implies that ¢: UAut(P, {-,-}) = Awt(K[T],{-, - }a)
is injective. We have proved that its image is contained in unipotent bi-
integral automorphisms of (K[T],{-,-}q). It remains to prove that ¢ is a

group homomorphism.

Let ¢1,¢2 € UAut(P,{-,-}). Applying ([B.6]) gives
(1) ou(d2))(f) = tle1)(d2(f)) = (d1002) (f) = t(pr0¢2)(f), V.f € K[A™]

because ¢(f) € P. Since P is contained in the field of fractions of K[A™],
we obtain that t(¢1) o ¢(¢2) = t(¢1 o ¢2), which completes the proof of the

proposition. O

3.3. Poisson automorphisms of N-graded connected cluster algebras

Theorem B4 and Corollary imply the following result.

Theorem 3.6. Let A be an N-graded cluster algebra of geometric type over
a field K of characteristic 0, equipped with a Gekhtman—Shapiro—Vainshtein
Poisson structure {-,-}. Let ¥ = (y1,... ,ym,g) be a labeled seed of A such
that y1,...,yn are homogeneous of positive degrees. For every unipotent

automorphism ¢ of the Poisson algebra (A,{-,-}),

o(ue)yy " € ZKy . um')

where the center is computed with respect to the induced Poisson structure

on the localization Ky', ... yil = Aly, .yt

There are two important subgroups of the automorphism group of the
Poisson cluster algebra (A, {-,-}): the subgroup of the modular Poisson au-
tomorphisms and the subgroup of toric transformations. For a labeled seed
% of A, denote by y1(X),...,ym(S) the cluster variables in it, by B(X)
its exchange matrix, and by A(X) the compatible integral skewsymmetric
m X m-matrix. As before, we will assume that y,11(X),...,ymn(X) are the

frozen variables of A.
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(1) The group of toric transformations of (A, {-,-}) was introduced by Gekhtman—
Shapiro—Vainshtein in NE] as follows. For a labeled seed ¥ of A, denote the
lattice

Oy := KerB(X)' N Z™

where B(X)! is the transpose of the matrix B(X). In M, Proposition 3.3]
it was proved that the assumption that (A(X), B()) is a compatible pair
implies that rank]g(E) =n, so rank®y = m — n. Denote by T4, the m — n-
dimensional K-subtorus of (K*)™ generated by

(a",...,a"™) for (Iy,...,ln) € Ox,a € K*.

It was proved in ﬂE, Lemma 2.2] that the action of T4 on K[y;(X)*!,...,
ym(X)F!], given by

(Cll, cee 7am) : yk(z) = ak‘yk(z)v Vk € [17m]7 (Cll, cee 7am) € T.A

preserves A and that, for any other labeled seed of A, the two tori and
the corresponding actions are canonically isomorphic. The action of T4
obviously preserves {-, -} for homogeneity reasons, so, we have an embedding

Ty C AUt(A7 {'7 })
The group T4 is called ME] group of toric transformations of (A, {-,-}).

(2) The modular group of a cluster algebra A of geometric type was defined
in E, B, ] (a more general construction for quasiautomorphisms in the
presence of coefficients in semifields was introduced in |14]). We use the
term modular Poisson group for the subgroup of the former that preserves
the Poisson structure {-,-}.

A modular Poisson automorphism of A is defined to be any automor-
phism ¢ € Aut(.A) that has the property that there is a cluster (y1,...,ym)
of A satisfying the conditions:

(1) (d(y1)s---0(ym)) is a cluster of A and ¢(y;) =y; for j € [n+1,m],

(2) {o(yr) ¢(;)} = ¢{yk,ys}) for all k,j € [L,m],
(3) ¢ commutes with mutations in the sense that ¢(uk(yi)) = px(d(yk)) for
all k € [1,n].
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It is easy to check that this implies that every cluster of A will possess the
same properties.

Recall that an m x n matrix B is called indecomposable if there is no
nontrivial partition [1,m| = P, U...U P; such

(1) Pjn[l1,n] # @ for all j and
(2) B becomes a block-diagonal matrix with respect to this partition (with
blocks of rectangular size).

It is well known that, if the exchange matrix of one seed of A is indecom-
posable, then this is true for any other seed of A. Analogously to E, Lemma
2.3], one proves:

Lemma 3.7. If the exchange matriz on one (and thus any) seed of A is
indecomposable, then an automorphism ¢ € Aut(A) is a modular Poisson
automorphism if and only if there is a labeled seed ¥ = (yq,. .. ,ym,é) of A
satisfying the following condition:

Either (($(y1), -+ $(ym)), B) or (#(y1).---,é(ym)). —B) is a labeled
seed of A and the corresponding compatible A-matriz is A(X).

