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Abstract

Let X be a compact connected strongly pseudoconvex CR manifold of dimension
2n+1,n > 1 with a transversal CR S'-action on X . In this paper we introduce the Quillen
metric on the determinant line of the Fourier components of the Kohn-Rossi cohomology
on X with respect to the S'-action. We study the behavior of the Quillen metric under
the change of the metrics on the manifold X and on the vector bundle over X. We obtain

an anomaly formula for the Quillen metric on X with respect to the S'-action.

1. Introduction

In @], Ray and Singer introduced the holomorphic analytic torsion for
O-complex on complex manifolds as the complex analogue of the analytic
torsion for flat vector bundles over Riemannian manfilds ﬂﬂ] Let F' be a
Hermitian vector bundle over a compact Hermitian complex manifold M.
Let AM(F) = ®, (det HY(M, F))(fl)qul be the dual of the determinant line of
the Dolbeault cohomology groups of M with values on F. In ﬂﬂ], Quillen
defined a metric, the product of the L?-metric on A(F) by the holomorphic
analytic torsion, on A\(F') when M is a Riemann surface. In [3], Bismut,
Gillet and Soulé extended it to complex manifolds. By using probability
method, they obtained the anomaly formulas for the Quillen metrics when
the holomorphic bundle is endowed with Hermitian metrics and the base
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manifold is assumed to be Kahler. Recall that the anomaly formulas tell
us the variation of the Quillen metrics with respect to the change of the
Hermitian metrics on 7X and F. Note that, in H], Berman considered
high powers of a holomorphic line bundle over a complex manifold, where
the metric of the base manifold is not necessarily Kéhler, and obtained an
asymptotic anomaly formula for the Quillen metric by using the Bergman
type kernels.

In orbifold geometry, we have Kawasaki’s Hirzebruch-Riemann-Roch for-
mula ﬂﬁ] and also general index theorem ﬂﬁ] Ma ﬂﬂ] first introduced an-
alytic torsion on orbifolds and obtained anomaly and immersion formulas
for Quillen metrics in the case of orbifolds, which is expressed explicitly in
the form of characteristic and secondary characteristic classes on orbifolds.
Ma’s results should play an important role toward establishing an arithmetic
version of the Kawasaki-Riemann-Roch theorem in Arakelov geometry.

CR geometry is an important subject in several complex variables and
is closely related to various research areas. To study further geometric prob-
lems for CR manifolds, it is important to know the corresponding heat kernel
asymptotics and to have (local) index formula and the concept of analytic
torsion. The difficulty comes from the fact that the Kohn Laplacian is not
hypoelliptic. Thus, we should consider such problems on some class of CR
manifolds. It turns out that Kohn’s [0, operator on CR manifolds with S!
action including Sasakian manifolds of interest in String Theory (see ﬂﬂ])
is a natural one of geometric significance among those transversally elliptic
operators initiated by Atiyah and Singer (see ﬂl_AI], ﬂﬁ], ﬂﬁ] and ﬂg]) In
ﬂﬁ], Hsiao and the author considered a compact connected strongly pseu-
doconvex CR manifold X and we introduced the Fourier components of the
Ray-Singer analytic torsion on X with respect to a transversal CR S'-action.
We established an asymptotic formula for the Fourier components of the an-
alytic torsion with respect to the S'-action. This generalizes the aymptotic
formula of Bismut and Vasserot, H], on the holomorphic Ray-Singer torsion
associated with high powers of a positive line bundle to strongly pseudocon-
vex CR manifolds with a transversal CR S'-action.

In a recent preprint, ], Finski studied the general formula of the
asymptotic expansion of Ray-Singer analytic torsion associated with increas-
ing powers of a given positive line bundle and then the general asymptotic
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expansion of Ray-Singer analytic torsion for an orbifold and described a con-
nection between the asymptotic formula of Ray-Singer analytic torsion for
an orbifold in E] and our result in ﬂﬁ] In another recent work, ﬂ2_4|, Iﬂ], Pu-
chol gave an asymptotic formula for the holomorphic analytic torsion forms
of a fibration associated with increasing powers of a given positive line bun-
dle which is the family version of the results of Bimsut and Vasserot on the
asymptotic of the holomorphic torsion.

In ﬂﬁ], Cappell and Miller extended the holomorphic analytic torsion to
coupling with an arbitrary holomorphic bundle with a compatible connection
of type (1,1). They used certain not necessarily self-adjoint Laplacian to
define the analytic torsion and, hence, the analytic torsion is complex-valued.
In @], Liu and Yu established an explicit expression of the anomaly formula
for the Cappell-Miller holomorphic torsion for Kahler manifolds by using
heat kernel methods. In @], Su proved an asymptotic formula for the
Cappell-Miller holomorphic torsion associated with a high tensor power of a
positive line bundle and a holomorphic vector bundle.

In B], Su extended the holomorphic L? torsion introduced by Carey,
Farber and Mathai in ﬂg] to the case without determinant class condition. He
derived the anomaly formula for the holomorphic L? torsion under the change
of the metrics. In the end, he studied the asymptotics of the holomorphic
L? torsion associated with an increasing power of a positive line bundle.

In this paper we introduce the Quillen metric on the determinant line
of the Fourier components of the Kohn-Rossi cohomology on X with respect
to a transversal CR S'-action. We study the behavior of the Quillen metric
under the change of the metrics on the manifold X and on the vector bundles
over X. We obtain an anomaly formula for the Quillen metric on X with
respect to the S'-action, cf. Theorem I3} by using the heat kernel methods

of ﬂg, , IE]

1.1. Motivation

To motivate our approach, let’s come back to complex geometry case.
Let M be a compact complex manifold of dimension n. Let (-, -) be a Her-
mitian metric on CT'M and let (F,h*") — M be a holomorpic vector bundle
over M, where hf' denotes a Hermitian fiber metric on F. Denote by T%*0* M
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the vector bundle of (0,e) forms on M. Let Op be the Kodaira Laplacian
with values in T*%* M ® F and e~"7F be the associated heat operator. Denote
by 0r(z) the (-function

Op(z) = —M STr[Ne’tDFPL]] = — STY[N(Op)"*P4].

Here N is the number operator on T*%*M, STr denotes the super trace ,
P~ is the orthogonal projection onto (Ker Or)* and M denotes the Mellin
transformation, cf. Definition It is well-known that the (-function has
meromorphic extension to the whole complex plane. In particular, it is

holomorphic at z = 0.

Definition 1.1. The analytic torsion associated to the holomorphic vector

bundle F over the complex manifold M is defined by exp(—36%(0)).

For a finite dimensional vector space V', we set
det V' := ATV

We then denote by
(det V)1 := (det V)*,

the dual line of det V. For ¢ = 0,1,...,n, let HY(M,F) be the g-th O-
Dolbeault cohomology group with value in F. Denote by

H*(M,F) =&y _oHY(M,F).
Then
det H*(M, F) = ®y_q (det HY(M, F))(fl)q
is the determinant line of the Dolbeault cohomology H®(M, F'). We define
A(F) = (det H*(M, F))~!

be the dual of det H*(M, F'). By the Hodge theorem, the cohomology group
HY(M, F) is isomorphic to the kernel of the Dolbeault Laplacian

09 .=3"9™ +9™3" . (M, F) - QM F),
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where " denotes the adjoint of 9" with respect to the metrics (-, -) and

M,F)

h¥. The metrics (- -) and h* induce a canonical L?-metric h"( on

H®*(M,F). Let |- |\(r) be the L?-metric on A(F) induced by pH*(MLE)
Definition 1.2. The Quillen metric [| - ||y on det H*(M, F) is defined as

1
- sy =1+ [a) - exp(=50p(0).

Now we recall the anomaly formula of Bismut, Gillet and Soulé for the
Quillen metric on A(F). Let (-, -)" and #’F be another couple of Hermtian
metrics on CT'M and on F, respectively. Let ||-||yr) be the Quillen metric on
A(F) associated to the metrics (-, -) and k" and let || - H’/\(F) be the Quillen
metric on A(F) associated to the metrics (-, -) and 'F. Let VM and v/TM
be the Levit-Civita connections on T'M with respect to the metrics (-, -)
and (-, -) on CT'M, respectively. Let Pri,0); be the natural projection from
CTM onto T"°M. Then,

1,0
VM — Py oy, VM

TLOM
and

1,0
V'T M = PT1,0MV'TM

are connections on THOM. Let VI and V¥ be the connections on F induced

n't

by the Hermitian metrics hf" and on F, respectively. We denote by

TV M g THM pLONY and ch(VE, V'E F)

the Bott-Chern classes, cf. E] We also denote by Td(V'T"*M TLON) the
Todd class and ch(V¥, F) the Chern character. We now assume that the
metrics (-, -) and (-, )’ are Kéhler. The anomaly formula of Bismut, Gillet
and Soulé for Quillen metric on A(F'), cf. E, Theorem 1.23], is the following:

/
log H : H,\(F) _ / T\a(le,OM V/TLOM Tl,OM) A Ch(VF F)
e ) = | ’ |

+/ TA(VTM TYON) A ch(VE,V'F F). (1.1)
M

Let (L, h") — M be a holomorpic line bundle over M, where h’ denotes
a Hermitian fiber metric of L. Let (L*,h%") — M be the dual bundle of
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(L, h*) and put
X = {v € L \v\im = 1}.
We call X the circle bundle of (L*, h%"). Tt is clear that X is a compact CR

manifold of dimension 2n + 1. Given a local holomorphic frame s of L on an

open subset U C M, we define the associated local weight of h* by
|5(=)je = €22, ¢ € CX(UR).

