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Abstract

This article is a résumé of ongoing investigations into the nature and form of heat
kernels of second order partial differential operators. Our operators are given as a sum
of squares of bracket generating vector fields; thus they are (sub)elliptic and induce a

(sub)Riemannian geometry.

The principal part of a heat kernel of an elliptic operator is an exponential whose
exponent is a solution of the associated Hamilton-Jacobi equation. Genuinely subelliptic
heat kernels are given by integrals, where the integrands are similar in form to elliptic
heat kernels. There are differences. In particular, some of the exponents in the known
subelliptic integrands are solutions of a modified Hamilton-Jacobi equation. To clarify this
difference we propose a calculation which may lead to an invariant interpretation of the

modification.

1. Introduction

Given a negative operator A and time ¢ > 0, the exponential e** is the
heat operator associated to A. When A = A, the Laplace-Beltrami operator
on a manifold M, then, physically, e'® represents the time evolution of the
temperature of M:

“If M has temperature u(z) at time ¢t = 0, then its temperature u;(x)
at time ¢ is given by

w(x) = ePu(x).” (1.1)
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Mathematically, the knowledge of €' yields all powers of the operator
A, namely,

(=A)7 = ﬁ/o e hdt, 2 £0,-1,-2,..., (1.2)

a simple consequence of Euler’s integral formula for the gamma function;
(L2) is a useful tool when working with analytic functions of A. Note that
(LI) is a solution of the heat equation

Furthermore, if u(t) is a function-valued function of ¢, then

/t et =4y (s)ds (1.4)
0

inverts the heat operator:

t t
2/ =4 (s)ds = u(t) —I—A/ ety (s)ds,

<% _ A> /0 "9y (5)ds — (). (1.5)

or,

This result has been used to construct the heat operator e'4. Finally, if '
is an integral operator with kernel p(t¢,x,y), then p is its heat kernel. Note
that p is characterized by

dp _ . B
5 ~Ar=0, and  limp(t,z,y) = d(z —y). (1.6)

In this paper A is a second order (partial) differential operator. “Old”

9

refers to heat kernels of elliptic operators and “New” to subelliptic heat

kernels.
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2. Elliptic operators

We start with examples.

2
2.1. M =R and A = %%:

(t ) 1 _ \159\2
p JxJ = e t
Y 2mt
1 9% .
2.2. M = Rn and A = bl Z?:l a—m?
1 _ =y

p(t,a:,y):We 2t

One should note that the exponent is

[distance(z, y)]?
2t ’

and |x|?/(2t) is a solution of the Hamilton-Jacobi equation

o (|x]? l — J |z|?
a<2—t>+§§<a—%z—t

(2.1)
z,y € R"™ (2.2)
(2.3)

2
= 0. (2.4)

To find z = z(z,t), the solution of (2.4]), we calculate as follows. Set

v =0z/0t, & = 0z/0x;, j=1,...,n, and

1 n
F=y+H(Vaz)=7+35) & (2.5)
=1

Then the bicharacteristic curve (z(s),(s),&(s),7(s)), 0 < s < t, between

(0,0) and (z,t) is a solution of

zj = Fg; =&, £ = —F;; =0,
t=F, =1, 4=-F =0,

j=1,...,n, (2.6)

S0 fj(S) :gj(o) :gjmj =1,...,n, /7(8) :/7(0) =7 t(S) =s5,0<s<{, and

Sy, (2.7)
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since x;(t) = x; and one starts from the origin. Also,
- 1
8) =D _&Fe + By = €7+ = Sl (2:8)
j=1

since v + %|£ |2 = 0 by hypothesis. Consequently,

/|£ |d—ﬂ, (2.9)

as expected.

2.3. M =5"and A = %d—z Sl is parameterized by . p(t,0,~) is obtained

by summing over an orthonormal basis of L?(S1):

e k0 —ik~y 1 1 )
Sl et e {
= > =—0(=(0-7),-— 2.10
i 7 Vamver 2 <2( ”)2w> (210

k=—00

is Jacobi’s theta function. The Poisson summation formula yields the needed

geometric version:

1 s (0+2km)>
t,0) = e 2 . 2.11
b0 =i 3 (211)
Note that
1 2
e~ % (2.12)

2
5 = 4(0),

lim

t—0 /27t
but (212 is not continuous at § = 0. This can be corrected if we recall
that %[%2 is a periodic operator and the periodic extension (2.11]) of (212])
is continuous in . In particular,

i 5(60 + 2kn). (2.13)

k=—o00

When k& = 0, 62 = (distance from 0 to #)2. When k # 0, one gets 6 +
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the length of additional great circles. In geometric terms, they represent the
lengths of all the geodesics connecting 0 and 6. For us a geodesic is the
projection of a bicharacteristic onto the base manifold. The Hamiltonian is
H = 3¢? and the bicharacteristic curve in cotangent space (6(s),&(s)) is a

solution of

0(s)=He =¢, &(s)=—-Hg=0, = &(s) = constant,

00)=0=¢, 60)=0 = £&=1, 0(s)=s,

and the point 4 is reached at s = 0 4+ 2kmw, k= 0,+1,+2,....

In particular, this teaches us that all the geodesic lengths contribute to
the heat kernel.

2.4. The final elliptic example is the extension of 2.3 to §?"t!1 c C"t!;
this will be useful in the study of subelliptic operators expressed in terms of
Heisenberg vector fields with variable coefficients. The Laplacian A in C™+!

is

n+1 n+1
A=2 (Z’.*Z» T?), 9.14
Zazj 82] ]zzzl 7 J+ 7 ( )
where z = (21,...,%n41), 2j = j + Tjqny1, § = 1,...,n + 1, are co-

ordinates in C"*! and \/§Z1, e \/§Zn+1 denote an orthonormal basis of
holomorphic vector fields on C**! with respect to the Euclidean metric,
Z; = ZZ+11 aﬂké)zk’ J=1,...,n+1, and Z7 denotes the adjoint of Z; with
respect to the Euclidean volume dx = dxq A -+ Adxoyra. We let Ag denote
the restriction of the Laplacian A to S?"*1. To find the heat kernel for Ag

one introduces spherical coordinates:

z1 = rcosfe!
z, = rsinfy ---sin@_1 cos ek, k=2,...,n, (2.15)

Zni1 = rsinfy---sinf, qsin e+t
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0<6;<m/2,j=1,...n, m<p;<m,j=1,...,n+1, and 0 <7 < oo.
Then

