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Abstract

This paper explores Exact Weak Laws and their almost sure counterparts. First we
show that the weighted sums of our infinite mean random variables can be balanced by a
carefully selected sequence, i.e., that the ratio converges to one in probability. Then it is

shown that the upper limit is almost surely infinity, while the lower limit is one.

1. Introduction

An exact limit theorem is where the numerator and denominator in some
sense approaches one. That means that the sum of the random variables in
the numerator are balanced appropriately by the constants in the denomina-
tor. The sum in the numerator can be considered the winnings of some game
while the denominator would be the cumulative entrance fee after those n
games have been played. The house and the gambler would only play this

game if it was fair in some sense.

In this paper we extend the work done in E] and ﬁ] Here we generalize
the distribution used in both papers to P{X; > z} = % We use
the classic slowly varying function logarithm and since we want our random
variables to have infinite expectations, we set «« > —1. Besides establishing
the Weak Laws (Section 2) we also obtain the precise almost sure bounds
(Section 3). As suggested in ﬂj] and done in B}, it would be nice to extend
this work for a more general sequence than just j. We would like to do

both, we would like to obtain limit theorems when P{X; > z} = LSETJ:J)
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for any sequence ¢; and any slowly varying function L(z). But that is very
complicated, especially determining which random variables do not have a
finite mean. So we will stay with ¢; = j, but look at various powers of
logarithm.

log™ (z+j)
T+

and a > —1, we set P{X; =0} =1 — logjﬂ and by differentiating Fx, ()

we obtain

Since the random variables have 1 — Fy,(z) = where z > 0

_ log®(w +j) — alog™ 'z + )

f () (@ +4)?

In terms of notation we use lg x = log x with the base e, but whenever we
have log 1 in a denominator we will just set that equal to one, so we won’t be
dividing by zero. Hence lgz = Inz, except lg1 = 1. We set gy x = 1g(lg z),
lgsz = lg(lgy x) and lg, x = lg(lgs =), so the i in lg; = is not the base, it is
the iteration of the logarithm. Many times in the proofs we will pull the
logarithm out from an integral, since it is a slowly varying function, see M],
pages 279-284. Finally, note that the constant C will be used as a generic

bound that is not necessarily the same in each appearance.

2. Exact Weak Laws

We first look at o > —1, then we explore what happens when « equals

minus one.

Theorem 1. If P{X; >z} = lgaw(ij.j) where o > —1, then

Z?:l %Xj £
g™ (n) lgz(n)

Proof. We will establish all three parts of the Degenerate Convergence
Criterion, see E}, page 356. Let a; = 1/j and b, = 1g®"!(n)lgy(n). Even
though all the terms are quite similar, we will see that all of them go to zero
except for one. And that one is only one of four in our truncated mean

n .
Z; Z—:LEXjI(anj < by)
j=
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bnd (z +j) —alg® ! (z +j)
by, Z / ! (z +j)?

i Zn: 1 /(bn+1)j(u B ]) llga(u) _ Oélga_l(u)] "
J

dzx

j 2 2
el u u u u
1 z”: 1 /(bn“” lg®(u)du 1 i/“’n“)? 1g® (u)du
o n T 2
bn, = JJ; U by, Pl U
" q (bn+1)j lga—1 d n (bn+1)j loa—1 d
D L OIS A S
bn . J u bn - U2
j=1 J j=1"J

ing w = lg u, the first term becomes
7 1 1 /(b”H)j lg®(u)du
1 = _— - S
bn j:l JJj u

1 1 [lel(bn+1)5]
= — —/ w*dw
17 J1e(h)

= Z g (b + 1)) — 18 (5)]
1

B 1 "1t G) [ (186 + 1) +18()) o - 1}
(a+ Dby & lg(4)

1 Z": 1g** (4) : Ly 180+ 1) ! B 1]
- (a+1)by, = J i lg(4) .

Taylor Series for (14 z)**! is

(a+ 1)ax? n (a+ Dala —1)2?

