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Abstract

Given a non-negative l.s.c. convex function ¢ : R? — R and an optimal transference

plane 7 for the transportation problem
/c(x' — z)m(dzdz’),

we show how the results of B] on the existence of a Sudakov decomposition for norm cost

¢ =|-| can be extended to this case.

More precisely, we prove that there exists a partition of R? into a family of disjoint
sets {S”} .o together with the projection {OF}, . on R? of proper extremal faces of epic,
h=0,...,d and a € A" C R¥™", such that

e S" is relatively open in its affine span, and has affine dimension h;

e O has affine dimension h and is parallel to S?;

o LYR\ UpaSE) = 0, and the disintegration of £¢, £* =3, [&n"(da), wrt. S
has conditional probabilities £ <« H"L shs

(1) the sets S” are essentially cyclically connected and cannot be further decomposed.

The last point is used to prove the existence of an optimal transport map.

The main idea is to recast the problem in (¢, ) € [0, 0o] x R? with an 1-homogeneous

norm ¢(t,z) := tc(—%) and to extend the regularity estimates of B] to this case.
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1. Introduction

Let ¢ : R = R a non negative convex lLs.c. function with superlinear
growth, and consider the following optimal transportation problem: given

w,v € P(RY), find a minimizer 7 of the problem
inf { / c(a —z)n(dzda’), m e (y, 1/)}, (1.1)
R4 xRd

where II(p, v) is the set of transference plans 7 € P(R? x R?) with marginals
i, v respectively. W.l.o.g. we can assume that the above minimum (the

transference cost C(u,v)) is not oco.

It is well known that in this setting the problem (L)) has a solution
(optimal transference plan). A standard question is if there exists an optimal
plan given by a map (optimal transport map): this problem is the Monge
transportation problem, while the existence of an optimal solution to (L)) is
the Kantorovich transportation problem. Simple examples show that if u is
not a.c. w.r.t. £% then in general the Monge problem has no solution. In

the following we will thus assume that p < £2.

The aim of this paper is to prove a decomposition result from which one
deduces the existence of an optimal transport map. The result is actually
stronger, showing that for any fixed optimal plan 7 it is possible to give a
partition of the space R? into sets S" which are essentially indecomposable
(a precise definition will be given in the following): it is standard from this

property of the partition to deduce the existence of an optimal map.

In the case of norm cost, there is a large literature on the existence of
optimal maps: see for example ﬂ, |§, H, , , ] The original Sudakov
strategy has been finally implemented in the norm case in ﬂa] In the case
of convex cost, an attempt to use a similar approach of decomposing the

transport problems can be found in m]

In order to state the main result, in addition to the standard family
of transference plans II(u, ) we introduce the notion of transference plan
subjected to a partition: given w € II(y,v) and a partition {Sy = f~(a)}aent
of R with f: R — A Borel and u(f~1(A)) = 1, let m, be the conditional
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probabilities of the disintegration of = w.r.t. {S, x R%},,

N S —

Define the family of probabilities v, as the second marginal of 7, (the first
being the conditional probability pg of p when disintegrated on {Sq}q, 1 =
| mam(da)). Then set

M (o) o= { o= [ man(de) with m € (s, .

Clearly this is a nonempty subset of II(u, ).

A second definition is the notion of cyclically connected sets. We recall
that given a cost ¢ : R? x R? — [0,00] and a set I' C {c < oo}, the set
S € R? is c-cyclically connected if for every couple of point z,z’ € S there

is a family (z;,y;) € ', i =0,..., N — 1, such that
c(Z;4 1 mod N ¥i) < 0 and zg =z, ¥’ = x; for some j € {0,...,N—1}.

When the cost ¢ is clear from the setting, we will only say cyclically con-

nected.

We will need to define the disintegration of the Lebesgue measure on a
partition. The formula of the disintegration of a o-finite measure w w.r.t.
a partition {Sy = £7'(a)}, is intended in the following sense: fix a strictly

positive function f such that @’ := fw is a probability measure and write

w = f_lw':/(f_lw;)a(da),
where
w = /waa(da), o=@,

is the disintegration of @’. It clearly depends on the choice of f, but not the

property of being absolutely continuous as stated below.

We say that a set S C R? is locally affine if it is open in its affine
span aff S. If {S,}, is a partition into disjoint locally affine sets, we say

that the disintegration is Lebesgue regular (or for shortness regular) if the
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Figure 1: Theorem [[1] in the plane case, h = 0,1,2: the projection Oﬁ of the
extremal face of epic provides the convex cost Lon used in the decomposed trans-

portation problems 7 € P(Z! x R?).

disintegration of £% w.r.t. the partition satisfies

ﬁdLUaSa: / fcﬂ](da)’ ga <K %hLSa, h - dlm Sa.
A

At this point we are able to state the main result.

Theorem 1.1. Let 7w € I(u,v) be an optimal transference plan, with p <

L. Then there exists a family of sets {S?, O no..a, SI,OF C R?, such
ac2uh

that the following holds:

(1) S% is a locally affine set of dimension h;

(2) Og‘ 18 a h-dimensional convex set contained in an affine subspace parallel
to aff S* and given by the projection on Re of a proper h-dimensional
extremal face of epic;

(3) LR UpoSP) = 0;

(4) the partition is Lebesque regular;

(5) if © € T(p, {v"}) then optimality in (1)) is equivalent to

Eh: / [ / Lo (2’ — @)l (dzdz’) | m"(da) < oo, (1.2)
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where m =), fmh mhmM(da) is the disintegration of m w.r.t. the partition
{ng X Rd}h,a;

(6) for every carriage T of = € T(u, {v"}) there exists a u-negligible set N
such that each S?\ N is Lon-cyclically connected.

We will often refer to the last condition by {SI'},q is (u-) essentially
cyclically connected, i.e. the set of the partitions are cyclically connected up

to a (u-) negligible set. Usually the measure is clear from the context.

Using the fact that CLon 18 affine, a simple computation allows to write

c(z' — x)n(dzdr’) = Z c(z' — z)nlm"(da)
/ o

= Eh: /th c(z' — z)Lon («' — z)mlm" (da)

Zh:/ [a3+bﬁ- </:E'zg—/:wﬁ>]mh(da),

where aﬁf + bg - x is a support plane of the face OQ. In particular, for z-

xR%\ U

(h',a")#

a.e. (z,2'), the set O can be determined from S” as the projection of the
extremal face of epic containing 2’ — 2 and whose projection is parallel to

2’ — x + span(SP — ).

Following the analysis of ﬂa], the decomposition {S%, O}, ; will be called
Sudakov decomposition subjected to the plan w. Note that the indecompos-
ability of S? yields a uniqueness of the decomposition in the following sense:
if {Sf, O’[f}m, is another partition, then by (2] one obtains that O’g co!
(resp. OF C OF) on SF NS (up to p-negligible sets), and then Point (6)
of the above theorem gives that Sf C S? (vesp. S C SF). But then the
indecomposability condition for {S%?, O}, , (resp. {S" O}y, 4) is violated.

We remark again that the indecomposability is valid only in the convex
set TI(u, {v"}) € (,v): in general by changing the plan 7 one obtains an-
other decomposition. In the case v < £%, this decomposition is independent
on m: this is proved at the end of Section 9, Theorem

In order to illustrate the main result, we present some special cases. A

common starting point is the existence of a couple of potentials ¢, ¥ (see
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, Theorem 1.3]) such that

P(a') — d(x) < c(a’ — ) for all z,2’ € R
and
(') — o(z) = c(a’ —x) for m-a.e. (z,2') € RE x RY,  (1.3)

where 7 is an arbitrary optimal transference plan. Assuming for simplicity
that u, v have compact support and observing that c is locally Lipschitz, we
can take ¢, ¢ Lipschitz, in particular £L%a.e. differentiable. By (L3) and
the assumption u < £% one obtains that for m-a.e. (x,2') the gradient V¢
satisfies the inclusion

Vé(x) € 0 c(z' — x), (1.4)
being 0~ ¢ the subdifferential of the convex function c.

Assume now c strictly convex. Being the proper extremal faces of epic
only points, the statement of Theorem (LI]) gives that the decomposition
is trivially {{z},O,}., where O, is some vector in R%. In this case for all
p = V¢(z) there exists a unique ¢ = 2’ — x such that (4] holds. Then one
obtains that O, = {¢}.

