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Abstract

In this article, we discuss a more uniform construction of all 71 holomorphic vertex
operator algebras in Schellekens’ list using an idea proposed by G. Héhn. The main idea is
to try to construct holomorphic vertex operator algebras of central charge 24 using some
sublattices of the Leech lattice A and level p lattices. We study his approach and try to
elucidate his ideas. As our main result, we prove that for an even unimodular lattice L and
a prime order isometry g, the orbifold vertex operator algebra Vng has group-like fusion.
We also realize the construction proposed by Héhn for some special isometry of the Leech

lattice of prime order.
1. Introduction

The theory of vertex operator algebra (VOA) has its origin in math-
ematical physics and has been found to be a useful tool for studying 2-
dimensional conformal field theory. The notion of vertex operator algebras
is also well-motivated by Frenkel-Lepowsky-Meurman’s construction of the
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moonshine VOA V1 whose full automorphism group is the Monster simple
group [23]. The construction of the moonshine VOA V! does not only prove
a conjecture by McKay-Thompson but it also plays a fundamental role in
shaping the theory of VOA. In addition, the theory of VOA provides a very
effective platform for studying certain mysterious properties of the Monster
simple group and some other sporadic simple groups. In the introduction of
their book [23], Frenkel-Lepowsky-Meurman conjectured that the moonshine
VOA V¥ can be characterized by the following three conditions:

(a) the VOA V1! is the only irreducible (ordinary) module for itself;
(b) the central charge of V' is 24;
(¢) the weight one space of V¥ is trivial, i.e., Vlh =0.

These are natural analogues of conditions which characterize the binary Go-
lay code and the Leech lattice. This conjecture is still open and is considered
as one of the most difficult questions in the theory of VOA.

A simple rational VOA V is said to be holomorphic if it itself is the
only irreducible (ordinary) module. In particular, FLM’s moonshine VOA
V! is a very special example of a holomorphic VOA of central charge 24. In
1993, Schellekens [43] studied the structures of holomorphic VOAs of central
charge 24 and obtained a partial classification by determining possible Lie
algebra structures for the weight one subspaces of holomorphic VOAs of
central charge 24. There are 71 cases in his list but only 39 of the 71
cases were known explicitly at that time. It is also an open question if the
Lie algebra structure of the weight one subspace will determine the VOA
structure uniquely when the central charge is 24.

In the recent years, many new holomorphic VOAs of central charge 24
have been constructed. The main technique is often referred to as “Orb-
ifold construction”. In [31, 133], 17 holomorphic VOAs were constructed
using the theory of framed VOAs. Moreover, three holomorphic VOAs have
been constructed in [39, 42] using Zs-orbifold constructions associated with
lattice VOAs. Inspired by the work of Miyamoto [39], van Ekeren, Moller
and Scheithauer established in [21] the general Z,-orbifold construction for
automorphisms of arbitrary orders. In particular, constructions of five holo-
morphic VOAs were discussed. In [34], five other holomorphic VOAs have
been obtained using an orbifold construction associated with inner automor-
phisms. In addition, a construction of a holomorphic VOA with one of two
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remaining Lie algebras has been obtained in [35] using a Zrz-orbifold con-
struction on the Leech lattice VOA. The final case is also studied in [32]
and a construction of such a VOA is obtained. As a consequence, all 71 Lie
algebras in Schellekens’ list can be realized as the weight one Lie algebras of
some holomorphic VOAs of central charge 24. For the list of the 71 Lie alge-
bras and the references for holomorphic VOAs, see Appendix. Nevertheless,
the constructions are based on case by case analysis and a uniform approach
is missing.

Very recently, G. Hohn [28] has proposed a very provocative idea for
studying the list of Schellekens using automorphisms of Niemeier lattices
and Leech lattice. In particular, he suggested a more uniform construction
of all 71 holomorphic VOAs in Schellekens’ list using the Leech lattice. His
idea is to use certain simple current extensions of lattice VOAs and some
orbifold subVOAs in the Leech lattice VOA. In this article, we will study
his approach. The main purpose is to try to elucidate his idea and try
to realize his proposed construction for some special cases. As our main
result, we prove that the orbifold VOA Vng has group-like fusion for an even
unimodular lattice L and an isometry g of prime order. We also realize the
construction proposed by Hohn for some special isometry of the Leech lattice
of prime order.

The organization of the article is as follows. In Section 2, we review some
basic notions about integral lattices and VOAs. In Section 3, we discuss a
more uniform construction for all 71 cases in Schellekens’ list proposed by
Hohn. In Section 4, we study the orbifold VOA Vgg, where L is an even
unimodular lattice and g is an isometry of L. We prove that the orbifold VOA
VL*E’g has group-like fusion (i.e., all irreducible modules are simple currents) if g
has prime order (cf. Theorem [£.12) . In Section 5, we realize the construction
proposed by Hohn for some isometry of the Leech lattice of prime order.

2. Preliminary

We first review some basic terminology and notation for integral lattices
and VOAs.
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2.1. Integral lattices

By lattice, we mean a free abelian group of finite rank with a rational
valued, positive definite symmetric bilinear form ( , ). A lattice L is integral
if (L,L) < Z and it is even if (z,z) € 2Z for any = € L. Note that an even
lattice is integral. We use L* to denote the dual lattice of L,

L*:{UEQ®ZL|<U7L> <Z}7

and denote the discriminant group L*/L by D(L). Note that if a lattice L is
integral, then L C L*. Let {x1,...,2,} be a basis of L. The Gram matrix

of L is defined to be the matrix G = (<mi’xj>)1<ij<n’ The determinant of
L, denoted by det(L), is the determinant of G. Note that det(L) = |D(L)].

Let L be an integral lattice. For any positive integer m, let L,, = {x €
L| (x,z) = m} be the set of all norm m elements in L. The summand of L
determined by the subset S of L is the intersection of L with the Q-span of
S. An isometry g of L is a linear isomorphism g € GL(Q ®yz L) such that
g(L) C L and (gz, gy) = (x,y) for all z,y € L. We denote the group of all
isometries of L by O(L).

Definition 2.1. Let L be an even lattice. The theta series of L is defined
to be the series ©1(q) := > 1, ¢\@%)/2 where ¢ is a formal variable.

Definition 2.2. Let p be a prime. An integral lattice L is said to be p-
elementary if pL* < L. A 1-elementary lattice is also called unimodular.

For ¢ € Z~, we use ‘L to denote the scaling: ‘L equals L as a lattice but
the bilinear form is multiplied by £. Note that ‘L = /L = {\/fx | x € L}.

Definition 2.3. Let L be an even lattice. The level of L is defined to be
the smallest positive integer £ such that ¢(L*) is again even.

Remark 2.4. Let p be a prime. If p # 2, then L has level p if and only if
L is p-elementary and L* # L. If p = 2, then L has level 2 if and only if L
is 2-elementary, L* # L and 2(L*) is even. Note also that if L has level p,
then so is P(L*).