The CR manifold X is equipped with a natural S' action. Locally, X can
be represented in local holomorphic coordinates (z,\) € C"*!, where A is
the fiber coordinate, as the set of all (z, A) such that

|)\|2 62¢(Z) — 1,
where ¢ is a local weight of h’. The S! action on X is given by
e o (z,\) = (z,ew)\), e e S, (z,\) € X.
Let T € C°(X,TX) be the real vector field induced by the S* action, that
is,
Tu = %(u(ew 0x))|g=0, u € C®(X).

We can check that

[T,C=(X, T'0X)] c C=(X, T'0X)
and

CT(z) ® T°X @ T>'X = CT, X

(we say that the S* action is CR and transversal). For every m € Z, put
Q0 (X) : = {u e Q"*(X); Tu = imu}
= {u € Q% (X); u(e? o z) = e™Pu(x), V0 € [0, 27r[} .
Since

0T = TO,,
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we have
Oy : Q%’(X) — Q%;(X),

where ), denotes the tangential Cauchy-Riemann operator. Let Q0®(M, L™)
be the space of smooth sections of (0, e) forms of M with values in L™, where
L™ is the m-th power of L. It is known that (see Theorem 1.2 in ﬂﬁ]) there
is a bijection
Ap - Q%(X) — Q% (M, L™) (1.2)
such that
4Dy = DA,

on Q%°(X). Let O,, be the Kodaira Laplacian with values in T*0*M ® L™

and let e7™m be the associated heat operator. It is well-known that e ~*5m

admits an asymptotic expansion as t — 07. Consider
Bp(t) :== (Ayn) toe ™o A,
Let
Do = 2" (X) = Qi (X)

be the Kohn Laplacian for forms with values in the m-th S' Fourier com-

—tUp,m

ponent and let e be the associated heat operator. We can check that

e t0o,m — B, (t) o Qum = Qum © By (t) 0 Qs (1.3)
where
Qm : Q" (X) = O (X)

is the orthogonal projection. From the asymptotic expansion of e~ and
(T3], it is straightforward to see that

e o (z,x) ~ t T ap () + T e () 4 (1.4)

From (L)), we can define exp(—%ﬂl’)’m(O)) the m-th Fourier component of
the analytic torsion on the CR manifold X, where

Opm(2) = —M STr[Ne*tvamH,fl]] = — STY[N ()P,
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Here N is the number operator on T#%* X, STr denotes the super trace , IT;-
is the orthogonal projection onto (Ker Dbm)J- and M denotes the Mellin
transformation, cf. Definition It is easy to see that

O, (0) = 07m (0).

For each m € Z and ¢ = 0,1, ...,n, we consider the cohomology group:

Ker 0 : Q0d(X) — Q0 (X)
Im 3y 0 Q7 H(X) — Q04 (X)

Hq

b,m

(X):=

)

and call it the m-th Fourier components of the Kohn-Rossi cohomology
group. Recall that by (L2]) (see also ﬂﬁ, Theorem 1.2]), for each m € Z
and ¢ = 0,1,...,n, the cohomology group Hg’m(X) is isomorphic to the
Dolbeault cohomology group H9(M, L™). In particular, dim HY (X) < oo.
Denote by 7

HE,,(X) = ©g—oHy ., (X).
Then
(1)
det H},,(X) = @ (det Hgvm(X)>
is the determinant line of the cohomology Hy  (X). We define

Ao = (det Hp (X)) 7"

Let (-|-) be the rigid Hermitian metric (see Definition 25]) on CTX
given by, in local holomorphic coordinates (z, A),

0 0 0, 0 0 0 o 0
(5 +igt(z .

99 ' 9. s o L k=1.2....
0z; az]( )39 azk+ azk( )39> <8zj’6zk>’ gk 18500y T

The metric (-|-) induces a canonical L?-metric RHEm %) on Hp (X). Let
|+ |, be the L?-metric on Ab,m induced by Rm ) Fix m € Z. The
Quillen metric || - [|5,,, on det Hp, (X) is defined as

1
- = 1 Dy - €xP(= 505, (0))-

We now fix the Hermitian fiber metric A% on L and, hence, the induced
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Hermitian metric hX™ on L™ is also fixed. We assume that the metrics (-, -)
and (-, -)’ are Kéhler. For the case of circle bundle over a compact complex
manifold, the anomaly formula of Bismut, Gillet and Soulé for Quillen metric
on A(L™) over M (see (1)) tells us:

. , —_—
log I Tamy :/ Td(VTM g TM TLOA) A ch(VE™, L™). (1.5)
I xzmy M

Let VX and V¥ be the Levit-Civita connections on TX with re-
spect to two different rigid Hermitian metrics (-|-) and (-|-) on CTX,
respectively. Let Prioy be the natural projection from CTX onto T10X.
Then,

1,0
VT X = PT1,0XVTX

and
v/TLOX

= PT1,0XV'TX

are connections on T19X. We denote by rfvdb(VTI’OX,V’TI’OX,TLOX) the
tangential Bott-Chern class, cf. Subsection 2.5. We denote by | - [z, .
and |- [y, = the Quillen metrics on det Hy,, (X) with respect to the rigid

!/

Hermitian metrics (-|-) and (-|-)’, respectively. We can now reformulate

([CEH) in terms of geometric objects on X:

- 15 . o
log ﬂ — _/ Tdb(vTLOX,vlTl,OX’Tl,OX) /\e_m2_7r0 A wo,
Il ) 2m )

m

dw,
where e ™2x denotes the Chern polynomial of the Levi curvature, cf. (Z2),

and wyp is the unique one form given by (2.1]).

The purpose of this paper is to establish the anomaly formula on any
abstract strongly pseudoconvex CR manifolds with a transversal CR locally
free S'-action. Note that for the case of circle bundle, the S action is
globally free and X is strongly pseudoconvex if L is positve.
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1.2. Main result

We now formulate the main results. We refer to Section 2.1 for some
notations and terminology used here.

Let (X, T%9X) be a compact connected strongly pseudoconvex CR man-
ifold with a transversal CR locally free S action e? (see Definition ),
where T10X is a CR structure of X. Let T € C*°(X,TX) be the real vector
field induced by the S! action and let wy € C*°(X,T*X) be the global real
one form determined by

(wo, T)=—1, (wo,u)=0, YuecTX T X.

For x € X, we say that the period of z is 27”, ¢ e N, if e oz # z, for every
2

O<¢9<7andei27wo:c:x. For each ¢ € N, put
X, = {2 € X; the period of z is 27”} (1.6)

and let
p=min{l e N; X, # 0}

It is well-known that if X is connected, then X, is an open and dense subset
of X (see Duistermaat-Heckman ﬂﬂ]) In this work, we assume that p = 1
and we denote

Xreg = X = X

We call x € X,¢¢ a regular point of the S I action. Let Xging be the comple-
ment of Xyeg .

Let E be a rigid CR vector bundle over X (see Definition 2.4)) and we
take a rigid Hermitian metric (-|-)gp on E (see Definition 2.5]). Take a rigid
Hermitian metric (-|-) on CTX such that

X 11X, T 1L (TYXe1%X), (T|T)=1

and let (-|-)g be the Hermitian metric on 7*%*X ® E induced by the fixed
Hermitian metrics on E and CTX. We denote by dvx = dvx(x) the vol-
ume form on X induced by the Hermitian metric (-|-) on CTX. Then
we get natural global L? inner product (-|-)p on Q%*(X, E). We denote
by L?(X,T*%*X ® E) the completion of Q%*(X, E) with respect to (-|-)g.
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For every u € Q%*(X,E), we can define Tu € QU*(X,FE) and we have
T0, = OT. For m € Z, put
Q0 (X, E) : = {ue Q" (X,E); Tu=imu}
= {u € Q% (X, E); ()*u = e™%u, V8 € 0, 271'[} ,

where (e?)* denotes the pull-back map by ¢ (see (Z4))). For each m € Z,
we denote by L2, (X, T** X ® E) the completion of Q0;* (X, E) with respect
to (-] )&

Since

TOy = 0T,

we have

Dy i= 0 : Q0(X, E) — Q2 (X, E).

We also write

9, : Q" (X, E) — Q"*(X,E)

to denote the formal adjoint of 9 with respect to (-|-)g. Since (-|-)g and
(-|-) are rigid, we can check that

Td, = 9,7 on Q°*(X,E),

_ _ 1.7
Ty = 0p 1 Q2 (X, E) — QU*(X, E), Ym € Z. .7

Let [y, denote the m-th Kohn Laplacian given by
Oy == (0 + 0)% : Q2(X, E) — Q%%(X, E). (1.8)

We extend [, to L2, (X, T*%*X @ E) by
Opm : Dom Oy, € L2,(X, T X @ E) — L2(X, T***X ® E), (1.9)
where
Dom Oy, := {u € L2 (X, T*"* X @ E); Oy ou € L2(X, T X @ E)},

for which, for any u € L2 (X, T*"*X @ E), Opmu is defined in the sense of
distribution. It is known that [, ,, is self-adjoint, Specl] ,, is a discrete
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subset of [0,00[ and for every v € Specly,,, v is an eigenvalue of [y,
(see Section 3 in ﬂﬁ]) Let e~®Pbm be associated heat operator. Let N be
the number operator on 7*%*X  i.e. N acts on 7*%9X by multiplication by
q, and STr denotes the super trace (see the discussion in the beginning of
Section 2.4. We denote by

I : L2(X,T%*X @ E) — (Ker Op,) "

the orthogonal projection. From (29]), for Re(z) > n, we can define the ¢

function
Oy (2) = —M [STr[Ne—tDb,mH;]] — STy [N(Dbm)_zl'[#

and 0y, (2) extends to a meromorphic function on C with poles contained

J o, .
— L zZ
{e 27£7J€ }7

its possible poles are simple, and 6 ,,(z) is holomorphic at 0 (see Lemma
2.8 or ﬂﬁ, Lemma 4.4]), where M denotes the Mellin transformation, cf.
Definition The m-th Fourier component of the analytic torsion for the
vector bundle F over X is given by exp(—%@l')’m(O)) (see Definition 2.9]).

in the set

Denote by
HI;,m(Xv E) = ®Z=0Hg,m(X7 E)7

where H! (X,E), ¢ =0,1,...,n, is the m-th Fourier components of the
Kohn-Rossi cohomology group (see Definition Z10). Then

(—1)1
det HY, (X, ) = @' (det HY (X, E))
is the determinant line of the cohomology Hp (X, E). We define

Nom(E) = (det Hy (X, E)) .