The second case is when c is a norm: in this case the sets O become
cones C". This case has been studied in ﬂa] in the next section we will
describe this result more deeply, because our approach is based on their
result.

The cases of convex costs with convex constraints or of the form h(||z' —
z||), with h : Rt — R¥ strictly increasing and || - || an arbitrary norm in R?
are studied in [10].

As an application of these reasonings, we show how (L4]) can be used
in order to construct an optimal map, i.e. a solution of the Monge trans-
portation problem with convex cost (see ﬂﬁ, IE]) indeed, one just minimizes
among 7 € II(u, {¢!}) the secondary cost | - |?/2 (| - | being the standard
Euclidean norm), and by the cyclically connectedness of S one obtains a
couple of potentials {QSZ, qﬁg}h,a. Since u, v have compact support, then again
these potentials are pl-a.e. differentiable, and a simple computation shows
that 2’ — z is the unique minimizer of

Ip|?

> Vo(z) -p+ ]log(p).
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The fact that this construction is Borel regular w.r.t. h, a is standard (B, @,
B, , ]), and follows by the regularity properties of the map h,a — (S?, O")
in appropriate Polish spaces, see the definitions at the beginning of Section
3.

Corollary 1.2. There exists an optimal map T : R — R¢ such that (I, T)sp
is an optimal transference plan belonging to (u, {v}).

Note that by varying = and the secondary cost one obtains infinitely
many different optimal maps. An analysis of the regularity properties of the
set of maps can be found in [4].

Remark 1.3. In the proof we will only consider the case of u, v compactly
supported. This assumption avoids some technicalities, and it is fairly easy
to recover the general case.

Indeed, let K,, / R? be a countable family of compact sets and con-
sider m, 1= 7Lk, xk,. Assume that Theorem [[.T]is proved for all m,: let
(Sc}f " 03 ™) be the corresponding decomposition. Up to reindexing and re-
grouping the sets, one can take Sc}f oA Sc}f and since dim OQ ™ is increasing
with n, then obn = Ol for n sufficiently large. Hence {Sé‘,OQ}h,a is the
desired decomposition.

1.1. Description of the approach

The main idea of the proof is to recast the problem in R4 with a
1-homogeneous cost ¢ and use the strategy developed in ﬂa]

Define
H= (171)11“7 V= (07H)ﬁya

and the cost
te(—2%) t>0,
c(t,x) = 1(070) t=0, (1.5)
400 otherwise,

where (t,2) € Rt x R% Tt is clear that the minimisation problem (L) is
equivalent to

c(t —t',x — 2")w(dtdadt'da’), 7ell(a,v). (1.6)

/(R+ xR4) x (R+xR?)
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B(1,2) = o(1,2) = —p(x)

Figure 2: The formulation in Rii“ as a HJ equation: in general in the common
region 0 < ¢ < 1 it holds b < ¢, but in the (red) optimal rays and the depicted
region the equality holds.

In particular, every optimal plan 7 for the problem (LLI]) selects an optimal
7= ((1,I) x (0, H))ﬁﬂ' for the problem (6] and vice versa.

The potentials ¢, 1) for (LH) can be constructed by the Lax formula
from the potentials ¢, 1 of the problem (LI]): define

¢(t,x) == min { — (') +c(t,z — ')}, t>0

x' ER? (1.7)
o(t,z) = mz%é({—ﬂx/)—é(l—t,x/—x)}, t<1.

x’' eR4

It clearly holds

(Z;(va) - 1[}(07‘%) - —¢(l’) and (5(17%) - 1[}(17‘%) - _é(‘r%

so that the function ¢, are at ¢t = 0,1 conjugate forward/backward solu-

tions of the Hamilton-Jacobi equation
Oyu+ H(Vu) =0, (1.8)

with Hamiltonian H = (c)*, the Legendre transform of c. (This is actually

the reason for the choice of the minus sign in the definition of (LX)).)
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By standard properties of solutions to (L8] one has
o(t,x) — o', ') <c(t —t',z—a'), foreveryt>t >0, z,2 € RY,
and for all T optimal

o(z)—o(2) =c(z—2), for T-a.e. z = (t,x),2 = (t',2') € [0, +00) x R%.

Being ¢ a 1-homogeneous cost, one can use the same approach of ]
in order to obtain a first directed locally affine partition {Zf, Cah}hm where
ZI" is a relatively open (in its affine span) set of affine dimension h + 1,
h € {0,...,d}, and C? is the projection of an (h + 1)-dimensional convex
extremal face of epic (a cone due to 1-homogeneity) given by

Clh=RT.07¢(2), z=(t,x) € Zh.
The definition of 0T ¢ is the standard formula
0 ¢(z) = {z' €10, +00) x RY: 4(2') — ¢(2) = (2 — z)}
By the results of ], this first decomposition satisfies already many prop-

erties stated in Theorem [[.1t

(1) Z" is locally affine of dimension h + 1;

(2) C! is the projection of an extremal cone of epic of dimension h + 1
parallel to Z7;

(3) £9Y([0, +00) x R4\ Up, . Z0) = 1;

(4) 7 € (@, v) is optimal iff

hEijo [ | [1e = 2@kt miam < .

being @ = Y, [(7')m(da) the disintegration of @’ w.r.t. {Z x R4}, ..

We note here that this decomposition is independent on 7, because it is only
based on the potentials ¢, 1. Observe that the choice of the signs in (L7
yields that z and 2’ are exchanged w.r.t. z, 2" in (L2)).

A family of sets {Z Cc}f}h,a satisfying the first two points above (plus
some regularity properties) will be called directed locally affine partition; the
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precise definition can be found in Definition [3.1] where a Borel dependence
w.r.t. h,a is required.

While the indecomposability stated in Point (6) of Theorem [[T]is known
not to be true also in the norm cost case, the main problem we face here
is that the regularity of the partition is stated in terms of the Lebesgue
measure £%1 and this has no direct implication on the structure of the
disintegration of fi, being the latter supported on {¢ = 1}. The obstacle that
the “norm” ¢ is unbounded can be easily overtaken due to the assumptions
that supp f is a compact subset of {t = 1} and supp 7 is a compact subset
of t =0.

The first new result is thus the fact that, due to the transversality of
the the cones C! w.r.t. the plane {t = 1}, UpZh N {t = 1} is ”Hd\_{tzl}—
conegligible and the disintegration of HdL{t:pJ, w.I.t. Zah N{t =t} is reqular
for all t > 0, i.e.

H4 L=} = Z/gh h (da) with gg«HhLZgﬂ{t:ﬂ'

Note that since C” is transversal to {t = #} by the definition of ¢, then
Z! N {t = t} has affine dimension h (and this is actually the reason for the
notation). We thus obtain the first result of the paper, which is a decomposi-
tion into a directed locally affine partition which on one hand is independent
on the optimal transference plan, on the other hand its elements are not
indecomposable in the sense of Point (6) of Theorem [[11

Theorem 1.4. There exists a directed locally affine partition {Zah,Cf}h,a
such that

(1) HU({t =1} \ UnaZy) = 0;
(2) the disintegration of Hdl_{tzl} w.r.t. the partition {Zc}ll}h,a s reqular;
(3) 7 is an optimal plan iff

Z / Lon(z — 2 rl(dzdz"ym" (da) < 0o
h

where =Y, [ whmh(da) is the disintegration of m w.r.t. the partition
{Zc}ll X Rd—i_l}h,a-



2016] THE DECOMPOSITION OF OPTIMAL TRANSPORTATION PROBLEMS 411

Now the technique developed in ﬂa] can be applied to each set Z;’ with
the cost C! and marginals i’ and 7. As it is shown in ﬂa] and in Example
5.1 of Section 5, the next steps depend on the marginal fo, so that one need

to fix a transference plan 7 in Theorem [L.1]

For simplicity in this introduction we fix the indexes h, a, while in gen-
eral in order to obtain a Borel construction one has to consider also the

dependence h, a — Zc}}, C’c}} in suitable Polish spaces.

In each Zgl the problem becomes thus a transportation problem with
marginals i, 7" and cost 1on, where fl, v are the marginals of & w.r.t.
the partition {Z2,C};, 4 (the first marginal being independent of 7). The
analysis of [6] yields a decomposition of Z! into locally affine sets Zf of affine
dimension ¢ + 1, together with extremal cones Cf such that {Z{,C{}ep is a
locally affine directed partition of Z".