Remark 2.5. Let L be an even lattice of level ¢ (not necessary prime). Set
q= 62”\/__17, where 7 is in the upper half plane of C. Then the theta series
©1(q) is a modular form for the congruence subgroup I'g(¢).
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Definition 2.6. Let L be an integral lattice and g € O(L). We denote the
fixed point sublattice of g by LY = {x € L | gx = x}. The coinvariant lattice
of g is defined to be

Ly=Annp(L?) ={x € L|(z,y) =0 for all y € LI}.

Lemma 2.7. Let L be an even unimodular lattice. Let g € O(L) be an
isometry of order £ > 1 such that L9 # 0. Then ((L9)* < LY and D(LY) =
D(Ly).

Proof. Since L is unimodular, the natural projection py : L — (L9)* is a
surjection. Moreover, we have

(x+gr+---+g" 1) forany ze L.

| =

po(z) =

Hence, ¢po(L) < L9 and we have ¢(L9)* < L9. That D(LY) = D(L,) also
follows from the fact that L is unimodular. O

Next we will recall the definition for the root system of an even lattice L
(cf. J41]). A vector v € L is primitive if the sublattice spanned by v is a direct
summand of L. A primitive vector v is called a root if 2(v, L)/{v,v) < Z.
The set of roots

R(L) ={v € L | v is primitive, 2(v,L)/(v,v) < Z}

is called the root system of L. Notice that the root system of a lattice is also
a root system (up to a scaling) in the usual sense in Lie algebra theory.

Remark 2.8 (cf. [41]). If L has a prime level p, then

R(L)y={ve L] (v,v)=2}U{vepL*) <L]| (v,v)=2p}.

2.2. Leech lattice

Next we recall the definition and some basic properties about the Leech
lattice.

Let Q ={1,2,3,...,24} be a set of 24 element and let G C P(2) be the
extended binary Golay code of length 24 indexed by €. A subset S C € is
called a G-set if S = suppa for some codeword @ € G. We will identify a
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G-set with the corresponding codeword in G. The automorphism group of
the Golay code G is the Mathieu group May.

The following is a standard construction of the Leech lattice.

Definition 2.9 (Standard Leech lattice [6,124]). Let e; := % 0,...,4,...,0)
for i € Q. Then (e;,e;) = 20;;. Denote ex := >, ye; for X € G. The

standard Leech lattice A is a lattice of rank 24 generated by the vectors:

1
36X where X is a generator of the Golay code G;

1
—eq — €1 ;
4 Q 1,

61':’:6]', Z,]GQ

By the definition, it is clear that the Mathieu group Mo acts on A as a

permutation subgroup on {ey,...,e2}.

2.3. Vertex operator algebras

Throughout this article, all vertex operator algebras are defined over the
field C of complex numbers. First, we recall the notion of vertex operator
algebras from |3, 23, 22]. A wvertex operator algebra (VOA) (V,Y,1,w) is a
Z-graded vector space V = @,z Vin equipped with a linear map

V(a,2) = Yoz € Bnd(V)[[z=7']), acV
1EZ
and the vacuum vector 1 and the conformal vector w satisfying certain axioms
(13,123]). For a € V and n € Z, we call the operator a,) the n-th mode of a.
We also note that the operators L(n) = w(,41),n € Z satisfy the Virasoro

relation:
1
[L(m),L(n)] = (m —n)L(m+n) + E(m?’ — M)dmnoc idy,

where ¢ is a complex number and is called the central charge of V.

A linear automorphism g of V is called an automorphism of V if

gw=w and gY(v,z) =Y (gv,z)g forallvelV.
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A vertex operator subalgebra (or a subVOA) is a graded subspace of V' which
has a structure of a VOA such that the operations and its grading agree
with the restriction of those of V' and that they share the vacuum vector.
A subVOA is called a full subVOA if it has the same conformal vector as
V. For an automorphism ¢ of a VOA V', we use VY to denote the set of all
fixed-points of g, which is a full subVOA of V.

A VOA is rational if any module is completely reducible. A VOA
V is said to be of CFT-type if V; = C1 and is said to be Ca-cofinite if
dim(V/Cq(V)) < oo, where C2(V') = Span{u_gyv | u,v € V}. A module is
self-dual if its contragredient module is isomorphic to itself. A VOA is said
to be strongly reqular if it is rational, Cs-cofinite, self-dual and of CFT-type.
A rational VOA is said to be holomorphic if it itself is the only irreducible

module, up to equivalence.

2.4. Fusion products and simple current extensions

Let VO be a simple rational Cy-cofinite VOA of CFT-type and let W1
and W?2 be V0-modules. It was shown in [30] that the V%-module W' K0
W?2, called the fusion product, exists. This product is commutative and
associative. A VO-module M is called a simple current if for any irreducible
VO-module X, the fusion product M Ko X is also irreducible.

Let R(V?) denote the set of (the isomorphism classes of) all irreducible
V9%-modules. By the rationality (or Ch-cofiniteness) of V0, R(V?) is a finite
set. Note that if all elements in R(V?) are simple currents, then R(V?) forms
an abelian group under the fusion product. In this case, we say that VO has

group-like fusion.

Let {V® | a € D} be a set of inequivalent irreducible V%-modules in-
dexed by an abelian group D. A simple VOA Vp = @_cp V® is called a
simple current extension of V if it carries a D-grading and every V¢ is a
simple current. Note that V Ky V8 = yeth,

Proposition 2.10. ([16, Proposition 5.3]) Let VO be a simple rational Ca-
cofinite VOA of CFT type and let Vp = @,cp V* and Vp = DBocp Ve be
simple current extensions of VO. If V¢ =2 Ve as VO-modules for all o € D,

then Vp and f/D are isomorphic VOAs.
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2.5. Modular invariance and holomorphic VOAs

Now, let us recall the modular invariance property of VOAs from [46].
Let V be a rational VOA of central charge ¢ and let M%(= V), M, ... MP
be all the irreducible V-modules. For 0 < ¢ < p, there is a number \; such
that M}\L # 0 and M' decomposes as

o
v )
M =P M,
n=0

The number ); is called the (lowest) conformal weight of M.

Let $§ = {r € C | Im7 > 0} be the upper half plane in C. The trace
function associated with M? is defined as follows: For any homogeneous
element v € V and 7 € §,

o0

A (1),7') — ]‘\C}i O('U)qL(O)_C/24 — q)\z‘—c/24 M:.Cr
n=0"XA;+n

o(v)q",

where 0(v) = V(yty—1) and ¢ = e?™T - Assume further that V is Cy-cofinite.

Then Z,i(v,7) converges to a holomorphic function on the domain |g| < 1
[13], [46].

Recall that the full modular group SL(2,7Z) has generators

0 -1 11
S—<10> and T—<01>.
It acts on $ as follows:

at +b ab
viT— et for v = (c d) € SL(2,Z).