By Theorem 3.7 of ﬁ], the cohomology H (X, E) is isomorphic to the

kernel of Dl()qgl. The metrics (-|-) and (-|-)g induce a canonical L?-metric

pHom(XE) o Hp  (X,E). Let ||5, . (g bethe L?-metric on Ay, (E) induced
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by h5mXF) Fix m € Z. The Quillen metric || - 5, .. () on det Hp (X, E)
is defined as

1
| g (@) =1 Iy (®) 'eXP(*§9£,m(0))-

Let VX and V/7X be the Levit-Civita connections on T'X with respect
to the rigid Hermitian metrics (-|-) and (-|-)" on CTX, respectively. Let
Prioy be the natural projection from CT'X onto T5°X. Then,

1,0
VT X = PT1,0XVTX

and

v/Tl’OX .

= PTl,OXv/TX

are connections on TH°X. Let VF and V¥ be the connections on E induced
by the rigid Hermitian metrics h¥ and A’ E on FE, respectively. Denote by
r/F\(/ib(VTl’OX, VX, TH0X) and chy(VE,V'E, E) the tangential Bott-Chern
classes, chy(VZ, E) the tangential Chern character and Td,(V'T°X T10X)
the tangential Todd class, cf. Subsection 2.5.

Our main result is the following

Theorem 1.3. With the notations and assumptions above, the following
identity holds:

H ’ ||l)\b,m(E)
g A
H ’ H)\b,m(E)
1 —~ dw
= 2_/ Tdb(le’OX7 V’TLOX,TLOX) A chy(VF E) A e 3 A wp
TJX

1 ~ dw,
to Tdy (V7Y TH0X) A chy(VE, VE E) A e ™2 A wo,
T™JX

dw,
where e"™ 2 denotes the Chern polynomial of the Levi curvature, cf. (2.2,
and wg is the unique one form given by (L6)), see also (ZT)).

Note that the proof of Theorem is based on Theorem B.1], Theo-
rem [£.4] Theorem and Theorem which are the main technical results
of this paper.

This paper is organized as follows. In Section 2, we collect some no-
tations, definitions and terminology we use throughout and state our main
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result. In the end of this section, we deduce our anomaly formula on some
class of orbifold line bundle. In Section 3, we study the asymptotic behav-
ior of certain heat kernels when t — 0%. In Section 4, we establish the
anomaly formula for the m-th Fourier components of the Quillen metric on
CR manifolds with a transversal CR S'-action. In Section 5, we establish an
asymptotic anomaly formula for the m-th Fourier component of the Quillen

metric on CR manifolds with a transversal CR S!-action.

2. Preliminaries and Statement of Main Result

In Subsection 2.1, we collect some notations, definitions and terminology
we use throughout. In Subsection 2.2, we recall some background on heat
kernels of Kohn Laplacian. In Subsection 2.3, we recall the definition of
Melin transformation. In Subsection 2.4, we recall the definition of the
Fourier components of the analytic torsion and define the Quillen metric.
In Subsection 2.5, we define the tangential characteristic and Bott-Chern
classes. In Subsection 2.6, we state our main result. Finally, in Subsection

2.7, we deduce our anomaly formula on some class of orbifold line bundle.

2.1. Set up and terminology

Let (X,T%°X) be a compact CR manifold of dimension 2n + 1, n > 1,
where T10X is a CR structure of X, that is, 71°X is a subbundle of the
complexified tangent bundle CT'X of rank n satisfying

7YX N1 X = {0},
where
791X =TL0X and [V,V]CV,

where V = C%°(X,T'9X). There is a unique subbundle HX of TX such
that

CHX =TYX ¢ 701X,
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i.e. HX is the real part of T'"9X @ TO'X. Let J : HX — HX be the
complex structure map given by

J(u+ 1) = iu —iu,

for every u € T'9X. By complex linear extension J to CTX, the i-

eigenspace of J is given by
TWX ={VeCHX : JV =v-1V}.

We shall also write (X, HX,J) to denote a compact CR manifold. Let E be
a smooth vector bundle over X. We use I'(E) to denote the space of smooth

sections of F on X.

Let (X,HX,J) be a compact CR manifold. From now on, we assume
that (X, HX,J) admits a S* action:

Sy X — X, (e, 2) — e 0.

We write € to denote the S action. Let T € C°(X,TX) be the global
real vector field induced by the S' action given by

(Tu)(z) = a% (u(e 0 2)) lomo, u € C=(X).
Definition 2.1. We say that the S! action e is CR if
[T,C®(X,T"°X)] c C™(X,T''X)
and the S' action is transversal if, for each = € X,
CT,X =T'X @ TO'X @ CT (x).

Moreover, we say that the S action is locally free if T # 0 everywhere. It

should be mentioned that transversality implies locally free.

We assume throughout that (X, 719 X) is a compact connected CR man-
ifold with a transversal CR locally free S' action e’ and we let T be the
global vector field induced by the S* action. Then LyJ = 0 on HX, where
L7 denotes the Lie derivative along the direction 7T, cf. ﬂE, Lemma 2.3].



168 RUNG-TZUNG HUANG [June
Since
[D(TH°X), (T X)) c (T X),

we have

[JU,JV] = [U,V] € C®(X, HX),

for all U,V € C®(X,HX). Let wg € C*°(X,T*X) be the global real one
form dual to 7', that is,

(wo,T)y=-1, (wo, HX)=0. (2.1)
Then, for each x € X, we define a quadratic form on HX by
1
L,(UV)= idwo(JU, V), VYUV eH,X.
We extend £ to CHX by complex linear extension. Then, for U,V € T, 0x ,
— 1 1 —
L, (U, V)= idwo(JU, V)= —Q—idwo(U, V). (2.2)

The Hermitian quadratic form £, on 7. X is called the Levi form at z.

Definition 2.2. We say that 779X is a strongly pseudoconvex structure
and X is a strongly pseudoconvex CR manifold if the Levi form £, is a

positive definite quadratic form on H, X, for each x € X.

We further assume throughout that (X, T1°X) is a compact connected
strongly pseudoconvex CR manifold with a transversally CR locally free S'-
action. It should be noted that a strongly pseudoconvex CR manifold is
always a contact manifold. From (2II), we see that wy is a contact form,
HX is the contact plane and T is the Reeb vector field.

Denote by T*"9X and T*%!'X the dual bundles of T°X and T%'X,
respectively. Define the vector bundle of (p,q) forms by

T*P9X = AP(T*0X) A AY(T*O1X).

Put
T X = ®jeqo,..iy T X.
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Let D C X be an open subset. Let QP9(D) denote the space of smooth
sections of T*P9X over D and let Q5%(D) be the subspace of QP¢(D) whose

elements have compact support in D. Put
QO’.(‘D) = @jE{O,l,...,n}QOJ(‘D),
0,. 07 j
Q (D) := EBje{o,l,...,n}Qo](D)-
Similarly, if £ is a vector bundle over D, then we let QP¢(D, E) denote the

space of smooth sections of 774X ® E over D and let QF?(D, E) be the

subspace of QP4(D, E') whose elements have compact support in D. Put

907.(D’ E) = @jE{O,l,...,n}QOJ(Da E),
Q* (D, E) = @je{o,l,...,n}Qg’J(D,E)-

Fix 0y €] — 7, ], 6p small. Let
de : CT,X — CTi0,,X

denote the differential map of €% : X — X. By the CR property of the S?

action, we can check that

de . THOX 5T X

00,

de® . 1O X 1% X (2.3)

etf0

de'®(T(z)) = T(e'x).
Let
(de’)* : A"(CT*X) — A"(CT*X)

be the pull-back map by ¢, r =0,1,...,2n + 1. From @3), it is easy to

see that, for every ¢ =0,1,...,n,

(de®)* . T*09 X — T30, (2.4)

ei90 ox

For u € 2%9(X), we define Tu as follows:

(Tu)(X1,...,X,) == %((dew)*u(Xl, o ,Xq)) ‘6:0,
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From (24) and (23]), we have

Tu € Q%9(X),
for all u € Q%4(X). From the definition of T, it is easy to check that
Tu = Lyu,

for u € Q%4(X), where Lyu is the Lie derivative of u along the direction 7.
For every 6 € R and every u € C*(X,A"(CT*X)), we write

u(e” o z) == (de) u(x).

It is clear that, for every u € C*°(X,A"(CT* X)), we have
u(z) = Z x /7r u(e o x)e”"™0dp
meZ 27 ) .

Let
0y : QV(X) — QT (X)

be the Cauchy-Riemann operator. From the CR property of the S' action,
it is straightforward from (24]) and (23] to see that

Ty = 0yT on Q%*(X).

