Bulletin of the Institute of Mathematics
Academia Sinica (New Series)

Vol. 11 (2016), No. 3, pp. 521-570

DOI: http://dx.doi.org/10.21915/BIMAS.2016302

THE SECOND COEFFICIENT OF THE ASYMPTOTIC
EXPANSION OF THE WEIGHTED BERGMAN
KERNEL FOR (0,¢) FORMS ON C"

CHIN-YU HSTAO
Communicated by Jih-Hsin Cheng

Institute of Mathematics, Academia Sinica and National Center for Theoretical Sciences, 6F, Astronomy-
Mathematics Building, No.1, Sec.4, Roosevelt Road, Taipei 10617, Taiwan.

E-mail: [chsiao@math.sinica.edu.tw; |chinyu.hsiao@Qgmail.com

Abstract

Let ¢ € C°°(C™) be a given real valued function. We assume that dd¢ is non-
degenerate of constant signature (n—,ny) on C*. When ¢ = n_, it is well-known that the
Bergman kernel for (0, ¢) forms with respect to the k-th weight ™2 k> 0, admits a full
asymptotic expansion in k. In this paper, we compute the trace of the second coefficient

of the asymptotic expansion on the diagonal.

1. Introduction and Statement of the Main Result

Let L be a holomorphic line bundle over a Hermitian manifold (M, ©),
where © is a smooth positive (1, 1)-form on M, and let L* be the k-th tensor
power of L. Let D,(fq) be the Gaffney extension of the Kodaira Laplacian act-
ing on (0, ¢) forms with values in L¥. The Bergman kernel is the distribution
kernel of the orthogonal projection onto Ker D,gq) in the L? space. We assume
that the curvature of L is non-degenerate of constant signature (n_,n,) on
M and let ¢ = n_. When M is compact, Catlin [2] and Zelditch [18] es-

tablished the asymptotic expansion of the diagonal of the Bergman kernel
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for ¢ = n_ = 0 and Berman-Sjostrand [1], Ma-Marinescu [13] established
the asymptotic expansion of the Bergman kernel for ¢ = n_ > 0. When
M is complete and L is uniformly positive on M with —1RXM and 90
bounded below, where R¥r is the curvature of the bundle of (n,0) forms,
Ma-Marinescu [15] obtained the asymptotic expansion of the Bergman kernel
for ¢ = n_ = 0. More generally, if M is any complex manifold and D,(fq) has
O(k~™) small spectral gap on an open set D € M (see Definition 1.5 in [9],
for the precise meaning of O(k™"°) small spectral gap), then it is known by
a recent result (see Theorem 1.6 in |9]) that the Bergman kernel admits a
full asymptotic expansion in k& on D. The coefficients of these expansions
turned out to be deeply related to various problem in complex geometry (see
e.g. [3], 4], [5])-

The first four coefficients of the expansion of the Bergman kernel for
g = n— = 0 on the diagonal were computed by Lu [12]. The method of
Lu is to construct appropriate peak sections as in |17], using Héormander’s
L?-method. Ma-Marinescu [16] calculated the first three coefficients of the
expansion of the kernel of Berezin-Toeplitz quantization on the diagonal
by using kernel calculations on C™. The author [§] gave a new method to
calculated the first three coefficients of the expansion of the kernel of Berezin-
Toeplitz quantization on the diagonal by using microlocal analysis. All these
results are concern ¢ = n_ = 0.

In this paper, we give for the first time a formula of the second coefficient
of the expansion of the Bergman kernel for ¢ = n_ > 0 on C". We calculate
the trace of the second coefficient of the expansion of the Bergman kernel
for ¢ = n_ > 0 when M = C" and L is the trivial line bundle C endowed
with the metric [1|> = e 2%, where ¢ € C®(C") is a given real valued
function with dd¢ is non-degenerate of constant signature (n_,ny) on C".
There are two ingredients of our approach: the phase function version of the
asymptotic expansion of the Bergman kernel and the method of stationary
phase. Even through the calculation is quite complicate, the arguments in
this paper are simple.

After the paper was completed Wen Lu [11] informed the author that
he also obtained the formula for the coefficient b; by using the method of
Ma-Marinescu [14]. Moreover, Wen Lu [11] obtained the formula for b; on
general compact complex manifolds.
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1.1. Notations

Let 2 be a C°° paracompact manifold equipped with a smooth density
of integration. We let T'(Q2) and 7™(€2) denote the tangent bundle of Q2 and
the cotangent bundle of 2 respectively. The complexified tangent bundle of
Q and the complexified cotangent bundle of Q will be denoted by CT(£2)
and CT™*(Q) respectively. We write < , > to denote the pointwise duality
between T'(2) and 7*(£2). We extend < , > bilinearly to CT'(Q2) x CT™*(Q2).
Let E be a C* vector bundle over ). The fiber of E at z € Q will be
denoted by E,. Let Y CC € be an open set. From now on, the spaces
of smooth sections of E over Y and distribution sections of F over Y will
be denoted by C°(Y; E) and 2'(Y; E) respectively. Let &'(Y; E) be the
subspace of 2'(Y; E) whose elements have compact support in Y. Put
C(Y; E) = C®(Y; E)N&'(Y; E). We let L?(Y; E) denote the L? space

of sections of F over Y.

We shall denote the real coordinates by x;, j = 1,...,2n, and the
complex coordinates by z = (21,...,2p), 2j = T2j—1 +ix2;, j = 1,...,n.
Let AYYT(C™) and A%'T(C") denote the holomorphic tangent bundle and
the anti-holomorphic tangent bundle of C™ respectively. We take the Her-
mitian metric ( | ) on CT(C") such that (a%j | %) (a%j | a—gk) =
Sik, 3k = 1,...,n, ALOT(C™) LA T(C™), where % = Q(Wi_fl - z'af%),
a% = %(ﬁ +z’a%j), j=1,...,n, and &, = 1if j = k, 6, = 0
if j # k. For p,q > 0, p,q € Z, let AP9T*(C"™) be the bundle of (p,q)
forms of C". We say that a multiindex J = (ji,...,74) € {1,...,n — 1}9

has length ¢ and write |J| = gq. We say that J is strictly increasing if

=

1 <51 < jo < - < j;, <n—1 For multiindices J = (j1,...,Jq),
K = (k1,...,kp), we define dzg NdZj := dzj, \--- Ndzg, NdZj, N --- NdZj,.
We take the Hermitian metric ( | ) on AP2T*(C") so that {dzx A dzZ; :
|K| =p, |J| =q, K, J are strictly increasing} is an orthonormal frame for
APAT*(C™). Let T € ZL(APIT*(C™), AP9T*(C")). Then the trace of T is
given by

T T — Z’ (T(dzx AdZy) | dzi A dZy), (1.1)
|K|=p, =g
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where >~ means that the summation is performed only over strictly increas-
ing multiindices. Thus TrT = 0 if

(T'(dzxg Ndzy) | dzg NdzZj) =0 (1.2)

for all strictly increasing multiinindices K, J, |K| = p, |J| = q.

If w € A%YTH(CM), let w* : A%4FITH(C™) — A%4T¥(C™) be the adjoint
of left exterior multiplication w” : A%4T*(C") — A%4H1T*(C"). That is,

(wu | v) = (u | w*v), (1.3)

for all u € A%TF(C"), v € A%ITIT*(C"). Notice that w* depends anti-
linearly on w.

Let E, F' be C*° vector bundles over a smooth manifold M. We say that
a k-dependent function f(z,y,k) € C°(M x M; Z(E,, F;)) is negligible if
for every compact set K C M x M and for all N > 0 and multiindice
«, B3, there is a constant ¢y g,x > 0 independent of k such that for k

sufficiently large, ‘8?85f(x,y,k)‘ < caprk™V, (z,y) € K. Let b(z,y,k) €
C>®(M x M; Z(E,, F,)) be a k-dependent smooth function. We write

by b, y)k N
0

in C®*(MxM; L(Ey, Fy)), bj(z,y) € C°(MxM; Z(E,, Fy)),j=0,1,...,
if for all My € N, every compact set K C M x M and for all multiindice
a, 3, there is a constant cpz, 0,8k > 0 independent of £ such that for k
sufficiently large,

My
8385(1) - Z b](i‘, y)k_NO_]) < CMo7a,ﬁ7Kk_NO_MO_17
0

(z,y) € K.

1.2. The asymptotic expansion of the Bergman kernel

n
Let ¢(z) € C*°(C™;R). In this work we assume that (8%25)%) -
]7 -

is non-degenerate of constant signatute (n_,n4). That is, the number of
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. . 2 n .
negative eigenvalues of ( 8? _ aik) isn_ and n_ +ny =n.
J Jk=1

We take dm = 2"dxidzsy - - - dxay, as the volume form on C™. Let ( | ) be
the inner product on C§°(C"; A%4T*(C")) defined by

(f lg9)= /Cn(f(z) | 9(2))(dm),  f,g € C°(C™; AMIT*(C™).  (1.4)
For k > 0, let (| ) be the inner product on C§°(C™; A%4T*(C")) defined by
(f g)kZ/(cn(f(Z) | 9(2))e B (dm), f,g9€ C3o(C"5 A®IT(C™)). (1.5)

Let Lg((C”) and Lak((C”) be the completions of C§°(C™; A%4T*(C")) with
respect to (| ) and (| )i respectively. We extend the L? inner products ( | )
and (| )i to LZ(C") and L?I’k((C”) respectively.

Let 0 : C®(C™; A%9T*(C")) — C>(C"; A%H1T*(C")) be the part of
the exterior differential operator which maps forms of type (0, g) to forms of
type (0,q +1). We extend 0 to L?I’k((C”) by

Oy : Dom 9y, C L;,C(C”) — L§+17k((C") , (1.6)

where Dom 0y, := {u € Lg’k((C"); u € L2+17k((C”)}, where Ju is defined in

the sense of distributions. We write
9y, :Dom 9y, C L2, ,(C") — L2, (C") (1.7)

to denote the Hilbert space adjoint of 9, in the L? space with respect to
(| )k Let D,(f) denote the Gaffney extension of the Kodaira Laplacian given
by

O = 940y + 0.9, : Dom O € L2, (C") — L2, (C"), (1.8)

where
Dom D,(Cq) = {3 € L2,(C"); s € Dom 9, NDom 8y, Jxu € Dom Iy,

5,:u € Domgk}.