10> 2n+190 1
==+ =—_ —Ag. 2.16
2<87‘2+ r 87‘>+7‘2 s (2.16)
On S?"*! the heat kernel for Ag only depends on the angle v between the
origin, which we may choose to denote by (1,0,...,0), and the point z =
(21,. .., 2ns1) € S?"F1. In the above coordinate system cos~y = cos f cos ;.
On functions of #; and ¢y only Ag is reduced to Lg,

1 9 o 1 1 &2
Ls==— —1)cot 6 t(201)) — + ———— —. 2.17
s =g +((n=Deottr+eot@0)) oo+ 5o Gp a7 (217
In particular, the heat kernel for Lg is also the heat kernel for Ag after

normalization on S$?"*1. Setting x1 = cos #; cos 1, one has

1 5. d? 1 d
- (1 — _ Z - 2.1
Ls 2( xl)daz% (n * 2> Nz (2.18)
or P p
1
—— — = . 2.1
Lg Y + n(cot ) e 1 = COsYy (2.19)

To find the heat kernel for £g we shall work with the formula (2I7). With
(01, 1) and the dual variables (wq,7) the Hamiltonian is

1 2
H=- <w% y > , (2.20)

2 cos? 0;

and the bicharacteristic curve is a solution of
) B B B 7-12
91(8) = le = W1 = +4/2H — m, (221)
¢1(s) = Hyy=—5-,  f1=—Hp =0 (2.22)

Hence, 71 = constant and so is H along the bicharacteristic.

Lemma 1. Let E? = 2H. Assuming 01(0) =0, ¢1(0) = 0, one has

sin?6y(s) = (1 - ;—122> sin?(Es), (2.23)

©1(s) = tan™! (% tan(Es)) , (2.24)



2017] HEAT KERNELS, OLD AND NEW 7

which can be continued for all s > 0.

We have two arbitrary constants 73 and H which can be used to fix

01(t) = 61, p1(t) = v1. The solution S of the Hamilton-Jacobi equation

oS 1 /0S\? 1 1 oS\ s
O—E—Fi(a—el) +§m (8—Q01> —E—FH(V‘%#PIS) (2‘25)

can be found from

S(S) = wlél + Tlgbl —H= H, (2.26)

SO

1
S = Ht= §E2t,

and a bit of work with ([2.23)) and (2.24)) yields

(cos™(cos by cos 1) + 2k:7r)2 (v + 2km)?

S =Ht= =
2t 2t ’

(2.27)
k € Z. A consequence of these calculations is the following result.

Theorem 2. Given z,w € S*T1, let v denote the angle subtended by the
arc that joins z and w on a great circle, 0 <~ < mw. Then the heat kernel pg
of Ag on S*"t1 is given by

2

ezt (v+2km)?
PS = g Z e 2t v,y + 2km,t), (2.28)
where
n
— n —
vn(1,t) = v"w, = (SIM> <anl ) (2.29)
with wy o =1 and wyy, 1 =1,2,...,n — 1 are found by iteration,
L -1 g
i) = 77 [Tt (25 ) unado, (2.30)
7 Jo 2

'Un,l(/y) = ’U(V)nwn,l (7) .

Remark 3. Let Eg) denote the reduced operator of A( n) , i.e. of Ag on
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2+l and let u,, denote a solution of du/ot = Eg")u. Then,

2n+1t aun 2n+1t 8un
—¢ 2 = _ 2.31
Unt1=¢€ = 2w0z ¢ 2m0(cos ) (2:31)

_ ﬁgn+1)

is a solution of du/0t u. In particular, one has

Lemma 4. Let pgn) stand for pg on S*"*t1. Then,

2

m_ e (0 \"T
pg’ =e 2 <27T8(COS"}/)> Pg’, n>1, (2.32)

(1)

which yields an easy derivation of pS fmm Py’

We look at pg) more carefully. One has

o0
1 ez Z _(t2em? y 4 2k
pS — —3/2 e 2t 7Sin7 . (233)

First note that the & = 0 term is well defined on 0 < |y| < 7, but not
at v = m. All other terms are defined on 0 < |y| < 7 only. This is just
a problem of summation. The sum of the k-th and (—k)-th terms is well

defined at v = 0, and then summing & from 0 to oo yields the extension of

pg) from 0 < |y| <7 to 0 < |y| < w. Next write

Z pSk, (2.34)

k=—o00

and note that p(SlL + p(Sl) w—1 is well defined at v = 7, hence

i (pSk: +p5 . 1) (2.35)

k=0

extends pg) from 0 < |y| <7 to 0 < |y| <7, and we have defined pg) on all

of S3. Similar construction yields p(S") on all of §2n+1,
(n)

The following formula is useful in the quantitative study of pg~.
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Lemma 5. Given ¢ > 0, one has

7L2 .
m_  Tme" 1 / e Ml . (2.36)
Ps = (2m)"=1(2mt)3/2 276 Jo_ioo  (cosh v/2X — cos )’ '
we note that (Z28)) is the residue expansion of (2.30)).
Finally, one may use
COS7Y = T1Y1 + -+ + Topt2Yon42 =T - Y (2.37)

to return to the original coordinates, where we set z; = x; + iz,414; and
Wj = Yj +2yn+1+],] = 1,,7’L+1
We are ready to construct local heat kernels for general second order

elliptic differential operators.

2.5. A second order partial differential operator A is elliptic if one can write

it in the following form

1 oo
A:§ZX]-+---, (2.38)
j=1
where X1, ..., X, are linearly independent vector fields on an n-dimensional
manifold M,, and --- stands for lower order terms. Letting Xy, ..., X, rep-

resent an orthonormal basis of T'M,, one obtains a Riemannian metric. With
such a metric M,, is a Riemannian manifold. Given an arbitrary point
@ € M,, which we may call the origin, one can always find a sufficiently
small neighbourhood of ) in which every point has a unique geodesic con-
nection to the origin. p(t,z,y) is a local heat kernel for A if in a small
neighbourhood U of the origin one has

Op

T Ap=0, and %%p(t,x,y) =iz —vy), z,yel. (2.39)

2.4 suggests the following;:

“One should look for a heat kernel p in the form

C _few
p(t,z,y) = ¢ e (ao(z,y) + ar(z, y)t + ), (2.40)
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where C' is a constant and a;(z,y), j = 1,2,..., are smooth functions near
the diagonal.”