1+2)* =14+ (a+Dz+

which is the usual Binomial Theorem if o + 1 is an integer, meaning it is

a finite sum. Otherwise, it becomes an alternating series and the error is

less

than the ensuing term, which is just as good, since x = 1g(b, + 1)/ 1g(j)
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is small as long as j exceeds some value say Jp. Thus the main term is

essentially
n at1y -
1 1g°7(4) | (a+ 1) lg(bn + 1)}
(a+1)by, = J lg ()
Ig(bn) x~12°()
b 2

(I (5™ ()
. [ ot 1>> ggz?n? 1 ?ga“(n) _
(i) ((est) =

As for any of the higher powers in this expansion, say p > 2, they are

bounded above by

C -1 )(1g<b +1>> < CE0n) g~ 8",

by, 4 j 1g(j) b =

Jj=1

And by examining the the three cases we get, if a —p+ 1< —1

Clg(bn) ~18"771(j) _ Clg(bn)

b = g b

— 0

and if « — p+ 1= —1, it is bounded above by
Clg"(by) x~18°777'(G) _ ClgP(ba)lgy(n) _ _ Clgh™ ()
b, j - by, ~ g%t (n) lgy(n)
_ Clgz(n)
)

and finally if « —p+ 1 > —1, then this term is bounded above by

=1

1" ()

ClgP(bn) —lg
b2

. j

7j=1

Clg?(ba) 18" " (n) _ Clgh(n)1g* " (n) _ Clgh '(n)
b

T n)le(n) ()

This shows how delicate the selection of b,, is. Now we need to examine the

— 0.
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other three terms in our truncated mean. Those and the other two terms

in the Degenerate Convergence Theorem all go to zero. The second term in

n

the truncated mean, by using slow variation, is bounded above by
B 2 /
=

z [
1
lg Clga“( ) C’
< .
= b Z b dgy(n)

The third term is similar to the first, but with one less power of logarithm,

|lo| =

it is bounded above by

—« 1 [Cnt D g0 () du
= |72 !
n =7 )
- C & 1/(b”+1)3 g% (u)du
- b, j:lj j u
n Ig[(bn+1)5]
< ng/ w* Ldw
bn j=1 J lg(4)
C&K1,. .,
< >0 e (b + 7))

3
<
Il
—

15°j) [ (1g(bo + 1) +18(5) ”‘_1]
J lg(4)

() [ [, lela+ DY

j [(” 12() )‘1]‘

Using the Binomial expansion once again, we have for the first term

Cx-(1"G) | [algba+ 1)) _ Claby) N~ 15°7'()
bn;( j )( 15(j) )S bn 2 J

j=1

- bn, ~lgn

<
I
=

I
SRS

I
Fla

<
Il
—

— 0.

Likewise, the ensuing powers in the expansion make those terms go to zero
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as well. Finally, the fourth term in our mean is

o« Gt i gt (w)du O <~ [ 1g% (u)du
I = b 2 < b 2
=177 u =1 J u
n a—1/. o
< O () Cle(n) _ c
bn, = J bn lg(n)lgy(n)

Note that, we just assumed that o > 0, but if —1 < o <0, these terms also
vanishes as n goes to infinity.

Next we look at the second moment term in the Degenerate Convergence
Theorem

2 ZaQEXQI(aJX < by)

j=1
_ 1y .i /bnszllg%ﬂ)—al.g“*(a:m e
by 4 (x +j)?
- /b"] 22 1g%( :v—l—j)d
S » 71 @10
an
< b2 “z+j)d

If & = 0, which was already established in E then this term is

Cn
b2z Di=il=4-,

w|»—~

And if —1 < a < 0, then this term is

N1 (bn+1)j lg Clgoc+1() C
S [ e £ 0

b2 st 52 bn  lgy(n)




2017] EXACT WEAK LAWS AND ONE SIDED STRONG LAWS 109

Finally, if o > 0, then this term is

=y 3/ lg®(u)du < > = 1g™((bn + 1>J)/ du
bn S b =17 7

_ bﬁg 3187 ((bn + D) [0 + 1) =]
_ bQ Z 18 (0 + 1)lbn
<
_ % f: % 16%((by + 1))
le o
_ % %(g(bn +1) +ng>

_ ¢ f: 1g%(4) <lg(bn £1) 1>a.

lg(4)

Once again using the expansion (1 +z)* =1+ ax + a(a — 1)x?/2- -+ which
is either finite or eventually an alternating series, we see that this limit is

zero. The first term is

— 0.