By a result of Gaffney [14, Prop. 3.1.2], D,gq) is a positive self-adjoint operator.
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Let
Y : 12,(C") - Ker O (1.9)

be the Bergman projection, i.e. the orthogonal projection onto Ker D,(f)

with respect to ( | )i and let H,(gq)(z,w) be the distribution kernel of H,(fq)

)

with respect to the volume form dm. Since D,(f is elliptic, it is not difficult

to see that
7 (z,w) € C®(C™ x C*; L(A%4T*(C™), A%9T*(C™)).

We write

H,gq)u(z) = /n ngq) (z,w)u(w)dm(w),

u € C§°(C™; A%aT*(CM)).

It is well-known that D,gq) has O(k~"°) small spectral gap on every open
set D € M (see Definition 1.5 in [9], for the precise meaning of O(k~"?)
small spectral gap). From this observation and Theorem 4.12, Theorem 4.14

in [9], we deduce the following

Theorem 1.1. Let D € C" be an open set and let 0 < ¢ < n. If ¢ #n_,
then e_k‘b(z)l'[,(fq)(z,w)ek‘f’(w) 1s negligible on D x D. If g = n_, then

1% u(z) = / R KONy, yu(w)dm(w) + Ru,  (110)
for z € D, u € C°(D,A™T*(C")), where
b~ i bj(z, w)k" I
0
in C®(D x D; Z(A%T(Cm), A%T*(C))),
bj € C®(D x D; Z(A%T5(C™), A%T(C))),
j=0,1,...,

Ru:/ PO =) (2w, k)u(w)dm(w),
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r(z,w, k) is negligible and

€ CF(C" x C), P(z,2) =0, P(z,w) = —P(w, 2),

Im ) (z,w) > clz —wl?, ¢ > 0. (L11)
For z = w, we have
op _ 06 oy _ 09 Oy _ 09 Oy _ .99 (1.12)
a9z 92 ‘9, w ‘oz w0z ’
Moreover,
Op(z,w) | 09(z) Oz w) | 09(2)
Z( 0%, 873] )( 0zj az] ) (1.13)

vanishes to infinity order on z = w. Furthermore, the Taylor expansion of
the phase ¥(z,w) is uniquely determined at each point of z = w.

In particular,

Hg) (Za Z) ~ knb0(27 Z) + kn_lbl (Z, Z) + kn_2b2(757 z) 4+ ..
locally uniformly on C™. (1.14)

The leading term bg(z, z) is essentially well-known (see formula (1.24)
in Ma-Marinescu [13]).

Theorem 1.2. Let ¢ =n_. Forp € C", we assume that A\j(p), j=1,...,n

7

are the eigenvalues of (85]-25; (p)):’k:1 with respect to (| ) and that \j(p) < 0
if 1 < j <n_. Let Ui(p),...,Un(p) be an orthonormal basis of AVOT,(C")
such that < 006(p), Us(p) A Ut( ) >= 054 As(p), s,t =1,...,n. Let U;(p),

= 1,...,n, denote the orthonormal basis of A071T;((C"), which is dual to
U()]—l .,n. Then,

bo(p,p) = M (@) X2 @)] - M@ =™ T] T; ) T (1.15)
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1.3. The main result

In order to state our result precisely, we have to introduce some notations
and definitions. Let

F: AYOT(C) — AYOT(C™) @ APIT*(C™)

be a linear operaor, where p,q € Z, p,q > 0. We write F = (Fj,k)?k:p
Fjr € APIT*(C"), 1 < j, k <m,

0 "9
F— = — ®F; 1.1
aZk ]z::l aZ] ® ‘],k7 ( 6)
k=1,...,n. We have
(FU | V)= > up;Fj € APIT*(C"), (1.17)
Gok=1

where U =>4 uk%, V=3 vja%j e ALOT(CM).

Let T : AMOT(C™)) — AYOT(C") ® A™'T*(C") be another linear oper-
ator, where r,t € Z, r,s > 0. We write T' = (T} ) T; € AWT*(C™),
J,k=1,...,n,as in (IL.I7). Then

n
jik=1’

TF : AYOT(C™) — AYOT(C™) @ APTHatir(C™)

is the linear operator defined by TF% = sz:l aizs ® (Tsj NFjr), k =

1,...,n.

We assume that F' is smooth. That is,
F:C>®(C™; AYT(CY)) — C>=(C™; AMOT(C™) @ APAT*(C™)).
Let
OF : C°(C™; AYOT(C™)) — C*°(C™; AVOT(C™) @ APITIT*(C™))  (1.18)

be the smooth linear operator defined by EF% =30 C%_ ® (OF; ), k =
1,...,n. Similarly,

OF : C°°(C™; AMOT(C™)) — C>°(C™; AMT(C™) @ APTHIT*(C™))  (1.19)
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is the smooth linear operator defined by 8F% = 29:1 8%]- ® (0Fjk), k =
1,...,n.

Let
My : C°°(C™; AMOT(C™)) — C¢=(C™; AM°T(C™)) (1.20)
be the smooth linear map defined by
(MU | V) =< 30¢,U ANV >, (1.21)
U,V € C®(C" AYT(C™)). Note that M, = (%);:1 in the sense
of (LIG). We write M, ' : C°°(C"; AYOT(C")) — C>(C"; AYOT(C™)) to
denote the inverse of My.

We recall that we work with the assumption that My is non-degenerate
of constant signature (n_,n,). For z € C", we can diagonalize My(2),
i.e. we can find an orthonormal basis {Uj}?zl of AMT(C™) such that
My(2)Uj(z) = X\j(2)Uj(2), j = 1,...,n, A\j(2) € R, j = 1,...,n. From
now on, we assume that

My(2)Uj(2) = Aj(2)U;(2), Uj(z) € AVOTL(CY), (U; | Uj) =1, j=1,...,n,
Aj(2) <0, 5=1,....,n_, \j(2) >0, j=n_+1,...,n (1.22)

Let W, be the subbundle of AT (C") spanned by {Un,+1, el Un} and
let W_ be the subbundle of A“°T(C") spanned by {Ul, oo Un } We take
the Hermitian metric ( | )5 on AM°T(C™) such that Wy LW_, (U | V)4 =
(MU | V)i U,V € Wy, (U | V) = —(MyU | V) if U,V € W_. The Her-
mitian metric ( | )4 on CT'(C") induces a Hermitian metric on AP47™(C")
also denoted by (| )4 We take the Hermitian metric ( | )4 on AM0T(C")
CT(C™).

The two form 99¢ induces a connection Dy on the bundle AL0T(C"):

Dy =d+0:C®(C"; AMY(C™)) — C°°(C™; CT*(C") @ AM°T(C™)),
N gy o O ‘ ) (1.23)
Dy(¢) =) (d&)) ® oz, + D) 0k ® 9’

j=1 1<j,k<n

n — n 2 n
where £ = 37, &52 and 0 = h™'0h = (6;4)",_,, h = (agjg;k)jk:l. We

call # the connection matrix for 99¢. The curvature of the connection Dy is
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given by

Oy =00 = (9011) g = (©)} 41 >
0, : C=(C™; AMPT(C™)) — > (C™; AMITH(C™) @ AMOT(C)),

n P n 9 (1.24)
£€= ;éja—% - MZZI Ot @ 5
For j =1,...,n, define

dij(k) =0 if {5k} c{1,...,q} or {j,k} C{qg+1,...,n}

8;(k) =1 otherwise. (1.25)

Define

Q : ALOT(C") — AMOTH(C™) @ AT (CM),
INj| 0k (5) + | As| 0n(5)
< (QU; | U),Us >= -
QU | U U >~ 500 5 T3
|)‘j‘2|)‘8‘2 1 +
M1+ IR IADE N IR [Ae] + [ As]

— 0%(J) 0k () X

)2> < (OMyU; | Up), Uy > .

(1.26)
It is not difficult to see that the definition (I.26]) is independent of the choices
of eigenvectors Uy, ..., U,.

Define

R=0,—(0M;")Q: AYT(C") - AM'T*(C") ® AYT(C).  (1.27)

Put ej:ﬁUj j=1,...,n, where U;, j = 1,...,n, are as in ([.22).

The main result of this work is the following

Theorem 1.3. Under the assumptions and notations above, let ¢ = n_. For
p € C" and for by in (LI4), we have

Troi(p,p) = 2" [M(p)| [A2®)] -+~ [An(p)| 77"

x( > ajs(p) < (OMyUj | Up),Us >* (p)
1<k<q,q+1<j<n,1<s<n
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|>\| Ak _
+ E (14 6;( < (Re; | e JE€i Neg >

n

—Z@mﬁ%mmmmmuwmwmw>

k=1
(g ‘|¢| )) (1.28)

where for j,k,s =1,...,n,

01 (o) = 817)61(5) ()
(P P (N P TR 0

Remark 1.4. It is straight forward to see that the right side of (28] is
real (see (5.20))) and is independent of the choices of eigenvectors Uy, ..., U,.

2. The Taylor Expansion of ¢(z,w) at z = w

From now on, we assume that ¢ = n_. The goal of this work is to
compute Trby(p,p), for p € C". We may assume that p = 0 and by taking

unitary transformation, we can assume that near 0,
n n
— — 2 3
6(2) = a0+ Y (a;2 + ;%) + > A |z* + O(|2%),
j=1 J=1

where Aq,..., A\, are eigenvalues of My, ag € R, a; € C, j =1,...,n. Put
5 =¢—ag— Z;L:l(ajzj +a;Z;) and let ﬁ,gq) be the Bergman projection with
respect to e~ 2k as in (LJ)). It is easy to see that

Hg]) — ekaO+kZ?:1 a;zj o ﬁgl) ° e—kao—kZ?:I a;zj

(@)

Thus, the coefficients of the asymptotic expansion of the kernel of II;” on
the diagonal are the same as the coefficients of the asymptotic expansion of
the kernel of ﬁ,(f).