The modular group also has an action on the trace functions. More precisely,

we have the following result.

Theorem 2.11 ( [46] (also see |13])). Let V be a rational and Ca-cofinite
vertex operator algebra with the irreducible V-modules M°,... MP. Then
the vector space spanned by Zyro(v,T), ..., Zyw(v,T) is invariant under the
action of SL(2,7) defined above, i.e., there is a representation p of SL(2,7Z)
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on this vector space. Moreover, the transformation matrices are independent
of the choice of v € V.

Now let V be a strongly regular holomorphic VOA. Then V has only one
irreducible module, up to equivalence. Let Zy (¢) = Zy(1,7) = 2 ;dimV,

¢"~/?* be the character of V. By the modular invariance,

Zy(1,97) = p(v)Zv(1,~y7) for all v € SL(2,Z),

where p : SL(2,Z) — C* is a character. Recall that p(S?) = p((ST)3) = 1.
Since S(i) = i on £, we have p(S) = 1 and p(T) = e~ 27V-1(/24) " Thig
implies that the central charge ¢ of V is a multiple of 8 by p((ST)3) = 1.
Remark that Zy(q) € C[j*/?] (cf. [27]), where j is the famous elliptic j-
function.

For ¢ = 8 or 16, it was proved in [16] that a holomorphic VOAs of ¢ = 8
or 16 is isomorphic to lattice VOAs, Vg, VEsap, or VD1+6 .

For ¢ = 24, the classification is much more complicated; nevertheless,
it is commonly believed that the VOA structure of a strongly regular holo-
morphic VOA of central charge 24 is determined by its weight one subspace
V.

Proposition 2.12 (cf. [3, 23]). Let V be a VOA of CFT-type. Then, the
weight one subspace Vi forms a Lie algebra with the bracket defined by [a,b] =
a(yb for any a,b € Vi. There is also an symmetric invariant bilinear form
defined by (a,b) -1 = aqyb for a,b € Vi. Moreover, the n-th modes vy,
v e Vi, n €Z, define an affine representation of the Lie algebra Vi on V.

Notation 2.13. For a simple Lie subalgebra a of V7, the level of a is defined
to be the scalar by which the canonical central element acts on V as the
affine representation. When the type of the root system of a is X,, and the
level of a is k, we denote the type of a by X, .

For the study of the weight one Lie algebras of holomorphic VOAs of
central charge 24, the following two propositions proved by Dong and Mason
are very useful.

Proposition 2.14 (|17, Theorem 1.1, Corollary 4.3]). Let V be a strongly
reqular VOA. Then Vi is reductive. Let s be a simple Lie subalgebra of V1.
Then V is an integrable module for the affine representation of s on V, and
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the subVOA generated by s is isomorphic to the simple affine VOA associated
with s at positive integral level.

Proposition 2.15 (|15, (1.1), Theorem 3 and Proposition 4.1]). Let V' be a
strongly reqular, holomorphic VOA of central charge 24. If the Lie algebra V;
is neither {0} nor abelian, then Vy is semisimple, and the conformal vectors
of V and the subVOA generated by V1 are the same. In addition, for any
simple ideal of V1 at level k, the identity

RV dimVi — 24
ko 24

holds, where h" is the dual Cozeter number.

In 1993, Schellekens [43] studied the Lie algebra structures for weight one
subspaces of holomorphic VOAs of central charge 24. He also determined a
list of 71 possible weight one Lie algebra structures of holomorphic VOAs of
¢ = 24; see Appendix for the list. This list was recently verified and reproved
mathematically in [21].

As we mentioned in the introduction, it was proved that all 71 Lie alge-
bras in Schellekens’ list can be realized as the weight one Lie algebra of some
holomorphic VOAs of central charge 24. Although all of them are achieved
by applying orbifold construction, this approach still heavily depends on case
by case analysis and there are usually several different methods to construct
the same VOAs.

3. Reconstruction of Holomorphic VOAs

Very recently, Hohn [28] proposed a more uniform construction of all 71
holomorphic VOAs of central charge 24 using subVOAs of the Leech lattice
VOA and other lattice VOAs. In this section, we will discuss and try to
elucidate his ideas.

3.1. Lattice vertex operator algebras

We first recall the notion of lattice VOAs and review some of their
properties. We use the standard notation for the lattice vertex operator
algebra

Vi, =M(1) ® C{L}
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associated with a positive definite even lattice L [23]. In particular, h =
C®yz L is an abelian Lie algebra and the bilinear form is extended to h by C-
linearity. Moreover, h= h®Clt,t~ @ Ck is the corresponding affine algebra
and Ck is the 1-dimensional center of §. The subspace M (1) = Cla(n)|1 <
i < d,n < 0] for a basis {a1,...,aq} of h, where a(n) = a®1t", is the unique
irreducible G—module such that a(n) -1 =0 for all & € h and n nonnegative,
and k acts as the scalar 1. Also, C{L} = span{e® | B € L} is the twisted
group algebra of the additive group L such that efe® = (—1)<°"B>eo‘eﬁ for
any «, 3 € L. The vacuum vector 1 of V7, is 1 ® e" and the Virasoro element
w is % Ele Bi(—=1)2-1, where {1, ..., B4} is an orthonormal basis of h. For
the explicit definition of the corresponding vertex operators, we refer to [23]
for details. We also note that V7, is strongly regular and the central charge
of V7, is equal to the rank of L.

Let L* be the dual lattice of L. For a« + L € L*/L, denote Vi1 =
M(1) ® C{a + L}, where C{a + L} = Span{e’ | B € a+ L} c C{L*}.
Then V41 is an irreducible Vz-module [23]. It was also proved in [7] that
any irreducible Vz-module is isomorphic to V4 for some a+ L € L*/L. In
particular, we have the following result.

Theorem 3.1. Let L be an even unimodular, i.e., L* = L. Then Vi, is a
strongly regular holomorphic VOA.

3.2. Parafermion VOAs

Next we review the definition of parafermion VOAs and some of the
basic properties [10, [19].

Definition 3.2. Let V be a VOA of CFT-type and W a subVOA of V. Let
w and w’ be the conformal vectors of V and W, respectively. Assume that
w' € Vo and L(1)w’ = 0. The commutant of W in V is defined to be the
subVOA

We = Comy (W) ={v €V |wgyv =0 for all w € W,n > 0}
with conformal vector w — w'.

Let g be a finite dimensional simple Lie algebra and g the affine Kac-
Moody Lie algebra associated with g. For a positive integer &, let L3(k,0) be
the irreducible vacuum module for g with level k. Then Lg(k,0) is a simple
VOA and it contains a Heisenberg VOA Mj (k) corresponding to a Cartan
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subalgebra b of g. The commutant K (g, k) of the Heisenberg VOA in L3(k,0)
is called a parafermion VOA. In other words, K(g,k) = Comp_0)(Mp(k)).