Once again, it is easy to check that if one seed of A satisfies the condition
in Lemma B7 then every labeled seed of A will satisfy it too. Denote
by Mod — Aut(A,{-,-}) the group of modular Poisson automorphisms of
(A, {-,-}). The subgroup of those ¢ € Aut(A) satisfying the condition that
((p(y1), - - ,d)(ym)),é) is a labeled seed of A, will be called the group of
strong modular Poisson automorphisms of (A,{-,-}) in analogy with the
terminology of ﬂﬁ] for cluster algebra automorphisms without the presence
of Poisson structure.

Finally, note that Mod — Aut(A, {-,-}) normalizes T,4. Thus, we have
the subgroup

T x Mod — Aut(A, {-,-}) € Aut(A,{-,-}).

The group Mod — Aut(A, {-,-}) is of combinatorial nature and one can hope
that it can be fully determined from the exchange pattern of the cluster al-
gebra A. It has been described for acyclic cluster algebras ﬂa] and for cluster
algebras of finite mutation type H, H,E] in terms of the transjective compo-

nent of the Auslander—Reiten quiver of the corresponding cluster category
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and the mapping class group of the associated surface, respectively. The
group 14 is a torus that is described explicitly. However, the full automor-
phism group Aut(A,{-,-}) is extremely hard to determine explicitly. This
gives rise to the following natural question:

Problem 3.8. Let A be a cluster algebra of geometric type over a field K,
equipped with a Gekhtman—Shapiro—Vainshtein Poisson structure {-,-}. De-
termine how much bigger the full Poisson automorphism group Aut(A,{-,-})
18 compared to its canonical subgroup

T4 x Mod — Aut(A, {‘, })

In the next section we present a solution of this problem for the impor-
tant case of the cluster algebra structures on all open Schubert cells in full
flag varieties of complex simple Lie groups. We expect that Theorem 3.6 will
be helpful in fully resolving the above problem for all N-graded connected
cluster algebras.

4. Applications to Poisson Automorphisms of Schubert Cells

4.1. Standard Poisson structures on flag varieties

Let K be a field of characteristic 0 and G be a split, connected, simply
connected, semisimple algebraic group over K. Let g be its Lie algebra and
W its Weyl group. Denote by {ai,...,a;,} the set of its simple roots and
by {s1,...,8-} C W the corresponding set of simple reflections.

Let By be a pair of opposite Borel subgroups of G, H := By N B_
be the corresponding maximal torus, and Uy be the unipotent radicals of
By. Set by := Lie(By), ny := Lie(Uy), and b := Lie H. Let {e;, f;} be
a set of Chevalley generators of g such that {e;} and {f;} generate ny and
n_, respectively. Set h; := [e;, f;]. Consider the representatives of s; in the
normalizer Ng(H) of H in G

$i := exp(f;) exp(—e;) exp(fi).

They are extended (in a unique way) to Tits’ representatives of the Weyl
group elements w € W in Ng(H) by setting w := 0$; if w = wvs; and
l(w) = L(v) + 1 where ¢: W — N is the length function. Denote by Ay the
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set of positive roots of g. For w € W and 7 € [1,r] such that w(a;) € AL,

denote the root vectors
ew(ai) = Adw(eai) and fw(ozi) = Adw(faz) (4.1)

Let (-,-) be the invariant bilinear form on g, normalized by ||a;||*> = 2 for

short roots «;.

The standard r-matrix for g is the element

2
Tst i= Z ”BQH es N fz € Ng. (4.2)

BeEAL

It gives rise to the Poisson bivector field
7o i= —x(r) € D(G/Bs, °T(G/By)), (4.3)

called the standard Poisson structure of the full flag variety G/By. Here,
x: 9 — I'(G/B4,T(G/By)) denotes the infinitesimal action of g associated
to the left action of G on G/B, and its extension to

Ng — I'(G/B4+,\*T(G/B)). Alternatively, the Poisson structure 7 can be
defined as the push-forward under the projection G — G/B. of the standard
(Sklyanin) Poisson structure on the group G. The Schubert cell partition of
G/B+

G/B. = | | BywB. /B,
weWw
is a decomposition into Poisson submanifolds. Denote by w, the longest

element of the Weyl group W and consider the open Schubert cell of G/B
BiwoBy /By = Uy

where the isomorphism (of affine spaces) is given by u4 € Uy — uywoBy /B .
Denote by g the induced Poisson structure on U, and by {-,-}st the corre-
sponding Poisson bracket on K[U]. (Note that g is not the restriction of
the standard Poisson structure of G to U ; even more, Uy is not a Poisson
submanifold of G with respect to it.) Elek and Lu proved ﬂ§, Theorem 6.1]
that the Poisson structure 7y is defined over 7Z, see the next subsection for
details.
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Let Uy(g) be the corresponding quantized universal enveloping algebra

] and Uy(n_) be its negative part. The Poisson bracket {-, -} is pre-
cisely the induced Poisson bracket for the specialization of an integral form
of Uj(n_)op at ¢ = 1 (identified with the nonrestricted integral form on
the quantized coordinate ring of the open Schubert cell BLw,By /B ), @,

Lemma 4.3]. Here (-)op refers to the opposite algebra structure.