From the discussion above, we may assume that

$(2) = M|z + ezl + - 4 M|zl + O(12°) (2.1)
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near z = 0. Suppose that \; <0,5=1,...,¢,and \; >0, j=q¢+1,...,n
In this section, we are going to compute the Taylor expansion of ¥(z,w)
at z = w = 0. We introduce some notations. For a = (aq,...,ap), a; €

1/

NUO0, j =1,...,n, we put & = (ai,...,0q), & = (gt1,...,00). We
write < X, o/ >:= 2321 Njag, < N o >:= E] g1 N, < [N ol >i=

doim1Ajlag and < N[ 0" >:i= 3%

i—g+1|Ajl . The main goal of this

section is to prove the following

Theorem 2.1. Under the assumptions and notations before, we have

$(z,0) = i YNl
j=1

<N o' >+< N, B> ¢ 7228

+i Z
< A// 1 > < A/ / > a—aa 6 ' '
|o|+18=3,(a” ,8") £0 (N o >+ <N, B 70z ol
d 1
+ = Il A
2 Z |)\j|—|—|)\k|_|_|/\s|< N1 = [Ak] = [As]

q+1<5,k<n,1<s<q

2Pl SNy 0%y
N+ As]  [Ak| + [ As|/ 02j02,0% Jores
1 1
5D Mgl + el + Al
2 a+1<j<n,1<t,5<q Al Al 4+ A (
_ 2 |/\t| |/\s| 2 |/\t| |>‘ | ) 83¢ ( )Z'Etz
IAj] + | M|+ [ Ns|/ 0207025 7 7F
1 bt
3 Z 82]82k8z5( )22
q+1<]ks<
= = 4
Z 8@8%82 97.07,07, VZiAzs + Oz, (2.2)
1<]k8<q
in some neighborhood of 0. Moreover, we have
oty
07,0250 ")
-5 sl 7o)
S I+ ) (Il + A1) 97002502,

_|_

(21D (AR D LI X+ el 7 0700207
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2i |\ o bt
+ 0 0
CRERE W L e )
2 | Ag| PBe 2

+ — 0
2 (TP (o) 5202,

n

24 [Ar]|A]1A (Lo,
MDA+ s+ D) AT A+ ]
2 || Pd oy 0% (0)
(|>\1<;| + X)) ([N + | Ak|) 0240Z;0z;  * 0Z40Z 0z
. )\ + A 64525
|>\ | + [ \i| 0Z;02;0Z;,0z

e
) 07,00 )

where g+1<j<n,1<k<gq,

oy i( ' 3 (Ihel =+ ]+

e t j k
8z]8zjazkazk P |)\t| + I)\ \ + \)\k|) ’

ML TR )

A1 Al (Al [l

&

82;]82']8%3%

0) 2)

(0), (2.4)

2%
02,0%; 0%,

where g+ 1 < j,k <n, and

2

3¢
————(0)
07020z,

LRI < G —r N W

= a. o= o Y, = t j k
0202070z, ot N el + ]+ ) ’

I ENEL )

0*¢

A1 [Ak] A1 Ak ]
55050500 ) (2:5)

where 1 < j,k < q.

To prove Theorem [2.1] we first need the following (see [7], for a proof).

Proposition 2.2. Under the assumptions above, we have

Y(z,w) =i Nllz— w48 N (Ew; —W52) + O(|(z,w)[P) (2.6)

Jj=1 J=1
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near z = w = 0.

From (2.1) and (2.6]), we may write

D(z,w) = iy Nllz— w40 N (Fw; —w2)
s =1
+3(z,w) + gz, w) + -+, (2.7)

where 1j(z,w) is a homogeneous polynomial of degree j in (z,w), j =

3,4,..., and

2) =Y Nzl + da(z) + dalz) + - (2.8)
=1
where ¢;(2) is a homogeneous polynomial of degree j in 2, j = 3,4,.... Now,

using (2.7)) and (2.8)) in (LI3) , we get

O Op3 | Oy Oy
;( (2X( )T Y Ties, T e,
O3 | 093 Oy by
x(= azj "o, "5 Ty )

Ovs  O¢p3 Oy Oy
+ (%T*a—zﬁ 5 o)

Jj=q+1
0 0 0 0
< (20 (% — ) - a—"‘“” " 84"3 - 8—1/’4 " a%_‘)) —O(|(zw)). (29)

We regroup the terms in ([2.9) according to the order. Then, the order

three and order four terms are the following

n

T3(z, w) Z2z|)\| )— ZZZ|)\|_%
j=q+1 J
N d )
- —ZzA ‘;;?’Z(' 2) _ 3 2z - wy) ‘g?’z(?), (2.10)
T = !
Tz, w) ZQZP\ w; 20 ) 3 21\Aj\wj78¢g(;fw)
Z J
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= —22)\ ] 8¢4( )_ z”: 2>\j(2j—mj)a¢4(Z)

0z _ 0z ;
Jj=q+1 J
s (z,w) 8@53(7:) OYs(z,w)  Ogs(2)
_Z< 8ZJ 6Ej )( 8Z] + 8Zj )’ (211)
where
T = ZQZP\ |z](9 + Z 2zmz]a . (2.12)
Jj=q+1
Let
b3 = Y5 + 3 + ¢35 + U3, (2.13)

where 1/1% is a homogeneous polynomial of degree j in w, j = 0,1,2,3. Now,

we write (2.I0) according to the degree of homogenity in w, we get

q n
0 0
j=1 j=q+1
q 0 n
OYs 09 _ oy 9
T?/J% = ZQ}\jwj(—Za—zj + 8—;) + Z 2)\] ]( 623 + a—zj) (2'15)
j:l J=q+1
. 043
)3 —Z2Z|)\ |w] + Z 20 |\ W —= 7z (2.16)
J=q+1
We need

Lemma 2.3. We use the same notations as before. Let
9= Gaprs? WU h= Y hap 57T,
a,B,7,0 a,B,7,6
where a = (a1, ...,ay), a; € NUO, j =1,...,n, and similar for 5, v, §. If
Tg=h, then

ha,gre =0 if (", 5") =0, (2.17)

1 1
= — h ) "B 0. 2.18
9o,B,7,6 2% < |)\”| >+ < |>\/| B > a,B,7,0 if (a B ) £ ( )
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Proof. From the definition of T (see (2.12))), we can compute
T(ga,57%5§°‘25@7w5) =0
if («,8") =0, and
T(ga,gm(ﬁazﬁﬁ'ywé) = 2i(< P\”‘ o >+ < ‘X‘ B >)Eazﬁﬁ'ywéga,gm§
if (o, ") # 0. From this, the lemma follows. O

From Lemma 23] [214), [2.15]), (2I6]) and very complicated computa-

tion, we can determine 99, ¥ and 2 modulo terms 7(z,w) = O(|(z, w)|*)

. olal+18ly
with 0z%028

2 in [10] for the details)

0if (o, 8") # 0. Moreover, we have the following(see Section

Proposition 2.4. Under the assumptions and notations before, we have

P(z,w) =i NIz — w40 N (Fw; —W2)

Jj=1 j=1
K >, <N >4 <N, B> Pp 7P
lal-+8=5. (0", 3)2£0 <N, a" >+ < N[, B > 08299 alp!

e 728w, 03¢
DD ( a!,@!]azaazﬁazj(o)

J=1lal+|8|=2,a"#0

20| < V], > )
< |>‘//| 70// >+ < |)‘/| 75/ >)(< |>‘//| 70// >+ < |)‘/| 75/ >+ |>‘J|)

- Pw; 9%
i) > ( a!ﬁ!]azaazﬁazj(o)

J=q+1al+|8|=2,6'#0

T

y 2|\ < [N[,B > )
KIVT. a7 > + <IN, B >)(< WV, > + <X, 8 > + 1)
‘ P Aj]As]

_ g 0 J
T Z (zkw]w c‘ﬁkﬁzjazs |)\k‘ + ‘)\]| + |)‘S‘

q+1<k<n,1<j,5<q

1 1
_l’_
SGwenrwhd rwinwi)
Z 83¢ 0 ‘)‘]| |)‘8‘

(zkijs — '
1<k<q,gH1<),5<n 02,0702 Ikl + Al + 1

—1
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1 1
_|_
(T |Ak|+|As|))

Z _ 2 [\ Ak PP

Z W LW — — (0
e PR (N + T+ D) 970,07

+i

: - 2 [ Al ] ¢
—1 Z ZsWEW; — (O)
ks (AT DA+ AT+ kD) 9220202
+R(z,w) + O(|(z,w)["), (2.19)

where R(z,w) = O(|(z,w)|*) and 8!9255‘;:/3}% =0 if (a",8) # 0.

Now, we are ready to compute 8‘0‘8 ﬁ(0 0), where |a| + |8] = 3 and
3
(o, ") = 0. We compute R ) (0,0), 1 <sp<q,q+1<j0,ko <n.

82J082k0
From ¢(z,w) = —¢(w, z), we have

P3P (z,w) L P3P (z,w)

855082’]'082%0 8w80 awj'oawko

(2.20)

To compute %ﬁ%(o, 0), it is equivalent to compute - Py (0,0).