With (2.40) one has

t”%e_%{ [%(‘ %) _%Z (Xj<— {))2}00(%11) + O(%)} (2.41)

where the square bracket is of the order of 1/t2. Hence the necessary van-
ishing of (Z.41)) implies that

A e

i.e. f/tis the solution of a Hamilton-Jacobi equation. A simple consequence
is that f is a solution of the eiconal equation

%Z (X; 1) =1, (2.43)
j=1

and thus represents the local Riemannian distance. Again, the a;’s are
obtained by iteration.

3. Subelliptic Operators

Consider
1 m
_ 2
M-I xTa, (3.1)
j=1
on an n-dimensional manifold M,, where Xy, ..., X, are linearly indepen-

dent vector fields and m < n. A is not elliptic, but if we assume that
X1,..., X, the horizontal vector fields, are bracket generating then one
has the following a-priori estimate on A,

[ulle < CllAullo,  0<e<2, (3.2)

locally, see Hérmander [7]; note that ¢ = 2 when m = n and A is elliptic,
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and when € < 2, A of (3.2)) is subelliptic. Bracket generating means that the
horizontal vector fields and their Lie brackets, X1,..., Xpm, ..., [X:, X;],.. .,
[Xj, [Xk,Xl]] ,... generate T'M,.

In 1939 Chow [4] showed that given bracket generating vector fields
X1, ..., X, m < n, two points can always be joined by a horizontal curve,
that is, a curve, all of whose tangents are linear combinations of the hor-
izontal vector fields Xi,...,X,,. This yields a geometry. Assume that
X1,...,X,, are orthogonal and have length one. If m = n one obtains a
Riemannian metric, but if m < n one has a subRiemannian, not Rieman-
nian, metric. In particular, given a subRiemannian metric we can calculate
the lengths of horizontal curves, and by minimizing these lengths between
two given points we obtain a subRiemannian distance, often referred to as
the Carnot-Carathéodory distance. This yields a subRiemannian geometry.
The Hamiltonian attached to (8.1) is still

H =

N —

> X (@6, (3.3)
j=1

which yields bicharacteristic curves whose projections onto M,, are geodesics.
The principal difference between Riemannian and subRiemannian geometry
which effects us is that in a Riemannian geometry sufficiently near points
are joined by a unique geodesic connection, while in a subRiemannian geom-
etry arbitrarily near points may have multiple geodesic connections. Con-
sequently, in subRiemannian geometry one cannot fix the bicharacteristic
curve by giving the endpoints of its projection onto the base, instead one
must make use of the dual variables. Since heat kernels should not contain

dual variables we shall sum over them. A few examples are in order.

3.1. The subLaplacian on the Heisenberg group
The (2n + 1)-dimensional Heisenberg group H, is C* x R = R?® x R

equipped with the group law

n
(z,y) 0 (¢',y) = (m’ +aly+y +2) aj(wyah;  — xzj—wéj)), (3.4)
j=1
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with a = (a1,...,a,) ordered as
0<ar<as<---<ap<--<ap, (3.5)

see |1]. The horizontal vector fields

0 0 0 0
Xoi 1= ——+42a;19,—, Xoj = —— —2a;x9;_1—, 3.6
2j—1 Da2j 1 + 2a;T2; By 2j D2 ajx2; 18y (3.6)
j =1,...,n, are left-invariant with respect to the above Heisenberg trans-
lation and are bracket generating, since
0
[Xoj_1, Xoj] = Xoj_1Xpj — X9 Xopj1 = —4aj8—y- (3.7)

As the first bracket suffices we refer to X1, ..., X9, as step 2. The subLapla-

cian is
1 2n
Ay = 52)(]2. (3.8)
j=1

We shall work with H; only and set a; = 1; the general H,, is similar. For
the Heisenberg subLaplacian

1/ 0 oN? 1/ 0 d\?
an=g (g +2m;) +3 (a5 213y )

on Hy we again try for a heat kernel in the form

tiae—f/t--- (3.10)
where h = f/t is a solution of
oh 1 (0h oh\? 1 ( 0h oh\?
o (o) o (0 ) =0 11
ot 2 <8:E1 * x28y> T3 <6az2 xl@y) ’ (310
Thus we start with
0z
—+ H = A2
o H(V2) =0, (312)

where V is the gradient in the base variables only, and

1 1 1 1
H = 5(51 + 2z9m)* + 5(52 —2z1m)? = §C12 + 5@7 (3.13)
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and 7 is dual to y. As usual, one reduces this question to finding a solution
of a system of ordinary differential equations as follows. Set

F(x,y,t,2,§,m,7v) =v+ H(z,y,§,n) =0, (3.14)

where £ = V,z, n = 0z/0y and v = 9z/0t. We shall find the bicharacteristic
curves, solutions to

i = Fe =& + 2o =2C, dp = %,
By = Fg, =& —2mn = (o,
y = Py =2x921 — 2w %9,
t = F, =1,
§ = —Fy — &F, = 2niy, (3.15)
§ = —Fy, — &F, = —2niy,

i = —F, —nF, =0,
i = —F—~F. =0,
i = - VeF+nF, +yF, =¢-@+ny— H,

sinceleandV:—H. With 0 < s <,

v(s) = v = —H = constant,
n(s) = n = constant, (3.16)
t(s) = s,

constant meaning “constant along the bicharacteristic curve”. Another way
to see that H is constant along the bicharacteristic, note that

iy = & + 2nig = dniy,

) (3.17)
Iy = & — 2na1 = —Aniy,
therefore
Ty + Tox2 = 0,
and
H = lx% + lx% = constant. (3.18)

2 2

A bit of calculation yields the classical action,
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S(t) = /0(5'56+771)—H)d8

= 1y —y(0) +2(21(0)z2 — z122(0)) + |z — 2(0)|* cot(2nt)], (3.19)

h = n(0)y(0) +5(t)
= ny + 2n(21(0)zs — z122(0)) + nlz — 2(0)|* cot(2nt) (3.20)
is a solution of the Hamilton-Jacobi equation ([BI2). Since x(0) = 0, one
has
h(x,y,m,t) = ny +nlz|* cot(2nt). (3.21)
Recall that we may have multiple geodesic connections between (0,0) and