Definition 2.3. Let D C U be an open set. We say that a function u €
C*°(D) is rigid if Tu = 0. We say that a function u € C*°(X) is Cauchy-
Riemann (CR for short) if 9yu = 0. We call u a rigid CR function if dyu = 0
and T'u = 0.

Definition 2.4. Let F' be a complex vector bundle over X. We say that
F is rigid (CR) if X can be covered with open sets U; with trivializing
frames {fjl, j2, . ,f}"}, j=1,2,..., such that the corresponding transition
matrices are rigid (CR). The frames {fjl, j2, e ,f}"}, j=1,2,..., are called
rigid (CR) frames.

Definition 2.5. Let I’ be a complex rigid vector bundle over X and let
(+|)F be a Hermitian metric on F. We say that (-|-)p is a rigid Hermitian
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metric if, for every rigid local frames fi, ..., f, of F, we have T'( f; | fr )r = 0,
for every j,k=1,2,...,r.

It is known that there is a rigid Hermitian metric on any rigid vector
bundle F' (see Theorem 2.10 in ﬂﬁ] and Theorem 10.5 in ﬂﬂ]) Note that
Baouendi-Rothschild-Treves ﬂa] proved that 719X is a rigid complex vector
bundle over X.

From now on, let E be a rigid CR vector bundle over X and we take a
rigid Hermitian metric (- |-)z on E and take a rigid Hermitian metric (- |-)
on CTX such that

x 11X, 7L (TYXxer%X), (T|T)=1.

The Hermitian metrics on F and CT'X induce Hermitian metrics (-|-) and
(-]"Yg on T***X and T**X ® E, respectively. Let

Alz,y) € (T;°X @ E,)* R (T°X @ Ey).

We write |A(x,y)| to denote the natural matrix norm of A(x,y) induced by
(-|-Yg. We denote by dvx = dvx(x) the volume form on X induced by the
fixed Hermitian metric (- |-) on CTX. Then we get natural global L? inner
products (-|-)g and (-|-) on Q¥*(X, E) and Q%*(X), respectively. We de-
note by L?(X, T*%X ® E) and L?*(X,T**9X) the completions of Q%(X, F)
and Q%9(X) with respect to (- |-)g and (-] -), respectively. Similarly, we de-
note by L?(X, T*** X ® E) and L%(X,T*%*X) the completions of Q**(X, F)
and Q%*(X) with respect to (-|-)g and (-|-), respectively. We extend
(+])gand (-]) to L*(X,T***X ® F) and L*(X,T*%*X) in the standard
way, respectively. For f € L*(X,T*%*X ® E), we denote ||f||]25 =(ff)E
Similarly, for f € L2(X,T*%*X), we denote | f||* := (f|[f).

We write ), to denote the tangential Cauchy-Riemann operator acting

on forms with values in E:
0y : Q¥ (X, E) — Q" (X, E).
Since F is rigid, we can also define T for every u € Q%4(X, E) and we have

Ty, = 0pT on Q" (X, E). (2.6)
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For every m € Z, let

QY(X,E) := {ue Q"(X,E); Tu = imu}, ¢=0,1,2,...,n,
Q0 (X, E) = {ue Q" (X,E); Tu=imu} .

For each m € Z, we denote by L2 (X, T*%X ® E) and L2, (X,T*%9X) the
completions of QnI(X,E) and Qy!(X) with respect to (-|-)g and (-|-),
respectively. Similarly, we denote by L2, (X, T***X ® E) and L2, (X, T*%*X)
the completions of Q20;* (X, E) and Q0 (X) with respect to (|- )z and (-|-),

respectively.

2.2. Heat kernels of the Kohn Laplacians
Since T0p = 0T, we have
Opn = 0p : Q0*(X,E) — Q2*(X,E), Vm < Z.
We also write
3, : Q" (X, E) —» Q" (X, E)

to denote the formal adjoint of d;, with respect to (-|-)g.

Since (-|-)g and (-|-) are rigid, we can check that

T, = d,T on Q°*(X,E),
Dpm =0, : QUN(X,E) — QU (X, E), Vme€ L.

Now, we fix m € Z. The m-th Fourier component of Kohn Laplacian is given
by

Obm = @ + ) - W (X,E) — Q% (X, E).
We extend O, to L2, (X, T*%*X @ E) by
Opm : Dom Oy, € L2,(X, T X @ B) - L2(X, T**X ® E),
where

Dom Oy, := {u € L2, (X,T** X ® E); Oy u € L2, (X, T X @ E)}



2017] THE ANOMALY FORMULA OF THE ANALYTIC TORSION 173

for which, for any u € L2 (X, T***X ® E), Oy mu is defined in the sense of
distribution. It is known that [, ,, is self-adjoint, Specl ,, is a discrete
subset of [0,00] and, for every v € Spec,,, v is an eigenvalue of Oy,
(see Section 3 in [9]). For every v € Specly,,, let {fl”,...,fd”y} be an
orthonormal frame for the eigenspace of [y, ,,, with eigenvalue v. The heat
kernel e~Pom (2, ) is given by

dy
RGOV ACLIG O

veSpecy ,, j=1
where f¥(x) @ (f¥(y))" denotes the linear map:

) e (o) T X @ B, - T X © E,,

uly) € T,"* X @ By — f7(x)(u(y) | [} (y) )b € ;"X & E,.

Let
e M [2(X, T X @ F) — L2,(X,T*"*X @ E)

be the continuous operator with distribution kernel e~ (. y).

2.3. Mellin transformation

Let I'(z) be the Gamma function on C. Then, for Rez > 0, we have

[ee]
I(z) = / e 't*Ldt.
0
I'(z)~! is an entire function on C and

I'(z)! =24+ 0(2%) near z=0.

We suppose that f(t) € C*>°(R) verifies the following two conditions:

0 .
F(t) ~ fom%t’k*% as t — 0T,
§=0

where k € No, f_, . ; €C,j=0,1,2,....
2
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II. For every § > 0, there exist ¢ > 0, C' > 0 such that

f) < Ce™, vt >0

Definition 2.6. The Mellin transformation of f is the function defined by,
for Rez > k,

MG = 575 " pyra.

We can repeat the proof of Lemma 5.5.2 in ﬂﬂ] and deduce the following,
see ﬂﬁ, Theorem 4.2] for the proof,

Theorem 2.7. M|f] extends to a meromorphic function on C with poles

i
{e 27£7]€Z}7

and its possible poles are simple. Moreover, M|f] is holomorphic at 0.

contained in

2.4. Definition of the Quillen metric

In this subsection we recall the construction of the Fourier components
of the analytic torsion for the rigid CR vector bundle E over the CR manifold
X with a transversal CR S'-action from ﬂﬁ, 84].

Let N be the number operator on 7*%*X, i.e. N acts on T*%9X by
multiplication by ¢q. Fix ¢ = 0,1,...,n, and take a point x € X. Let
e1(2), ..., eq(x) be an orthonormal frame of Ty X ® E,. Let

Ac (TP X QE,)*R (T X ® E,).

Put
d

Tr(q) A= Z<A€j‘€j>E
j=1

and set

TrA = Z Tr0) A,
=0
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STrA := ) (-1)) 0 A, (2.7)
j=0

Let
A:C®¥(X, T X @ E) » C®(X,T*"*X ® E)

be a continuous operator with distribution kernel

Az, y) € C®(X x X, (T;7°X ® E,)* R (T;"* X @ E,)).

We set
Tr(@[A] ::/ Tr'D Az, z)dvx (z)
X
and put
Tr[A] = ZTTU)[A],
§=0
STr[A] = ) (-1)) TH)[A). (28)
§=0
Let

I, : L2,(X,T** X @ E) — Kerly,,
be the orthogonal projection and let
I L2(X, T X @ E) — (Ker(y,,,)*
be the orthogonal projection, where

(KerOp,n) ' = {u € L2, (X, T***X @ E); (u|v)g =0, YveKedp,,}.

By ﬂg, Theorem 1.7], we have the following asymptotic expansion:

oo
—i0 m] —t0p,m :
STr[Ne " /STr bz, x)dvy (z) ~ ZBmﬁ
7=0
as t — 07 (2.9)

where Bm’_n +i € C independent of ¢, for each j. By using (Z9) and The-
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orem 7], cf. also ﬂa, §4], we can show that, for Re(z) > n, the following
(-function is well defined,

Opm(z) = —M [STr[Ne—tDb,mn;]] = —STr [N(Db,m)—zn; . (2.10)

where M denotes the Mellin transformation, cf. Definition Moreover,
we can show that, cf. ﬂﬁ, Lemma 4.4],

Lemma 2.8. 0,,,(z) extends to a meromorphic function on C with poles

J., .
-0 Z
{ 27 ’]E }’

its possible poles are simple, and Oy ,,(2) is holomorphic at 0.

contained in the set

We can now introduce the definition of the m-th Fourier component of
the analytic torsion for X with S' action, cf. ﬂﬁ, Definition 4.5].

Definition 2.9. Fix m € Z. We define exp(—36;  (0)) the m-th Fourier
component of the analytic torsion for the rigid vector bundle E over the CR
manifold X with transversal CR S'-action.

Put
gb,m =0y : Qo’q(X) — QO’qH(X)

with a gb,m—complex:

O+ - — QLX) = Q%(X) — QUITH(X) — ...