8w308wk0
From (LI2)), we know that
Op(z,2) _.09(2)

8@0 - 823'0 ' (2.21)

Differentiate (2.21I]) with respect to Zx,, we get

2 2 2
ow;, 0z, Ow;,0W, 0%y, 0% j,

Again, differentiate ([2.22)) with respect to zs,, we get
03 03
%(07 0) + +
OW , 0% Zs 0w i, 0Zy,, Ows,
Y 03

O 1y 0, 02, O 1, 0, Oy

(0,0)

P3¢

0,0)+ Der %0

(0,0) = —i (0). (2.23)

From (2:23]), we have

O3

8@-0 8@]% 81[)50

P3¢ O3

0,0) = —i— 22 () —2Y¥Y
(0,0) 0%, 0%00759 O, 0% 5y 2eg

(0,0)
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831/1 831/1
_ e e — .(2.24
8@j082k08w80 (O’ 0) 8@]'08@]%8280 (O’ 0) ( )
In view of (2.19), we see that
3 — 9% I \s 3
— ai/} (0’0) _ Z|>\JO| |>\SO| — 8_¢ (0)
Ow;,0Zk, 2s, ( | Ajo [ Ak |+ s |) ( | Ako [+ Aso |) 0%y 0%, 025
3 2 . s 3
— 8_7/’ (0’ 0) —_ ? |>\]0| |>\ 0| — a_qb (0)
8wjoazkoawso ( ‘)‘jo‘""‘)‘ko ‘ ""‘)‘80 |) ( |)‘ko|+ |)‘So |) 8zkoazjoa*ZSo
0 gy = 2Nl Dl
amjo amko 8zSo ’ |>‘k’o | + |>‘80 | + |/\j0 |

1 1 FoR10)
X + — (0).
VR IR W vy Db

Combining this with ([2.24]), we have

03
0w j, 0wy, Ows,
(- =21\l Pl
(‘)‘jo| + ‘)‘ko‘ + ‘)‘so‘) ( |)‘ko| + |)‘so|)
2i | Ajo | [Aso|
(|/\j0| + |/\k0| + |/\So|)(|>‘k’o| + |/\So|)
2l Al L1y %
|>‘k’o|+|>‘80|+|>‘jo| |/\j0|+|/\80| |/\k0|+|/\80|
1
= i (Pl = Pl =
2[Njol Mol 2\/\jo\\/\ko\) 9%¢
‘)‘jo‘ + ‘)‘80‘ ‘)‘ko‘ + ‘)‘80‘ 3§koa§j03280

(0,0)

Tz om0

(0). (2.25)
From (2.20]), we obtain

D3 i

- el = el = s

Ton T = T ¥ Pl F ]~ Pl Pl =Pl

2 Ajol kol 2‘)‘jo||)‘ko|> ¢
|/\j0| + |/\So| |/\ko| + |/\So| aZjoazk’o 8330

(0). (2.26)

We can repeat the method above several times to determine all the terms

agz%, («”,B") = 0. The computation is straight forward. We omit the

process. We state our result
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Proposition 2.5. Under the assumptions and notations before, we have

9(2,0) = i3l
7=1

S <Moo >+ <N B> Py 7P
1
<N o >+ < | N, B > 029028 alpl

\a|+\ﬁ|:3’( //751)
i 1
2 > — A = (Al = A
2 i< i<s<a |)\j|+|)‘k|+|>\s|<
2|01l | 202y ||>\k|) 93¢
|>‘j|+|)‘8| Ak + [As] 02j0z1,0%
i 1
"2 2 (IM + [kl + [As]

g+1<j<n,1<k,s<q [Ajl+ (Al + 1A

20l ASL 2 k][] > oAt
NI+ el I+ XS]/ 0207007,

7 33(;5
3 > m( )2 2125
q+1<jk,s<n I s

i 3¢
*3 > W(O)Zﬂkzﬁmlzl ), (2.27)

( )ZjZkEs

(0)zjZrZs

in some neighborhood of 0.

Now, to complete the proof of Theorem 2.1l we only need to compute
o4 . . .
the terms Wéékazk(o’ 0), 1 S 7 k’ S n. Take w = 0 mn (m), we obtaln

_ N s O3 O3 Db
Toa(=,0) = _;(253 (0) + 5o () (=i, (2,0) + 5.2(2)
- 094 - _ O¢y
_;2>\ij 82]' (Z) _jzzq;l 2)\ij—an (z) (228)

From (2.:28]) and by some direct but very complicated computation, we can
4

determine the terms W(0,0), 1 < 4,k < n and hence finish the

proof of Theorem 2.1l We refer the reader to Section 2 in [10] for the details.
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3. The Transport Equations for D,gq)

3.1.The transport equations

In this section, we will write down the transport equations for D,(fq) and
we will solve the first transport equation at z = w in some sence. The
main reference for this section is [1]. We first derive representations for 0,

52 in spaces without exponential weights, by using the following unitary

identifications:
L3(C") L2 (CY)
q a0,k
(1) i o
w4 =e"Pu
Using (B1]), we get
i = k9, (3.2)

where
Z( az] 882 )> (3:3)

Now the formal adjoint of 9, for the inner product ( | ) given by (L4) is

S (A <_a_+ k22)), (3.4)

= 0z
where in view of the unitarity of the relation (3.1]),
3"t = "9 u. (3.5)
We can identify the Kodaira Laplacian with
09 = 3,0; + 0.0.. (3.6)

Put
f[,(f) : Lg((C”) — Ker ﬂ,(f) (3.7

be the orthogonal projection with respect to (| ) and let f[,(f)(z,w) be the
distribution kernel of f[,(f). From ([32) and (33]), we have

1Y (2, w) = e O (2, w)eko®), (38)
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In view of Theorem [Tl we see that
I (2, w) = FEDb(z,w, k) + 5(z,w, k), (3.9)
where b(z.w, k) ~ >0 bj(z, w)k" 7 in
C>®(C" x C; L(A%T (C™), A%T*(C"))) and S(z,w, k) is negligible.
From ([3.3) and (8.9), we have

e M (2, w) Zk 87 + — d‘Ab+Zd (,f— (3.10)
J

From this and (3.4]), we can compute

n

o . N
eGP (2,w) = 2 3 (iDL 4+ 020G 2L L 00 g gy

= Oz Oz’ 0z; 0%
~ 0 0p 0D p o n Ak op Ob
k Z azt(zazj o )dz; " dz)b /-c]; Z@z] +— azj )dz; " dz) T
+h Y ( L d‘A*d_ Z dz)* dz) b (3.11)

0z 8zt % 82] % 02.0z;

J,t=1

Similarly, we have

A 96 0 .
VG (2, w) — K2 Z( 0% L 99300 | 99 ez

s Si=1 82] afj 8zt 8Zt J
N0, O 0, a o a L 9., Ob
+k z_: 82j( 5, + g b+ k Z —i5, + 5, )05 5
7t=1 7,t=1
O 0P a a0 N o ak O%D
— — + —)dFdz " — — Nz, . 12
g Nzl( oz, T o) E T g, j; o, (8.12)
Combining BIT), BI2) with dz} o dz,™ + dz,”" o dz} = §;x, we get
—iky(@)yla) — 2 ¢ % 87/’ o
eIz w) = ;( oz oz Tlas T el
- 8 1/} ¢ —A VAV S = a a¢ ¢ N, % A
kY o (i + 2 )dZNdz) b — k = ) aEM AN
+ 2:21 82]( 0z + 8zt) Z 8zt 6z] + 82]) Feo 0%
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aqs b a¢ b = %
+/<:Z 8z] +8zj 0%; kz:: 82] +8z] 0z z_;(‘)zjafj' (3.13)

We regroup (B.13)) according to the degree of k£ and notice that the leading

term in (B.I3) vanishes to infinite order on z = w and lj,(gq)f[g) =0, we

obtain the following
Proposition 3.1. We have

S0 O 06 ey N~ OO0 00
_; azj( e PR L Z::l 955z, T oz, T it

" ¢ by Ny 0% Dby
+Z_: az] 52,7z Z( =R (3.14)

vanishes to infinite order on z = w and

- i . 8_1/} % A = AKp = i a¢ foler Ak A
: 3%( oz 8Zt)dzj EAUEDY aZt( oz, oz j)d_ b
=1 t=1
+jzz:(—za—zj 6_2] 8—Z] - ]z:;(za—zj + 6—3] 8—Z] - e 8Zj82j (315)

vanishes to infinite order on z = w.

3.2. The first order of the Taylor expansion of by(z,w) at z = w

Now, as in section 2, we assume that ¢(2) = >7_; A; |2;]2+O(|2[*) near
0 and that \; <0, j=1,...,gand A\; >0, j = ¢+ 1,...,n. We work in
some neighborhood of (0,0). Put

bo(Z,w) :bg(sz)+b(1)(sz)+b(%(z7w)+ ) (316)
where b% is a homogeneous polynomialof degree j in (z,w). We recall that

q
b =7 " [Aul Aol - Al [ ] d2)dz)"
j=1

(See Theorem [I[21) For 1 < s <mn, put x1(s) =1if 1 < s < qgand x1(s) =0
if g+ 1 < s <nand put x2(s) =1 — x1(s). We recall that for any operator
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T € ZL(APAT*(C™), APAT*(C™)), the trace of T is given by (L.I). The first
goal of this section is to prove the following

Theorem 3.2. Under the notations above, we have

bh(2,0) =

> L & (0)z4dz,*dz/b)
1<i<nih<qi<s<n I+ Ak + [As| x1(s) 0%;02,02 k J

1 83¢ AN 0
+ — — (0)z5dz, " dz}b
q+1<]—<n,1§<%<q,l<s<n [N+ [Ae| + [ As| x2(s) 0Z;02,0%s ke TR0
As o
n Z | As| _@5
(IA; FHAED (A AR H As|) 025071024

¢+1<j<n 1<k<q.gt1<s<n
|As] 0’9

+ — W—
2 (A 1+ XD N+ Ak ] As]) 020Z1,0Zs

q+1<j<n,1<k<q,1<s<q

1 8¢ 0 1 3 Y
2 SNl s ] 970207 =05~ > qmm(o)zsbo

q+1<s<n,1<5< 1<s,5<

(0)zsbpdz, " dz;,

(0)Zsbpdz, " dz)y

3
+ > s ¢ (0)z:9

\<sqgricicn Pl N1 H[As]) 9750207

3
Y ! 00 (0)zat

I<s<qqri<i<n |>\]| + |/\s| 82]'8Zjazs

3
S ad O (o)

cirzsaricicg Pl (A + [AS]) 975020z

+ D L_G¢ (0)25bo- (3.17)

G+1<s.j<n |/\]| 8Zj8Zj8Zs

As in section 2, we write

Y(z,w) =iy Nz —wil?+1 ) Ni(Zjw; —w;2)
o = (3.18)

+1/}3(Zaw) +¢4(Z7w) +

and

$(2) = > Njlzi* + ds(2) + palz) + -+, (3.19)
j=1
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where 1;(z,w) is a homogeneous polynomial of degree j in (z,w), j =