(x,y), so one cannot choose y(0) = 0 and y(0) is replaced by the free param-
eter 1. To recapitulate, the principal part of the heat kernel is

ceTho (3.22)

and h contains the dual variable 7. Since the heat kernel is not supposed to
have dual variables we shall sum over n or, for the sake of convenience, over

—iT = 2nt. Setting

h = %7 (3.23)
one has )
F= 5@ (y+ |l cot(2nt))
1 1
= —§z'Ty+ §T\x|2coth7, (3.24)

and we look for p in the form

1 © f@ym)
p(t,a:,y)z(zm)a/ e V(r)dr. (3.25)

Applying the heat operator to p one has

0 1 s
0 = <AH—E> ) /_ooe tVdr

27 *© dVv

o+
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so we set
dv
T— 4 (tcoth7+1—a)V =0,
dr
which gives

(Cr)et

sinh 7

V(r) = ,

and with a = 2 we have

Theorem 6. The heat kernel of Ay is

(o) = oy | et
PLEY) = (27t)? _Ooe sinhr

From f = f(x,y,7), v = 2nt, and

a(f/t
(gt/ ) +H(V(f/t) = 0,
one has Foomor 1
n _
2t 87+t2H(Vf) =0
or,
af B
75y +H(\Vf) = [,
and with v = —i7, one has the modified eiconal equation,
of B
Too +H(Vf)=f.
(1.62) and (1.69) of [1] imply
of

8(—27‘) = y(oa z,Y, _ZT)v

15

(3.26)

(3.27)

(3.28)

(3.29)

so at the critical points of f with respect to 7 one has y(0) = 0. In particular,

the critical points of f are in 1-1 correspondence with the geodesics between

the origin and (x,y), and, in view of ([3.28]), at the critical point 7 = 7. one

has

1
f(xayaTC) = 5575(%%070)27

(3.30)

where /., is the length of the geodesic associated to 7.. Note that all critical

points of f are on the imaginary 7-axis.
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3.2. Grushin operator

Consider the following vector fields on R?
X =— Y =x—. (3.31)

X and Y always yield two directions on R? except on the y-axis, where their
bracket [X,Y] = a% yields the missing direction. The step two Grushin
operator

1

_lxz iy = 197 1 ,0?
2

is therefore subelliptic. Using the same approach as in 3.1, one can show

that the heat kernel of Ag is given by

1 e
p(t, zo,y0,7,y) = W/ e /( )/tV(T) dr, (3.33)

where (9, 10) and (z,y) are two points on R?, the modified complex action

function is

. T 2 2
= —i(y — hr—2 .34
f(r) iy —yo) + 5 sl [(:E + x() cosh T :E:Eo] , (3.34)
and the volume element is
1
T 2
Vir) = (sinh7-> ' (3.35)

3.3. On C? we introduce the vector fields Z,
Z=="—-=, |V2z| =1, (3.36)
22
which is tangent to S3 since Zr = 0. Setting r = 1,

Ac = 2ReZZ =272+ 722
1 02 o 1

0 o \?
= _—— 2 —_— — —_— —_ .
5 907 + (cot 9)89 + 5 <(tan 0) 9o + (cot 6) 8@2) (3.37)

is the subelliptic Laplacian on S3, i.e. the S3-subLaplacian. A Hamiltonian
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formalism shows that the heat kernel for the reduced operator L¢,

1 92 o 1.y 0
= S5 T (€0t 20) =5 + S (tan” 0) (3.38)

Lo 96 " 2 92

is also the heat kernel for Ac when normalized. L is not elliptic since
tand =0 at # = 0, but

[%, (tan @) 5?01} = 00529(921 #0 (3.39)
at § = 0, hence L is subelliptic.
Theorem 7. One has
14 00 o .
Pe = (2677215)2 /_oo e_f( A )%sTnf/]:WdJ’ (3.40)
keZ
flo,k) = 10'2 - %/{2, r = cosh™!(cos 6 cosh o). (3.41)

The heat kernel for Ac on S?"+1 is analogous. Note the similarity of (3.40)
and (3:27). Everything we said about f and y(0) for Ay holds for f and
©1(0) for Ae, except that equation (B.28]) must be replaced by

901(0)
cos2 6

o Of

cos2 0 Oo

+H(Vf)=f+

[gol _ %gpl (0)} . (3.42)

In particular, f/t is not a solution of the Hamilton-Jacobi equation of Ac.
We do not need this, so we do not get it. What we need is that

%t/t) " <v({)> _ diig(f) (3.43)

for some g, so its integral vanishes. This happens for f/t of Ac.

One may try to understand this difference between ([3.42) and ([B.28)) by
representing A¢ in terms of the Heisenberg vector fields and then compare
the associated heat kernels.
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4. On the Cayley transform of Ag

To compare the subelliptic heat kernels on S?"*! and on H,, we shall
send Ac from $?"*1! to H, via the Cayley transform. Ac on H, will be
represented by the Heisenberg vector fields, but with variable coefficients;

we shall continue to refer it as Ag. Not to complicate matters we shall work
with A¢ on 83 c C2.

Assuming our origin is (z1,22) = (1,0) € S3, we shall leave out the
antipodal point (—1,0). Then the Cayley transform ¢ = ({1, (2) = C(z1, 22)
is given by
1—2z 29
14+2 142

(=0C(z1,22) = |1 = (1, G2). (4.1)
( )

Note that (¢1,¢2) = (0,0) if and only if (21, 22) = (1,0). In particular, one
has

2y1 1= |z)?

=u + vy = 1 , 4.2
22|
Gl = — 25—,
(1 + x1)2 + y%
hence
—G)? = ——EE>0 iff |z <1 (4.3)
11+ 212 ' ’
We set
= {Im{l > |<2|2}, bDy = {Im(l = |<2|2} . (4.4)
Note that
- I1+iG 2@
=C! = : 4.5
(21, 22) (G, ¢2) (1—@'(1’1—2{1) (4.5)
Recall the tangential holomorphic vector field Z,
z-29 =9 (4.6)

Zr =0 and ||[v2 Z|| = 1 in Euclidean metric. In ({1, () coordinates one has

0

=5 (1-i) (- i) 5+ ) (@.7)