)

Definition 2.10. For each m € Z and ¢ = 0,1,...,n, the cohomology
group:
 Ker Jp 0 WI(X) — (X))

T By, = Ui? (X)) — Q0Y(X)

Hg’m(X) :

is called the m-th S Fourier component of the ¢-th 9, Kohn-Rossi cohomol-
ogy group.
By Theorem 3.7 of ﬁ], for each m € Z and ¢=0,1,...,n, the cohomology

group H} (X, E) is isomorphic to the kernel of D,()q; and dimH} (X, FE)
< 00. Denote by

Hp (X, E) = ®)_oH} (X, E).
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For a finite dimensional vector space V', we set
det V := AV

We then denote by
(det V)™t = (det V),
the dual line of det V. Then
(=11
det Hy (X, E) = ®"_, (det HY (X, E))

is the determinant line of the cohomology Hy (X, E). We define

Nom(E) = (det Hy (X, E)) .

The rigid Hermitian metrics (-|-) and (-|-)g on CTX and E, respectively,
induce a canonical L2-metric hfom(KE) on Hz;,m(X, E). Let |- ‘)\b,m(E) be
the L?-metric on Mo.m(E) induced by BHEm (XE)

Now we can define the Quillen metric on det Hy, (X, E).

Definition 2.11. Fix m € Z. The Quillen metric |- ||, , gy on det Hy (X,
E) is defined as

1
1+ () =1 D (B) 'eXp(—§9£,m,E(0))-

2.5. Tangential de Rham cohomology group and tangential char-

acteristic classes
For every r =0,1,2,...,2n, put
Qp(X) = {u € By PU(X); Tu=0}

and set

QF(X) = &722p(X).
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Since T'd = dT (see (2.4)), we have d-complex:
d:-— QN X) = Q5(X) = QX)) — -

and we define the r-th tangential de Rham cohomology group:

HE o (X) = Kerd : Q4(X) — Q4H(X)
PO Imd QN (X) — Qp(X)

Put
Hpo(X) = @zion,o(X)-

Let F' be a rigid complex vector bundle over X of rank r. It was shown in ﬂﬁ,
Theorem 2.11] that there is a rigid connection V on F, that is, for any rigid
local frame f = (f1, fa,..., fr) of F on an open set D C X, the connection
matrix O(V, f) = (0;x)] ,—, satisfies 6; € Q4 (D), for every j k= 1,...,7.
Let

O(V,F) € C®(X, N*(CT*X) ® End(F))

be the associated curvature. Let
s .
h(z) = Zajz],aj eR,
j=0
for every j, be a real power series on z € C. Set

H(O(V,F)) = Tt (h(%@(V,F))) .

T
It is clear that
H(O(V,F)) € Q3(X)

and is known that H(O(V, F')) is a closed differential form and the tangential

de Rham cohomology class
[H(O(V, F))] € Hpo(X)

does not depend on the choice of rigid connection V, cf. ﬂg, Theorem 2.5,
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Theorem 2.6]. Put

chy(V, F) = chy(O(V, F)) := H(O(V, F)) € (X)),
where h(z) = e* and set

Tdy(V, F) = Tdy(O(V, F)) := AOVF) ¢ 08 (X)),

where h(z) = log(1=2=). We now introduce tangential Todd class and

tangential Chern character.

Definition 2.12. Tangential Chern character of F' is given by
chy(F') := [chy(V, F)] € Hp o(X),
and tangential Todd class of F' is given by

Tdy(F) = [Tdy(V, F)] € H3p(X).

Let
P={ueay WP(X); Tu=0}.
Let P’ C P be the set of smooth forms o € P such that there exist smooth
forms 3,y € Q§(X) for which

a =B+ gb’)/-

When «, o’ € P, we write o = o if « — o’ € P'. We can check that if n € P
is closed and has compact support and a = o/, then

/a/\n/\woz/o//\n/\wo.
X X

Hence the pairing of elements of P/P’ with such 7 is well-defined. Let V' be
a rigid connection induced by another rigid Hermitian metric (-|-)% on F.

By E, §(f)], we have the unique secondary tangential characteristic (Bott-
Chern) classes Tdy(V, V', F) and chy(V, V', F) in P/P' such that

51,8;,
2w/ —1

Tdy(V, V', F) = Tdy(V', F) — Tdy(V, F),
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00y ~ / /
hy(V, V', F) = chy(V', F) — chy(V, F).
QW\/leb(a ) = chy(V', F) — chy(V, F)

Baouendi-Rothschild-Treves ﬂa] proved that 710X is a rigid complex
vector bundle over X. Thus, we can define tangential Todd class of T10X,

tangential Chern character of 75X and tangential Bott-Chern classes of
TWX.

2.6. Main Theorem

In this subsection we state the main result of this paper. Let E be a rigid
complex vector bundle over a compact connected strongly pseudoconvex CR
manifold X of dimension 2n + 1,1 > 1 with a transversal CR S! action on
X. Let VX and VX be the Levit-Civita connections on TX with respect
to the metrics (-|-) and (-|-)" on CTX, respectively. Let Priox be the
natural projection from CT'X onto T5°X. Then,

1,0 1,0
VX = Proy VT and VT7X = PrioV7TX

are connections on TH°X. Let V¥ and V' be the connections on FE in-
duced by the rigid Hermitian metrics (-|-)g and (-|-); on E, respectively.
We can check that VI °X v/7"°X VE and V'E are rigid. We denote by
I|- H//\b,m(E) the Quillen metric induced by the metrics (- |-)" and (-|-)’%. De-
note by rI*Zlb(VTl’OX ,VTHX ,T19X) the secondary tangential Todd class for
the vector bundle TMYX, &b(VE ,V'E , E) the secondary tangential Chern
character for the vector bundle F, Tdb(V’Tl’OX ,T19X) the Todd class for
the vector bundle 719X and ch(V¥, E) the Chern character for the vector
bundle E.

The following theorem is the main result of this paper.

Theorem 2.13. The following identity holds:

o (1 e
og\
[N Pz

1 —~ dw
= o / Tdy(VTX W/ THX TLOXY) A chy(VE, E) A e ™2 Awg
T™JX
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1 ~ dw
to / Tdb(V’Tl’OX7 TYOX) A chy(VE V'F E) A eI A wp.
TJX

2.7. Anomaly formula for some class of orbifold line bundles

In ﬂﬂ], Ma first introduced analytic torsion on orbifolds and anomaly
formula for Quillen metrics in the case of orbifolds, which is expressed ex-
plicitly in the form of characteristic and Bott-chern characteristic classes.
Comparing with Ma’s formula, we get a simpler anomaly formula for some
class of orbifold line bundles from our main result, Theorem T3l We first re-
call some backgrounds on orbifold geometry. We will follow the presentation

of @, Subsection 1.4] closely.

Let M be a manifold and let G be a compact Lie group. Assume that

M admits a G-action:

GxM— M,

(9,2) = gox.

We assume that the action of G on M is locally free, that is, for every point

x € M, the stabilizer group
Gy = {g€G;gox =}

of x is a finite subgroup of G. It is well known that, in such a case, the

quotient space

X = M/G (2.11)

is an orbifold. A theorem of Satake @] says that the converse is also true:
every orbifold has a presentation of the form (2.I1). We assume that M is a
compact connected complex manifold with complex structure 7%°M. Then

the group G induces an action on CT'M:
G xCT'M — CTM, (g,u) — g*u,

where g* = (¢g71). denotes the push-forward by g=! on CTM. We assume
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that G acts holomorphically, that is,
g (TYOM) c TOM,
for every g € G. Let TO'M := TLOM. Put
CT(M/G) :=CTM/G, T*'(M/G) :=T"°M/G, T (M/G) .= T"' M/G.

Assume that

TYOM/G) N T (M/G) = {0} .

Then, T°(M/G) is a complex structure on M/G and M/G is a complex
obifold. Suppose that

dime T (M /G) = n.

Let L be a G-invariant holomorphic line bundle over M, that is, for every
transition function h of L on an open set U C M, we have h(gox) = h(zx),
for every g € G, x € G with g o x € U. Suppose that L admits a locally
free-G action:

GxL — L,

(9,2) — gou,
where

m(goz) = go(m(x)),

for every g € G, where m : L — M denotes the natural projection, and
where the action of G on L is linear on the fibers of L, that is, for every
g € G, every z € M, we have

go(s(z) ®A) = s1(g02) @ plg, 2)A,

for every A € C, where s and s; are local sections of L defined near z and
g oz, respectively, and p(g, z) € C depends on z and g smoothly. Then, L/G
is an orbifold holomorphic line bundle over M/G. For every m € N, let L™
be the m-th tensor power of L. Then, the G-action on L induces a locally
free G-action on L™:

Gx L™ — L™,
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(9,7) — gou,
where
Tm(gox) = go(mm(z)),

for every g € G, where m,, : L™ — M denotes the natural projection, and
the action of G on L™ is linear on the fibers of L™. Then, L™ /G is again an
orbifold holomorphic line bundle over M/G. Now, we fix m € Z. Let T*%4M
denote the bundle of (0,q) forms on M. Since G action is holomorphic, G
induces a natural action on 7*%IM @ L™:

G x (T*IM @ L™) — T*%M @ L™,

(g,u) = g"u.
For every ¢ =0,1,2,...,n, put
Q"(M/G,L™/G) = {u € Q¥(M,L™); g*u=u, Vg € G},

where Q%4(M, L™) denotes the space of smooth sections with values in
T*%4M @ L™. The Cauchy-Riemann operator

9 : Q"(M/G, L™/G) — QU M/G, L™)G)
is G-invariant and we have the following 0-complex:

Di-or = QMY M/G, L™/G) — Q"(M/G,L™/G)
N QO’qH(M/G, Lm/G) - ...

and, hence, we can consider the g-th Dolbeault cohomology group:

Kerd : Q%(M/G,L™/G) — Q%+ (M/G, L™ /G)

HIM/G,L™[G) = 1 —— Q0a-1(M/G, L™ /G) — QOa(M/G, L™ /G)

Let L* be the dual bundle of L. Then, L* is also a G-invariant holomor-
phic line bundle and L* admits a locally free G-action:

G L* — L*,
(9,2) — gox
where
m(gox) = go(r*(z)),
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* . L* — M denotes a natural projection, and

for every g € G, where 7
the action of G on L* is linear on the fibers of L*. Then, L*/G is also an
orbifold holomorphic line bundle over M/G. Let Tot(L*) be the space of all
non-zero vectors of L*. Assume that Tot(L*)/G is a smooth manifold. Take

any G-invariant Hermitian fiber metric A" on L*, set

X = {vel" =1}

and put
X = X/G.