The automorphism group Aut(I') of the Dynkin graph I of g acts on G,
G/By and U, (via its action on the fixed choice of Chevalley generators of
g). It is clear that this action is Poisson with respect to 7. The definition of
Tt also implies that the conjugation action of H on (UL, {-, }s) is Poisson.

Thus, we have the embedding
(H/Zg) x Aut(T") — Aut(K[UL],{-, }st) (4.4)

where the semidirect product is formed with respect to the action of Aut(I")
on H permuting the elements {h;} and Zg denotes the center of G. By
abuse of notation, we will identify (H/Zg) x Aut(I') with its image in
Aut(K[UL], {, Jst)-

Theorem 4.1. For all fields K of characteristic O and split, connected, sim-
ply connected, semisimple algebraic groups G which do not have S Lo factors,
the group of Poisson automorphisms of the coordinate ring of the open Schu-

bert cell (BywoBy /By, mst) = (Uy, mst) is given by

Aut(K[U+]v {'7 '}St) = (H/ZG) X Aut(F)-

For all semisimple Lie groups GG, Berenstein, Fomin, and Zelevinsky con-
structed in E] an upper cluster algebra structure on K[U, | with a Gekhtman—
Shapiro—Vainshtein Poisson structure equal to {-,-}s. In the case when G is
simply laced, Geiss, Leclerc and Schroer proved in @] that K[U4] coincides
with the corresponding cluster algebra A(U ). For all semisimple Lie alge-
bras this was done by Goodearl and the second author in ﬂﬂ] Theorem 1]
solves Problem [B.§] for this class of cluster algebras. It also has the following
immediate corollary for the Poisson modular automorphism groups of the
cluster algebras A(Uy):
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Corollary 4.2. For all fields K of characteristic O and split, connected, sim-
ply connected, semisimple algebraic groups G which do not have S Lo factors,
the Poisson modular automorphism group of the cluster algebra structure
(AUL), {-,}st) on K[U4] is isomorphic to Aut(T).

Theorem HI] and Corollary are not valid in the case when the
semisimple algebraic group G has SLgy factors because the Poisson struc-
ture mg vanishes in the case of G = SLy. This leads to a slightly larger
automorphism group in the case of one factor and to pathological problems
in the case of multiple factors. In the latter case the Poisson algebra in
question is a tensor product of two algebras, one of which is a polynomial
algebra with a trivial Poisson bracket.

Since the category of Poisson algebras in Theorem 1] is closed under
tensor products, we have the following application of Theorem F.I]that solves
the isomorphism problem for this family of Poisson algebras. For a split,
connected, simply connected, semisimple algebraic group G, we will denote
by U4 (G) the unipotent radical of a Borel subgroup of G and by {-, -} the
corresponding standard Poisson structure on K[U,]. The Poisson algebra
(K[U(@)],{+,}st) is independent (up to isomorphism) on the choice of Borel
subgroup of G.

Theorem 4.3. Let G and Go be split, connected, simply connected, semi-
simple algebraic groups over a field K of characteristic 0. The Poisson alge-

bras
(KIU+(G)], A }st) and (KU (G2)], -, - }st)

are isomorphic, if and only if G1 and Gy are isomorphic.

Theorem does not assume that the semisimple groups do not have
S Ly factors, like Theorem LIl Theorem [l is proved in §4.2—4.5 and The-
orem in §4.6.

4.2. Generators for the Poisson algebra (K[U,], {-, }s)
Fix a reduced expression of the longest Weyl group element

Wo = Sjy - - Siy (45)
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where N :=dimny. For k € [1, N], set

(Wo) <k = Siy ... 8i,_, € W.
The positive roots of g are expressed as

Br = (wo)<k(ai,), k€ [1,N]

and, using (4.1]), we have the parametrization
Ut = {exp(xp,ep,) .. .exp(xgyepy) | zg, € K}
It gives rise to the isomorphism
K[U.] = Klog, 8 € Al (4.6)

These are the coordinates in which the Poisson structure {-,-}4 has integer
coeflicients, ﬂ§, Theorem 6.1]. It also satisfies the semiclassical analogue of

the Levendorskii-Soibelman straightening law

{xﬂj7x/8k Fst = </8j7ﬂk>xﬂjxﬂk + qjr  Where gj, € K[xﬂj+17 s 7x/8k—1] (4.7)

for all j < k € [1, N], ﬂg, Proposition 5.12]. (We use the opposite Poisson
structure to that in [§], resulting in a sign difference.)