4,..., ¢j(2) is a homogeneous polynomial of degree j in z, j = 3,4

Now, using (3.16]), (3.I8) and (3.19) in (B14]), we get

- * a¢3(75 U)) 8(]33(2) —A 3=\, *
7AN N, 7AN y
(‘Z 2|\ dz)dz) + Z R e LA
j—q+1 Jit
5¢4 (z,w) 3¢>4(2’) A=A (10 | 4l 2
+];1 0% 0z 0z Jdz; dz, >(b0 +bo(z,w) + by (2, w))
- _ 0 87/13 (z,w) | Op3(2) Ak A
(Zz N dz)*dz) Z 8zt i e LA

e a?z%dzf’*df?) 08+ () + 6
Jit

oby(z,w)  OBE(z,w), <, .03 Op3. Ib}(z,w)
+ Z 21l G5 =) (= =+ =5 )4y (= L A S
J=q+1
8b0( w) | Obg(z,w), N~ s o3, Obh(z,w)
+22|)\‘ 8zj + 8zj ) Z(Z 8Ej+82j) 8zj
20(|(Z7w)|3)-

(3.20)

It is straight forward to see that the order 1 and 2 terms in (B:20]) are the
following

Iiew) = —( 3 (i) | 96ale)

dzidz)*
e 182] 0z 0z Jdzjdz,
"N 0 0Ps(zw)  093(2) . aw n) a0
Z 8zt( 873] + 0% Jdzy " dz )bo
J,t=1
+ Z 2|\ |— 05 sz ‘%0 w) (3.21)
Jj=q+1
and
"9 81[)4(2 w)  004(2)\ A Ak
2 — /\ )
Lb3(z,w) = (j’t:1 e A

0 ,.0Py(z,w)  Opy(2)
B Z 8zt( 0% + 0%

)dz)* dz) >b8
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_ —~ 0 87/’3(3 w) | Oh3(2)\ a s
( A P P

B z”: 9 81/)3 (z,w) N D3 (z)

)z, dz} )b (2, w)

aZt 82’] azj
_E":( OY3(z,w) N 8¢3(z))8bé(z,w)
j—l 82'] 82]' 85]'
Os(z,w)  9s(2), Db, w)
+Z 8,2] 823' ) aZj
+ Z 2|>\|_7 Z2|A| ) (3.22)
Jj=gq+1
where
n 0
L= Y 2yldz)az) +Z2|A |dz}"dz) + Z 2%
]:qH j=1 Jj=q+1
0
7j=1
We rewrite first term of the right side of (3.21)):
"9 Os(z,w) | 93(2)) n ns
(Z 0%; 0z * 0z )dzj &
7,t=1
B 20, 0Ys(z,w) | 003(2) a1 a) 0
Z 8zt( R dzj)bo
__" 9 Ous(zw) | 995(2)) i n nspo
a 32:31 82]( 0z + 0z )d d_ %0
"0 0s(zw) . 003(2)\ Ak nro0
—|—Z 82]_( o%; + oz, )dZ', dz} by
7j=1
" 02 ¥ *
b3 T e g
Jit=1,j#t 3=
- a2¢ — A\, % *
B 8zj38(Zt) (252" — = dz5) b, (324
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Note that dz)dz;"" +dz,""dz} = ;. From the form of b (see Theorem [L2),
we can check that dE?dE;-\’*bo =0ifg+1<j <n, dE?dE?*bo = b if
1<) <q,dz}"dz)b) = 0if 1 < j <q,dz}""dz}b) = b if ¢+ 1 < j < n and
when j # t, d22\7*d29b8 #0ifandonlyif¢g+1<j<nand 1<t <gq. From

this observaton, ([3.24)) becomes

B - 0 OYs(z,w) | 0d3(2)\ a nx
<]§=:1 9z; ' 0zt * 0z )dzj @
"9 OY3(z,w)  Op3(2) Ak 3=A '\ 1.0
-3 R @z} )0}
7,t=1
q n
0, Oz w) | 0¢s(2), 0 0 OPs(z,w)  O¢s(z) 0
N e o L LD DIl ey e i ERRL
=1 J=q+1
= 625253(73) Ak 1=A7.0
+2 > 5297 dz,"" dz) b, (3.25)

q+1<j<n,1<t<q
From (2.19)), it is straight forward to see that

9 Plew) | 00s(2)) g~ 20 P

A 0 Dyl + %] 32;02,02, ) \Fe ~ )
(3.26)

qg+1<s<n

where 1 < 7 < g and

i(iﬁng(z,w) n 8(;53(2)) _ 2 | s B¢
82]- 82]' 85]- . |)\J‘ + ‘)\5‘ 82]'82]'828

1<s<

(0)(zs —ws), (3.27)

where ¢ +1 < j < n. From ([3.25), (3:26) and [3.27), (3:2I) becomes

2] 03 e
Lhg(zw) = = 3 00 o)z, — )
pr1<szmi<icq il 141 0730702,

3
ey 290 g g

1<s<q,g+1<j<n INj| + [ As| 0Z02;02

- 83¢ AVES 0
+2 Z W(O)st?t’ dz?bo
g+1<j<n,1<t<qg,1<s<n O I970%s
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. 83¢ AW
2 Z ——F——(0)Z,dz;” dEJA»bg
q+1<j<n,1<t<q,1<s<n azjaztazs
ab
+ E 2|); I_ +Z2|>\| 0 )‘ (3.28)
j=q+1

Now, we write ([8.28) according to the degree of homogenity in w, we get

2‘)‘8| 83¢ — 30
B -~ % ey
g+1<s<n,1<j<q [Ajl + |As| 0730207

2 A 3
+ Z al L (0) 2509

1<s<q,q+1<j<n Al |As| 9750250z

” 2 57,0407, V0 A NG
H1<j<n.i<t<gi<s<n 0710%t0%s

"~ D3¢ A
2 e (0)Z.dz, dZ)b) (3.2
+ . Z 82]aztags(o)z Zt Z] 0 (3 9)
q+1<j<n,1<t<q,1<s<n

and

3
Wow = 3 2N B

q+1<s<n,1<j<q |)\]| + |>\S| 83]82]828

_ Z 2 | s _ Po 0wt

1<s<q g+1<j<n |)‘J| + |>‘S| aZjazjazs

+ Z 212 |_ ZO +Zq:2|A| ). (3.30)

=q+1

We pause and introduce some notations. For multi-index J, we write
J =q J AT = (Gi,..000¢), 1 < g1 < ja < -+- < Jg < n. Set
dz/ = dz; A---Ndzj,, J = (j1,...,jq). Then, dz7, |J| =¢q, J 7, is an
orthonormal basis of A% (C™), where 0 is the origin in C*. Let M, dz7 4z
|J| = |K|=gq, J,K /, be the C-linear operator:

MdEJ’de : AO’qTO*((C”) N AquTO*((cn)
dz? — dz¥
dzl —0 if I #J. (3.31)
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It is clear that M.s ;-x, |J| = |K| =gq, J,K 7, is a basis of the vector
space .Z (AT (C"), A%4T;(C")). For m € N{J{0}, put

P™MZ (AT (C), A% T (C™)))
- Y A 57T 0% Ay 5 € L(AMIT(CM), APITS(C))
o181+ Py |-+16]=m

For multi-index J, |J| = ¢, we define
F(y=2 > [yl+2 D I (3.32)
J€Jq+1<j<n JEJ1<5<q

Put In = (1,...,q). Note that F(J) # 0 if and only if J # Iy. We have the
following

Lemma 3.3. We use the same notations as in the discussion before The-
orem 211 and before. If we consider L as the operator (We recall that L is

given by (3.23)).)
L: P™(L(AMT5(C"), AT (C™))) — P™(L(AMTG (C™), AT (C))).
Then,

Ker L (3.33)

— O‘?B7’Y76 =0 B—'Y é. O‘?B7’Y76
= Z 1y MazgazioZ 27w w ¢ eC
al+|Bl+|y|+]d|=m,(a,8)=0,|T|=q,] /

Moreover, for A € P™(ZL(A%TF(C™), A%T;(C"))), we write

J — _
A= Z c?‘,’%m MdEJﬁKzazﬁw“’wé,
|+ B+ v +[8|=m,|J|=|K|=q,J, K *

ci’[i’%é eC. If ci’ﬁ)’%é = 0 when (a",8") = 0. Then, we have LB = A,
where

— a7/B7’Y75
B j— Z CJ7K MdEJ,dEK
a8+ |+8|=m,|T|=|K|=q,J.K /K #Io if (¢, 8") =0
1

sa B—=v, 0 4
FE <V s sz Vg s o r e, (33
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where u € Ker L.

Proof. We recall that

n q n
L= Y 2\ldzjdz)" + ) 2|\ ldz dz) + >0 2(\l7
J=q+1 J=1 J=q+1

I d

+Z2\Aj|zj—az'.
i J
7j=1

9
0z j

For My gzxc, |J| = |K| =¢q, J,K /', we have

(L(MdzJ7dEKEaZBWU)5)) dEJ
n

q
- ( ST 2y dzpdz) + Y 2N dz)dz)

=t =1
+ f: 2|x|zi+f:2|x|z-i)dzf<zazﬁ
' ARV} agj / )17 azj
J=q+1 J=1
= (2 oo l+2 DDyl
jeK q+1<j<n J¢K 1<i<q

o< |>\//| o' >4 < P‘/‘ N >))dEKEazBEﬂ’w5

’a//>+<‘)\/

_ (F(K)+2(< |\ NGk >))dezazﬁww5

and

if I # J. Thus,

L(MdszEK )Eazﬁwww(;

- (F(K) +2(< V], o" >+ < V], >))Mﬂ1ﬁ@0‘zﬁww5. (3.35)
From (B3.35)), the lemma follows. O
It is not difficult to see that b = |A1]|A2| -~ [An] T "M yry 1o and

Az} dz b = [ M| [Xo] - [An| 7" 010 2 a0 (3.36)

where ¢+1 < j <n, 1<t <q. Combining this with (8:29]) and Lemma [3.3]
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we get the following

Proposition 3.4. We have that

1 P3¢
by(2,0) = _ 0)2,dz) dZ)b)
0= TR aeIE0as, O

1 a3¢ A, %
+ — —(0)Z,dz, " dz/b)
q+1§j§n,12§:t§q7lgsgn N+ s xa(s) 0202007 T

- : 70 (oyzf

pr1<sgmi<icq il 141 0730702,

Z 1 Foato)
i = (0)2sbg + u(2), (3.37)
1<s<q,q+1<j<n |)‘]‘ + ‘)‘s| aZj@Zjazs 0

where u(z) € Ker L.