Let @ be the root lattice of g and let QQ;, be the sublattice spanned by
the long roots. It is well-known that the affine VOA Lj(k,0) also contains
the lattice VOA V. VEOL and that it is the commutant of the parafermion
VOA K(g,k) in L5(k,0). Let A be a dominant integral weight of level k of
g and let Lg(k, A) be the irreducible Lg(k,0)-module with highest weight .
Then, we have the decomposition:

ANB;
Lg(k, A) = @ V\/EQL+ﬁ(A+Bi)®M 7
Bi€Q/kQL

as modules for V 7o ® K(g, k), where
MM = {v e Li(k, A) | h(m)v = p(h)dm,ov for h € h,m > 0}.

It is clear that M™M* 22 MM if y— 1 € kQp.

3.3. Reconstruction based on simple current extensions

Next we will discuss an idea of Hohn [28], in which a more uniform
construction of all 71 holomorphic VOAs of central charge 24 has been pro-

posed. The main idea is to use certain simple current extensions of lattice
VOAs and some orbifold subVOAs in the Leech lattice VOA.

Let g be a Lie algebra in Schellekens’ list. Suppose that g is semisimple
and g = g1, @ - D grk,, Where g;,’s are simple ideals of g at level k;.
Let V be a strongly regular holomorphic VOA of central charge 24 such
that V7 & g. Then by Proposition 2.14] the subVOA U generated by V; is
isomorphic to the tensor of simple affine VOAs as follows:

U%’Lﬁ(k‘l,O)@"'@Lg/\r(kmo)'

Moreover, by Proposition 215l U is a full subVOA of V. For each 1 <1i <,
the affine VOA Ly, (k;,0) contains the lattice VOA V. VEQL where QY is the

lattice spanned by the long roots of g;. Let Qg = Vk1Q% & -+ & V. Q.
Then, we have

COHIU(VQB) = K(gl, k‘l) [N K(g,«, k‘T).
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Set W = Comy (Vg,) and X = Comy (K (g1,k1) ® --- @ K(gr, k). Then it
is clear that

X>DVy, and W DK(g1,k)®- - @ K(gr, k).

Moreover, Comy (X) = W and Comy (W) = X.

Since an extension of a lattice VOA is again a lattice VOA, there exists
an even lattice Ly > Qg such that X = V. By [11, Corollary 12.10], R(Vz,)
has group-like fusion. In addition, R(VL,) is isomorphic to D(Lg) = Ly/Lg as
quadratic spaces. Indeed, R(VL,) has the quadratic form ¢ : R(Vy,) — Z/nZ
defined by

n{o, o)

q(Vasr,) = nwt(Vayr,) = mod n,

where wt(-) denotes the conformal weight of the module and n is the expo-
nent of the discriminant group D(Ly).

Now, assuming that R(W) also forms a quadratic space isomorphic to
R(VL,), we will analyse the structure of V. The VOA V defines a maxi-
mal totally singular subspace of R(Vy,) x R(W) and hence it induces an
isomorphism of quadratic spaces ¢ : (R(Vz,),q) — (R(W),q') such that
q(M) + ¢'(e(M)) = 0 for all M € R(VL,).

Conversely, let ¢ : (R(VL,),q) — (R(W),—¢') be an isomorphism of
quadratic spaces. Then the set {(M,p(M)) | M € R(VL,)} is a maximal
totally singular subspace of R(Vy,) x R(W) and hence U = @MER(VLE) M®
©(M) has a structure of a holomorphic VOA. Notice that (R(W),q") =
(R(W), —q') as quadratic spaces. The key idea of Hohn is to try to describe
the VOA W using a certain coinvariant sublattice of the Leech lattice A.
The following is his main conjecture.

Conjecture 3.3. There exists an isometry g € O(A) such that R(VAgg) =
R(VL,) as quadratic spaces.

Remark 3.4. In [28], Hohn also gives some description of the isometry g.
He conjectured that all of them can be chosen from the standard Moy in

O(A).

If this conjecture is true, then we can reconstruct the holomorphic VOA
V with V; = g as a simple current extension of Vi ® V[fg. We will discuss
such extensions later for some conjugacy classes of O(A).
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4. Orbifold VOA V{

Let L be an even unimodular lattice and g an isometry of L. In this
section, we study the orbifold VOA Vng. In particular, we show that the

orbifold VOA Vng has group-like fusion, i.e., R(Vgg) forms an abelian group
with respect to the fusion product, if the order of ¢ is prime. Recall that
this is equivalent to the condition that any element in R(Vgg) is a simple
current.

4.1. Coinvariant lattices and group-like fusion

Let V be a VOA and g € Aut(V). For any irreducible module M of V,
we denote the g-conjugate of M by M og, i.e., M og = M as a vector space
and the vertex operator Yasoq(u, 2) = Yar(gu, z) for u € V.

If V =V is a lattice VOA and g is a lift of an isometry g € O(L), then
Votr 0§ = Vyaqr for a+ L e L*/L.

Proposition 4.1 (|14, Theorem 6.1]). Let V be a simple VOA and g €
Aut(V). Let M be an irreducible module of V.. Suppose M 2% M o g. Then
M is also irreducible as a VI-module and M = M o g as V9-modules.

Therefore, if Vg has group-like fusion, then o + L = ga + L for all
a+ L € L*/L; otherwise, a + L # ga+ L for some a and Vi, &fo’ Varr D
Vaatr + Vatga+r- In our setting, i.e., L is even unimodular, this condition
always holds by the following lemma.

Lemma 4.2. Let L be an even unimodular lattice and g € O(L). Suppose
g# 1. Then (1 —g)L; < Ly and hence o+ Ly = ga + Ly for all a + Ly €
Ly/Ly.

Proof. By the definition, it is clear that (1—g)L is orthogonal to L9. Hence,
(1 —g)L < Ly. Since L is unimodular, the natural projection from L to L
is a surjection. For any z € L7, let y € (LY)" such that z +y € L. Then
(1-glx=(1-g)(z+y) € Lyand (1 —g)L; = (1 —g)L < L. O

The following lemma will be used in the computation of quantum di-

mensions.

Lemma 4.3 (|26, Lemma A.1]). Let L be a lattice. Let g € O(L) be fized
point free isometry of prime order p. Then L/(1 — g)L is an elementary
abelian group of order p™, where m(p — 1) = rank(L).
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We will only consider a prime order isometry g of the Leech lattice A in
the later section. To deal with a general g, one needs to answer the following
question.

Question 1. Let g € May < O(A). Suppose g has the cycle shape n]f . IZ‘Z.

Is it true that

as an abelian group?

4.2. g-twisted modules for Vj,

In this subsection, we review the construction of some twisted modules
for lattice VOA. The details are essentially given in |12, 36].