The main problem is that the reqularity of the partition refers to the
measure HhH\_Zg, while we need to disintegrate il < Hh\_Zahm{t:l}. The
novelty is thus that we exploit the transversality of the cone C! w.r.t. the
plane {¢t =t} is order to deduce the regularity of the partition.

The approach is similar to the one used in the decomposition with the

potentials above, and we outline below.

1.1.1. Refined partition with cone costs

To avoid heavy notations, in this section we set Z = zh C = Ch and
h

with a slight abuse of notation ji = !, v = l.

Fix a carriage
Fc{w—weln({t=1}x{t=0})

of a transport plan 7 € II(f, ) of 1s-finite cost, and let w, be countably

many points such that

{wp}n C p1l" C clos{w, }n,

where p; denotes the projection on the i-th component of (w,w') € R x R",
1=1,2.
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For each n define the set H,, of points which can be reached from w,
with an axial path of finite cost,

I v

H, = {w :3dI e N, {(wi,wg)}izl c’rl (w1 =W, A wip1 —w, € é’)},

and let the function 6’ be given by

0 (w) := Z 37" xm, (w).

Notice that § depends on the set I' and the family {w,,},.

The fact that C N {¢t = t} is a compact convex set of linear dimension
h allows to deduce that the sets H,, are of finite perimeter, more precisely
the topological boundary dH, N {t =t} is H"-locally finite, and that ¢’ is
SBV in Rt x R%,

The first novelty of the paper is to observe that we can replace 6’ with

two functions which make explicit use of the transversality of C': define
indeed

O(w) := sup {9’(w'),w' € poI' N{w — C}} (1.9)

and let ¥ be the u.s.c. envelope of 6. It is fairly easy to verify that 6'(w) =
0'(w') = O(w) = O(w') for (w,w') € T’ (Lemma B4), and moreover (L) can
be seen as a Lax formula for the HJ equation with Lagrangian 1¢.

Again simple computations imply that 6 is SBV, and moreover being
each level set a union of cones it follows that 9{6 > 9} N{t = ¢} is of locally
finite #"~!-measure. Hence in each slice {t = £}, ¥ > 0 only in H -negligible
set, and for ¢ the Lax formula becomes

Y(w) := max {vﬂ(u/),u/ € pol'N{w — C}}

We now start the analysis of the decomposition induced by the level
sets of 6 or ¥. The analysis of ﬂa] yields that up to a negligible set N there
exists a locally affine partition {Zg/, Cﬁl}h/ﬁ: the main point of the proof
is to show that the set of the so-called residual points are H"-negligible in
each plane {t =t} and that the disintegration is HhL{tzl}—regular. Since the
three functions differ only on a fi-negligible set, we use 6 to construct the
partition and 1 for the estimate of the residual set and the disintegration:
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the reason is that if (w,w’) € T' then 6(w) = O(w'), relation which is in
general false for ¢ (however they clearly differ on a 7-negligible set, because
/:2 < Hh'—{t:l})'

The strategy we use can be summarized as follows: first prove regularity
results for ¢ and then deduce the same properties for # up to a ”H}{‘t:t—}-
negligible set. We show how this reasoning works in order to prove that
optimal rays of # can be prolonged for ¢t > 1: for HhL{tzl}—a.e. w there exist
e>0and w’ € w+ CN{t=1+e¢} such that f(w”) = §(w). This property
is known in the case of HJ equations, see for example the analysis in [5] (or
the reasoning in Section 4.1).

The advantage of having a Lax formula for 9 is that for every point w €
R* xR" there exists at least one optimal ray connecting w to t = 0: the proof
follows closely the analysis for the HJ case. Moreover the non-degeneracy
of the cone C implies that it is possible to make (several) selections of the
initial point R x RY > w ~ w'(w) € {t = 0} in such a way along the
optimal ray [w,w’(w)] the following area estimate holds:

HI(Ay) > @h%h(@, Ay = {(1 - i)w + /) w & Aé}’

where Ay C {t =t} (see ﬁ, ] for an overview of this estimate). In particular
by letting ¢ \, ¢ one can deduce that ’HhL{t:g}—a.e. point w belongs to a ray
starting in {t > t}. Since 6 differs from ¥ in a Hf{‘t:ﬂ—negligible set, one
deduce that the same property holds also for optimal rays of 6.

The property that the optimal rays can be prolonged is the key point
in order to show that the residual set NV is HhL{t:ﬂ—negligible for all £ > 0
and that the disintegration is regular.

The technique to obtain the indecomposability of Point (6) of Theorem
LI is now completely similar to the approach in [6]. For every I, {w, }, one
constructs the function 0r , and the equivalence relation

EFan = {ef‘,wn (w) = ef‘,w (w,)}’

then prove that there is a minimal equivalence relation E given again by
some function 6, and deduce from the minimality that the sets of positive ji-
measure are not further decomposable. Since i < th_{tzl}, one can prove
that Point (6) of Theorem [LT] holds.
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We thus obtain the following theorem.

Theorem 1.5. Given a directed locally affine partition {Z;’,C’;‘}h,u and a
transference plan T € II(f, v) such that

=

= igmh(d ), Ton(z — z')iﬁ(dzdz/) < 00, (1.10)
= fama [

h,t

then there exists a directed locally affine partition {Z, Cah’:}hﬁ,g’b such that

(1) Z;L’[f C ZI has affine dimension £+ 1 and C’f’[f is an (¢ 4 1)-dimensional
extremal cone of CI'; moreover aff Z" = aff(z + C) for all z € Z;

(2) HU{t =1} \ UnaeoZey) = 0;

(3) the disintegration of H ,_1y w.r.t. the partition {Z}ec, ¢ = (a,b), is

reqular, i.e.
Hd‘—{t:l}: Z/ffng(dc), &< HE‘—Zfﬂ{t:l};
)4

(4) if ® € U(f, {£h}) with v = (p2)y&l, then 7 satisfies (LIN) iff
T = Z /wfmé(dc), /]lcf(z — 27t < oo
J4

(5) if £ = h, then for every carriage T of any 7 € (i, {Z"}) there exists a
p-negligible set N such that each Z;l’bh \ N is L n.n-cyclically connected.
’ a,b

The proof of Theorem [T is now accomplished by repeating the reason-

ing at most d times as follows.

First one uses the decomposition of Theorem [[.4] to get a first directed

locally affine partition.

Then starting with the sets of maximal dimension d, one uses Theorem
[LH i n order to obtain (countably many) indecomposable sets of affine di-
mension d + 1 as in Point (5) of Theorem The remaining sets forms a
directed locally affine partition with sets of affine dimension h < d. Note
that if C/* is an extremal fact of ¢ and C’::’[f is an extremal fact of C/, then

clearly Cc}f ’f is an extremal face of c.
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Applying Theorem to this remaining locally affine partition, one
obtains indecomposable sets of dimension h + 1 and a new locally affine
partition made of sets with affine dimension < h, and so on.

The last step is to project the final locally affine partition {Z, Cah}h,a of
R+ x R% made of indecomposable sets (in the sense of Point (5) of Theorem
[LCH) in the original setting R?. By the definition of ¢ it follows that ¢(—x) =
¢(1, ), so that any extremal cone C? of ¢ corresponds to the extremal face
OF = —Ch N {t =1} of c. Thus the family

Sh.=zhn{t=1}, OFM=-Chn{t=1)

a

satisfies the statement, because p({t = 1}) = v({t =0}) = 1.

Remark 1.6. As a concluding remark, we observe that similar techniques
work also without the assumption of superlinear growth and allowing c¢ to
take infinite values. Indeed, first of all one decomposes the space R? into
indecomposable sets S, w.r.t. the convex cost

C := clos {c < o0},

using the analysis on the cone cost case. Notice that since w.l.o.g. C has
dimension d, this partition is countable.

Next in each of these sets one studies the transportation problem with
cost c. Using the fact that these sets are essentially cyclically connected for
all carriages I', then one deduces that there exist potentials ¢g, 13, and then
the proof outlined above can start.

The fact that the intersection of C' (or of the cones C?) is not compact
in {t = ¢} can be replaced by the compactness of the support of p, v, while
the regularity of the functions #’,  and 9 depends only on the fact that
C N {t =1} is a convex closed set of dimension d (or h for C?).