C - 1g(j Clg™™ C

bn, = J br, lgo(n)
The next term is ax, where x = lg(b, + 1)/1g(j), which is small for most
values of j. We could split the sum into two parts, where one sum is 2310:1
and the second sum is Z;”: Joir1 Where z < 1, when j exceeds Jy. The first
sum would go to zero as n went to infinity since b,, — co. Thus the second

term is in our series expansion of (1 + x)® is

C (-~ 18°0) (@lg(by +1) Clg(bn) x~ 18" ())
b2 () = 2
Clgy(n)1g®(n) _ C

" 15" (n)lgy(n)  Jgn
Now the rest of the binomial series has powers aP for p > 2. Either this

series terminates or eventually alternates. In either case for the term xP, we
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have
oa p P n a—p(;
C lg”( ( +1)> < Cle (bn)zlg G)
b j=1 (.7) bn j=1 J
D a—p+1 p—1
< ¢ lgz(ﬁ) g (n) _Clgy, ()
15" (1) Ig, () Ig” (n)

where we are assuming that « — p+ 1 > 0, but we easily show that all of
these terms go to zero in every setting. Thus the variance term does vanish

as n goes to infinity.

The last limit in the Degenerate Convergence Theorem are the tail prob-
abilities, but that limit is zero just like the last one, since for all € > 0
n n . .
. (lg(ebnj + j))a
P{X, > ebyj} = —_—
> (x> as) = 3 UG

1 E”: (g(eb, + 1) +1g(5))™
eb, +1 = j

bg Z": (g(cbn + 1) +18(7))"

< .
J

If —1 < a <0, then this is bounded above by

— 0.

Z lg _C g*ttn)  C
b by " lgy(n)

However, if o > 0, this term becomes
lg (lg (€by, + 1) >a
+1) .
by Z 1g(5)

Again using (1 + 2)* = 1 + az + a(a — 1)22/2- -+, which is either a finite

sum or an alternating series, we have for the first term

lg _Clg™'m) ¢
o Z

— 0.
by, ng (n)
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Next, observing the ax term, which is

1g(4) b, =
- Clgzl(n)lg n)_ ¢
lg®* (n)lgy(n)  lgn

C <~ 1g%(j) (alg(eb, +1 Clg(eby + 1) = 18" (j
b_zg.(3)< 8 )) < Clg( )Zg (4)
ni

The value of x = lg(eb, + 1)/1g(j), is small for most values of j in our
series expansion of (1 + z)*. We can make this rigorous by splitting the
sum into two parts, where one sum is 23121 and the second sum is Z;L: Jot1
where z < 1, when j exceeds Jy, but that isn’t necessary. This series either
terminates, when « is an integer or it eventually alternates, so looking at

the 2P term with p an integer greater than one, we have

C~18%0) <lg(ebn+1>>p< Clgp(bmf:lga*p(j)
< -

by, 4 J lg(4) by,

j=1 j=1

If @« — p < —1, this is bounded above by

ClgP(by) - C'lgh(n) _ Clgg_l(n) 0.
b T 18 (n)lga(n)  1g°T(n)
If @« — p = —1, this is bounded above by
Clgh™ (n)  Clgh(n) 0

18" (n)1ga(n)  1"(n) '

Finally, if o — p exceeds minus one, an upper bound is
Clgh(n)1g® P (n)  Clgh ' (n)
a+1 = P —0

187 (n)1g2(n) 1g¥(n)

completing this proof. O

We set the parameter « larger than minus one, so that these random
variables have infinite expectation. If the expectation was finite, then the
classic Laws of Large Numbers would apply. Next, we examine what happens
when a = —1. In keeping with the spirit of non-integrable random variables,

we now assume P{X; > z} = m Thus P{X; =0} =1 — jl;(j)
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and by differentiating F,(z) = 1 — P{X; > x} we obtain

_ lgl@+j)+1
P G e )
Theorem 2. If P{X; >z} = m, then

Y% op
lgo(n)lgs(n)

[June

Proof. We start once again by examining the truncated mean, which shows

that our selection of b, = lgy(n)lgs(n) is the correct choice

Z & b EXi1(a;X; < by)

1 1 /bw‘ lg(z +j) + 1
= — - €T ; 2 - dx

bn <= 3 Jo (x +j)*1g°(z + )

1 .1 rOntl)s 1 1
:_Z_,/ (u—j)%du

bn j=1 J Jj u 1g (’LL)

1 =1 [latDi gy, 1 o= [OntDi gy
b 3/- ulg(u) 52/1 u?1g(u)