Since Tot(L*) is a smooth manifol, X = X /G is a smooth manifold. The
natural S action on X induces a locally free action S' action € on X.
Moreover, we can check that X is a CR manifold and the S' action on X
is CR and transversal. We will use the same notations as before. We can
repeat the proof of @, Theorem 1.2] with minor changes and show that, for

every ¢ =0,1,2,...,n, and every m € Z, we have

HY(M/G,L™/G) = H{ (X),

(2.12)
dim HY(M/G, L™ /G) = dim H{  (X).

We pause and introduce some notations. For every z € Tot(L*) and

g € G, put

1, if g G,

N(g7x) = . l .
1nf{l€N;g:Id}, if g € G.

Set
p=inf{N(g,z); x € Tot(L"), g € G, g #1d},
where Id denotes the identity element of G. It is known that X, is open

and dense subset of X. Recall that in this work we work with p = 1. From
Theorem and (ZI2), we deduce

Theorem 2.14. With the notations used above, recall that we work with the

assumptions that M is connected and Tot(L*) is smooth. Fiz a Hermitian
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metric on L™ /G. Then, for every m € Z, we have

|| : H/ m 1 —~ »
log M — _/ Tdb(le,OX, v/Tl,OX,TLOX) A efmcg—ﬂo A Wo.
|- Iazm/c) 2T Jx

(2.13)

3. Asymptotic Expansion of Heat Kernels

In this section we introduce the complex tangential x-operator and a
certain asymptotic expansion of heat kernels. The main result is Theorem
B which can be viewed as a CR analogue of E, Theorem 1.18] (cf. also ﬂﬂ,
Theorem 5.5.6]).

3.1. Asymptotic expansion for heat kernels of the Kohn Laplacians

We now define the complex tangential Hodge x-operator, see also ﬂa,
Proposition 8.8], as a complex conjugate linear map

sy 1 QPI(X) — QUPITI(X)

such that
(duwo)™

n!

= ¢ A *b?/), *p *p ¢ = (71)p+q¢,

(¢l9)

for any ¢, ¢ € QP9(X).

We denote by H*X the dual bundle of HX and conj the natural con-
jugate map induced by the bundle automorphism

H*X@rC - H'XQrC, u®@A—u® N\, (3.1)
for any u € H*X, A € C. Then
¥p 1= conj*y,
is a complex linear map. Clearly,

Oy = conjOyconj : QPI(X) — QPqu(X)

and



186 RUNG-TZUNG HUANG [June

*p = conjxy = xpconj 1 QPI(X) — QUTETP(X).

Let (-|-) be the L? inner product on QP4(X) induced by (-|-). Then,
for all ¢, € QP9(X),

(6]v) = /X<¢\w>de:/X¢A*bwAwo,

where J 1
dvxy = ( w()) Ao (3.2)
n!
is the volume form.
We can easily check that
Opdp = — #p Op kp ¢ = —%p, Op %p b,
and
O = — % Oy xp 1) = —%p Op *p 1.

Denote by i : E — E* the induced conjugate linear bundle isomorphism
from the vector bundle E to its dual vector bundle E*. Let (-|-)g be the
L? inner product on QP4(X, E) induced by (-|-) and (-|-)g. Then, for all
a,f € QX E),

<arﬁ>E:/X<arﬂ>Edvx=/XaA<*b®u>ﬁAwo,

where dvy is the volume form defined in [32]). We write 5;, to denote the

tangential Cauchy-Riemann operator acting on forms with values in E*:
0, : QY% (X, E*) = Q%(X, E*).
We can check that the adjoint of Jy is

Dy = — (+; " ®M)715;) (xp @ ) .

Let (-|-)s and (-|-)g.s,s € [0,1] be smooth families of rigid Hermitian
metrics on T'X and F, respectively, such that

(lo=C1) Clon=C1) and ([ Yo :=([)p, (-[)p1:=(])p
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Let (-|-)g.s be the L? inner products on QP4(X, E) induced by (-|-)s and
(-]-)E,s- Let %, be the tangential Hodge *-operators associated to the
metrics (-|-)s and us be the induced conjugate linear bundle isomorphisms
of E and E* associated to the metric (-|-)gs. Let

Db,s = 51)5273 + 5;851),

where 5;5 denote the formal adjoint of 9), with respect to the L? scalar
product (-|-)gs. We denote by

Uoym,s = Db75|529r’z'(X,E)'

Let |[-|Ix,.,(#),s be the corresponding Quillen metrics on det Hy, (X, E). Set

—1 0 (%5 @ s _10%p 6 _10Hs
Qb,s:_(*b,s®ﬂs) 1%:_&%,; ai + (ps) ' 83>. (3.3)

The following theorem is an analogue of E, Theorem 1.18] (cf. also ﬂﬁ,
Theorem 5.5.6]).

Theorem 3.1. Ast — 0%, for any k € N, there is an asymptotic expansion

k+2n
J E+1
STY Qs exp (—tDhms)] = D M_, 5 4775 + 0t 7)),
j=0
where
0 2
Moy = 2-tog (1113, - (3.4)

Proof. By the small time asymptotic expansion for the heat kernel of the
Kohn Laplacians in [9, Theorem 1.7] and proceeding formally as in the proof
of E, Theorem 1.18], we get ([B.4). O

4. Anomaly Formula of Analytic Torsion on CR Manifolds
with S'-action

In this section we study the dependence of the analytic torsion under
a change of the metrics. In Subsection 4.1, we recall the BRT trivializa-
tions from ﬂa] In Subsection 4.2, we review the local heat kernels on the
BRT trivializations. In Subsection 4.3, we discuss certain local heat kernels
depending on some parameters. In Subsection 4.4, we derive the constant
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term of heat kernel asymptotics of the modified Kohn Laplacians on BRT
trivializations. Finally, in Subsection 4.5, we give the proof of our main

theorem.

4.1. BRT trivializations

To prove Theorem 2Z13] we need some preparations. We first need the
following result due to Baouendi-Rothschild-Treves ﬂa]

Theorem 4.1. For every point xo € X, we can find local coordinates x =
(@1, Tong1) =(2,0) = (21, ..., 2n,0), zj =251 +ixej, j=1,...,n,Tonp1
=0, defined in some small neighborhood D = {(z,0) : |z| < d,—e¢ < 0 < &¢}
of g, 0 >0, 0 < eg <, such that (2(zo),0(x0)) = (0,0) and

0

~ 90
0 8_@ 0

T

7

= — i =1....
1= 5z, g, Wggd = Leem

where Zj(x),j =1,...,n, form a basis of TY° X, for each x € D and o(z) €
C*(D,R) independent of 8. We call (D, (z,0),¢) BRT trivialization.

By using BRT trivialization, we get another way to define Tu,Vu €
0%9(X). Let (D, (2,0),¢) be a BRT trivialization. It is clear that

{dzig N NdZj 1 <1 < - < jg < n}
is a basis for T;O’C’X7 for every x € D. Let u € Q%9(X). On D, we write

w= > ujdE A AdE,

1<j1 <<jg<n

Then, on D, we can check that

Tu= > (Tujyj,)dz, A Ndz,

1<j1<<jg<n

and T'u is independent of the choice of BRT trivializations. Note that, on
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BRT trivialization (D, (z,0),¢), we have

4.2. Local heat kernels on BRT trivializations

Until further notice, we fix m € Z. Let B := (D,(z,0),¢) be a BRT
trivialization. We may assume that D = Ux]—¢, e[, where e > 0 and U is an
open set of C™. Since F is rigid, we can consider E as a holomorphic vector
bundle over U. We may assume that F is trivial on U. Consider L — U be a
trivial line bundle with non-trivial Hermitian fiber metric |1|,QLL =e 2%, Let
(L™, hY™) — U be the m-th power of (L,h"). For every ¢ = 0,1,2,...,n,
let QU4(U, E ® L™) and Q%4(U, E) be the spaces of (0,q) forms on U with
values in £ ® L™ and F, respectively. Put

QMU E® L™) = &jcqo1,.. Q" (U, E@ L™),

Since L is trivial, from now on, we identify Q%*(U, E) with Q%*(U, E® L™).
Since the Hermitian fiber metric (-|-)g is rigid, we can consider (-|-)g as
a Hermitian fiber metric on the holomorphic vector bundle E over U. Let
(-, -) be the Hermitian metric on CT'U given by

g 0 o .0 o, 0 .0 0 ‘

o ) = (5 —i—za—z(z)% a—%—i—za—i(z)%), Gk=1,2,....n
Then (-, -) induces a Hermitian metric on T*0°U := EB?:OT*OJU, where
T*%3U is the bundle of (0,j) forms on U, j = 0,1,...,n. We shall also
denote the Hermitian metric by (-, -). The Hermitian metrics on T*%*U
and F induce a Hermitian metric on 7*%*U @ E. We shall also denote this
induced metric by (-|-)g. Let (-, -) be the L? inner product on Q%*(U, E)
induced by (-, -) and (- |-)g. Similarly, let (-, -),, be the L? inner product
on Q*(U, E ® L™) induced by (-, -), (-|-)g and hl".