Q1 ¢
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0 1
9 2(1—241) 9 (4.8)
and then
iC1 0 9 9, }
rZ = 2iCa(1 — 2 2 +1—1 4.9
S {260 i)+ (6P +1-T) gE | (@)
on C?\ {¢; = —i}. Restricting Z to b%, = C {$*\ (—1,0)} one obtains
L1+ |Gl —iup)? ( ) ) >
Z = — +2 4.10
T2 rrleP i oG T g (410
The following formula
=y — 4 _ 2

defines %, ; it is easy to see that Z(x) = 0 on %, so Z is tangent to

2

the surfaces 0 = r* = const. Next we find Z in tangential coordinates

(u, o, CQ,C_é) on %5, where

u=u = %(Cl + 1),

_ o 1+iG[2 46 (4.12)
[T —i(y|? ’
Co = o, & =0

Using formulas (5.30) and (5.31)) a bit of work yields

[¢al?
1—2 1 — 5= 2_; 8
iCy 1+71+\C2|2—w 2

on %s; again note that Zo = 0 hence Z is tangent to ¢ = const. Writing

¢4 = ¢, one finally has Z on b%s,

T+ [C2—w)? (8 —d
2 1+ (2 +iu <ag C8_>’ (4.14)

which is the Heisenberg vector field on H; modulo a nonconstant factor.
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Also,

— L+ [ +iu)? a

S0,

- 1 9 . 2( 0 0
Do)

- S (- k)

(4.16)

which yields

Ao = ZZ7+77

1 . 0o =0 o .0 .0
— §|1—|—|C|2+zu‘2{<8—g+z§—> <a—Z—ZC£> +z£}

1- .
—§§(1 +[¢[? + i) <5_C — C > (4.17)

1 0
(1 2_y
2(( + €7 — iu) <8§+ZC >
Thus A¢ is given in terms of the Heisenberg vector fields with variable
coefficients. According to ([3.42) the exponent in the Cayley transform of
(3:40) will not be a solution of the Hamilton-Jacobi equation and the question
is what are the geometric differences between Ag and Ay which produce

this state of affairs. To help us better understand what goes on in b%,, we

shall study the Cayley transform of Ag more closely.

5. The Cayley transform of Ag
We shall use both 9, and 9/0x for the same derivative. Also,
0 10 0
= — — — i 5.1
0 9z (83: 8y> (5-1)

Not to complicate the notation we work with C? only, so z = (21, 22), zj =

xj +1iyj, j =1,2. Set
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N_nd 20

r 0z 1 Oz (5:3)

again note that Zr = 0, so Z is tangent to spheres 72 = ||z[|? = |2z1|?>+|22|? =
const. In Euclidean metric both (\/5821, \/5822) and (v/2Z,v2N) represent

an orthonormal basis of the holomorphic tangent space of C2. Consequently,

0? 0? — S
A=2 2 =—(Z2"Z+72*Z)— (N*N+ N*N 5.4
0m0m | lomon L4t Z) (NN + ) (54)
with
~7*=17, and —N*:N—i—;; (5.5)
r

Z* and N* represent the adjoint operators of Z and N with respect to
Euclidean metric. All these calculations can be found in §2 of 2], where

they are worked out in C"*!. One sets
As = Al . (5.6)
The following complex spherical coordinates are convenient:
21 = rcos e, 29 = rsin fe'¥?, (5.7)

0<0<7/2, —m<y;<m, j=1,2; for C""! see (ZI5). Then

10 1 0 0 1 1

see (2.28) of [2], where we set
Op = Opy + 0y, , (5.9)
for convenience. Also,

—(N*N + N*N) = —2Re(N*N) = (a,% + ;ar> t3305.  (5.10)

N =

and one has

1 3 1
A = 2ReZZ+ = (92 + 20, ) + =02
Re +2<8’“+r8>+2r28¢
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= % (a,% + gar> + T—12Ag, (5.11)
where
iAS — OReZZ+ — 02— A2 (82 + 2 > : (5.12)
r2 2r2 "% 2\ " "
We also set
Ac = 2ReZZ = %(2){)2 + %(21/)2; (5.13)

in particular, 2A¢ is the sum of squares of unit vector fields which are
orthonormal to each other. We used Z = X +iY. Now (5.8) implies that

9, =—2rImN =ir (N = N). (5.14)

Since N L Z, we have 0, L Z, and since 9, is real, 0, L X and 9, L Y.
An easy calculation yields ||0,|| = r, hence ||, = 1 on S3. Consequently,

(BI2) gives

1 1 1 1
As=Ac+ =02 = Z(2X)? + Z(2Y)* + 292 5.15
5 c+2¢ 2()+2()+2¢ (5.15)
on S3, i.e. Ag is % times the sum of squares of three orthonormal vector
fields on S3, hence elliptic.

Let us recapitulate what we are trying to do. Our long term aim is to
find heat kernels for subelliptic operators. The formulas we are looking for
should be given in geometric terms and be as precise as are the well known
formulas for heat kernels of elliptic operators, which should be special cases
of subelliptic heat kernels, of course. To achieve this objective we work with
a Hamiltonian formalism. So far very few subelliptic heat kernels have been
found. Most of the work has gone into the study of the heat kernels of
Ap, the Heisenberg subLaplacian, and of Ag, the step 2 Grushin operator;
lately the heat kernel of Ag on $?"*! has been worked out. They are all
given as integrals of exponentials, where the exponent is the solution of a
Hamilton-Jacobi equation, a kind of distance function, at least in the case of
Apg and Ag; one may call these flat. The formula for the heat kernel for Ag
on S?"*1is very similar, but the exponent in the integrand is not a solution
of the associated Hamilton-Jacobi equation. It is a solution of a modified
Hamilton-Jacobi equation; this may be true in general. Consequently it is
essential to find this modification in geometrically invariant terms. The first
step is to compare the heat kernel of the Cayley transform of Agz on b%,
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with the heat kernel of Ajr; they both make sense on the Heisenberg group
if we look on the Cayley transform of Ag as a Heisenberg subLaplacian with

variable coefficients.