1.2. Structure of the paper

The paper is organized as follows.

In Section 2 we introduce some notations and tools we use in the next
sections. Apart from standard functional spaces, we recall some definitions
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regarding multifunctions and linear/affine subspaces, adapted to our setting.
Finally some basic notions on optimal transportation are presented.

In Section 3 we state the fundamental definition of directed locally affine
partition D = {Z;‘, C’g‘}h:o,...,d: this definition is the natural adaptation of

acAh
the same definition in ﬂa], with minor variation due to the presence of the

preferential direction ¢. Proposition [3.3] shows how to decompose D into
a countable disjoint union of directed locally affine partitions D(h,n) such
that

the sets ZP in D(h,n) have fixed affine dimension,

the sets Z! are almost parallel to a given h-dimensional plane V",

their projections on V;? contain a given h-dimensional cube,

the projection of C on V" is close a given cone C.

As in ﬂa] the sets D(h, k) are called sheaf sets (Definition [3.4]).

As we said in the introduction, the line of the proof is to refine a directed
locally affine partition in order to obtain either indecomposable sets or di-
minish their dimension by at least 1: in Section 4 we show how the potentials
®, 1 can be used to construct a first directed locally affine partition. The
approach is to associate forward and backward optimal rays to each point in
R+ x R?, and then define the forward/backward regular and regular transport
set: the precise definition is given in Definition [£.6], we just want to observe
that the regular points are in some sense generic. After proving some reg-
ularity properties, Theorems [£.14] and Proposition show how to
construct a directed locally affine partition D 5 = {ZF,ChYy, 4, formula ([@).

The second part of the section proves that the partition induced by
Z" covers all {t = 1} up to a H%negligible set and that the disintegration
of H* w.r.t. Zah is regular. Here we need to refine the approach of HE],
which gives only the regularity of the disintegration of £d+1\_{t>0}. Propo-
sition [£.21] shows that ’Hd\_{tzl}-a.e. point z belongs to some Z;‘ (i.e. it is
regular), and Proposition completes the analysis proving that the con-
ditional probabilities of the disintegration of ’HdL{t:l} are a.c. with respect

h
to 7‘[ I_Zc}lzﬂ{tzl}.

The next four sections describe how the iterative step works: given
a directed locally affine partition D = {Z! CI}, . such that the disin-
tegration of %dL{tzl} is regular, obtain a refined locally affine partition
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D' = {Z}}

a,b>

Z;L’[f C Z! for some h > ¢, but such that the sets of maximal dimension

Cgf}h,é,a,m again with a regular disintegration and such that

h = ¢ are indecomposable in the sense of Point (6) of Theorem [[1]

First of all, in Section 5 we define the notion of optimal transportation
problems in a sheaf set {Z, C},, with h-fixed: the key point is that the
transport can occur only along the directions in the cone CF, see the trans-
port cost (B.1)). For the directed locally affine partition obtained from ¢, this
property is equivalent to the optimality of the transport plan. We report a
simple example which shows why from this point onward we need to fix a

transference plan, Example .11

The fact that the elements of a sheaf set are almost parallel to a given
plane makes natural to map them into a fibration, which is essentially a
sheaf set whose elements Zah are parallel. This is done in Section 5.1, and

Proposition [5.4] shows the equivalence of the transference problems.

The proof outlined in Section 1.1.1 is developed starting from Section
6. For any fixed carriage I' C {t = 1} x {t = 0} we construct in Section
6.1 first the family of sets H,, and then the partition functions #’, #: the
properties we need (mainly the regularity of the level sets) are proved in
Section 6.1.1. In Section 6.1.2 we show how by varying I' we obtain a family
of equivalence relations (whose elements are the level sets of 6) closed under
countable intersections.

The next section (Section 6.2) uses the techniques developed in E] in or-
der to get a minimal equivalence relation: the conclusion is that there exists
a function @, constructed with a particular carriage f, which is finer than all
other partitions, up to a fi-negligible set. The final example (Example [6.12])
address a technical point: it shows that differently from ﬂa], it is not possible
to identify the sets of cyclically connected points with the Lebesgue points

of the equivalence classes.

Section 7 strictly follows the approach of ﬂa] in order to obtain from the
fibration a refined locally affine partition. Roughly speaking the construction
is very similar to the construction with the potential ¢: one defines the
optimal directions and the regular points more or less as in the potential case.
After listing the necessary regularity properties of the objects introduced at

the beginning of this section, in Section 7.2 we give the analogous partition
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function of the potential case and obtain the refined locally affine partition
D' = {Z} . Clibhtap

Section 8 addresses the regularity problem of the disintegration. As said
in the introduction, the main idea is to replace  with its u.s.c. envelope 9,
which has the property that its optimal rays reach ¢ = 0 for all points in
RT x R?. A slight variation of the approach used with the potential ¢ gives
that HdL{t:g}—a.e. point is regular (Proposition B3] for the directed locally
affine partition given by 1). Using the fact that § = o ’HdL{t:g}—a.e., one
obtains the regularity of ’Hd\_{t:ﬂ-a.e. point for the directed locally affine
partition induced by 6 (Corollary B6]). The area estimate for optimal rays
of ¥ (Lemma B3] allows with an easy argument to prove the regularity of
the disintegration, Proposition

The final Section 9 explains how the steps outlined in the last four
sections can be used in order to obtain the proof of Theorem [L.11

Finally in Appendix A we recall the result of B] concerning linear pre-
orders and the existence of minimal equivalence relations and their applica-
tion to optimal transference problems.

2. General notations and Definitions

As standard notation, we will write N for the natural numbers, Ny = NU
{0}, Q for the rational numbers, R for the real numbers. The set of positive
rational and real numbers will be denoted by Q* and R™ respectively. To
avoid the analysis of different cases when parameters are in R or N, we set
RY := N. The first infinite ordinal number will be denoted by w, and the
first uncountable ordinal number is denoted by 2.

The d-dimensional real vector space will be denoted by R%. The Euclid-
ian norm in R? will be denoted by | - |. For every h < d, the open unit ball
in [0, +00) x R" with center z and radius r will be denoted with B(z,r) and
for every x € R* £ >0, B"(t,z,r) := B(t,z,r) N {t = t}.

Moreover, for every a,b € [0, +00) x R? define the closed segment, the
open segment, and the section at ¢t = ¢ respectively as :

[a,0] == Dha+ (1 —Ab:Ae[0,1]}, Ja.bli= {Aa+ (1 — \)b: A€o, 1]},
[a,0]() := [a,b] N {t = t}.
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The closure of a set A in a topological space X will be written clos A,
and its interior by int A. If A C Y C X, then the relative interior of A in
Y is int.qA: in general the space Y will be clear from the context. The
topological boundary of a set A will be denoted by 0A, and the relative
boundary is 0y A. The space Y will be clear from the context.

If A, A’ are subsets of a real vector space, we will write
A+ A ={z+7,z€ A e A}
If T C R, then we will write

TA := {tz,tET,zeA}.

The convex envelope of a set A C [0,+00) x R? will be denoted by
conv A. If A C [0, +00) x RY, its convex direction envelope is defined as

convgA := {t =1} N (R - conv 4).

If z € [[; X;, where [[, X; is the product space of the spaces X;, we
will denote the projection on the i-component as p;x or Ps;7: in general no
ambiguity will occur. Similarly we will denote the projection of a set A C
[1; Xi as p;A, ps, A. In particular for every £ > 0 and = € R?, py(t, z) := =.

2.1. Functions and multifunctions

A multifunction f will be considered as a subset of X x Y, and we will

write
f(z) ={yeY:(z,y) £}

The inverse will be denoted by
£ = {(y,2) : (z,y) € £}

With the same spirit, we will not distinguish between a function f and
its graph graph £, in particular we say that the function f is o-continuous
if graph f is o-compact. Note that we do not require that its domain is the
entire space.
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If £, g are two functions, their composition will be denoted by go f.

The epigraph of a function £ : X — R will be denoted by
epif := {(z,t) : £(z) < t}.