Denote by @+ = Naj + ...+ Na, the positive part of the root lattice of
g and by ht: Q4+ — N the principal grading

ht(nlal +"'+n7"ar) =ny 4+ g

The algebra K[U,] is Q4-graded by setting degzs :=  for § € A;. (One
can equivalently define the grading by using the characters of the conjugation
action of H on K[U4].) By (3, the Poisson structure {-, -}« is graded of
degree 0.

Remark 4.4. Since K[U,],, = Kz,, for i € [1,7], changing the reduced

expression of w, only results in rescaling of the coordinate functions z,, .

Proposition 4.5. The Poisson algebra (K[Uy],{-, }st) is generated by x,,
fori e [1,r].
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Proof. The ordering f1,...,8n of the positive roots of g is convex in the
sense that, if o, 8, + 5 € A4, then a4  appears between « and .

Denote by P the Poisson subalgebra of K[U,| generated by x,, for i €
[1,7]. We prove by induction on n € Z>; that g € P for 3 € AL with
ht(8) = n. This is clear for n = 1. Assume its validity for some n € Z>;
and consider v € A with ht(y) = n+1. Then v = f+ «; for some 5 € A4,
ht(8) = n. Since {-,-}s is graded of degree 0 with respect to the Q4-grading
of K[U4],

{xcxwxﬂ}st =axry +q
where a € K and ¢ is a polynomial in zg with 5’ € Ay, ht(f’) < n. The

inductive assumption implies that ¢, {z,,zg}st € P, so it suffices to prove
that

a# 0. (4.8)
Let j,k € [1,N] be such that §; = o; and f; = B. By the convexity of
the ordering of the roots (1,...,08n, v = B; for some [ between j and k.
Denote m = min{j, k} and M := max{j,k}. A formula for the coefficient a
was obtained in ﬂg, Theorem 4.10, Eq. (41)]. Eq. (41) in ﬂ§] expresses a as

a product of 1’s and a nonzero rational number coming from the «;,-string
through the root

Sip_y o Sim1 (aim) Ty = Sip_y e Si]\/lfl(ailw) €A
The last identity follows from the equality v = 5 + «; and the definitions of

[,m and M. This completes the induction step. O

4.3. Poisson clusters of the algebra (K[U4],{:, }st)

Denote by {wi,...,w,} the fundamental weights of G. Given a domi-

nant integral weight A of G and u,v € W, one defines the generalized minors
Au)\ﬂ] € K[G]

as follows. Let L(\) denote the irreducible highest weight G-module with
highest weight A. Fix a highest weight vector by of L(\) and a vector £, in
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the dual weight space, normalized by (£, by) = 1. Define

Aurnon(g) = (&, a tgoby), g€ G.

As in the previous subsection, we fix a reduced expression (A3 of w, and
define

Ay = A(wo)<kwk,wowk € K[U-‘r] for k€ [LN] (49)

(The minors are considered as elements of K[U,] by restriction.) Clearly,
for all i € [1,r],

Ay wow; = A where k:=min{l € [1, N] | i, = i}.

Proposition 4.6. For each reduced expression of we, the elements Aq,.. .,
Ay € K[Uy4] form a Poisson cluster of (K[Uy],{-, }st) and satisfy

{A;, Agtse = —(((wo)<; + Wo )i ;5 (Wo) <k — Wo) iy ) Aj A, Vi<ke [1, N].
(4.10)

Proof. Denote the successor function for the reduced expression (4.3)
s: [1,N] = [1, N] U {cc}
given by

® {min{l >k |i =iy}, if 31> k such that i = i
S =

o, otherwise.

The fact that Aq,..., Ay form a polynomial subring of K[U,| and the

inclusion

K[U;] c KIATY, ..., AT
follow from the expansion
Ay = Aypyrs, +qr  for some qp € Klzg, , ..., 25y], Vk€[1,N] (4.11)

where Ay := 1 and gy = 0. It is proved analogously to its quantum

counterpart ﬂa, Proposition 3.3].
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The Poisson structure {-, -} on the open Schubert cell Biw,By /B
equals the canonical Poisson structure on the specialization at ¢ = 1 of the
nonrestricted integral form of the quantized coordinate ring of BLw,B4 /B,
see M, pp. 274-276]. The same arguments show that the minors Ay,..., Ay
are equal to the specializations of the corresponding set of quantum minors
in @, Theorem 9.5] for the case of w = w,. The formula for Poisson brackets
(ZI0]) is an immediate consequence of the commutation relations between
the quantum minors in [20, Eq. (9.29)], with a sign contribution from the
antihomomorphisms in [20, Theorem 9.2]. O

For each ¢ € [1,7], —ws(a;) is a positive simple root of g. Denote the
involution 7 of [1,7], given by

Qr(i) = —Wo (). (4.12)

Let O C [1,7] be the set of its fixed points and O3 be a set of representatives
of its 2-element orbits.