Letting w = lg(u), the first term becomes

(bn+1)j 1 1 elnt1il g0,
I = = _ -
! b Z / ulgu bn, Z] / w

=5 Z ez (0 + 1)5) — lea(y >]—bizllg[1g<bn+l>,+lg<j>

n =

We use the series expansion of lg(x + 1) = = — 22/2 + 23/3 +

lg(4)

- with

x =1g(by, + 1)/1g(j), which is small if j exceeds some value, say Jyp. This is
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an alternating series and the only significant term is the x term. Plugging

in x into I; we have

n

1 Q-lglb+1)  lg(by) 1 lgg(n)lgy(n) _
2 ) T b TR "

J=1

Any other term, zP, with p > 2 is

P p—1
Zlg (bn, + C’lg (bn)glg3 (n)_)o
by 2= 1] b Ig,(n)

since 1g(by,) = lgz(n) +1g4(n) ~ lgg(n). That is the only nonzero limit, since

1< (bnt1)7 gy 1 — * du
IQ = |=— / —_ | < — / -
|2 by, ;:1 f u?1g(u) bn]z:l f u? 1g(u)
bn <= 718(7) by lgz(n)
and
1 =1 [CntDi gy
nj:1] j g
1 =1 /°° du
< — = —
n;J j o ulg®(u)
C< 1 C'lgy(n) C
< = . = — 0
- bnjzljlg(ﬁ bn lg3(n)
and finally
~1 = (bn+1) du 1 — *  du
Ll =15 / 21y Sb_Z/ 2
noj=17J u-lg (u) noi=1"J uslg (’LL)
C& 1 c
< — 0.
bn j=1 J lgz(zj> b

Next, we look at the second moment term in the Degenerate Convergence

Theorem
1 [bnd lg(z 4+ 7) + 1
2 2
a;EXG1(a;X; <bp) = 5 —/ - -
b ; ’ by Z; ’ (@ +5)?1g% (@ + J)
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_ Z /b"“ 7)*[lg(u) + 1]du
o u21g2(u)
C & 1 [lathi g
<5y / :
bn j—l J 7 lg(u>
(bn+1)j "
< 3 Z 2 / - C; 2 o
b2 lg b lg(7)

As for the tail probabilities, we have for all € > 0

n n 1
P{X; >eb,j} = — S—
jZ:; { ’ } JZ:; (ebnj + 7)1g(ebpj + j)

" 1
- ]Zl (b + 1)j 1el(ebn + 1)]]
1 - 1
by + 1 ; Jllg(ebn + 1) +1g(5)]
C < 1
by, ; Jlg(4)
C'lgy(n) _C
by, 1g3(”>

IN

— 0.

IN

3. Almost Sure Results

The Weak Laws established in the last section will be used to obtain one
sided Strong Laws. The easy part was done in both ﬂj} and B] By using
the technique from ﬂ} we can get an exact lower bound. But the problem is
in selecting the right sequence d,,. Note that the in both proofs we need one
series to converge and the other series to diverge where both series differ by

just a power of 1g, n and lgs n, respectively.

Theorem 3. If P{X; >z} = z_”f_;”) where o > —1, then
nool
lim inf =1 J = 1 almost surely

n=voe 19 (n) lgy(n)
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and

S Lx;
lim sup =157

————=~ =00 almost surely.
nsoo 1g%T(n)lgy(n)

Proof. Let a; = 1/j, b, = 1g°™ (n)1gy(n), cn = by/an = nlg®™ (n)lgy(n)
and d,, = n1g®"!(n). The difference between ¢, and d,, is subtle, but that is
exactly what helps us achieve our lower limit. The upper limit occurs since

for all M >0

i P{anXp /by > M} = > P{X, > Mc,}

o Mece, +n
- 1g%(n)
>
- nz::l Mnlg®*(n)lgy(n) +n
. 1g%(n)
>0y —
nzl n1g**!(n)lgy(n)

when o > 0. Similarly if —1 < a < 0, then

> PlanXp /by > M} = Y P{X, > Mc,}
n=1 n=1
B i lg*(Mey, + n)
N Mec, +n

n=1
o g% (cn)

~ 1g%(n)
2 ) )

n=1

> 1
= O i

Y

v

Thus

. anXny
lim sup
n—oo n

= o0 almost surely
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hence

" — o0 almost surely

n—00 n n—00 n

which completes the easy half of the proof.
From Theorem [, we obtain a lower bound on the lower limit, i.e.,
no1
lim inf 1=1J

n=oo g (n) Igy(n)