Let L be a positive definite even lattice with a Z-bilinear form ( , ).
Define h = C ®z L and extend (, ) C-linearly to h. Let g be an isometry of
L of order p. Then (ga, gb) = (a,b) for any a,b € L. Denote b,y = hng) =
{a € h|ga = v"a} for n € Z, where v = v, = exp(2my/—1/p) is a primitive
p-th root of unity.

The g-twisted affine Lie algebra h[g] is the algebra hlg] = Drez b ®

t"/P @ Ce equipped with the bracket [z @t™/P, y@t"/?] = (x, y)(Mm/p)dm+n.0C,
for € by, y € bn),m,n € Z, and [c, 6[9]] = 0. Denote

t= H f)(n)®tn/p7 blg] H Hn) @t™?, and hlg]° = h(o)®t0@(Cc,

n>0 n<0

and form an induced h[g]-module

M(1)[g] = (6[ 1) ®y h[g]+®h[g]0 C= S(G[Q]_) (linearly),

where h[g]* acts trivially on C and ¢ acts as 1 on C, and U(+) and S(-) denote
the universal enveloping algebra and symmetric algebra, respectively.

When ¢g = 1, we will denote M(1)[g] = M(1). Note that M(1) has a
vertex operator algebra structure known as “free bosonic vertex operator
algebra” (cf. [23]). Moreover, for any g € O(L), M(1)[g] is an irreducible
g-twisted M (1)-module (cf. |12, 123]).
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Suppose that ¢ is a fixed point free isometry of L of order p. As in
[12,136], set ¢ = p if p is even and q= 2p if p is odd. Let (rkq) be a cyclic
group of order ¢ and denote k,, = kg if n divides q. Define two commutator

maps ¢: L X L = (kq) and ¢ : L x L — (Kq) by
—1 r
(0, B) = k{2 and () = w0 WA )

where x = 1 if p is even and x = 2 if p is odd. Then ¢ and ¢4 define two

central extensions
1= (k) > L=>L—1 and 1— (k) = L,=L—1

such that aba='b~1 = ¢(a,b) (or aba~'b~' = 9(a,b)) for a,b € L (or a,b €
. —1

Lg). Note that ¢(o, 8) = /@éa’m and (o, B) = /{?LO r9"B) 45 L is even and
Zf;é g" = 0 and one can lift g to an automorphism ¢ of L ([23, Proposition
5.4.1]).

Remark 4.4. If p is odd, then we can take a lift § of g as the same order p.

For o, 8 € L, define go(a, B) = m§0<7-<p/2(‘I/2+fm“)(g7'a,ﬁ>

fined as in ([@I). Then there is a set theoretic identification between L and

ﬁg such that the respective group multiplication x and x, are related by

, Where zx is de-

a xb=c¢p(a,B)a x4b. Note that gy is g-invariant and g can be lifted to an
automorphism ¢ of ﬁg (cf. [12, Remark 2.2]).

Let T be an L,-module on which K = {a~'j(a)|a € L,} acts trivially

and k4 acts as multiplication by v,. Then the vector space
Vi =MQ1)gleT

has a structure of g-twisted Vp-module. Moreover, VLT is irreducible if and
only if T is irreducible as an ﬁg-module. The L(0)-weight of 1 ®¢, t € T is
given by

p—1

1 .
y ; k(p — k) dim b (4.2)

We refer to [23,12] for the details of the corresponding vertex operators.
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All the irreducible ﬁg-modules such that K = {a"'g(a)|la € ﬁg} acts
trivially and s, acts as multiplication by v, has been classified by Lepowsky
[36].

Proposition 4.5 ( [36, Proposition 6.2]). Let R = {a € L|c%(a,b) =
1 forallb € L}, M = (1 — g)L and denote the pull back of R in ﬁg by R.
Then, there are exactly |R/M| central character x : R/K — C* such that
X(kq) = vq. For each such x, there is a unique (up to equivalence) irreducible
ﬁg—module T\ on which R acts according to x and every irreducible ﬁg-
module on which k, acts as multiplication by v, and K = {a=*§(a)|a € L,}
acts trivially is equivalent to one of these. Fach of such module has dimen-
sion |L/R|%

4.3. Quantum dimensions of twisted modules of V;,

In this subsection, we will compute the quantum dimensions for irre-
ducible g-twisted modules for V. The calculation is a generalization of that
in [23, Chapter 10] and it is essentially based on a manuscript of Abe[2].

We first recall some facts about quantum dimensions of irreducible mod-
ules of vertex operator algebras from [9]. Let V be a strongly regular VOA
and let M? =V, M, ..., MP be all the irreducible V-modules. The quantum

dimension of M is defined to be

: 1 Zui(iy)
dimy M* = lim ——=%,
ity y50 Zy (iy)

where Zy (1) = Zar(1,7) is the character of M and y is real and positive.

The following result was proved in [9].

Theorem 4.6. Let V be a strongly reqular vertex operator algebra, M° =
V,M"Y, ..., MP be all the irreducible V-modules. Assume further that the
conformal weights of M*, ..., MP are greater than 0. Then

(1) qdimy M* > 1 for any 0 <i < p;

(2) M? is a simple current if and only if qdimM® = 1.

Next we determine the character for g-twisted Vz-modules. Let g be a
fixed point free isometry of L of order p. Since the characteristic polynomial
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det(x — g) of g on L has integral coefficients, eigenspaces of g whose eigen-
values are primitive k-th roots of unity have the same dimension, say, ng.
Then

det(x — H O (x)"*, (4.3)
klp

where ®y(x) is the k-th cyclotomic polynomial with leading coefficient 1.

Remark 4.7. Since b;, ) is the eigenspace of g of eigenvalue V;Z on b, we

have dim b;.) = ny if vy is a primitive k-th root of unity.

Note also that for k € Z~,

b —1= H@d(ac)

d|k

By the Mdobius inversion formula, we also have

By (z) = H(xd _ 1)u(k/d)

d|k

where u(k) € Z is the Mébius function. In particular,

det(w—g) = [ @r(@)™ =]]G"-1m, (4.4)

keNk|p dlp
where mg = Zk‘p zd‘k niu(k/d). By comparing the degrees of polynomials
in the both hand sides, we have },  dmg = rank(L).

Let r; = dim b;,q) for : = 0,1,--- ,p—1. Recall that g is fixed point free,

i.e., 7o = 0. Then det(m—g) =) (z— V)i, Since z-1 = H;l Na— i),
we have

p—1
H(ﬂf—l/p)” =det(z—g HH ;E_,/Jp/d

i=1 dlp j=0

In particular, r; = Zd|p7p|di mg fori=1,--- ,p—1 and den mgq = 0.
For ¢ € Qso, let

o0

CLC(T) _ H(l . qc—i-n)’ q= e27r\/jlr
n=0
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on the upper half plane. For ¢ = 1, we have

e}

ar(r) = [[Q=q") =g 2=n(r),

n=1
where 7(7) is the Dedekind Eta function.