Proposition 4.7. For each reduced expression of w., the Poisson center of
the Laurent polynomial ring of the Poisson cluster in Proposition[d.6] is given

by

Z(K[Ailv T A]ﬂ\:fl]) :K[Aiiwowi, (AWz,woWzAwT(z>»wowT(z))il7 i€ O1,1€ Oy].
Proof. 1t follows from (AI0) that the Poisson center of the Laurent poly-

nomial ring Z(K[Afl, . ,A]ivl]) is given in terms of the radical of the form
Q on ZN

Q(65,0x) := —(((wo) <j + wo)wi;, (o) <k — wo)wy, ), J<kel[l,N]

by 24). (Recall the notation (21).) By @, Eq. (9.29)] the radical of the
same form computes the center of the quantum torus generated by the quan-
tum counterparts of this sequence of minors. The center of that quantum
torus was described in @, Lemma 4.7]. The proposition follows from it and

@9). 0
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4.4. Proof of Theorem [4.1] in the unipotent case

Consider the principal grading of the algebra K[U,], defined by
degaxg =ht(3) for g e A,. (4.13)

The grading is connected, i.e., K[U4]p = K.

We prove Theorem . T]in two steps. In this subsection we prove it in the
case of unipotent automorphisms, using the rigidity theorem from Section
2 and the embedding result for unipotent automorphisms on the basis of
Poisson clusters in Proposition In the next subsection we reduce the
general case to the unipotent one (with respect to the principal grading of
K[UL]).

For the needs of the proofs in the next subsection, we derive a stronger
result for unipotent automorphisms concerning all specializations of the

Q+-grading on K[U,] to N-gradings. Denote the set of dominant integral
coweights of G:

P! ={mw+ - +nw |ni,...,n, €N}

where @, ..., @, are the fundamental coweights of G. Each A € P gives
rise to the specialization of the @-grading of K[U,], defined by

degxg := (A, B). (4.14)

Proposition 4.8. Let K be a field of characteristic 0 and G be a split,
connected, simply connected, semisimple algebraic group. For all dominant
integral coweights \ of G, the group of unipotent Poisson automorphisms of
the coordinate ring of the open Schubert cell (BywoBy /By, mst) = (U, mgt)
with respect to the grading [@I4) is trivial

UAut(K[U4], {- - }st) = {id}.

For this proposition it is not necessary to require that G has no SLs
factors.

Proof. Since the scheme theoretic intersection of opposite Schubert varieties
is reduced B, Theorem 3.5] and Schubert varieties are linearly defined M,
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Theorem 3(i)], the vanishing ideal of the irreducible subvariety
U+ N U_SiB+wo = B+UJOB+/B+ N B_SiB+/B+

of Uy is the principal ideal (A, wow,; ). Because K[U4] is a polynomial ring,
the elements Ay, y,w, € K[U4] are prime. Clearly, they are not associates

of z, for any I € [1,r].

Let ¢ € UAut(K[U4],{-, }st) with respect to the grading (LI4]). Fix
i € [1,r]. First we show that

d(za;) = (L + fi)za, for some
fi e K[AW]','LUOWJ'7 Awl,wowlAwT(l),wowT(l)vj e Ol7l 6 02]21 (415)

Recall the setting of Proposition .7 and the definition [@I2]) of the involu-
tion 7 of the Dynkin graph I'. Keeping in mind Remark 4] we choose a
reduced expression (L3 of w, such that iy = 7(i). So, By = wo(s7()0r)) =
wo(—ar(;y) = ;. By Proposition L6, the N-tuple (Ay,..., Ay) is a Poisson
cluster of (K[U4], {-, }st). In addition, it follows from (LII]) that

AN =Ty = Lay-

7

We apply Proposition to obtain a unipotent bi-integral automor-
phism «(¢) of (K[Alil, . ,Aﬁl], {*,-}st). The rigidity result in Theorem 23]
and the classification of the Poisson center of this cluster from Proposition
A1 give that

P(za,) = ¢(AN) = (P)(AN) = (1 + fi)za, with
fi S K[(Aw]-,wowj-)ily (Awl,wowlAwT(D,wowT(l))ilyj S 017l € 02]21-

However, Ay w,w; is a prime element of K[U,] for all j € [1,r] which is not

a multiple of z,,. Hence,
fi € K[AWj,wOWj7Awl,wowlAwT(l>,wowT(l>7j € Olvl € 02]21

which proves [@IH]). Since f; is in the Poisson center of (K[U4], {-, }st) and
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K[U4] is generated as a Poisson algebra by z,,, i € [1,r] (Proposition [L.1]),

r

(A, wow;) = A, worw; H(l + )™, Vie L]
=1

where m;; € N are the integers given by
wW; — Woo; = Zmilal.
!