So our first job is to understand how to work with the Cayley transform
of §?"*+1 . To this end, we shall devote the rest of §5 to the explicit derivation
of the heat kernel of Ag on b%,. In particular we need to show that the heat
kernel is a function of one variable only. The calculations are elementary
but complicated, so we shall include enough detail, not all, to convince the

reader. To obtain Ag on %, one uses (5.12]) in the form

1 1 3
—“Ag=A—-=[(0*>+>0, 1
3 S 2<8T+r8>, (5 6)
and note that (5.8) implies
0, =N+ N, (5.17)
so one has
1 1 —2 3 —
SAs=A—3 (N+N) +;(N+N) : (5.18)

We start with calculating the variable z = cos cos @1 in 0%, coordi-
nates. (450) yields

141 141
LS| so cosf = L +ic (5.19)

1—i¢’ |1 — 1|

z1 = 7 cos et =

on bPy, i.e. when r = 1. Also, on b%, 1 +i¢1 = 1 +iuy — vy = 1 —|(|? +iu,

SO
D)
L T
142 —iu[? (T+p)?+u?’
where we set p = |¢|?. Also
z1 =1 cos 6 cos 1 + ir cos 0 sin @1 (5.21)

14iG 1 GR iG + )
=G iiaGP
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and then
G1 +§
tanp; = ———, 5.22
=TGP (5:22)
so one has
2
1 1—1¢
cos? g = Tl — (2 — ) . (5.23)
Ttanter 14 GG+ |G
Now,

L+ 2(uf = of) + (uf + 0i)?

= 14 2u® = 2v > + u* + 20?01 |? + |1 |
(1+ o122 — 4)v1]? + ut 4 2621 + vy )
— (1 +]o1]?) +u?)° — 4oy )?

= (1= o) + ) (1 + |u])? + u?),

-—2
1+ G+a + Gl

since v; = |(2]? > 0 on b%,. Thus

2
cos? 1 = (1-1GP)
(@ = JoiD)? +u?) (X + Jv1])? +u?)
1— ¢ [2)?
S ol (51 M (5.24)
[T +iG 1?1 — ¢y
or P
1—1G
cos = - — 5.25
T G — iG] (5.25)
and in view of (5.19) we have derived
Lemma 8. The Cayley transform of x = cosfcosp; on S® is
1— 2 1— 2 _ .2

=GP (142w
where we let x also represent the Cayley transform of cos 6 cos 1 on b%s.

Lemma 9. Let Ag also denote the Cayley transform of Ag acting on b%,.
With x given by ([5.26) one has

e q
Asf(x) = 51~ x2)d—$‘£ - gwé (5.27)
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Proof. We use (5.18); the calculation is elementary but somewhat lengthy.

Starting with
o 0 0 0

A=2———+2— — 2
0z1 0z1 + 0z9 073 (5-28)

[#T) and ([4.8) yield

o 0 1. 9 ON( .. D 9
T = —|1—ZC1| <(1—2C1) G + G §><_Z(1+ZCI)8(_1+<28§2>’
e

- - - 1

020 07 069Gy

so in ({1, (2)-coordinates one has

_ Ly ey 200 g 0

A = glt=iaP { - it o+ i )G o
P o 0
—z(1+z§1)§28—aa—<2+(1+|c2| )8—@(9—5}' (5.29)

We need to write A in tangential coordinates. In view of (£.12]), one has

9 19 2i(1-iG+2¢f) 9
¢ 20u | (1—i(1)2(1+i¢y) Do’ (5.30)
: - ” < (5.31)

9  T—iGPdo " ag,’
and

o 0 0 1o 2i(1+iG+2GP) 9
2 0u do
9

8—C18—a (1 (14i¢1)2(1 —i¢y)
B 13+2'(1—z’c_1+2|g2| ) 9\ 1
o\ 20u (1—i¢)%(1+iG) 9o ) 20u
9 <2i(1+ig1+2|§2|2)) 8

COG\ (1+iG)(1—iG) ) 9o
2i(1 4G + 26 <gg+2i(1_¢a+2|<2|2)3> )

(144¢)2(1 —i¢y) \20u (1 —i¢)2(1 +ily) Oo | 0o
Similarly,
DO (pode ot 00
0C10G  \O0G |1 —iG? |1 —iGi?0G
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+<1 ) +2z(1—z‘<_1+2\g2|2) a> o)

20u " (1—i¢)2(1+iCy) 00 ) o,

ii_(i G 46 {46 +i}>£
0 8C,  \ 0G|l —iG|?2 |1 —dG 2 \1—i¢]2  9¢f) do

LG 00 00
|1 —iC1|> 0o a¢)  0Ch Ay

Note that (.15 is

_ 1 2 1 2 1o
Ag = 2(2ReZ) + 2(2ImZ) + 2@0, (5.32)

and each vector field vanishes on o = 72, hence none of them has 9/d0 terms
and neither does Ag. Consequently, dropping the 0/do terms from (5.29])
when written in tangential coordinates, the above calculations yield

0 0

1
Aa=§|1—iC1\2{(1+|C|2)a—<a—Z
1. \= 0 N\, 0) 0
+qlier a2 ), (53)

where we set ¢} = ¢, C_é = (. Note that A, # Ag, since the second term on
the right side of (5.I8]) does not vanish after dropping all o-derivatives; see

(5:44]) for 2nd derivatives when applied to f(p,u). We need the behavior of

A, on

1— 2,2
flpu) =g(x) =g <(1—|—Z)—2—|—uuQ> ’ (5.34)
so we look at A, f(p,u) = Af(p,u).

of _ .of oof _ 9*f of

. oo aca "o o

iy _9 L ONOf D L Of
(i (o —<58) 2 = 5 (e = KKP) 32 =
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of _ o102 N
(iii) <<8C+< C> 2|¢] 8p8u 8p8u’
so one has
1 0*f of 0 f
A 2 - (1 2 2 1 - J 1 _7
FUCPw) = 5((+p) —I—U){p( TP g T ARG ey o
1 9’ f
CRSEe 33 (535)
Let f(|¢[*,u) = g(x). With
_ 2(1+4p)
S G TR (5:36)
one has
Oz 2 2
- 1
o~ Urprra T
82$ 3 6($+1)
7R A e Er)
a_gg B 2(x+1)
ou  (I+p)?2+u?’
Pz 6(z+1) 5 Oz
ge = Qappre 2OtV =ge
5% _ 4(;L'—|—1) 4du
dpou (1+p)? +u? (14 p)2 +u?)
This leads to
dg 2 2 dg
ap <(1+p)2+u2 (Hl))dw’
0% 2 2\ &g 5 6+l \dg
i~ () B (e e
99 _  2(z+1u dyg
ou  (1+p)2+uds’
9 2,2 2
Pg__AMat ) Py (St l) o g) e
Ou?  ((1+p)2+u2)dz®  \(L+p) +u? dz
82 2 2 1 d2
g9 ———— — (1) (x+)u2_£27
Bpdu (1+p2+u (1+p)* +u®dz
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< 4(x 4+ 1)%u B 4u >@
(14 p)%2 +u? (1+p)2 + u2)2 dr’
Substituting into (5.35]) one finds
1
Ag = S ((L+p)" +u?)
2 52
d*g
pa— 2 [—
{p(Hp) <(1+p)2+ 7~ @+ ) > da?
6(z+1) \ dg
3 p— _
+p(1+p)(2(x+1) (1+p)2+u2> o
2 2\ dg
+(1+p) ((1+p)2—|— 5 — (z+1) > I
2 5\ 2(z+ Du? d?g
p<(1—|—p)2+u2 (@+1) > 1+ p)? + 2 da?
( 4(x + 1)%u? B 4u? >@
L+p)+u” (142 +u2)?/ do