By the discussions above, we have

p—1 p—1
[Ten@ =TI T aspl™
=1

=1 d|p,p|di

d—1
= H H a;/a(T)™
dlp j=1
d—1 oo

=ITITIL -

dlp j=1n=0

HH 1_qn/d my

d‘p?’L 1 1_q
=] =n (r/ay™

dlp

Note that the last equation follows from dlpMd = 0.

57

Recall that VI = M(1)[g]®T. As a consequence, we have the following

result.

Lemma 4.8. Let g € O(L) be fized point free. Then

i(p— 1)T> %

p—1
(dim T)¢(ZF=1
H?;% 152, (1 — gi/ptn)rs

ZVLT (q) =

P i) 243
= (dimT (Z )_ﬂ e ,
(i 1) L7

dlp
where £ = rank(L).

Recall that the character of V7, is given by

O(r)
n(r)t’

ZVL( )
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where Or,(7) is the theta function of L. Then we have

2 ) _ g (SIE 5) 4, B 0l .
Zy, (iy) [ Ly, n(iy/d)™ O (iy)
(4.5)

Proposition 4.9. Let v = \/|D(L)] (i.e., v is the volume of L in RY). Then

we have

lim n(iy) _ v

v=0t Hapniy/d)me ©2Gy) /I, dma

Proof. Recall that

n(—=m7") = vV—=irn(r).

This implies
n(zy) - y_1/27]('l/y) g y_1/26_27r/y H(l _ e—27rn/y)
n=1

and

n(iy/d) =y~ Y2dY 2(id/y) =y /2 2e=2m /Y H(1 _ m2md/yy,

n=1

It is also well-known |20, Proposition 2.1] that
Op(iy) =y o0 (iy ™).

Therefore, we have

n(iy)° 1
[ L4y, n(iy/d)™e ©(iy)
_ y—Z/2e—27rZ/yyZ/2,U HZOZI(l _ e—27rn/y)
Loy v e/ dma/ e ramalv6 i fy) Ty (1 — e 7).

Since _y, mq =0 and }_;,, dmg = ¢, we have

n(iy)* 1 v, (1 —e>m™/)

[y (/)™ ©LGy) — Tlapd™70L-(i/y) 1o, (1 — e 2d/v)
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[

\ Hdlp dma

as y — 0T, that is e=%/¥ — 0 for ¢ € Ryy. O

p—1i(p—i)r; \ _ £ Pd_
(Zizl 4p2 24+Zd\p 24d

—

Since ¢ = e 2™ — 1~ as y — 01, the term ¢
tends to 1. Combining (£5]) and Proposition £.9] we have the following

theorem.

Theorem 4.10. Let L be positive definite even lattice of rank £. Let g be
a fized point free isometry of L of order p. Let g be a lift of g. For any

Eg—module T, the quantum dimension of the §g-twisted module VLT exists and

L ZVT(Q)_ vdim T
1= Zv, (q) Hd|p dmal?’

where v = \/|D(L)| and mq are integers given by det(x—g) = Hd|p(xd—1)md.

As a corollary, we have

Corollary 4.11. Let L be an even unimodular lattice and let g € O(L) be

of prime order. Then

qdimVLg VIZ] =1

—

for any irreducible (Lg)g-module T.

Proof. First we note that (1 — g)L = (1 — g)Lj since L is unimodular. By
definition, the action of g on L, is fixed point free. It follows from Proposition
that (dim7T)? = |L/R|. Note that (1 — g)L < R. Moreover, there are
exactly |R/(1 — g)Lgy| irreducible g-twisted modules for V7, by Proposition
On the other hand, by [13, Theorem 10.2], there are at most L;/L,
irreducible g-twisted modules for V7, since all irreducible V7, -modules are g-
invariant. Hence we must have R = (1—¢)L and R/(1—g)Lgy = D(L,). Since
g is fixed point free on L, there is an m € Z4 such that (p—1)m = rank(L,).
Then det(z —g)|r, = (2P —1)"/(z—1)" and |L,/(1—g)L,| = p™ by Lemma
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43l Thus, by Theorem Z.I0, we have

1 L
. T2 _ L (X 4 2
(qdlmVLgVLg) = om < Lg‘ dim(7") >

= (lr=az| [ 2el)
P \|(1=g)Lg| [(1-g)L

_ 1 ‘ Ly
p™ (11— Q)Lg
pm

as desired. Od

Theorem 4.12. Let L be an even unimodular lattice. Let g be an order p
element in O(L) and § a lift of g of order p. Then the VOA Vng has group-

like fusion, namely, all irreducible modules of Vgg are simple currents.

Proof. Since VL*E’g is Co-cofinite and rational [40, 4], it was proved in [1§]
that any irreducible Vg -module is a submodule of an irreducible §*-twisted
\%5 g-module for some 0 < ¢ < p — 1. In addition, since the lowest conformal
weights of irreducible irreducible g'-twisted Vf -modules are positive for 1 <
1 < p—1, so are irreducible Vgg—modules except for Vng itself.

Let M be an irreducible g*-twisted V7, ,~module for some 0 <7 <p—1.
It follows from [18, Corollary 4.5] and Corollary .11] that

qdimVng M =p.

For i = 0, it follows from Lemma that all irreducible Vi, -modules are
g-stable. For 1 < i < p—1, it is also known [12, [23] that all irreducible
g'-twisted Vi,-modules are g-stable. Hence, the eigenspace decomposition
of g on any g'-twisted Vi,-module M gives a direct sum of p irreducible Vng—
submodules of M. Hence, by Theorem [£.6] every irreducible Vgg—submodule
of M has quantum dimension 1, and thus it is a simple current. Hence all
irreducible V]f’g—modules are simple currents. O

Finally, we end this section with the following question about the Leech
lattice A.

Question 2. For which g € O(A), the VOA Vfg has group-like fusion?
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5. Construction of holomorphic VOAs using Leech lattice

In this section, we will realize the construction proposed by Hohn using
some g € O(A) of prime order.

5.1. ¢ has the cycle shape 1828

Let ¢ € O(A) be an element in the conjugacy class 2A. Then g is
conjugate to an element in the standard May of cycle shape 1828, The fixed
point sublattice A9 = BW1g, the Barnes-Wall lattice of rank 16 and the
coinvariant sublattice A, = /2Fs. Moreover, g acts on A, as the (—1)-
isometry.

The following theorem is proved in [44] (see also [25]).

Theorem 5.1 ([44]). We have R(V\J/%Es) >~ 210 gnd Aut(V\;%Es) ~ 01(10,2).