Because Ay, yow, is a prime element of K[U4] and ¢ is an automorphism of
K[U+]7

r

[Ja+mme=1, vielir).

I=1
We also have f; € K[U4]>1. Taking into account the fact that for each
[ € [1,r] there exists ¢ € [1,7] such that m; # 0, we obtain that all f; = 0.
This completes the proof of the theorem. O

4.5. Reduction of Theorem [4.1] to the case of unipotent automor-

phisms

Proposition 4.9. Let K be a field of characteristic 0 and G be a split, con-
nected, simply connected, semisimple algebraic group which does not have
SLy factors. Then, for every ¢ € Aut(K[Ui],{-, -}st) there ewists ¢ €
(H/Zg) x Aut(T') such that ¢y~ € UAw(K[U4], {-, }st) with respect to
the principal grading.

Unless otherwise noted, all results in this section refer to the princi-
pal grading [@I3) of K[U,]. First we show that every automorphism of
(K[U+], {-, - }st) is increasing with respect to this grading:

Lemma 4.10. In the setting of Theorem EIl, every automorphism ¢ of
(K[UL],{-, }st) satisfies

¢(f) S K[U-i-]ZTH fOT all f € K[U+]n7n e N.
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Proof. Since K[U,]| is generated as a Poisson algebra by z,,, i € [1,r]
(Proposition FLH]) and {-, -}« has degree 0, it is sufficient to prove that

¢(Ta;) € K[U4]>1- (4.16)

The definition of z,,, does not depend, up to a scalar, on the choice of reduced
expression of w, (Remark [£4]). Because G does not have SLs factors, there
exists a simple root a; such that (a;, ;) # 0. Recall the definition [@I2]) of
the involution 7 of the Dynkin graph I". Choose a reduced expression of ws
ending with s.ys;;) € W, i.e., an expression (43]) such that iy 1 = 7(I)
and iy = 7(i). Thus, By = wo(s;(y0r()) = Wo(—r)) = iy, fn-1 =

Wo (57()S+(1) (A7 (1)) = Wo(—5-(50r(y) = sicy and
(BN-1,B8n) = (si(), a;) = —(ay, ;) # 0.
By @.1),

{xﬂN—l y Loy }St = _<al7 ai>$,3N_1$ai .

Let ¢(xgy_,) = [+ g with f € K[Uy],, f # 0 and g € K[U4]s,, for some
n € N. Assume that (£.I06) does not hold. Then ¢(z,,) — a € K[U4]> for
some a € K*. The term of minimal degree in the RHS of the equality

{(z)(xﬂNfl )7 ¢(‘rai)}5t = _<al7 O‘i>¢(xﬂN71 )¢(‘raz)

has degree n and equals —{ay, a;j)af # 0, while the term of degree n in the
LHS equals {f,a}st = 0. This is a contradiction, which proves (A1) and
the lemma. The last step of the proof is a Poisson analogue of the argument
of ﬂﬂ, Proposition 3.2]. O

We will call an automorphism ¢ of (K[UL],{-, }s) linear if
O(K[U4s]n) =K[U4]n, ¥neN, ie., ¢(x,,) € K[Ur]1, Vie[l,r]

with respect to the principal grading. The following result classifies those

automorphisms.

Proposition 4.11. In the setting of Theorem B.1], the group of linear auto-
morphisms of (K[U4], {-, }st) is isomorphic to (H/Zg) x Aut(T).
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For the proof of this fact we consider the presentation of (K[U4], {-,}st)
as a factor of a free Poisson algebra. Recall that K[U,] is generated by
Zq, as a Poisson algebra (Proposition [LH]). Denote by (Fg,{:,-}) the free

(3

Poisson algebra on z,, and by Zg the kernel of the canonical projection of
Poisson algebras (Fg,{-,}) — (K[U4],{:, }st). Consider the @Q;-grading
of Fg, given by degz,, := «ay, @ € [1,r]. The projection is Q-graded.
Thus, Zg is homogeneous with respect to the Q+-grading and its principal

specialization.

Denote by (c;;) the Cartan matrix of G.

Lemma 4.12. The degree 3 component of the ideal I is spanned by

Tay{%ass Tay b 1%y, {Tass Ta, }} (4.17)
forl,i,j € [1,r] such that ¢;j =0 and
{Za,, {xai,xaj}} — (ay, aj>2xiixaj (4.18)
fori,j € [1,7] such that ¢;j = —1.

Proof. Fix i # j € [1,r]. Consider a reduced expression (3] of w, such
that 41 =7 and 15 = J.