The identity map will be written as I, the characteristic function of a
set A will be denoted by

() 1 xeA,
xa(z) ==
0 z¢A,

and the indicator function of a set A is defined by

0 zeA,
Lale) = {oo x ¢ A

2.2. Affine subspaces and cones

We now introduce some spaces needed in the next sections: we will
consider these spaces with the topology given by the Hausdorff distance dg
of their elements in every closed ball clos B(0,7) of R? i.e.

d(4,4") == "2 "au(AN B(0,n), A'n B(0,n)).

for two generic elements A, A’.
We will denote points in [0, +00) x R? as z = (¢, z).

For h,h',d € Ny, b’ < h < d, define G(h,[0, +00) x R%) to be the set
of (h + 1)-dimensional subspaces of [0,+0c0) x R? such that their slice at
t = 1 is a h-dimensional subspace of {t = 1}, and let A(h, [0, +00) x R%)
be the set of (h + 1)-dimensional affine subspaces of [0,40c) x R? such
that their slice at ¢ = 1 is a h-dimensional affine subspace of {t = 1}. If
V € A(h, [0, +00) x R?), we define A(R',V) C A(K,[0,+00) x RY) as the
(W + 1)-dimensional affine subspaces of V such that their slice at time ¢t = 1
is a h/-dimensional affine subset.
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We define the projection on A € A(h, [0, +00) x R?) with # fixed as Ply:

pi(ﬂ :E) = (7?7 pAﬂ{t:ﬂ:E)'

If AC[0,400) x R? then define its affine span as
aff A .= {Ztizi,i eN,t; R,z € A,Zti = 1}

The linear dimension of the set aff A C [0, +00) x R? is denoted by dim A.
The orthogonal space to span A := aff(A U {0}) will be denoted by A*.
For brevity, in the following the dimension of aff A N {t = ¢} will be called
dimension at time t (or if there is no ambiguity time fized dimension) and
denoted by dimjz A.

Let C(h, [0, +00) x R?) be the set of closed convex non degenerate cones
in [0, +00) x R? with vertex in (0,0) and dimension h + 1: non degenerate
means that their linear dimension is h+1 and their intersection with {¢t = 1}
is a compact convex set of dimension h. Note that if C' € C(h, [0, 00) x R?),
then aff C € A(h,[0,00) x R%) and conversely if aff C € A(h, [0,00) x R%)
and C' N {t = 1} is bounded then C € C(h,[0,00) x RY).

Set also for C' € C(h, [0, +00) x R%)

DC

Cn{t=1},
and
DC(h, [0,+00) x RY) := {DC : C € C(h, [0, +00) x RY)}
= {K c {t=1}: K is convex and compact }.

The latter set is the set of directions of the cones C' € C(h, [0, +00) x RY).
We will also write for V € G(h, [0, +00) x R?)

C(h,V) == {C eC(N,[0,+00) x RY) s aff C C V'},
DC(h,V) = {DC:C € C(h,V)}.

Define K(h) as the set of all h-dimensional compact and convex subset
of {t =1}. If K € K(h), set the open set

K(r) == (K + B*(0,r)) Naff K. (2.1)
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o

(A) The sets K (—r), K (r) for a given (B) The set Lqg(h, K,r, ).
K € K(h).

Figure 3: The sets defined in [2.1)), 22) and (Z.3).

Define K (1) := clos K (r) € K(h). Notice that K = N, K (27™).

For r < 0 we also define the open set
K(—r):= {z c{t=1):3e>0st. B (2, r+e)Natt K C K} (2.2)
so that int,q K = Up K (—27"): as before K (—r) := clos K (—r) € K(h, [0, +00)x

RY) for 0 < —r < 1.
If V is a h-dimensional subspace of {t = 1}, K € K(h) such that K C V

and given two real numbers r, A > 0, consider the subsets Lq(h, K,7, \) of
K(h) defined by

La(h, K, 7, )\) = {K € K(h): (i) K(—r) C pyK’,
(ii) pvK' C K,
(idi) du(pv K', K') < ,\}. (2.3)
The subscript d refers to the fact that we are working in {t = 1} x R
Recall that according to the definition of C' € C(h, [0, +00)xR%), CN{t =
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1} is compact. Define

L(h,C,r,\) = {C € C(h,[0,+00) x RY) : O N {t =1} € La(h, K, , )\)}.
It is fairly easy to see that for all r, A > 0 the family

S(h,r\) = {L(h, O, X),C € C(h, [0, +00) x RY),0 < 7' < 7,0 < X < A}

(2.4)
generates a prebase of neighborhoods of C(h, [0, +0c) x R?). In particular,
being the latter separable, we can find countably many sets L(h, Cy, 7y, \p),
n € N, covering C(h, [0, +00) x R?), and such that (C, N {t = 1})(—r,) €
K(h).

Let C € C(h, [0, +00) x R?) and r > 0. For simplicity, we define

C(r) == {0} URT - ((DC’ + BHL0, 7)) Naff DC),

C(—r) := {0} UR* {z e{t=1}:3e>0 (B (z,r+e)nafi DC C DC)},

C(r) :=closC(r) and C(—r):=closC(—r).

Notice that (2:4]) can be rewritten using these new definitions.

2.3. Partitions

We say that a subset Z C [0,400) x R? is locally affine if there exists
h € {0,...,d} and V € A(h,[0,+00) x RY) such that Z C V and Z is
relatively open in V, i.e. int,Z # (). Notice that we are not considering here

O-dimensional sets (points), because we will not use them in the following.

A partition in [0, +00) x R? is a family Z = {Z,}aen of disjoint subsets
of [0,400) x R We do not require that Z is a covering of [0, +00) x R?,
i.e. UgZy = [0, +00) x R,

A locally affine partition Z = {Zy}qeq is a partition such that each Z,
is locally affine. We will often write

d
z=\Jz2" 2'={ZyaecA:dim Z, =h+1},
k=0
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and to specify the dimension of Z, we will add the superscript (dim Z; —1):
thus, the sets in Z" are written as Zah, and a varies in some set of indexes
29" (the reason of this notation will be clear in the following. In particular
gui—h C R,

2.4. Measures and transference plans

We will denote the Lebesgue measure of [0,400) x R? as £9F! and
the k-dimensional Hausdorff measure on an affine k-dimensional subspace
V as H'Ly. In general, the restriction of a function/measure to a set
A € [0,400) x R? will be denoted by the symbol L, following the func-

tion/measure.

The Lebesgue points Leb(A) of a set A C [0, +00) x R? are the points
z € A such that
d+1
lim LAY (ANB(z,71))

=1.
r—=0  LYH(B(z,1))

If @ is a locally bounded Borel measure on [0, +00) x RY, we will write
w < LT f wis a.c. wr.t. £ and we say that z is a Lebesque point of
w < LT if

S S n_ A1y g0y _
f(z) >0 A ll—%ﬁdH(B(z,T))/B(z,,,)‘f(z) £(z)|[L7(d2) = 0,

where we denote by f the Radon-Nikodym derivative of @ w.r.t. £4F1
ie. w = £LM1. We will denote this set by Leb .

The set of probability measures on a measurable space X will be denoted

by P(X). In general the o-algebra is clear from the context.

If @ is a measure on the measurable space X and £ : X — Y is a

w-measurable map, then we will denote the push-forward of w by fyw.

We will also use the following notation: for a generic Polish space (X, d),

measures /1, v € P(X) and Borel cost function ¢ : X x X — [0, 00] we set

M(p,v) == {7 e P(X x X) : (p1)sm = p, (p2)sm = 1/}.

{
1) = {n e M) [

c7r<+oo},
XxX
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H(cjpt(/%’/) = {WEH(M,V):/ cr = inf / cw’}.
XxX ' ell(p,v) J X x X

IfT' C X x X, then an azial path with base points (z;, z,) € T, i=1,...,1

starting in z = 2z and ending in 2” is the sequence of points

(2,21) = (21, 21), (22, 21)s s (20, 2i0), (20, 20), (201, 20) - (20, 20), (27, 20).

(2.5)
We will say that the axial path connects z to z”: note that z € piI". A closed
azxial path or cycle is an axial path such that z = 2”. The axial path has

finite cost if it is contained in {c < co}.

We say that A C X is (T, c)-cyclically connected if for any z,2" € A
there exists an axial path with finite cost connecting z to z”’: equivalently we
can say that there exists a closed axial path whose projection on X contains
z, 2”. From the definition it follows that A C p;T.

The Souslin sets X1 of a Polish space X are the projections of the Borel
sets of X x X. The o-algebra generated by the Souslin sets will be denoted
by 6.