Let
0: (U, ExL™) - Q" (U EoL™)
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be the Cauchy-Riemann operator and let
" QU EQ L) —» QMU E® L™)

be the formal adjoint of 0 with respect to (-, - ),,. Put

Dpm=0+0":Q%UE® L™ — Q" UEoL™).

Let
Dyt QU E®@L™) - Q" (U E®L™)

be the formal adjoint of Dp,, with respect to (-, - )n,. Then we denote by

OBm = DpmDp, : Q" (U,E® L™) — Q" (U, E® L™).
Put

Dy = Opn + O+ QUN(X, E) — Q02 (X, E).
Let
Dyt 00 (X,E) = Q0 (X, E).

be the formal adjoint of Dy, with respect to (-|-)g. Denote by

« 1 QPUU) = QPP

the Hodge *-operator associated to the Riemannian metric (-, -) and 4 the
Hodge x-operators associated to the Riemannian metrics (-, - )s, s € [0, 1].
Let % be the induced conjugate linear bundle isomorphism of £ and E*
associated to the metrics (- |-)p s and u™ be the induced conjugate linear
bundle isomorphism of L™ and (L™)* associated to the metric h”". Set

0 (ke @ P @ ")
Os

Qs = — (xs @ pf @ p*") (4.1)

4.3. Local heat kernels depending on parameters

Let F' be a vector bundle over a compact manifold Z. Let ¥1,...,9; be
auxiliary Grassmann variables. We assume that the multiplication of any
q + 1 variables of the above given Grassmann variables vanishes, where ¢ is
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some fixed integer. Let R(?q,...,9;) be the Grassmann algebra generated
by 1,94,...,9;, cf. E] or [20, Subsection 3.1]. If w € R(¥1,...,V;), then w is
a linear combination of ¥;,,...,v;, , where 1 <14y <--- <1, < 7. We say that

the monomial ¥;, - --¥;, is of degree k. Clearly, k < q. We define elements

2
of Q°(Z) ® F to be of degree zero and give every monomial of Q°(Z) ®
EDd(F)@R(’ﬂl, ce ,192‘), say ¢212k1921 R ’l9ik, where ¢lek S Q‘(Z)@EHd(F),
a natural degree. Let (B, || - ||) be a normed space. We now introduce a norm
on ||-||sgr on B® R(V1,...,0;) as follows. For 1 <iy < -+ < i <1,

¢ = D iV Vs € BRR(W,...,0),
1<k<g
we define

¢llser = max [|¢i...i, | (4.2)
1<k<q

Now let da, da be two odd Grassmann variables. Let
n € A*CT*U®C(da,da), then 7 can be written in the form

n = no + dany + dans + dadans, where n; € A°CT*U, 0<i<3

and we set
(n)dada =13.

We will also identify 7 as an element in A*CT*D&C(da,da) naturally. We
denote by

t t
Ly = t0p  + \/;dan,m + \/;d@[Db,m, Q] — dadaQy,

where @y := Qp o as defined in ([B3]). Proceeding formally as in E, Theorem
1.20], we obtain

Proposition 4.2. The following identity holds:

é%f(tSTY[Cgexp(‘*t[%nn)])== STr [exp (— Ly )] .

We then set

t t
Lmt=t0pm + \/;daDB,m + \/;da[DB,m, Q| — dada@),
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where @ := Qg as defined in ([@.J]).

We have the following result (see also Lemma 5.1 in ﬂg])

Lemma 4.3. Let u € Q' (X, E). On D, we write u(z,0) = ¢"™%(z),
u(z) € QO*(U, E). Then,

e " Lpm(e"u) = e_imeLb,m,t(u).

Let z,w € U and let
T(z,w) € (T;"*U ® E,)* R (T;*U ® E.)) ®C(da, da).

We write |T'(z,w)| to denote the standard pointwise matrix norm of 7'(z, w)
induced by (-|-)g as in ([@2]). Let Qg"(U, E) be the subspace of Q%*(U, E)
whose elements have compact support in U. Let dvy be the volume form on
U induced by (-, -). Assume

T(z,w) € C®(U x U,(T;**U ® E,)* R (T"*U @ E.))®&C(da, da).

Let u € QB”(U, E). We define the integral

/T(z,w)u(w)dvU(w)
in the standard way. For any ¢ > 0, let
G(t,t,z,w) € CORL x U x U, (T:*U ® E,)* R (T:%*U @ E.))®C(da, da).
For any ¢ > 0, we write G(%) to denote the continuous operator
G(t): Qy*(U, E)&C(da, da) — Q°*(U, E)&C(da, da),

u — /G(f,t, z,w)u(w)dvy (w)
and we write G’() to denote the continuous operator

G'(£) : Q)° (U, E)&C(da, da) — Q°*(U, E)&C(da, da),
/aG(f,t,z,w)
u— | ———

5 u(w)dvy (w).
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We have the following theorem, cf. @, Section 3],

Theorem 4.4. For any t > 0, there is
Apm(t,t, z,w) € CPRLxUxU, (T URE,)* R(T*USE,))®C(da, da)
such that
lim Ag,(t) = I in D'(U,T***U ® E)&C(da, da),
t—0-+
Ban O+ Ap i (D)(Lpmiu) =0, Yue Qy*(U,E), Vi>0,
and Ap ., (t,t,z,w) satisfies the following:

(I) For every smallt > 0, every compact set K € U and every oy, ag, f1, 52
€ N, every v € Ny, there are constants C o, 00,8, 8.,k > 0, €0 > 0,
P € N independent of tsuch that

107021022001 002 A (1, £, 2, )|

P |wa|2 (4.3)
< Cal,a%gl,g%[(ti e 0 s V(f, Z,U}) € RJr x K x K.
(II) Apm(1,t,z,w) admits an asymptotic expansion:
_ h(zw)
Apm(1,t,z,w) =€~ t Kpn(l,t, z,w), (4.4)

Kpm(Lt,z,w) ~t ta_1(z,w) + ap(z,w) + tay (z,w) + -+ ast — 07,
aj(z,w) € C® (U x U, (T3*U ® Ey)* @ (T**U ® E.) ) ®C(da, da),
j=-1,0,1,...,

where h(z,w) € C®(U x U) and for every compact set K € U, there is
a constant C > 1 such that & |z — wl* < h(z,w) < Clz—wl?, for all
(z,w) € K x K.

Assume that X = Dy |JD2J---U Dy, where Bj := (Dj,(2,0),¢;) is a
BRT trivialization, for each j. We may assume that for each j,

DjZUjX]—%j,ng[C C" xR, §; >0, 5~J >0, Uj={2ze€C" |z| <v;}.

For each j, put
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where U'j = {z eC™ |z < %’} We may suppose that

X =Dy \JbaJ- D

Let x; € C§°(D;y), j = 1,2,...,N, with >, x; = L on X. Fix j =
1,2,...,N. Put

5; 9

K; = {z € Uj; there is a 6 €] — %, %[ such that x;(z,0) # 0}.

Let 7;(2) € C§°(U;) with 7; = 1 on some neighborhood W; of K;. Let
5 3

oj € C3°(] — #,#[) with [0;(0)d0 = 1. For any t > 0, let
Ap,m(tt,z,0) € C®Ry x Uj x U, (Ti"*U; ® E,)* R (T:°U; ® E))
be as in Theorem A4l For any ¢t > 0, put

Hy (s, ,y) = xj(x)e ™m0 Ap (8, 2,w)e™ 25 ) =0 (w) oy (),

(4.5)
where z = (2,0), y = (w,n) € C" x R. Let
1 Mo . A
Lot t,z,y) = o Z/ Hjpm(t,t, 2, e™ o y)e™ " du. (4.6)
j=17-

From Lemma E3] off-diagonal estimates of Ap, ,,(f,t,2,y) (see (@3) and
(£4)), we can repeat the proof of Theorem 5.11 in [9] with minor change
and deduce that

Theorem 4.5. For every £ € N, £ > 2, and every € > 0, there are g > 0
independent of t such that

Hebe,m,t(x,y) —To(l,t,z,y < eJTO, vt € (0,¢).

)HCZ(XXX)

4.4. Constant term of the heat kernel asymptotics of the modified

Kohn Laplacians on BRT trivializations

To state the result precisely, we introduce some notations. Let VIV and
V'TUbe the Levi-Civita connections on CTU with respect to the metrics (-, -)
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and (-, ), repsectively. Let Pri,07; be the natural projection from CTU onto
T1OU. Then,

1,0 1,0
VU = Priop VIV and VTV = Prio VY

are connections on T10U. Let VF®L™ be the Chern connection on E ®
L™ — U induced by the metrics (-,-)g and "™ and V'E®L™ be the Chern
connection on E ® L™ — U induced by the metrics (-, ), and hl™. Let

eIV .= o(vT""V T10) € (U, N2(CT*U) ® End(T"°U))
and
ofel™ .— o(VEOL™ E @ L™) e C°(U, \*(CT*U) ® End(E @ L™))

be the curvatures induced by VTV and VESL™ respectively. Similarly, let

OT e (U, N2 (CT"U) @ End(T"00))
and
QESL™ C>=(U, /\2(@T*U) ®End(E® L™))

V/Tl’OU v/E@Lm

be the curvatures induced by and , respectively. As in com-

plex geometry, put

Ta (07°0) = 1a (v, 7100) = MO ()

)

where
z
h<z>=log(1_e_z),
and
ch (OF¥L™) = ch (VF¥L" E o L™)
_ T L E®L™ m
(i (o o pe 1)),
where

h(z)=¢€*.