T 2'LL2 2
(1(;;)%% +(z+1) (g —(z+1)(1 +p)> Z—g} - (5:37)

First we collect the coefficients of d?g/dz?:

2p(z + 1)u?
(1+p)? +u?

2p(1 + p)

m(l— (z+1)(1+p)* -

1
+p(z +1)3u2 + §($ + 1)%u?

2pu2

= (a;+1){p—2p(x+1)(1+p)+p(x+1)2(1+ﬂ)2— [

1
+ p(x + 1)%u* + 5@+ 1)u2}

’LL2
= (z+1) {p_miﬁ;w+%($+l)u2}
_ ufp)ﬁ (p(1 4 p)? — pu? + (1 + p)u?)
2lp(1 +p)* + (1 + p)u?]

((1+p)2 +u2)?
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Continuing, the coefficient of dg/dx is

201+ p)2(x +1)? =3p(1 +p)(x + 1) +1+p— (1 +p)*(x +1)

2pu? 3

+20u*(x +1)% — (eSS +50+p)-(1 +p)2(x+1)

2pu’

= p(1+p)(x+1)+g(1+p)—2(1+p)2(1’+1)—m

5
1+p)? —4(1 + p)® — 2pu?} + 51+ 0)

e {2+ ) D) 40+ P+ ()

Consequently, one has

Ag— 2[p(1 + p)3 + (1 + p)u?] dg <5 1 M) Zg (5.38)

((1—1—p)2+u2)2 a2 \2 2P (14 p)? + u?

We are using (5.18) to find Agg. So far we obtained Ag and we still need
$(N+N)’g+ (N + N)g. A simple calculation yields

1

N = —5(1—%1){@'(1“{1)% —Cza%}- (5.39)

1) We start by finding the coefficient of d2g/dz? in
1 — _
SV + N)2g = Re(N? + NN)g. (5.40)

Let [N?] 5 denote the second order ({1, (2)-derivatives in N2. Then on b%s,

i.e. when r = 1, one has

9 0
1N, = (1= iQ)GEN) F= — il + ) EN) 5=
_ a0 P , 9y 0 0
= (1-1iG) C28—C22 _Z(l—lgl)gg(l-l-gl)a—gla—@
o 0 g 02

—i(1 —i¢1)Ca(1 +¢F) 1+¢G)P-- (541

9200
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We replace the derivatives by (5.30) and (5.31) and set (5 = ¢. Then,

. 0?
4[N?],f = (1—z<1>2|<|48—p§

o ’f 1 il
S+ -0+ RS (542
Similarly,
_ _ of 9’ f
$[VN] 1 = -l (S 1S d)
_ — 0?
_%im? {(1 F A +iG) — 1+ — Z'Cl)} apafu
1 —9, 0
O+ +TNT T, (5.43)
and then
4[N?+NNJ, f
, . o f
= {0 i)+ L= iGP s
1 - - o
—5il¢{ (14D A+iC) — (14 (1 —ic) +2( i) (14+¢F) } apafu

1 N 5
4 {(1 +<12)2 - (1 +C12)(1 +C12)} 8—u£ +1 _i<1|2|<|23_£'

To this we add its complex conjugate which yields

2 — . —\12 482f
8Re [N*+NN], f = [(1—iG)+ (1+i0)]" [ o7

0% f
0pou

=il [+ ) - 1+ T [L—iG+ 144G

— 212 9? 0
[+ -+ T G + 2= iR

ou?
o ’f ot
0p? Opou Ou?
0
+2p (1 + p)* + u?) a_ﬁ . (5.44)

1
4
+ 4p%2

= 4p°(1+p)’ =5 +8p°(1+ plu
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From (£.40),
Re(N? + NN) = ¢ (N+ W), (5.45)
» 1 1 0?
5[(N+N)2],2f = 5 (4o af P+ P aéf
+—p a—f+ —p((1+p) )8—f. (5.46)

We might as well find the coefficients of ¢”(x) just to make sure that we are

on the right track. Set f(p,u) = g(z) and replace the (p, u)-derivatives with
the x-derivatives using the formulas between (5.36]) and (5.37)):

2 1—(z+1)(1+4p)\? d2g

N+ N ] = 52201 2 il

[( +) 29 p{( ) ( (14 p)% +u? dz?

+(1+ p)? <(a: +1)° — ﬂ:fF(:Ep)—_;—li-)lﬂ> Z_;’

1—(z+1)(1+p) 2(x+1u® d%g

N —

)

—2(1+p) (1+p)2 +u? (1+p)2—|—u2@
(z + 1)2u? u? dg
+4(1 +p)<(1 Fo+u? ((1+p)2—|—u2)2>%

2(z + 1)%u? @
((1+p)? + u2)2 dz?
3(x + 1) dg
o (Grgera ) o

%p(l —(@+ 1) +p>)3—i. (5:47)

We collect the coefficients of d%g/dx?:
w5\ 2

[(N +) ] L9
2p?

(14 p)2+ u2)2

{0+ (1= @+ 1)1 +p)°

N =

—2(1+p)(1— (z+1)(1+p))(z+ D)u* + (z + 1)%‘%% + -
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2 d2
) ((1+p2)[;+u2)2 [(T+p) (1= @+ 1)L +p)) - (m+1)u2]2d_xg g
2p° 2@

= [(1+p) = (@ +1)((1 + p)? +u?)] + -

(14 p)? +u2)? da?
20%(1+p)® d%
((1+ p)? +u2)? da?

where - - - denotes dg/dx terms. Consequently, (5.37), (5.48]) and (5.18)) yield

- (5.48)

Agsg = Ag—%(N—I—N)zg— g (N—l—ﬁ)

2[p(1 + p)* + (1 + p)u?] = 20*(1 + p)* d%g
((1—|—p)2+u2)2 da?