Theorem 5.2 (|41]). Up to isometry, there are exactly 17 even lattices of
level 2 which has rank 16 and determinant 25. They are uniquely determined
by their root systems, and the corresponding root systems are as follows:

164, 4As34%A,, 2D, 4C,, 245 2%4,C,, 2D5 2%45, A7 43205,
D6Cy 2°Bs, Ag A4 °Bs, 4Cy, E¢AsCs, 206°By, Ds 2°By,
Dy#7, E;’BsFy, Cs2F;, C19°Bs, Es *Bs,

where mX,, denote the union of mutually disjoint orthogonal m root systems
of type X,.

Theorem 5.3. Let X be one of the 17 lattices listed in Theorem and
let L = 2(X*). Then L is an even lattice of level 2 and D(L) =2 210 is a
non-singular quadratic space.

Proof. Since X has level 2, L = /2X* is also even (see Remark [2.7).
Moreover, L* = %X and hence v/2(L*) = X is again even and L has level
2. In this case, we also have

1
L WX ~ X ~ 910

L Jax+ 2X*

Let x € X such that (x,y) € 2Z for all y € X. Then x € 2X*. Hence,
X/2X* is a non-singular quadratic space with respect to the quadratic form
q(x) = (x,z)/2mod 2. O



62 CHING HUNG LAM AND HIROKI SHIMAKURA [March

Remark 5.4. It turns out that all lattices in Theorem [5.3] are in the same
genus [41] and D(L) = 219 .

Recall from [45] that the (lowest) conformal weight wt(N) for an irre-
ducible V. -module N is given as follows in terms of quadratic spaces:

V2Eg
At
0 if N = V\/iEs’
_ . . . +
wt(N) =<1 if N is singular and N # V\/iEs’

1/2 if N is non-singular.

Moreover, the dimension of the top weight space is 1 if IV is non-singular and

is 8 if N is singular but N # V\;%ES. Now let ¢ : (R(VL),q) — (R(V\;%Es), —q)
be an isomorphism of quadratic spaces. Then U = @, R(VL) M ® (M) is

a holomorphic VOA of central charge 24. Moreover,

dimUy = Y dim(M & ¢(M));.
MeR(Vy)

Since (V\J/%Eg)l = 0 and the lowest conformal weight of (M ® ¢(M)) > 1 for

any singular M # Vi, we have

dim U; = dim(V); + > dim M /.
MeR(Vy),wt(M)=1/2

Since L* = %X and dim(Viyz)1/2 = [{a € A+ L | (a,a) = 1}|, we also

have

> dim M 5 = | Xa|.
MeR(Vy),wt(M)=1/2

Hence, we have dimU; = dim(Vz); + | X2| = rank(L) + |L2| 4+ | X2|. Recall
from Remark [2.8 that the set

R(L)={velL|{vv)=2}U{veVv2X <L]|(v,v) =4}
defines the root system for the lattice L and |R(L)| = |La| + | X2|.

In Schellekens’ list [43], there are exactly 17 holomorphic VOAs of cen-
tral charge 24 such that Vi has rank 16 and the level of the irreducible
components are powers of 2. The corresponding root systems match with
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the root systems of the lattices given in Theorem The detail is given in
Table 1

Table 1: Rank 16 Lie algebras with level 2

Vi=g Qq Root system of \/§LS
Ap 10 V2A16 16A;
Ap 114301 Al 4+ V2A} 4A5 4%,
C1% Dy o? (V2Z*)* + 2D} 2Dy 4Cy
Ag1%A59°Coy | A3+ V242 4+ V272 245 245 Co
A31A72C51% | Ag+ V247 + (V2173)? A7 Az 205
A3 1°Dj 5* A%+ 2D} 2D5 2%
Oyt (V2724 4Cy
Bs12Cy1Dso | D3+ 2Z* + v2Dg D Cy 2°Bs
Ag1A92B3 1 Ag++V2A9 + Dy Ag Ay ?Bs
As5105,1E6 2 As + V2725 +\/2Es EgsA5C5
By1Cg1° Dy + (V/22°)* 2C4°By
By1Ds D3 +/2Ds Dg 2°By
A71Dg o A7 + /2Dy Dy %7
0871F4712 \/528 + Dz Cs 2F,
Bs1FE72Fy 1 D5 +V2E; + Dy E7°Bs Fy
Bs,1C10,1 Dg + 221° C10°Bs
Bg1E3g 2 Dg + V/2Ej Es Bg

Remark 5.5. The construction of the 17 holomorphic VOAs in Schellekens’

list with Lie rank 16 using VJ/% 5 and rank 16 lattices with determinant 29
v/ 8

has also been discussed in [29)].

5.2. g has the cycle shape 1°3°

Let ¢ € O(A) be an element in the conjugacy class 3B. Then g is
conjugate to an element in the standard May of cycle shape 1635, In this
case, the fixed point lattice and the coinvariant lattice are both isometric to
the Coxeter-Todd lattice K19 of rank 12.

Theorem 5.6 ([5]). Let g be a fized point free isometry of order 3 in
Z(O(K12)) and g a lift of g in Aut(Vi,,). Then R(Vig(m)giﬁ and Aut(VIgw)
>0 (8,3).2.
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Recall also from [5] that the fusion group R(V[g{m) forms a quadratic
space with the quadratic form ¢(N) = 3wt(N) mod 3, where wt(/V) denotes
the lowest conformal weight of an irreducible module N. Moreover,

1 ifg(N)=0butN # V{
wt(N) =< 4/3  if ¢(N) =1,
2/3 if q(N) =2,

12”7

and the dimension of the top weight space is 1 if ¢(N) = 2.

Theorem 5.7 ([41]). Up to isometry, there are exactly 6 even lattices of level
3 which has rank 12 and determinant 3*. They are uniquely determined by
their root systems, and the corresponding root systems are as follows:

642, AsDy 3%y, As2My, Dr U3Ga, FEg 3G, Er *s.

By the same argument as in Theorem [5.3] we have the theorem.

Theorem 5.8. Let X be one of the 6 lattices listed in Theorem [5.7 and
let L = 3(X*). Then L is an even lattice of level 3 and D(L) = 3% is a
non-singular quadratic space.

Remark 5.9. Notice that all lattices in Theorem [5.8 are in the same genus
and D(L) = 3% (cf. [41]).

Now let ¢ : (R(VL),q) — (R(V[%m), —q) be an isomorphism of quadratic
spaces. Then U = @, rvy) M ® ¢(M) is a holomorphic VOA of central
charge 24. By the similar argument as in Section 5.1, we have

dimU; = rank(L) + |La| + | X2|.

Notice that R(L) = {v € L | (v,v) =2} U{V3z € L |z € X, (z,z) =2} is
the root system of L (cf. Remark 2.8]).