If ¢;j = 0, then B2 = a;; and by (@7,
{xai,xaj}st = (ai,ajmaixaj =0
in K[U4]. This implies that the elements in ([{.I7]) belong to Zg.
If ¢;j = —1, then By = s;(a;) = oy + a; and by (1),
{xai,xa#aj Fst = (au, si(aj))xaixa#aj = —(a, aj>xaixai+aj (4.19)

in K[Uy]. Eq. @8) and the fact that K[Ui]a,4+a; = KZa,%a; + Ko, 10,
imply

{xamxaj }st = <05i7 aj>xai$aj + AT 4a,
for some a € K*. Expressing %q,+o; from here and substituting it in (£I9)

shows that the elements of the type (AI8]) are in the ideal Zg. Finally, the
property that (Zg), = 0 for the other v € A, with ht(y) = 3 follows from
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the isomorphism K[U4] = K[zga,,...,2g,] by comparing the dimensions of
the degree 3 components of Fg and K[U,]. a

The next lemma provides important restrictions on the possible form of
linear automorphisms of (K[UL],{-, }st) coming from the degree 3 compo-
nent of the ideal Zg.

Lemma 4.13. Let ¢ be a linear isomorphism of (K[U4],{:, }st), given by
d(Tq,) = Z i1 Tq, (4.20)
=1

for some a;; € K. Denote the support of each row of this matriz
Supp(i) := {l € [L,7] | ay # 0}

For alli,j € [1,7] such that ¢;j = —1, we have the following:

(i) Supp(i) N Supp(j) = 2,

(i) [Supp(é)| =1, and
(iii) for k € Supp(z),m € Supp(j), ckm = —1.
Proof. Our strategy for the proof of this result is similar to that of the proof
of @, Lemma 4.7]. Denote by ¢ the automorphism of the free Poisson alge-

bra Fg, given by the same formula (Z20]) as ¢. Since ¢ is an automorphism
of K[U4), 3(Zc) = Tar

(i) Assume that ! € Supp(i) N Supp(j). The degree 3ay-component of the
image of (LI8]) under ¢ is

— (o, o5)*agaad.

It belongs to Zg because Zg is a graded ideal of Fg with respect to its
@ +-grading. This is in contradiction with Lemma B.4] which proves (i).

(ii) Now assume that & # | € Supp(i) and m € Supp(j). By part (i),
k,l,m € [1,r] are distinct. The degree (ay + a; + uy,)-component of the
image of (£I8) under ¢ is a nonzero scalar multiple of

{xoék? {xazv‘ram}} + {xazv {xamxam}} - 2<ai7 aj>2xakxalxam'
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This expression belongs to Zg because Z¢ is Q) 1-graded, but once again this
contradicts Lemma [B4] since (Zg)s does not contain elements of this form.
This proves (ii).

(iii) The degree (2aj, + vy, )-component of the image of (AI8]) under o gives
that

{xak7 {xak7xam}} - <Oék;, am>2xikxam € ZG

Lemma 3.4 implies that ¢, = —1. O

Proof of Proposition[2.4. Eq. (£4]) is an embedding of (H/Zg) x Aut(I)
in the group of linear automorphisms of (K[UL], {-,}st). We need to show
that this embedding is an isomorphism. Two simple (positive) roots of G
will be called adjacent if they are connected in the Dynkin graph I'.

Let ¢ be a linear automorphism of (K[U,],{-, }st). Applying Lemma
to ¢ and ¢!, we obtain that there exists a permutation o € S, and
ai,-..,a, € K* such that:

(i) o maps the connected components of I' of type By and G2 to connected
components of type B or (9, preserving the direction of arrows. Its
restriction to the union of connected components of I' that are not of
type By and (5 is an isomorphism.

(ii) If oy is the short simple root of a connected component of " of type B
for t > 2, then

¢($al) — aixag(i) + blxo'(j)

where «; is the second adjacent simple root to the only simple root of
I' adjacent to «;. (Note that by (i), the restriction of o to a connected
component of I' of type B; for ¢t > 2 is an isomorphism.)

(iii) For all other simple roots «; of G,
¢(xai) = il ;-

Taking into account the property (iii), we see that o € S, cannot take a
connected component of I' of type By to a connected component of type Go
because in that case a restriction of ¢ will provide an isomorphism between
the Poisson spaces (K[U4],{:,}st) for groups G of type Bz and Gy. This



138 JESSE LEVITT AND MILEN YAKIMOV [March

cannot happen because the corresponding unipotent radicals Uy have dif-
ferent dimensions. Therefore, ¢ is an automorphism of the Dynkin graph I'.

This implies that the map
bo.a(Ta;) = iy, @€ [L7]

is a linear automorphism of (K[UL], {-, }st) coming from (H/Zg) x Aut(T).

It remains to show that the scalars b; in property (ii) vanish, i.e., ¢ = ¢y 4.