In order to obtain equality here, we use the sequence d,, and partition our

<1 almost surely.

sum as

1 n
b Z a; X
n j=1

v

» ZCLJXIO<X < d;)
] 1
= —ZaJXIO<X <d;) - EX;I(0 < X; < d;)]
j= 1
+- ZCL]EXI(0<X < d;).
7j=1
The first term converges to zero almost surely by the Khintchine-Kolmogorov
Convergence Theorem, see B], page 113 and the Kronecker Lemma since
by, T oo and
[e.e]

n=1

:Ow| =
tq
=)
AN
ks
IN
&

S
3

I
NE

IN
(]2
:ﬁw| = :Ow| = §Eo| =

g¥(x +n) —alg® H(z +n)
(1 n)? )da;

dn+n u—n)ng ( )du

i
I

N
,_.
IS
3
+
3

T T
/—\
:l\')

NgEH

3
Il
—

i
I

IA INA
Q

(i
L oy
=N =2
e
owiqgs T
SIS
S~
&
+
S

=%

<
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n lg2a+1 (TL)

<02 lgza“( )1g3(n)
= C’Z < 00

nlg (n)

whenever a > 0. If —1 < o < 0, then

>

n=1

_ i%/d"xz gt n) —alg et ) )
¢ Jo (v +n)
1

EX2I(0 < X, < dp,)

n

:Qw| =

n=1
o dn+n (u )2 lga(u)du
= CZ—/ u2
n=1 n n
dn—i-n
ez
n 1n
lg dn+n
< C’Z 2 / du
n 1 n
d,1g%(n)
— CZT
n=1 n
B CZ nlg2a+1(n)
= n?1g** " (n)1g5(n)
p— < OO.

1
C - -
nzl nlg(n)lg3(n)
Next, we need to show that the other term converges to one as in the proof

of Theorem [II As with the expectation in Theorem [I, we have four terms.

The first term is the important one

» Z%EXI((KX < d;)
7j=1

_ (z +j) — alg® 'z + )

T by Z / ( (x+4)? )dw

1 (5% (u— ) (1g* (u) — alg® ! (u))du
|

1
b A 2
b]lj U
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11 /dﬂ'” lg*(w)du  « 3 1 /diﬂ 18! (u)du
L [P g (wdu | o f: /df‘“ 1g* ! (u)du
by, f u2 by, 4 ~ u?
j=1"7

7j=1
1+ I —|—I3—|—I4.

Il
~

The first term is

L lga“(J) ([ lg(lg™*" (5) + 1)r“ )
(a+1)by = J 1g(5)
The only term of significance in (1 + z)*! is the (a + 1)z term, where

z = lg(1g®™(j) + 1)/1g(4), which is certainly smaller than one. Thus I

becomes

1 =g T(j )((a+ 1)1g(1g**'(j) + 1))
(@+ Db o= J lg(4)
= 1g™ )<lg(1 g* () + 1))
j lg(7)
1871 (j) [ (a4 1)1gy(j)
j ( Ig(4) >

:1

1
by,

1
b
7j=1

a+1 Z 1g%(7)1g2(J)

by < J
7j=1
(a1 () )
by, a+1 -

As for any other powers of x, those vanish as n goes to infinity since they
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are smaller than

C a+1 <g(1 a—i—l(j) + 1))7’
il = — 0
bn Z:: lg(4)

for all p > 2. As for Iy we have as an upper bound

n lg(dj+7)
C Z 1/ ' w* L dw.
1

‘—a - 1/dj+ﬂ‘ 1227 (u)du
j B b =1 J g(j)

u

bn =

If o < 0 then this is less than

n 0 a-+1
@ 1/ w*Ldw < QZ O ¢
1g() et

br, =7 N br ~ lgy(n)

If @ = 0 then this term doesn’t even exist and if o > 0, then this is bounded

above by
n g, n (e a+1
Clg (dﬁy)ég Ig (J)_Clg () C
bn j=1 J bn j=1 J bn ng( )

2
by, = u o
< bg Ig .(J)
n
a+1
< Clg® ™ (n) C .0
by, ng(n)