In Schellekens’ list [43], there are exactly 6 holomorphic VOAs of central
charge 24 such that V; has rank 12 and the level of the irreducible component

is 1 or 3. The corresponding root systems also match with the root systems
of the lattices given in Theorem 5.7 The detail is given in Table 2
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Table 2: Rank 12 Lie algebras with level 3

Vi=g Qq Root system of \/ng
Ay 5° V3AS 6A,
A113A53Dy3 | A3+ V/3A5 4+ 3Dy AsDy 33,
A873A2712 \/gAg + A% Ag 2 3}42
A3 1D73Go 1 As +V3D7 + As D7 #5Gy
Eg3Ga1° V3Es + A3 Eg 3G
As1E73 As +V/3E; Er As

5.3. g has the cycle shape 1%5%

Let g be an element in the conjugacy class 5B. The fixed point sublattice
and coinvariant sublattice of g on A has been studied in |26]. The fixed point
sublattice A9 has rank 8 and the coinvariant sublattice A, has rank 16. Both
lattices has the discriminant group isomorphic to 5%. Moreover, O(AY) =
O7(4,5) and O(A,) is isomorphic to an index 2 subgroup of Frob(20) x
O1(4,5) which contains neither direct factor. By Theorem 12| Vfg has

group-like fusion.

Since Ag4 has level 5, the lattice Y = \/gA; is even and A* = %Y. Thus,
all irreducible modules for V, have conformal weights in %Z. By ([@.2)), the

(lowest) conformal weight for V/;‘Fg is given by

1
452

4

1 4
> i(5 —i)dimb = Tog(AF6+6+4) 4=
=1

Therefore, all irreducible Vfg—modules have conformal weights in %Z.

Recall from [21, Proposition 3.5] that the map ga : R(VAQQ) - Q/Z
defined by the conformal weight modulo Z is a quadratic form with respect to
the fusion product. Moreover, the corresponding bilinear form ba (M, N) :=
gA(M R N) — ga(M) — ga(N) is non-degenerate. Since all irreducible Vfg—

modules have conformal weights in %Z, we have
bA(M™ N) = 5baA(M,N) = 0mod Z

for all M, N € R(Vfg). Thus, M*® = Vfg and R(V[{’g) forms an elementary
abelian 5-group and the order is 5°.
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Notice that there are at least two level 5 lattices of rank 8 with deter-
minant 52. They are A?l and an over-lattice X of R = Dg + \/514% such that
[X : R] = 22 In Schellekens’ list, there are also 2 holomorphic VOAs of
central charge 24 such that the level of the irreducible components are 1 and
5. The weight one Lie algebras have the type A421,5 and D675Ai1' The corre-
sponding lattice Ly are v/5(A})? and an overlattice of v/5Dg + A%, which is
equal to vV/5X*.

5.4. g has the cycle shape 1373

Let g be an element in the conjugacy class 7B. Then g is conjugate to an
element in the standard May of cycle shape 1373, The fixed point sublattice
has rank 6. By LemmalL3] we have D(A9) = D(A,) = 73. Moreover, R(Vfg)
has group-like fusion by Theorem By (4.2)), the lowest conformal weight
of any irreducible g-twisted module Vfg is 6/7 € (1/7)Z. By a similar
argument as in Section 5.3, we have R(Vfg) = 75, Recall that an even lattice
of rank 6 with determinant 7 is unique up to isometry, and it is isometric to
the root lattice of Ag. Hence, V7 A is the only even lattice of level 7 with
determinant 7°.

In Schellekens’ list, there is only one holomorphic VOA of central charge
24 such that the level of the irreducible component is 7. The weight one Lie
algebra Vi = g has type Ag7. The corresponding lattice L4 is isometric to
VTAG and V7L = Ag.

Remark 5.10. In [29], the case when g € O(A) has the cycle shape 2'? was
studied. In particular, the construction of holomorphic VOAs of central 24
and weight one Lie algebras of the type Bia 2, Béz, 32,2, B{,‘;g, 33,27 Aﬁ,
AgoF) 0, C4,2A§t72 and D474A‘2172 was considered. Recall that A9 = A, =

V2D7, in this case and R(V\%D+) =~ 21042 a5 an abelian group ([1]).
12
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Appendix A. Table of 71 holomorphic VOAs of central charge 24
In this appendix, we give a list of 71 holomorphic VOAs of central charge 24.

Table 3: 71 holomorphic VOAs of central charge 24.

‘dim(Vl)‘ Lie algebra ‘rank‘ExistenceHdim(Vl)‘ Lie algebra ‘rank‘Existence‘

0 0 0 23 24 U 24 23
36 Cilo 4 21 36 As6Di2 6 21
36 Aya”? 12 8] 48 Agr 6 [35]
48 Ays? 8 21 48 Ay 5° 12 42
48 A12Dsg 6 31 48 | A12456Ca3 | 8 34
48 A10A34° | 10 [31] 48 Ay o'° 16 8]
60 Cy.0° 12 8] 60 AsoFyg 6 [32]
60 As2'Dyy | 12 [33] 72 | A;1053Ge0 | 8 [21]
72 A11°Des | 8 [34] 72 | A11°C32D54 | 10 [31]
72 A11°A7, | 10 [31] 72 | A11°A53Dy5 | 12 [42]
72 A1 Az | 16 8] 72 A2t 24 [23]
84 Bso® 12 8] 84 Ay0°Clyo 12 [33]
96 Cy.1"Dyo” | 16 8] 96 | A21C21Fs4 | 10 [21]
96 AxiPAgs | 12 [34] 96 |As17A55°Coy]| 16 [31]
96 Ay ? 24 [23] 108 By.o® 12 8]
120 Ee3Gaq” | 12 [39] 120 | A31D73Go, | 12 [34]
120 A31C07.0 10 [31] 120 | A31A472C5,° | 16 [31]
120 | A3.°Ds.” | 16 8] 120 Az1° 24 [23]
132 AgoFy 0 12 [33] 144 Cyy” 16 8]
144 [ B3,?Cy1Dg2| 16 8] 144 | Ay A92Bs, | 16 [33]
144 Ayq° 24 [23] 156 Bg 2” 12 8]
168 Dy,° 24 [23] 168 As1Fr3 12 [34]
168 | A51C51F62 | 16 [33] 168 As1"'Dyy | 24 [23]
192 By1Cs1° | 16 [31] 192 By1°Ds> | 16 8]
192 Ag” 24 [23] 216 A71Dg o 16 8]
216 | A;,°Ds.” | 24 [23] 240 Cg1Fyq” 16 [33]
240 | Bs1E72Fy; | 16 [33] 240 Ag” 24 [23]
264 Dg 1" 24 23 264 Ag.1%Dg 1 24 [23]
288 Bs1Cio1 | 16 33 300 B2 12 8]
312 IS 24 [23] 312 | A1y D71 Esy | 24 [23]
336 Apo1” 24 23 360 Dg ° 24 23
384 Bs.1Fso 16 33 408 As.Do1 | 24 23
456 | Dig1BEr7.> | 24 [23] 456 Az E7 4 24 [23]
552 Dis1” 24 [23] 624 Aoy 24 [23]
744 Ik 24 23 744 Dig1Esy | 24 [23]

1128 Doy 24 23
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