Consider the dominant integral coweight
A= oo

where n; = 1 if «; is the short simple root of a connected component of I' of
type By for t > 2 and n; = 2 otherwise. It follows from properties (ii)—(iii)
that ¢o gb;(ll is a unipotent automorphism of (K[U4], {-,}st) for the grading
(@14)). Proposition .8 implies that ¢ o ¢, , = id completing the proof of the

proposition. O

Proof of Proposition Consider the principal grading of K[U,]. Let
¢ be an automorphism of the Poisson algebra Aut(K[U4],{-, }st). Lemma
implies that for every f € K[U4],, n € N, there exists a unique ¢o(f) €
K[U4],, such that

O(f) = do(f) € K[Ut]>n.

This defines a map ¢o: K[Uy] — K[U4| which is a linear automorphism of
(K[U4],{, - }st) because {-,-}s has degree 0 and ¢g o (¢~ 1) = id. It follows
from Proposition 24 that ¢g € (H/Za) x Aut(I'), and clearly,

ooyt € UAut(K[U4], {-, Jst)-

So, choosing 1) := ¢ proves the desired property. O

Proof of Theorem [AJl Proposition implies that for every ¢ €
Aut(K[UL],{-, }st), there exists ¥ € (H/Zq) x Aut(I') such that ¢ip~! is a
unipotent automorphism of the Poisson algebra (K[U4], {-,}st) with respect
to the principal grading of K[U,]. Proposition E4] implies that ¢~! = id.
Thus, ¢ = v which proves the theorem. O
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4.6. Proof of Theorem [4.3]

Fix a Poisson algebra isomorphism

o

n: (K[U+(G1)]7 {‘7 '}St) — (K[U+(G2)]7 {'7 ‘}St)' (4‘21)
The map ¢ :=n ®n~! is an automorphism of the Poisson algebra
(K[U+(G1)]7 {‘7 '}St) @ (K[U+(G2)]7 {'7 ‘}St) = (K[U-i-(Gl X G2)]7 {'7 ‘}St)'

(1) In the case when G and G4 do not have S Lo factors, Theorem [£.3] follows
at once by applying Theorem 1] to the automorphism ¢.

(2) Now consider the case of arbitrary split, connected, simply connected,
semisimple algebraic groups G and Go. Let

Gz‘ géi X SL;mi,

where G are algebraic groups of the same type without SLs factors and
m; € N. We have the isomorphisms

K[OG 4 dse) = (KU (G, Fse) x (KU (SLE)] A+, Fst)-

Denote by Afl and ATSZ the subsets of positive simple roots of GG; that
come from the factors SLy" and Gj, respectively. Consider the principal
gradings of the Poisson algebras (K[U,(G;)],{-, }st). For the isomorphism
in @2])) and k € Z>_1, define the linear maps

nk: KU (G = K[U4(G2)]14x  so that k@), = Z U
k>—1

The definition of the Poisson structures g implies that K[U(SLy")] C
Z(K[U4(G;)]), where Z(-) stands for the center of a Poisson algebra as
before. Thus,

Z(K[U+(Gi)]) = Z2(K[U+(G)]) @ K[U+(SLy")].
For degree reasons, it follows from Proposition 7] that

m(za) € K[UL(SLY?)), VYae AL (4.22)
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Consider the N-gradings of the algebras (K[U4(G)], {-, }st) given by

0, for a€ A%
deg Lo = ;_nsl
1, for a€ A7,

With respect to these gradings K[U4 (G;)]o € Z(K[U4(G;)]) and by an anal-
ogous argument to the one in the proof of ([4.I0]), we obtain that

n-1(za) =0, no(za) € K[U4(G2)1, Vae AL (4.23)

It follows from (£22])— ([#23]) and Proposition 5] that the restrictions of 7
to K[U+(G1)]1 and K[U4 (SLy™ )]y uniquely extend to graded Poisson algebra
isomorphisms

(KU (@), £ 3et) — KU @) {5 Jst)

and

1R

(K[U-i-(SLg“ )]7 {'7 ‘}St) — (K[U+(SL312)], {'7 ‘}St)'

The second isomorphism implies that m; = mso. The first isomorphism and
part (1) imply that G; = G5. Thus, G1 = G5, which completes the proof of
the theorem. O

Remark 4.14. In a similar fashion one can apply Theorem to the iso-
morphism problem for the class C of N-graded connected cluster algebras of
geometric type over a field K of characteristic 0, equipped with Gekhtman—
Shapiro—Vainshtein Poisson structures. This class of Poisson algebras is
closed under tensor product with respect to the canonical cluster structure on
the tensor product of cluster algebras. If n: (A, {-,-}1) = (Ag, {-,-}2) is an
isomorphism between two Poisson algebras in the class C, then ¢ :=n@n~*
is an automorphism of their tensor product (A; ® As,{-,-}) where {-,-}
denotes the tensor product extension of {-,-}; and {-,-}2. One can then
study the possible forms of ¢ by passing to the unipotent automorphisms of

(A1 ® Ag,{-,-}) and applying Theorem
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