Now, we compute b}(0,w). From (@37T), we can compute the last two
terms of the right side of (B.30):

- oL (2,0) & b (z,0)
2 S _SL 2 s 370 ’
s:zq;-l [As| @ o=, +SZ::1 [As|w 07

2 ‘)‘S‘ a3¢ Ak 3—=A10
- Z - (0)wsdzy” dEj bo
grisisnigicqsosg P9l M H A 0750200z,

+ Z 5 2|}\)\3| —— g3¢8_ (O)ESCZE;\’*CZE;\Z)S
Q+1San,1§t§q,q+1§s§n‘ il 1Al + | As| %0207

3
- > 200y 50

q+1<5<n,1<j<q ‘)\]| + |)‘S‘ 35](92]825

2 |)‘8| a3¢ 0
+ = (0)wsbf- (3.38)
1S8Sq§1Sj§n Ajl s 9702502 0

Combining this with (3:30]), we obtain

Lbj(0,w)= > 21| & (0)wsdz) *dz}b]
’ . = . s J
gr1<jsnigi<qi<ssq 9 T il +1As] 0207025

* Z A 2|)\)\8| A\ a—gg¢a— (Omsd?f’*dzﬁbg. (3.39)
q+1§j§n,1§t§q,q+1§s§n‘ j|+| t| + | As] 2j0210%
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From this, (3.36) and Lemma [3.3] we get

Proposition 3.5. We have that
|As]
bo(0,w) =
e TR DN T TE D
¢

" 9%,02,0%

(0)wsdz; " dz) by

As
+
2 (A1 + MDA+ [Ael + [ As])

g+1<j<n,1<t<qq+1<s<n
P3¢

— Nyx 3—A10
X m(o)wsdft dz;'by + v(w), (3.40)

where v(w) € Ker L.

In view of Proposition B.4] we know that to prove Theorem B.2], we only
need to compute u(z), where u(z) is as in ([B.37). Now, we compute u(z).
Note that u(z) € Ker L. From Lemma [3.3] we may write

S
U(Z) = E CJ,IOMdEJ,dEIOzS
q+1§s§n,\]\=q,J/‘,J7éIO

Z s _
+ CJ,IOMdEJ,dEIO Zs
1<s<q,|J|=q,J 7, J#Io

+ Z chstzI()’dzIO + Z ESCstEIO7dEIO, (3.41)
q+1<s<n 1<s<q
where ¢, c*€C, for all s=1,...,n, |J|=q, J 7, J#Iy. Let u*(z) be the
adjoint of u(z) with respect to (| ) in the space Z(A%9T*(C"), A%4T*(C")).
We can check that

* —-— —_

u'(z) = E 5 1o Mzto 4z7%s
q+1SSSn7‘J|:q7J/‘7J7£IO

+ E C:g],IOMCﬁIO,dEJZS

1<s<q,|J|=¢,J 7, J#Io

+ Y FrMpio o+ Y Mgy gy (342)

1<s<gq g+1<s<n

We notice that the Bergman projection ngq) is self-adjoint. From this obser-
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vation, we deduce that
(bo(w,0))* = b5(0,w), (3.43)

where (b}(w,0))* is the adjoint of b}(w,0) with respect to the inner product
(| ) in the space Z(A%T*(C"), A%T*(C")). From (B3.37) and (3.42) and
recall that Ker L is given by (3:33]), we deduce that

(b(l)(w70))* = Z CiIOMdEIO,dEJwS
q+1<s<n,|J|=q,J /,J#Io
+ > 5 1 Myzto grows +r(w),  (3.44)

ISSS[],‘J‘:[],J/(,J;&IO

where r(w) € Ker L. From (3.40) and (3.36]), we have

b5(0,w) = [Aa] - [An| 77"

|As]
X
bt
¥ B2 007, e Masto gz azp st
|As|
+
o _
X m(o)wstﬂO,dEf‘*dE;\dEIO> + v(w),(3.45)
where v(w) € Ker L. From [B.43)), (8.44) and ([B.45]), we get
- |As| o
o= AT X X (0
o = Pl Dol O R Il F T+ el 92500, )
if J =dz,"dz)dz", q+1<j<n 1<t<qands=1,...,q (3.46)
S -n |>‘S| 83¢
¢r = M| [An] T X (0)

X
(NG D AN+ Al 4 [As]) 0207002
ifJ:dEtA’*dE?dEIO,q+1§j§n, 1<t<g,and s=q+1,...,n, (3.47)

¢y, =0 otherwise. (3.48)
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Combining above with (3.41]) and (3.36)), we obtain

1 P3¢
bo(2,0) = > — (0)z,dz,"* dz/ b}
: ai<j<nicicgi<s<n NlT AL HA X1 (5) 0750202, v

1 83¢ AN 0
+ — —(0)Z,dz, " dz}b
Q’Flﬁjﬁn,é;ﬁq,lﬁsﬁn‘)\j|+|)‘t|+|)‘s‘x2(5) 070207 to

3
- : P00y

Q+1S5§n71§j§q |)\] | + |)\s| 82]6’2]828

3
+ Y : 00 (0)zd

1<s<qan<j<n |)\]|+|>\s| Ozjazjﬁzs

[As|
+
2 (A HHAD (A As])

¢H<j<n,1<t<qqH<s<n
P3¢

————(0)2:bydz, " dz;
X G005, 2sbodz; a5

s
+
2 (A1 AD g+ Ae [ As])

H <j<n,1<t<q,1<s<q
X 83¢
02;0%,0%

+ Y 2l Myt gto+ Y ZsC Mty gt (3.49)
¢H<s<n 1<s<q

(0)zsbdz; " dz;

Now, to complete the proof of Theorem [B.2] we only need to know ¢®, s =
1,...,n. From (3.49), we know that

3
Tj(2.0) = — Il e (Y e L SN

pr1<sgmi<icq il 1] 0750702,

(Y L 9% _(),)

— 0
1<s<q,q+1<j<n |>‘J| + |)‘s| 8Zj8Zj8zs

+ ) ol Y EL (3.50)

q+1<s<n 1<s<q

n
From Theorem [[.2] we know that Trbg(z, z)=7""(—1)%det (8%25; (z)) .t

)
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From this, we can compute

9 a1y 0 7))
aZSTTbo(Z,Z)ZZO =7 = azsd’t <5555E£(z)>jk:1 z=0
( 1;@ \)\ | azjazjazs
1 9%
+ Y miTmen ) o

g+1<5<n

From (3.43), we know that Trbj(z,0) = Trbj(0,2). Note that bj(z,2) =

bg(2,0) + b4 (0,2). From this, we see that

) - B
aZSTI'b(](Z, Z)|z:0 - a—ZS’I‘I'bo(Z, ) @strbO(O Z)
9 o
Trby(z,0) + 0(2,0). (3.52)

- 0z,
Thus, if ¢ +1 < s < n, from ([B.50) and ([B3.52), we can check that

0
0z,

Trbo(z, 2)|2=0

Sl el (3 Po ) +e. (359
! " S I\ |+ |Xs| 02020z ' '

From (3.5I)) and (3.53]), we can compute

. 1 &9
e =7 Pl Dl (= 3 \)\|8z]8z]8z5 ; A_W(O))

1<j<q <n

P3¢
Al ( Z | ]|+\)\ |8z]82]8z5( ))

1<5<q

- Al P
= 7kl (= 3 o a50m,05,

1<5<q

3
+ Y %74)(0)) , (3.54)

0z;0z;0z
q+1<]<n ]a ]a s
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q+ 1 < s <n. Similarly, we can repeat the procedure above and get

1 P3¢
s =7 "] Al - o am A= (0)
( 1<z]:,<q |>\]| 8Zj8Zj8Zs
|As| o
+ — —(0) ), 3.55
S W a0 ) (3:55)

q+1<j<n

if 1 < s < g¢. Combining (3.53)), (3.54)) with (3.49), Theorem [3.2 follows.

3.3. The second order of the Taylor expansion of by(z,w) at z = w

and the b; term

The second goal of this section is to prove the following

Theorem 3.6. Put

n

Trbd(2,0) = 77" [Ag] - - - |/\n|<Z(aszs v bszs)). (3.56)

s=1

Then for b3(z,w) in [BI6), we have

b5 (2,0)
1 & 2
-y g O 8
cr1<i<n iicancsen Pl WA AR HAs X1 (5)) | 9750240
1 ¢ 2 0
+ — —(0)| |zs|" b
BT DN P (v W peE) ‘azjazkazs ’
2
[As| o
. 92 ()
S0 DI (P F3s (¥ A ER Wy e
x |z|* dz, " dZ) by dz) " dz)
| ¢ ’
+ — (0)
q+1§]§n7§§q7lgsgq X1+ MDA+ [kl + [As)? | 0%5021, 02

x |z|* dz, " Az} by dz) " dz)

-y L T ()

q+1<un,1<s<n [Aul + [As] x1(s) * 0240207
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+ > ! a ¢ (0) |2 |2 83
S a— — u 0

1§u§q,1§s§n ‘)\u| + ‘)\8| XQ(S) azuazuazs

B Z 1 . bt

|/\]| + |>\s| sﬁzjﬁzjﬁzs

1<j<q,q+1<s5<n

3
S : 90 (0284

bs—
t1<sem<s<g Nl T 1As 0702024

(0 || b3

34(—i¢(z, 0) + (25) ‘zk‘z 0
1<j<q,1<k<n 0702 0Z1,02, 2| Ak
+ Y 94 (i(2,0) + ¢) . |zl

(0)

0
82]-82;]-8@8% 2 |)\k‘ bo + T(Z) + h(z)

q+1<j<n,1<k<n

where Trh =0 and%:O,jzl,...,n.

Furthermore, we have

[September

(3.57)

|As]
b1(0,0) =
qHSan’le:kSq’lgsgq 201751 4 [ARDZ(A5] + [Ael + [As])
2
X 83#(0) dz, " dzbydz, " dz)
Eﬁjazkazs k J J
[As
+
Q+1SJSn,1SZ:]€Sq,Q+1SSSn 200051+ IARD2 A1 + Akl + [As])?
2
X ﬂm) dz, " dz0bydz" dzh + b + R,
0%j02,0% s k=g J

where c € C, Tr R = 0.