Finally, an upper bound for 1 is

o — /dﬂ'+j 1g*(u)du
b . 2
bn §57 /5 “ i=1

for any «. Putting everything together we see that the lower limit is indeed

one, with probability one. O

We can also obtain a one sided strong law when « is minus one.
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_ 1
Theorem 4. ]f P{Xj > Cl?} = m, then
S'¢
liminf—2="9"7_ — 1 almost surely
n—oo Igy(n)lgs(n)
and s
v L1y
limsupM = oo almost surely.

n—oo 182(n)l1gs(n)
Proof. Let a;j = 1/j, by, = lgo(n)lgs(n), cn = bp/an = nlgy(n)lgs(n) and
d, = nlgy(n). Once again, the difference between ¢, and d,, is subtle, but
that is exactly what helps us achieve our lower limit. The upper limit occurs

since for all M > 0

> PlanXy /by > M} =) P{X, > Mc,}
n=1 n=1

> 1
- T; (Mey, +n)lg(Me, +n)
> 1
B nzl (Mnlgy(n)lgs(n) +n)lg(Mnlgy(n)lgs(n) + n)

> 1
> O e e )~

Thus
. anXnp
lim sup =00 almost surely
n—oo n
hence
n
0 X an X
lim sup Zg =10 > limsup ——— = oo almost surely
n—oo n n—oo n

which completes the easy half of the proof.

From Theorem [, we obtain a lower bound on the lower limit, i.e.,

n 1

lim inf =TT <1 almost surely.
n—oo lgy(n)lgs(n)
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Using the same partition as in Theorem [ but with a different d,, we have
1< 1<
b_ ZCL]'X]‘ > b_ ZCL]'X]'I(O < Xj < d])
1 n
= > a[X;100 < X; < dj) — EX;I(0 < X < dj)]
n J=1

1 n
+- ]ZlajEXjI(o < X; < dj).

The first term converges to zero almost surely by the Khintchine-Kolmogorov

Convergence Theorem, see E], page 113 and the Kronecker Lemma since

b, T oo and
=1 9 =1 i, lg(z+n)+1
Z—QEXNI(O<Xn§dn)—Z—2/ T — dx
s /W (u— n)?(lg(w) + Ddu
- 2 2
2z ), a2 1g%(u)
e I R T
< i
<0z L
S I R
<0y —/
= 2
—~ d
2 T

< 0.

< 1g(n) lga(n) I3 ()
Note that this barely converges and the previous infinite sum diverges, by
the slimmest of margins, a factor of lgs(n). Next, we need to show that the
other term converges to one

1 n
o > a4 EX;I0 < X; < dj)
j=1

R N ()R SN
_bnzj/o ((a:+j)2lg2(x+j>>d

J=1




122 ANDRE ADLER [June

The first integral is

1 2”31/%9‘ du 1 E”:1/1g<dj+j> dw
i)y ulglw) b ey w
~ 1 , :

=1

RSN NEUEY)
B bnjzjlg< I5(j) )
_ 1! <lg( 7) +1g(1g2(j) + 1))

b 22 la(j)
_ 1yt le(lg2(7) +1)
- R (G

The only term of significance in lg(1 + x) is = = lg(lgy(j) + 1)/1g(j). Thus

I; becomes
1N~ 1 lgle () + 1Y 11 (lg0) | lga(n)lgs(m) _
bn;J( () ) bn;j<lg(j)> bn b

As for any other powers of x, those vanish as n goes to infinity since they

are smaller than

1 lg(lga () + 1)\" _ 1 J) c
b—; () < b—E <0
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since p > 2. As for Iy we have

1~ [5T du 1~ [ du O 1
[ iy [T Dy
bn, j u?lgu bn, ourlgu T by, jlgg

j=1

IA
\
1
o

As for I3 we have

n

1 1[4 du 1 1 [ du C 1
Py Aol D Dy ) Ak n Dy vy
n i j g nj:l‘] j g nj:lj J
C1 C
< gn L =0
br, lgan

Finally for I, we have
dj+j 1 < [® du C < 1 C
bZ/ e Sh ) we S b g S h

Putting everything together we see that the lower limit is once again one,

with probability one. (]

4. Discussion

It shouldn’t be too difficult to obtain similar Weak Laws and one-sided

Strong Laws when P{X; > 2} = z+])l]§[n(w+1]g) = whenever a > —1 for any

positive integer n. But to extend this to any sequence m; and any slowly
varying function, L(-), where P{X; > z} = %mﬂ) would be quite difficult.
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