3. Directed Locally Affine Partitions

The key element in our proof is the definition of locally affine partition:
this definition is not exactly the one given given in ﬂa] because we require
that if the cone has linear dimension h + 1, then its intersection with ¢t = 1

is a compact convex set of linear dimension h.

Definition 3.1. A directed locally affine partition in [0, +00) x R? is a par-
tition into locally affine sets {Z!}n=0_.a, ZI C [0,+00) x R? and A" C

acud—h
RI" together with a map
d d
d: [ J{n} xa™" = | ] c(h, [0,+00) x RY)
h=0 h=0

satisfying the following properties:
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(1) the set
D= {(h,a,z,d(h,a)) cke{0,...,dl,aecATh 2 e Zc’f},

is o-compact in Up, ({h} x R¥™" x ([0, 400) x RY) x C(h, [0,400) x RY)),

i.e. there exists a family of compact sets

K, C U ({h} x R™" x ([0, +00) x RY))
h

such that Z;L N p. K, is compact and
Phoky 3 (hya) = (ZP Np.K,,d(h,a))

is continuous w.r.t. the Hausdorff topology;
(2) denoting C” := d(h, a), then

Vz e Zh (aff Zh = aff (2 + C;‘));
(3) the plane aff Z! satisfies aff Z" € A(h, [0, 4+00) x R9).

Remark 3.2. Using the fact that Cf is not degenerate, one sees immediately

that Point (3) is unnecessary.

The map d will be called direction map of the partition, or direction

vector field for h = 0. Sometimes in the following we will write
d(z) =d(h,a) for ze Zl

being Z;‘ a partition, or we will use also the notation {Zc’},C’g’};m. For

shortness we will write

d d

z'=p.D(h)= ) 2z, z=p.D=J2Z"=\] J2Z (1)

acAy, h=0 h=0 acl;,

For each C" € C(h, [0, +0c) x RY), (the index n is because of the propo-

sition below), consider a family e’(n) of vectors {el(n),i = 0,...,h} in R?
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! Jh

(1,0) + U({e"(n)

A 0

Figure 4: Definition of C'({e(n)}) and U({e"(n)}), formulas (32 and G3).

such that
h o
C(h,[0,4+00) x RY)>C({e"(n)}):= { Zti(l, el (n)), t; €0, oo)} cCM—ry,).
= (3.2)
Define also
U({e"(n)}) := {t = 0} x conve(n). (3.3)
Note that

aff {(0,0), (1,el(n)),..., (1,eZ(n))} € A(h,[0,00) x R,

so that C'({e"(n)}) € C(h, [0, +00) x RY).

The following proposition is the adaptation of Proposition 3.15 of ﬂa] to
the present situation.

Proposition 3.3. There exists a countable covering of D into disjoint o-
compact sets D(h,n), h=0,...,d and n € N, with the following properties:
there exist

e vectors {el!(n)}_, C RY, with linear span
Vi = span{(1,ef(n)), ..., (1,¢}(n))} € A(h, [0,+00) x RY),

e a cone C' € C(h, V),
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e q given point zﬁ € VJ‘,

e constants r’' \I' € (0,00),
such that, setting

QLZ = paD(h,n), Cc}tl = pC(h,[O,oo]XRd)D(hv n)(a)7

it holds:
1 0. .avD(h,n) ={h} for alln € N, i.e. the intersections of the elements
P{o,....d}
Zl, CP with {t = 1} have linear dimension h, for a € AL;
(2) the cone generated by {el'(n)} is not degenerate and strictly contained in
th
C({el(m}) eC(h, V1), C({el(n)}) C CR(=rp);
(3) the cones C!, a € A" have a uniform opening,
Cr(=rp) C Pl Cos
(4) the projections of cones O, a € A4=" are strictly contained in CI,
piCy €

(5) the projection at constant t on V! is not degenerate: there is a constant
k > 0 such that

|p§_/h(z — 2| 2 klz =2 foralzz € Chni{t=t}, acArt>0;
e projection at constant t o on V' contains a given cube,
6) th jection at constant t of ZI' on VI contai ' b
h h [ h
A+ Ul (m)}) © ply 20

Note that clearly the Z” are transversal to {t = constant}.

Proof. The only difference w.r.t. the analysis done in ﬂa] is the fact that we
are using projections with ¢ constant, instead of projecting on V,f’. However
the assumption of Point (3) of Definition 31l gives that the projection of Z,
Ch at t fixed is a set of linear dimension h, and thus we can take as a base
for the partitions sets of the form (32]), (B.3)). O
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Figure 5: The decomposition presented in Proposition

Following the same convention of (B.1]), we will use the notation Z” :=
p.D(h,n).

By the above proposition and the transversality to {t = t}, the sets Qlﬁ
can be now chosen to be to prove additional statements. In fact, by the
above proposition and the transversality to {¢t = 1} we can take

A= Zh N (pl,) (), A= | 2 (3.4)
neN

Definition 3.4. We will call a directed locally affine partition D(h,n) a
h-dimensional directed sheaf set with base directions C*, C"(—r,) and base
rectangle z, + A\, U(el) if it satisfies the properties listed in Proposition B3]
for some {ef(n) ?:0 C R% VI =span{(1,ep), (1,e!), (1,eM)}, Ch € C(h, V1),
2, € R 0\, € (0,00).

Remark 3.5. In the following we are only interested in the sets Z” such
that Z"N{t = 1} # (. Thus, the definition of D could be restricted to these
sets, and the quotient space A%~" can be taken to be a subset of an affine
subspace {t = 1} x R?",
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Graph of &

R4

Figure 6: The sets 59’(5(2), 0% ¢(2) of Definition E-I] are obtained intersecting epi ¢,
—epic with graph ¢, respectively.

4. Construction of the First Directed Locally Affine Partition

In this section we show how to use the potential ¢ to find a directed
locally affine partition in the sense of the previous section. The approach
follows closely ]: the main variations are in proving regularity, Sections
4.1 and 4.2.

Definition 4.1. We define the sub-differential of ¢ at z as
0™ d(2) = {2 € [0,+00) x RY: ¢(z) — ¢(2) = (2 — )},
and the super-differential of ¢ at z as

0T d(2) == {z/ € [0, +00) x R? . o(2) — ¢(2)

I
ol
—

N\
|
ISy
S~—
—



2016] THE DECOMPOSITION OF OPTIMAL TRANSPORTATION PROBLEMS 431

Definition 4.2. We say that a segment [z,2'] is an optimal ray for ¢ if
¢(2) — d(2) = (2’ - 2).

We say that a segment [z, 2] is a mazimal optimal ray if it is maximal with
respect to set inclusion.

Definition 4.3. The backward direction multifunction is given by

z—2
pi(z —2')

D6 = { 2073\ ()

and forward direction multifunction is given by

P

D¥o(z) = {m

12 €0t g(2)\ {z}}

Definition 4.4. The convex cone generated by D~ ¢ (resp. by DT ¢) is the
cone

F(Z—)_(z) =R" - convD ¢(z) (resp. Fg(z) =R" - convD ().

Definition 4.5. The backward transport set is defined respectively by
T(z—)_ = {z 10 9(2) # {z}},
the forward transport set by

T = {2 0%6(2) £ {=}),

and the transport set by
o +
T; = T(5 N T(5 .

Definition 4.6. The h-dimensional backward/forward reqular transport sets
are defined for h =0, ..., d respectively as

(i) D~ ¢(z) = conv D~ ¢(z)
zeTy (73) dim(conv D~ ¢(2)) = h
R = (iti) 3’ € T3 N (2 + intya 5 (2)) ,
such that ¢(2) = ¢(2') + ¢(2' — 2)
and (i), (#4) hold for 2’
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Figure 7: The sets Rq{ and R; of Definition [£.6]

and

(i) Dté(z) = conv DT ¢(z)
= Tg : (#) dim(convDté(2)) =h
RO = (i) 32 € T N (2 - intra Ff (2))
such that ¢(2') = ¢(z) +c(z — 2/)
and (7), (i7) hold for 2/

Define the backward (resp. forward) transport reqular set as

d d
T .= —h + . +,h
Ré = U Rq; <resp. Rq; = U Ré >,
h=0 h=0
and the regular transport set as
. pt -
Rj = Rq3 N R¢3’
Finally define the residual set N by
Ng =15\ Rj.