We also define Td (@’T1’0U> and ch (©F9L™) in similar ways.

Let gV, ¢'Y be two Hermitian metrics on 70U and h¥, W'F be two Her-

mitian metrics on E. Consider a smooth family of metrics s € [0,1] —
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(¥, hE) on TOU and E such that

(95, h) = (gV,h") and (gf ) = (¢'V,W'").

Let Vzl’OU and VFZ®L™ he the connections on 740U and on £ ® L™ — U

induced metrics gg and (hSE , hLm), respectively, such that

1,0 1,0 1,0 1,0
(VEU, VTH0) = (V70 T )

and
(v()E@Lm’ le'®Lm) — (vE@Lm’ v/E@Lm).

Let

eIl .= o(vI"'V T'OU) € C®(U, A2(CT*U) ® End(T*°U))
and

eLkel™ .— o(VEOL" E g L™) e C®(U, N*(CT*U) ® End(E @ L™))

be the curvatures induced by VSTLOU and VSE®Lm, respectively, such that

1,0 1,0 1,0 1,0
(6 7,61 7") = (6777, 077)

and

(@OE(X)L"L’@lE(X)Lm) _ (@E@Lm’GIE(X)Lm).

Let
PY =a@p_QPP(U).

Let P'Y ¢ PUY be the set of smooth forms o € PUY such that there exist
smooth forms 3,+ on X for which

a = 0B+ 0y.
By the results of E, §(e)], the form

1 U
._ —T\—n Q T U U\—1995
a = (2rv-1) /0 5 v:O{Td( O v(gy) s )

ATr (exp <@f®L — v(hE®L )1857>> }dv

Js

defines an element in PY/P'U which depends only on (gV,h*®E™) and

(¢'V, h'ESL™) Since the Hermitian metric h” does not depend on the pa-
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rameter s, we can easily see that

a = (2ry/—1)™ /13

el T (e G

5 0s

A'Tr <exp (-@f = v(hf)lt(?—f>> fav AT (exp (~0F7)) . (4.7)

Recall that, cf. [3, (1.103), (1.136), (1.138)],

2%in(l) STr A m(1,t, 2,w)%% = o = STrag(z, 2).
e

By E, §(f)], there is uniquely defined secondary characteristic (Bott-

Chern) classes

ﬁ(le»OU’ V/TLOU7 Tl’OU)
and
&(vE@Lm, v/E@Lm, E ® Lm)

in PY/P'Y such that

00
2w/ —1
= TA(VTV 700y — Ta(VTHU TR0,

ﬁ(le’OU, v/Tl’OU’Tl,OU)

&(VE(@L"L’ v/E@Lm, E® Lm)

90
21y —1
= ch(V'FOE" E@ L™) - ch(VESY" Eo L™). (4.8)

Hence, we have

STrag(z, z)dvy (2) = [@"](2), Vze U.

According to E, Theorem 1.27, 1.29 and Corollary 1.30], the component
of degree (n,n) of a represents in PY/P'V the corresponding component of
the Bott-Chern class

o = TV VTV TLO0) A ch(VEOL™)
+TAVT VYA (VE @ L™ VFPEE" E@ L™).  (4.9)
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By (@1), (£]) and ([£9), we have
o™ = (Ta(v™"V, v THOU) A b (VE)

+TA(VTU) A ca(V, v’E,E)) A ch(VE™, L™,

Let VX and V/7X be the Levit-Civita connections on TX with respect
to (-, -)and (-, -)’, respectively. Let Ppi,0x be the natural projection from
CTX onto T1°X. Then,

1,0
VT X = PTI,OXVTX
and

1,0
vTEX = PTLOXV/TX

are connections on 70X . Let V¥ and V’¥ be the connections on E induced
by (-|-)g and (-|-)%, respectively. We can check that VIHX g THX B
and V'F are rigid. Moreover, it is straightforward to check that

Td (vT”JU ,Tl’OU) (2) = Td, (VTI’OX ,T1’0X> (2,0),  Y(z,0) € D,

ch (VEOL" B & L™) (2) = (chb(VE,E) A e—mdzif) (2,0), V(z,) € D.

We can check that

Td (le’OU VT T1’0U> (2) = Td, (le’OX VT TLOX) (,0),
V(z,0) € D,
ch (VEOL™ G/ESL" [ g M) (2) = (Shb(vE ,V'E E) A e—mdS’TO> (,0),
V(z,0) € D.
and

[ﬁi (vT“’U RvZas TLOU) Ach (VEOL" B Lm)} MO

= [ﬁib (VTLOX, V’TLOX,TLOX> A chy, (VE,E) A e*md# /\wo}2 H(z, 0),
V(z,0) € D,
[Td vTu, TLOU) A ch (VEBL™ g/EOL™ B g Lm)} L () ndo

— [Tdb (VTI’OX ,TLOX) Ay (VE, VB B) A e ™5 AMOL (.0,
n-+

V(z,0) € D,
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—~ dw
where [Tdb (le,OX7 V’TLOX,TLOX> A chy, (VE, E) A e—m2—7r0 A WO}Q X de-
n+
notes the 2n + 1 forms part of

— dw,
Tdb (le,OX7 v/T1,0X7T1,0X> A Chb (VE,E) A 6_m2_7? A wo
and [Tdb (le’OX,TLOX) Achy (VE,V'E E) Ae™m % A wo]z  denotes
n+
the 2n + 1 parts of
Td, (VTLOX, T1’0X> Achy, (VE,V'E E) A e A wo.
From the above equations and note that
dvy AN df = dvx

on D, we get

Theorem 4.6. With the notations above, we have, for all (z,0) € D,
STrap(z, z)dvx (z,0)

= [f{ib (VTLOX, V'TLOX,TLOX) A chy, (VE, E) A e*méﬂwl A wOL , (2,0)
n+

~ dw
+ [Tdb (VTLOX,TLOX> A chy (VE, V'E,E) Ae e A w0]2 , (z,0).
n+

4.5. Proof of Theorem

The theorem follows by combining Theorem Bl Proposition €2, Lemma
3] Theorem 4], (@A), [@H6]), Theorem L5 (F) and Theorem (A6l

5. The Asymptotic Anomaly Formula of the Analytic Torsion

In this section we will deduce an asymptotic anomaly formula for the
L%:metric on A, (E). The formula is an CR analogue of Theorem 5.5.12 of

23,

5.1. Asymptotic anomaly formula for the L?-metric
We now define the canonical line bundle K x of (X,TX) by

Kx = A"T*H0X.
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We denote by K% the dual of the canonical line bundle Kx on X. Let
(+|)o and (-|-)1 be two rigid Hermitian metrics on CTX. We keep the
rigid Hermtitian metric ¥ on E fixed. Let | - | k%0 and |- [k 1 be the
metrics on K% induced by the metrics (-|-)o and (-|-)1, respectively. Let
|- llm,0 and || - ||;m,1 be the Quillen metrics on Ay, (E) induced by the metrics
(-]-)o and (-|-)1, respectively, and the given rigid Hermitian metric h* on
E. Let ||mo and |-|m1 be the L? metrics on Ay, (E) induced by the metrics
(-|-)o and (-|-)1, respectively, and the given rigid Hermitian metric h* on
E.

Theorem 5.1. As m — oo, we have

. 2 | N |2 * w
log 7| |’;””’1 = rk(E)/ log # eI A wo +o(m"). (5.1)
| : |b,m,0 X | . |K;(’O

Proof. Let 0y 1,0(2),0pm,1(2) be the (-functions, defined as in (ZI0), asso-
ciated with the rigid Hermitian metrics (-|-)g and (- |- ), respectively, and

with the given rigid Hermitian metric hE on E. By Theorem 1.1 of ﬂﬁ] and
2 — .
’O-’KX*,'L = ‘6?(0-7 O-)’/n") 1 :0717

we have

2

0 101 (0) =0} 1 0(0) = rk(E)/ log (' ' |,f§<’1> ™5 AwoFo(m"). (5.2)
o o 2 X |'|K;},0

We next choose a path of metrics g := (-|-)s,s € [0,1], connecting (- |- )o

and (-|-)1. We denote the objects associated to (-|-)s with a subscript s.

Then, by Theorem B.J] and Theorem 3.6 of ﬂﬁ], we have

% log (H . ”ib,m,s(E)> = m”/x STr [QSA(),S ® IdE}de75 + O(m”_l/z)’

(5.3)
where Ay is defined in (3.34) of ﬂB] By proceeding as in ﬂﬂ, P. 261], we get
(cf. [2d, (5.5.68)))

/XSTr |:Q5AO,3:|d/UX,s = %/XTT‘TLOX {%}e_% A wo (5.4)
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By (&3) and (5.4]), we have

2
o || . Hg,m,l _ rk(E) / 1 | . |K;(,1 duwq n—1/2).
X

e ™2 Awy+ O(m

T Z0mo 2 B
(5.5)
Finally, by the definition of the Quillen metric (see Definition 2IT]), we have
[ P ) ) | 1
1 e | T 9b,m,1(0) - Hb,m,O + log T (5.6)
1 15m,0 | l5.m.0

By (52), (6 and (G5), we get (1. 0
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