Take w = 0 in (3.22]), we get

"9 0Py (2,0 0p4(z A
8(z,0) = =( 3 (i m) o+ Stz
1

9 O0Yy(2,0)  04(2)
_Zﬁ_zt(z 82]- + azj

)dzt“*dz?)bg

(3 L2096

)dz}dz,"

(3.58)
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B "9 81/13(Z 0) 8(;53(2) Ak 3=A ) 11
]Z 82,5( % + oz, )dZ; dEj)bo(Z,O)

- 81/)3(2 0)  9¢s(z),db}(z,0)
_Z( 8ZJ + 82]' ) 85]-
]—1

O0Y3(2,0) 5¢3(Z) by (2,0)
+Z oz, 5z, ) Do (3.59)

From Lemma B3] (359) and some very complicated computation (see Sec-

tion 3.3 in [10] for the details), we get ([B.57]).

Now, to complete the proof of Theorem [3.6] we only need to prove ([B.58]).

From (BI5) and (22), we see that

<Z2\)\ | dz)dz) + Z 2| )| dz)*dz) )bl 0,0) z":afil;o_
=1 9%

7=1 j=q+1

(3.60)
From ([B.57), we see that
Z”: iz bo T [As|
621823 q+1§j§nﬁgk§qigsgq(|AjY+|AkD(|Aj|4-|AkP+IAsD2
X ﬂ(o) QdEA’*dEA»bngA.’*dEQ
0%;02,0% k7 J
|As|
+
q+1<j<nJ2%;qg+l<s<n(|AjW+|Ak|ﬂ1AjP+IAkY+IAsD2
2
X ﬂm) dz, " dz0b3dz" dzp + oby + f, (3.61)
0%j021,0%, ko mm 0T ’

where o € C and Tr f = 0. Since we can solve (3.60), we conclude that

a = 0. Thus, (3.60) becomes:

q n

(Z2\Aj|dz§dz§’*+ 3 2\)\j|d2?’*d2§\>bl(0,0)
i=1 i=a+1

_ |As|

B qﬂsjgnégqvlgsgq Ry BRI EWE
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X ¢ (0) 2dEA7*dEAb0dEA’*dEA
070202 ko S 0%y Sk

|As|
+ > 5
R~ e (2 N PYS) [ (PV S P D)
A

Again, from Lemma [3.3] we get (3.58]). Theorem B.6] follows.

4. The trace of the b; term

As before, in this section, we assume that ¢(2) = 37 \; 12;12 4+ 0(|2*)
near 0 and that \; <0,7=1,...,¢,and \; >0, 7=¢+1,...,n. We work
in some neighborhood of (0,0) and we shall use the same notaions as before.
In view of (B.58), we know that

bl(0,0) — Z ‘)‘S|

sr1<izn ighegrzszg 2N T RDZIATH Ikl + 1A ])?

83¢ 2 Ak 3= A70 3=N\*% 3—A
X W(O) de’ d§]b0d§]7 de
|As]
_I_
BT DI (VIFa v ¥ Ea R
83¢ 2 Ak 3=NA7.0 37=N\* 3=\
X W(O) de’ d§]b0d§]7 de
+cb) + R, (4.1)

where ¢ € C, Tr R = 0. The main goal of this section is to determine the

)

constant c. We notice that the projection ﬂg] has the following property:

9 o 1l = 11 (4.2)
We recall that ﬂ,gq) is given by ([B.7). From (3.9]), we have

f[,(fq) o ﬁ,gq) (u,w) = /eikw(z’“)b(u, 2, k)e*E bz w, k)dm(z) + F(u, w, k),

(4.3)
where F(u,w, k) is negligible. Take v = w = 0 in (£.3) and from ([@2]) and
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(E3), we get
/ ROV E0 0, 2, k)b(z, 0, k)dm(z) ~ k™bo(0,0) + k" 1b1(0,0) + - - - .
(4.4)

We use z; = x9j-1 + iz, j = 1,...,n. We write 0,, to denote the op-
erator a%j, Jj=1,...,2n. For multi-indix o = (ov1,..., ), a;j € NJ{0},

j=1,...,2n. We write |a] = N if 2521 aj = N and we write 99 to de-
note the operator gl ---dg2". We recall the stationary phase formula of

Hoérmander (see Theorem 7.7.5 in Hormander |[6])

Theorem 4.1. Let K C C™ be a compact set, X an open neighborhood of
K and N a positive integer. If u € C§°(K), f € C®°(X) and Im f > 0 in
X, Im f(x0) = 0, f'(z0) =0, det f"(x0) #0, f' # 0 in K\ {xo} then

[NIES

. . kf//(xo) - .
ikf(z n ik f(x )
l/u(z)e &) dm — 2m ™R (70) det <T> Zk T Lju
J<N
< Ok N Z sup |0%u|, k>0, (4.5)
la|<2N

|x—x0|

where C' is bounded when f stays in a bounded set in C*°(X) and 7ol has

a uniform bounded and

) M
Liu= > Y 727" < f"(20)"'D,D >" M. (4.6)
V=g 20>3 s
Here
1
Guo (%) = f(x) — f(20) — 5 < [ (z0)(z — x0),x — T > (4.7)
—idy,
and D =
—i0z,,

Now, we apply ([d.3) to the left side of ([d.4]). From (2.2]), we know that

¥(2,0) + (0, 2) = 20 Imep(2,0) = 2i Y _ |Aj]1[* + O(l2*). (4.8)

Jj=1
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Since Im (¢(0, z) + ¢(z,0)) > 0 when z # 0, we may assume that b(0, z, k)
has compact supports in some small neighborhood K of 0 € C". From (4.3]),

we have
/ RO+ E0 0, 2, k)b(2, 0, k)dm(2)
= Pl T AR (5(0,0,8)7 + KLy (b(0, 2, )bz, 0,K))|
+0(k2”—2)). (4.9)

We can check that

b(0,0, k)% = E*bo(0,0)*+ k2" 1(bo(0,0)b1(0,0)+b1 (0,0)bg (0, 0))+O(k*2).
(4.10)
The computation of the term L;(b(0, z, k)b(z,0, k))|.—o is straight forward.

We omit the process. We state our result

Proposition 4.2. Under the notations above, we have

k2" L1(b(0, 2, k)b(z,0,k))

n

1 1/ 0%
=52 B <azjazj (2,0)

J=1

9%by
ZZObO(O, 0) + 92,07, (0,2)

by
z=0 8Zj

bo(0,0)

o] )

0bo

+HE2)0.2) Oby

—(Z, O)
z=0 azj

0.5 Fe0)

z=0

bo(0,0)?
2=0

Obg
(8—28(0, z)

4 2 Wl 97020702

Obg
o + 8—%(2, 0)

)bo(o, 0)

1 1 0%Imey(z,0)
2T

z=0 z=0

n

1 1 93Im(z,0)
2 = |)\]| |)\s| 82]'8Zj8zs

(2,0)

(8()0 (0, z)‘ Oby

— + =
=0 \0Z 0 0%

2
bo(0,0)?

n

1
+7 .

j7t73:1
1 n 1 8311111/}(2;70)
2 j,t,s=1 ‘)\]| |)\t| ‘)‘s| 82].82]_828

1
A1 Al [As]

03Im ) (z,0)
02;02,0%

z=0

93Tmp(z,0)

* Lo 07Z:0240z

bo(0,0)?
z2=0
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n

1 1
—|—_
12 chz,szzl RYIRRVIRR Y

2

OIm(2,0) bo(0,0)2. (4.11)

0202402

z=0

From (4.4), (£9), (410) and (@II]), we get the following

Theorem 4.3. We have
b1(0,0) = [\ 7t \)\n\_lw”(bl(O,O)bo(O,0)+b0(0,0)bl(0,0)+(]0), (4.12)
where Cy denote the right side of (LIT]).

For A, B € L (A%Ty (C™), A%4T;(C")), we write ALB if (Au | Bu) = 0
for all u € A%4T(C™). For F € L(A%Ty;(C™), A%9TE(C)), we werit F' to
denote the component of A in the direction dz{dz)""---dz,dz,"". More

precisely, if
F =adz)dz)" - dz)dz)* + G, a€C, GLdz)dz)" - dz)dz)", (4.13)

then F = adz)dz,™ - dE{]\dEQ’*. Now, we are ready to compute the con-
stant c. We recall that c¢ is given by ([@I]). From (@I), we know that

~

bl (0, O) = Cbo(o, 0) (4.14)
Note that by(0,0) = 3. From (1)), (12 and (A1), we get
—cbo(0,0) = A7 AT . (4.15)

From (AI5) and (£II), we can determine ¢. The computation is very
straightforward. We omit the detail and we refer the reader to Section 4
in |10] for the details. We state our result

Theorem 4.4. For c in ([@1]), we have

1 1 0*¢ 1 0*¢
4 _unﬂutmzjazjaztazt(o 2 \Aj||At|azjazjaztazt(0

1<j,t<

C=
q+1<j,t<n

RYIEE (o)
2 INGEIAL (IAG]+ Ae]) 33j32j3?t02t( ))

q+1<j<n,1<t<q
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2

P
)
0%:02;02

1 T Al = 1]
2 XA A+ [AD (As] + AG])

I e L

Mgl = 1Al
_|__
2 2 XA AT+ TAD (As] + [Ad])

oAt
0 ()
0%Z02;02

O L b >

1 A2 AP 1 1
+- -
T q(m|Aj||At|<|At|+|Aj|+|As|>2(|Aj|+|xs| PAEWL

=Sl b >o >

1 9 2
+ ) s ©
(el + N1+ As]) (A1 [Ae] /| 0750202
1 A2 )2 1 1 9
+= +
4q+lgs§l%q TP O+ I Tl eIl
1 9 2
+ ) |z ©)
(Al + NG+ s [N IAe] /| 07502502
1 1 P 2
- = 0
4 1<j7zt;9<q |)\]‘ ‘)\t‘ ‘)\5’ azsazjazt(
1 L I
ot PATINT I 92,020
1 | As] PP P3¢
+s Y (0)

0
I FAD A 82,0207 ) 02,0240,
RS Ad 0o
T MDA 57,02,07, ) 82,0207,

(0)