Proposition 4.7. The sets 0% ¢, Tét, DEo, Fdf)t, ng’h, ng, R are o—compact.
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Proof. 0F¢. The map
(2,2)) = ®(2,2) == 9(2") — 6(2) — (2 - 2)

is continuous. Therefore, 0T ¢ = ®~1(0) is o-compact.

Tdf)t. The set T(z—)_ is the projection of the o-compact set
U{o76n{(z2): 1= 21227},
n
and hence o-compact. The same reasoning can be used for T'F.
D*¢. Since

= /

t(z) —t(z')

is continuous, it follows that D~¢ is o-compact, being the image of a o-

{(z,2') 1 t(2) > t(z")} 2 (2,2) = e{t=1}

compact set by a continuous function. The same reasoning holds for Dt .

A similar analysis can be carried out for the o-compactness of F(;t

ng’h. Since the maps A — conv A is continuous with respect to the
Hausdorff topology, and the dimension of a convex set is a lower semicon-

tinuous map, the only point to prove is that the set

{(z, 2, C) € [0,400)xR"x [0, +00) xR xC(h, [0, +00)xR") : 2’ € z—intmlC}
is o-compact. This follows by taking considering the cones C'(—r) and writ-

ing the previous set as the countable union of o-compact sets as follows

U {(z, Z,C) € [0,+00) x R x [0, +00) x RP x C(h, [0, +-00) x R?) :

n

J ezt CO(=27)\ B(0, 2—“)}.
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Hence the set

{(z 2, C) (1) z,2' GT(5
(i) C=F7(z)
(ii1) 2’ € 2 + int,qC
(iv) dim (convD~¢(z)) = dim (convD~$(2')) = h
(v) D™ ¢(2) = convD~¢(2), D~ ¢(2') = conv D_gz_b(z’)}

is o-compact, and thus R™" is o-compact, too. The proof for R;—: is analo-

gous, and hence the regularity for R; follows. O

Proposition 4.8. Let 2,2, 2" € [0,400) x R?, then the following statements
hold:

(1) 2 € 0 ¢(2) and z € 0~ ¢(2") imply 2’ € 9~ ¢(2");
(2) 2" € 0T @(2) and z € 0T ¢(2") imply 2" € T ().

Proof. 1t easily follows from Definition ET1 O
Moreover, it is easy to prove that:
Zedto(z) =  9FH() C 0F(2).

Definition 4.9. Let z and 2’ such that ¢(2') — ¢(z) = (2’ — 2) and define

Qp(2,2") = Po pooywre{ ((2,0(2)) +epic) N ((z, (<)) —epic) }. (4.1)
Lemma 4.10. It holds,
Q5(2,2") CO74(') NI ¢(2).
Moreover
R*(Q5(2,2") —2) =R (2' — Q4(2,2)) = F(z, 7). (4.2)

where F(z,2') is the projection of the minimal extremal face of epic con-

taining of (' — z, (') — ¢(2)).
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07 B(2) = Q2. 2) U Qy(2,2") U Qy(2,2") U...

RY

(A) The set Q(z,z') and Lemma (B) The representation formula (£.3)
.10 for 0T ¢(2).

Figure 8:

Proof. Let (z,7) € ((z,6(2)) + epic) N ((2/,$(2')) — epic): by definition,

F=d(2) 28(z-2) and  4() -7 23(< - 7).

Hence, from ¢(2') — ¢(2) < &(2' — 2),

Then z € 07 ¢(z) and similarly one can prove z € 9~ ¢(2').

The second part of the statement is an elementary property of convex

sets: if K is a compact convex set and 0 € K, then
K Nspan (K N (—K))

is the extremal face of K containing 0 in its relative interior. Since for us K

is a cone, the particular form ([€2]) follows. O

In particular, one deduces immediately that 0% ¢ is the union of sets of
the form (4.I]), Figure

0 dz)= |J Qi(z2), 0%ex)= |J 7).  (43)

2'€0~ ¢(2) '€t ¢(z)
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Proposition 4.11. Let F be the projection on [0, +00) x R? of an extremal
face of epic. The following holds:

(1) Fn{t =1} C D ¢(z) <= 30 > 0 such that B(z,0) N (z — F) C
9~ (2).
(2) If FN{t =1} C D~ é(2) is mazimal w.r.t. set inclusion, then

V2’ € B(2,6) N (z — intyaF) (D™¢(2) = F N {t = 1}),

with § > 0 given by the previous point.
(3) The following conditions are equivalent:

(a) D-6(2) = F (=) N {t = 1};

(b) the family of cones

{RT- (2= Q4(<,2)),2 € 076(2)}

has a unique mazrimal element w.r.t. set inclusion, which coincides
with F(Z—)_(z);
(c) 0~ é(2) Nintye(z — F(E_(Z)) # 0;

(d) D~¢(2) = conv D~ ¢(z).

We recall that I q—; is defined in Definition 4]

Proof. Point (1). Only the first implication has to be proved. The assump-
tion implies that there exists a point

2 e (z — intmlF) N~ é(z)

and thus 9~ ¢(2) contains Qg(2,2) by Lemma [LT0l Tt is fairly easy to see
that this yields the conclusion, because there exists § > 0 such that

B(z,0)N (2 — F) € Q4(7, 2).

Point (2). The transitivity property of Lemmal[A8 implies one inclusion.
The opposite one follows because Z is an inner point of Qz(2', 2).

Point (3). (3a) implies (3b): by Lemma ET0l it follows that the set
D~ ¢(z) can be decomposed as the union of extremal faces with inner direc-
tions: since the dimension of extremal faces must increase by one at each
strict inclusion, every increasing sequence of extremal faces has a maximum.
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If the maximal face F™® is unique, we apply Lemma [L.10] to a point z in
an inner direction, obtaining that F™* = F g‘ (2).

(3a) implies (3d) and (3d) implies (3c): these implications follow imme-
diately from the definition of D~ ¢.

(3c) implies (3b): if there is a direction in the interior of an extremal

face, than by Lemma .10l we conclude that the whole face is contained in

D™ (z). O

A completely similar proposition can be proved for 0T ¢: we state it

without proof.

Proposition 4.12. Let F' be the projection on [0, +00) x R? of an extremal
face of epic. The following holds:

(1) FNn{t =1} C DT¢(z) <= 3§ > 0 such that B(z,6) N (z + F) C

0o (2).
(2) If FN{t =1} C Dt ¢(2) is mazimal w.r.t. set inclusion, then

Vz' € B(2,6) N (z + intya F) (DT o(2) = FN{t =1}),

with § > 0 given by the previous point.
(3) The following conditions are equivalent:

(a) D*(2) = FF (=) N {t = 1};

(b) the family of cones

{R+ . (z + Q(g(z/, z)),z/ € 6+<;_5(z)}
has a unique maximal element by set inclusion, which coincides with
FHE);

(c) 0T p(2) Nintye(z + Fg(z)) #+ 0;
(d) Dt é(2) = convD¢(z).

As a consequence of Point (3) of the previous propositions, we will call

sometimes F' 5 (2), F g (z) the mazimal backward/forward extremal face.

Now we construct a map which gives a directed affine partition in
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[0, +00) x R? up to a residual set. Define first

d
v o Ry LJ A, [0, +00) x RY)
h=0
z V;(Z) = aff 07 ¢(2)

Lemma 4.13. The map V(g 18 o-continuous.

Proof. Since 0~ ¢(z) is o-continuous by Proposition 7] and the map A

aff A is o-continuous in the Hausdorff topology, the conclusion follows. [

Notice that we are assuming the convention R° = N.

Theorem 4.14. The map v; induces a partition

d
U {Zah" c [0, 400) x R%, a € Rd—h}
h=0

on R; such that the following holds:

(1) the sets 70" are locally affine;
(2) there exists a projection Fc?’_ of an extremal face F;L’_ with dimension
h + 1 of the cone epic such that

Vze Z7,  aff ZT = aff(z—FP7) and D ¢(z) = (FP7)n{t =1};
(3) for all z € T~ there exists r > 0, Fi*~ such that
B(z,r)N (z — int,q F"7) € 2.