2[p(1 +p)* + (1 + p)u?] d°g

T (Apr4w)? A o4
where we set 7 = 1. Now
4p(1 + p)* +4(1 + p)u?
= [1+p)' ==+ 22 [(1+ )2+ (1 - p?)]
= [(1+p?* +u?) = (1=p* =) [((1+p)* +0*) + (1= p* —v?)]
— (1 +p?+u?)’ = (1= p? —u?)?, (5.50)
50,
Agg:%(l—l'z)%—l-"', (5.51)
as expected.
2) To find the coefficient of dg/dz start with
sl N)] | =Re[V?+ NN, . (5.52)
We use (539) in the form
A SV T S U (5.53)

2r ¢y i or 9’
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and note that Nr = Nr = 1/2. Then

9 (1—1i¢1)¢2) 0 . 1+¢2\ 0
= (55 e (5 ag
_ (A =iG) (A + 2i¢) o .0
= - 12 {Cza—gz—z(lﬂgl)a—cl}. (5.54)
Similarly,
— 144G (=0 — 0
[NN],l T2 {C28—6 +i(1 _Zgl)a—a}- (5.55)

In tangential coordinates, (5.30), (5.31]), one has
AN = —(—ic)( +2i6) {2 —ia+icnt 2L 5s6)
1 oC 20u |’

after dropping 0/0o and setting r = 1. Also

4[NN] = —(1+i) {Za%ﬂ(l—z‘a)%a%}, (5.57)
and
1[N+ NT]
= (i) (1420)¢ 2~ (14T L
¢ ¢
(1) (1) (1426G1) — (14T (1~ ) (5.58)

Working with (5.58]),

()= AQ+p—iu)1—p+iu)(l—2p+2iu) — (14 p+iu)(l— p—iu)

= 2p(p® — 1 — 3u?) +32u(1 + 2p — 3p + u?), (5.59)

and the rest of (5.58)) applied to f(|¢|?, u) yields

~(U= )1+ 20 (14 ) Zg—"é

:_p{(”p‘w)(l—2p+2iu)+(1+p+iu)}g_£

= {2p(p* — 1 —u?) — i2pu(1 + 2p) } g—ﬁ : (5.60)
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Hence, (£.58)), (5.59) and (5.60) give

1[(N+W)2} f =Re[N>+NN], f

2 1
of of

L 9 2 1 2 2
= - —1—u")=—+-u(3p*—2p—1—u")=—. (5.61
2p(p u®) 4u( p°—2p u®) (5.61)

To find (N + N) f we introduce tangential coordinates in (5.53)), drop 8/dc
and set » = 1. Then

(N+N)f
1 0 =0 19 2,10
=3 {(1 — z‘Cl)Ca—‘é +(1 +z'g1)ga—"£ —i(1+ (§)§£ +i(1 +<12)§£}
_ of of
=Pl +p)gs +rug, (5.62)

Collecting all the first order (p,u)-derivatives, including the one in (5.46]),
one has

_ — 0
o = % [(N+N)2]1f—|—g(N—I—N)f+ip((1+p)2—|—u2)8—£
- ip (3(1+p)? +2(1 + p) — u?) g—‘; | iu(3p2 +4p—1— uz)%,(5.63)
and setting f(p,u) = g(z) one finds
T ;)2 Ty 130+ 0 +20(1 4+ p) = pu®) (1= (14 p)(z +1))
(30" +4p — 1 —u®)(z + L)u?} Z—z . (5.64)

We simplify this:

{---} = 3p(1+p)* = 2p(1 4 p) — pu”
+ (=3p(1 + p)* — 2p%u® — pu® + u? + ) (z + 1)
= 3p(1+p)” = 2p(1 4 p) — pu” + (z + 1)[ — 2p(1 + p)?
—(p+20%) (1 + p)? +u?) — p2(1 + p)? + u® + u?]
= 3p(1+p)* —4p(1 + p) — pu® — 4p*(1 + p)
+z+ D[’ +ut = 20+ p*) (1 4 p)?]
= —p(1+p)?+u®) +21+p) — (x+1) ((1+p)* —u?)
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= —p((+p?+u”) +2(1+p) —2(1+p) (1 +p)* —u?),

S0,

o <<1+p><1+u2—<1+p>2> 1 )d_g

2" ) dx

5.65
L+ )2 +u? 2" (5.65)

c1 does not include all the first order z-derivatives of ¢ in
Ag—LtAgg—1 (N+N)2+§(N+N)
g 7"2 Sg - 2 r ga

see (5I8). There are 3 more such terms which come from the second order

(p, u)-derivatives of g in (B.47)). We collect these in

2
m;w&(lw)(ﬂ1)2((1+p)2+u2)—3(x+1)(1+p)2+(a;+1)u2}
20%(1 + p)

(14p)2+u?

Adding this to ¢; yields

(1+p)(P*+u*=2p) 1 \dg
(1+ p)? + u? 2 ) dx

(5.66)

To find the coefficient of dg/dx in Ag we subtract the coefficient in (5.60))

from the coefficient of dg/dx in (53§]), as in (5.I8]), and find

5. (1+p)(4+4p+ p? +u? —2p)
g TP (14 p)? + u?
_ 5. @+ (A +p)? +u?+3)
—27f 1+ )2 + 2
3 2(1+ p)
S I [ Sl Y o
2 (14 p)? + u?
- —gx, (5.67)
and we have completed the derivation of Lemma [Q O

Finally, the combination of Lemma[9 and the Cayley transform implies
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Theorem 10. The heat kernel py of Ag on bPs is given by
G%t 2 Y
= T2 5.68
Ps (27t)3/2 ¢ siny’ (5.68)
where ) )
_ 1 1—=p*—u
1 1
= cos x=co8S —, 5.69
7 (1 +p)2 +u? (5.69)
and
24/(1 1 2
sine = V(I +p) (p(1+ p) +u?) (5.70)

(L4 p)? +u?

One notes that the higher dimensional heat kernels can be obtained by
differentiating (5.68]). Also, (5.68]) is the heat kernel from the origin. Given
two arbitrary points, pg has the form (5.68]) after moving the origin to one

of the given points by the Cayley transform of the appropriate element of

the Euclidean rotation group.
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