1<5,t<q,q+1<s<n

1 1
2 2 (A1 + MDA+ TAs]) el

1<s,t<q,q+1<j<n

¢ 9% % %
X (azjazjazs O 5z0207 O 55,0507V oz,050m, )

1 1
2 2 (A1 IAD AL 4 [As]) [

1<t<q,q+1<j,s<n

X ( & P & & )) (4.16)

57,0207 O 57,0207, O 55,02,07 ) 50507
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5. The end of the proof of Theorem 1.3

In this section, we will use the same notations as in section 1. Let
F: AYOT(CM) — AYOT(C™) @ APHOT™(CT)

and
T : AYOT(C)) — AMOT(C™) @ AP22T*(C)

be linear operaors, where p1,q1,p2,q2 € Z, p1,q1,p2,q2 > 0. We write F' =
(i) Fpie € APOTHE), 1< ok < myand T = ()%, Ty €
AP22T*(C"), 4,k = 1,...,n, as in (LIT7). TF : AY°T(C") — AYOT(CM) ®
AP1HP2,01+@2T*(C™) is the linear operator defined by TF% = iz aiz]- ®
(Tjs N Fsp), k=1,...,n. We have TF = (aj7k)?k:1. We can compute

n
G = D Tja A Fo € APFPROFRTHCY) k=1 0. (5.1)
s=1
For p € C", we may assume that p = 0 and ¢(2) = >7_; \; |zj|2+0(\z|3)
near 0 and as before we suppose that \; < 0, j = 1,...,¢, and \; > 0,
j=gq+1,...,n. Let My : C®(C"; AYOT(C")) — C>=(C"; AMOT(C")) be as
n
in (IL20). We recall that My = (826’7?—8¢Z’“)j7k=1' We have

0 .
sza—zj atO, ]:1,...,7’L, (52)

where Uj, j =1,...,n, are given by ([L22). Moreover, we have

0 0 0 0

(8_zj | a—zk)\ab\ = (8—2]- | 3—%)|¢| =06;,|Nj| at0, jk=1,....n, (53)

_ _ 1
(dzj | dzk)g) = (dZ; | dZk)|g) = Ok

at 0, j,k=1,...,n. (5.4)
A

Here 6;5, = 1if j =k, 0;, = 0 if j # k. For the definition of the Hermitian
metrix (| )4/, see the discussion after (L.22).
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Put Mgl(z) = (bjk(2))] ;- We claim that
S VR VW ;<azjazkazs Oz + 5 5707, (O)zS) +O(zl"),
(5.5)
J,k =1,...,n, near 0 € C". In fact, if we put B = (Z]k) - gj,k
‘]’ =

8k 1 n P ¢ = B — —
Bt A S (5 (002 + 295 (007, ). Then MyB = C, € =
(Cj,k)Zk:v

— az]azt( )btk( )

Y o 1 g~ P P
Z azﬂazt ( Mo A Z(E?Et@zkazs (0)zs + m(o)zs))

B —~, Py o _
Z@ it Z 57,005 V=t gz om0, 0)=))

Cjk =

Otk 1 & @3¢ 83¢ ~ ,
( Ao Ak ;(8Etazk8zs (0)zs + m(o)%)) + O(|2]%)

=ik + O(2%). (5.6)

Thus, B = qul(z) +0(|2]*). 5) follows.

Let Q : AYOT(C?) — ALOT*(C") @ AYOT(C™) be as in (L26). We write
n n 3
Q= (Qjw)ly Qikl(2) = X0y 552

o1 W(O)qj7k,sdzs at 0, where
|Ak] 05 (k) + [As| 05(s)
- —6:(k)0;(s
Bk = T+ Pl 6,00 + Dl () 7
|>\I<:| |/\| 1 1 2
. 5.7
AV WA v rw UG

We recall that the definition of dx(j) is given by (L25). Put 5M¢_1

(dj,k)?kzl. From (5.5), we see that

o
dik =~ ; e 07,0207, B (5-8)
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at 0. Put 5M¢_1Q = (fjk)} = From B.I), B8], we see that

D D v Y R SR
BT A NN Gm0m0z, 070507, 00T
at 0. As in section 1, put e; = ‘1)\_|Uj, j=1,...,n. From (59, it is not
J

difficult to see that
1 FoALe)
; 0
Mot Ay ] Tk ‘ 0Z:02,0%; ©
(5.10)
J,k=1,...,n. From (5I0) and (5.7), it is straight forward to see that

)

< (OM,'Qej | ex)g 8 Aex > (0) =— >

1<t<n

Proposition 5.1. We have that

< (EMQZIQEJ' | ek)|¢|,éj A e > (0)

- Y o Po_ o)
S, Pl 02102007
N1 AL AN IR XD NI AR+

where g+ 1< j,k <n,
< (EMQZIQEJ' | ek)|¢|,éj A e > (0)

- Y o Po_ o)
o i=ien Pl AR 9200202
N1 AL X IARIHIXD2 NI AR A/

where 1 < 5,k < q,

< (M1 Qej | er)jg) € Aer > (0)

R o W
154 |)\t| |/\j| |)\k| |)\t| + |)\j| azkaztaij
1 Akl B 2
0 5.13
t 2 IR ] | Fmamam O 0 019

g+1<t<n
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where g+ 1<j<n,1<k<gq, and

< (EM_ler ‘ 6k)|¢|,éj Nep > (0)

Z | Ak | P3¢
15524 |)\t| ‘)\ ‘ |)\k‘ |)\t| + P‘k‘ 8§kazta§j
1 I\ &3¢ ?
0)| , 5.14
2 NI N £ ] | 93dmaz; | - 1)

q+1<t<n

where 1 < j<q,q+1<k<n.

Let O4 : C®(C™; ALOT(C)) — C=(C™; AVIT*(C™) @ ALOT(C™)) be
as in (L24). We recall that ©4 = (96, k)]k L= (@J}k’)?k:p where 6 =

19 _ _ (. 2% \"
h=0h = (9j7k’)j,k=1> h = <85j82k)j,k:1‘ It is not difficult to see that

1 a2¢ Z 1 -, 0% 0%

=59 505 N mom) Nz BB

Jyok=1,...,n. From (5158, it is straight forward to see that

Proposition 5.2. We have that

< (Ogej | er)ig: € Aex > (0)
33¢>

1 oo Z 0
- \/\j||/\k\8zj8zjazkazk \/\tH/\ | [A&| |0Z;02:07),
3 ! 7¢ 2 (5.16)
t=qt1 ‘)\t| ‘)\ ||)\k‘ 82]82t82k )
where g+ 1 < 5,k <mn,
< (©g¢; | er)ig & Aex > (0)
1 a4¢ 1 83¢ 2
= e 7502070 Y~ 2 T Tl |75 )
il [Ak] 07302;0z,02 = Ml Al [Ak] | 0Z5024 0%k
u 1 R 2
2 TPl |70 (5-17)

t=q+1
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where 1 < 5,k < q,

< (Ogej | er)ig): € Nex > (0)

1 e 1 93¢ 2
TN | [Nl 075020710 ©-2 N | 870707 )
il [Ak| 025020702 t:l‘ el X1 Ak] 10750207k
n 1 53@25 2
+ 0 5.18
2 T | 75500 (5.18)
where q+1<j<n,1<k<gq, and
< (@¢6]’ ‘ 6k)|¢|,§j Nep > (0)
1 9*¢ 9%¢ ?
= — — 0) + — — (0
IA] [ Akl azjazjﬁzk8zk( ) tZ:; |)\t| IA] [ Akl azjazt@zk( )
" 1 ¢
: 5.19
IAe] [N ] [ Ak ] azjazﬁzk( ) ( )

t=q+1

where 1 < j<gq,q+1<k<n.
As in section 1, define
R =0, — (0M;")Q : AY°T(C") — AMT*(C™) @ AMOT(C™).
From (GI1)-(514) and (EI6)-(GI7), it is not difficult to see that

Aj A
i Z (14 d;( | = 4 < (Rej | ex)jg):€j Aer > (0)

12 ORI
1 1 o' 1 9'¢
4< lg,;gq [Aj1 Al 8zj8zj8zk8zk( ) q+1§k o Ml \Akmzjazjazkazk( )
| = Al 9o
> Tt e e ®)

q+1<5<n,1<k<q

Ly il = A %o
2 e Eicnscq Pl IARL AT+ IARD (A + [A5]) 97502502,
1 Al = [l P ’
+= 0
BN DI v s wr(p¥ s ey (W ER P R )

q+1<j,s<n,1<k<q
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_1_1 Z ( |>\k|2|>\j|2 1

4 i cacg PTG IARL QARG A2 H A [ As|

1 1 o 2

| )%+ ) o)

| Akl s Akl + 1A+ X)) A [ Akl /| 0Z5020z),

1 el 1017 1 1
DI

sS85, 15 ),RSq

2
_|_
2 RIS TR ey
3 2
)
0%02;02,
3 2
)
0%02;02,

1
_|_
(Al =+ A5]+ [As]) [A] |>\k|)
1 1
[AjHAR]|As]

1<j,k,5<q

3 1
[Aj 1AL |As]

q+1<j,k,5<n

L i

0%:02;02, 0)

(5.20)
From (5.7), we can check that

|As] ¢
(@ej | 5) 25 T+ ) 97,92,05, V4

at 0. From this, it is straight forward to see that

n

= Y B R Qe | ) | 9y | ex)(0)

jik=1 il
| |
ST DN (¥ i [ ER Wi
. <azjgifazs 0 azkgz(,fazs 0)+ azjgifazs () azkgzazs )
| |
22 TR DN F IR
x <azjgifazs 0 azkgz(ﬁazs 0)+ azjgifazs (0) azkgifazs ) (5:21)

and
2

%‘i(@ej | ;) ‘
j=1

9]
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1 As [oAL0)
=5 2 \A-||M<|A-|+||A|\><|A|+|M>az-az-az(0)
gH1<jk<n,1<s<q "I IRINA] s k s jO%j0%s
(93(;5

X oz

1 A »’o
4 — (0)
2 1§j,kg¢%;rl§s§n (NI (AG]+ [AsD (A&] + [As]) 902502
83¢

X 02207007

Combining (5:22)), (5.21) and (5.:20) with (£I6]), Theorem [L3] follows.

(5.22)
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