The choice of a is in the spirit of Proposition [3.41

Proof. Being a map, \F; induces clearly a partition {Zc}f’_, h=0,...,d,a e

Rd_h}.
Point (1). Let z € Z;L . By assumption, z € R; (or more precisely
z € Rg’_ for some h), so that by Point (i) of Definition of Rdf)’h there

exists 2z’ such that

2 €z —int, g0 @(2).
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In the same way, by Point (iii) of Definition [L.6] of R(;’h there exists 2 such
that

2 € 2+ int 0~ ¢(2).

By LemmaLT0 we conclude that z is contained in the interior of Qg(2', 2"),

and this is a relatively open subset of Zah ", being of dimension

dim 0" ¢(z) = h + 1.

Point (2). Since z € R™"(a), then the maximal backward extremal face
FJL " is given by F <Z3_ (z). Using the fact that z is contained in a relatively

open set of Zah ’+, the statements are a consequence of Proposition [4.111

Point (3). If z € T<Z>_’ then 0~ ¢(z) # (. We can thus take a maximal
cone of the family

{R+ . ng(z,z/),z/ € 8‘(;_5(,2)},

and the point 2’ € 97 ¢(2) such that Qz(z,2') is maximal with respect to
the set inclusion: it is thus fairly simple to verify that

intrdQ(g(z,z/) C Zah’_

for some h € {0,...,d}, a € R4 Hence, if F;L’Jr is a projection on [0, +00) X
R of an extremal face of a cone for z € inty Q5(2,2'), then from (£2) the
conclusion follows. O

A completely similar statement holds for R*, by considering of o-continuous

map
vi: RY - Ud_, A(h, [0, +00) x RY)
z = V};(Z) = aff 01 ¢(2)
Theorem 4.15. The map v:g mnduces a partition
d !
h'=0

on R;r such that the following holds:
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(1) the sets Z;L,I’Jr are locally affine;
(2) there exists a projection F:f "+ of an extremal face with dimension b + 1
of the cone epic such that

Vz € Z;L,/’Jr, aff Z:,/’Jr = aff(z—i—F:f,’Jr) and D~ ¢(z) = F:f/’Jrﬂ{t =1}
(3) for all z € T there exists r > 0, F:fl’Jr such that
B(z,r)N(z+ intmlF:f,’Jr) C Z:,/’Jr.
In general h # ', but on Ry the two dimensions (and hence the affine
spaces aff 0T ¢(2)) coincide.

Proposition 4.16. If z € R; then

Proof. By the definition of Ry, it follows that h = I/ because we have inner
directions both forward and backward, and since each z is in the relatively

open set
. _ ',
1ntr01(Zf’ Nz, +),

then aff 0~ ¢(2) = aff 9T ¢(2), i.e. vs(2) = vg(z). O

Define thus on R&
Vg = V(Z_)‘—R: v;—)'LR,
and let
{Zah, ac Rd_h}

be the partition induced by vz: since Rj = Uh(R(;’h N R%’h), it follows that
zZh =zl zht,

once the parametrization of A(h, aff Zc}f) is chosen in a compatible way. We

can then introduce the extremal cones of epi ¢

Cl .= epipN (V(E(Z) —z) = Fht = ph—,
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Finally, define the set

D,c | ({h} x R x RP x C(h, [0, +00) x Rd))
h=0,...,d
by
D, = {(h,a,z,c) :C’:Cc’},zezf}. (4.4)
Lemma 4.17. The set D is o-compact.

Proof. Since v; is o-continuous, the conclusion follows. O

The next two sections will prove that this partition satisfies the condition
of Theorem [L4

4.1. Backward and forward regularity
The first point we need to prove is that %almost every point in {t =1}
is regular, i.e. it belongs to Rj.

We recall below the result obtained in ﬂa, IE], rewritten in our settings.

Proposition 4.18 (Theorem 5.21, ﬂa]) LM _almost every point in [0, +00) x
R? is regular.

Next we introduce a key tool for proving the regularity: the area esti-
mate.

Lemma 4.19. Lett > s > ¢ > 0, and consider a Borel and bounded subset
S C {t = t} made of backward regular points. Then for every (t,x) € S
there exists a point o5(t,x) € intye1 (0~ ¢(¢,2) N {t = s}) such that

1 (04(S)) > <3_5>d7{d(5). (4.5)

t—c¢

Proof. First of all we recall that from (7)) every point has always an
optimal ray reaching {t = 0}. Using the assumption that the points in S are
backward regular and the transitivity property stated in Proposition [£.8] it
follows that

dim 07 ¢(z) N {t =€} = h, z € SﬂRdT)'h.
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Figure 9: The strategy to prove LemmalL.I9 the pink plane is the transversal plane

where 9~ ¢(z) has a unique inner ray.

In particular, it contains a given cone z — K made of inner rays of 0~ ¢(z).

Using the fact that C(h, [0, +00) x R?) is separable and a decomposition
analogous to the one of Proposition 3.3, we can assume that there is a fixed
h-dimensional cone K’ such that

K/ N {t = 6} C pgpanK’((Z - 8_(5(2)) N {t = E})

Hence we can slice the sets 0~ ¢(S) by a family of parallel planes in A(d —
h, [0, +00) x R?) whose intersection with (a suitable translate of) K’ is an
inner direction of K.

In this way, we find a (d — h)-dimensional problem one each affine
plane A such that for every (¢,z) € SN A there exists a unique point in

intye O~ @(t, ) N {t = e} N A. We can now follow the strategy adopted in ﬂg,
Lemma 2.13] and obtain the area formula. O

Remark 4.20. We underline that the dimension of 9~ ¢(z) is constant along
the inner ray selected in the proof of the previous lemma. A similar property



2016] THE DECOMPOSITION OF OPTIMAL TRANSPORTATION PROBLEMS 443

Figure 10: If z, 2’ are regular points, then also the inner ray [z, '] is made of regular
points (proof of Proposition [2]]).

holds along inner rays of 0t é(2), z € R;—:.

We can now prove the regularity of ’HdL{t:l}-a.e. point.

Proposition 4.21. H%—almost every point in {t = 1} is reqular for ¢.

Proof. By Proposition [£I8] and Fubini theorem there is £ > 0 arbitrary
small such that H%a.e. point z of {t = 1 £ ¢} is a regular point for ¢.

Let ¢ > 0 be fixed according to Lemma I9 The area estimate
gives that the measure of points in {¢t = 1 — £} which belong to an inner ray
of a backward regular point in {t = 1 + ¢} is larger than

l—e—¢\® Hi(S)
1+e—¢ ’
By assumption these points are also regular (and thus forward regular).

Observe that an inner optimal ray starting from a backward regular
point and arriving in a regular point is made of regular points, see Figure
of Remark Therefore, by the arbitrariness of € and &’ we conclude
the proof. O

Hence Point (1) of Theorem [[4]is proved.
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4.2. Regularity of the disintegration

By ﬂa, (3) of Theorem 1.1] we know that

£d+1|_UaZC;}:/f(a,z)’}-[hHLZg(dz)nh(da).

so that by Fubini Theorem
HdL{tzl-‘rE}ﬂUa 7h= /f(a,m)?-[hn_{tzlﬂ}ﬁzg (dz)n"(da) for a.e. € > 0.

Recalling the decomposition of Lemma .19, we fix the set of indexes

A= {ateh:Zfﬁ{t:1+€}7é®andKCpagKCah},

€,

with K € C(h, [0, +o0) x R?) given.

An easy argument based on the push forward of H? along the rays
selected in the proof of Lemma [2.19] (see for example ﬂa, Section 5]) gives
that there is

c(a,z) € ((1— 5/2)d,2d)

such that

H oy, 2= /Qt o) (@) M oy zp (A (da).
e, K

The lower estimate of ¢ is given immediately by Lemma [£T9 for t = 1+¢/2,

¢ =¢/2and s =1.

The upper estimate follows by inverting the roles of t = 1+¢ and s = 1:
in this case the ray starts in Z N {t = 1} and ends in Z! N {t = 1 + &},
and we are estimating the area between t = 1 and ¢t = 1 + /2. Using the
same rays of Lemma in the backward direction and applying (4.3]), one

obtains the second bound.

Notice now that in the partition of the proof of Lemma [4.19] the inner
rays are parallel inside the elements of the partition: once the cone K and

the transversal planes Vi are chosen, in each element Z! the rays Z' N Vi
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2zt

Zhn{t=1+¢}

Zhn{t=e}

Figure 11: The parallel translation of (Z6) along the direction C" N V.

are parallel, so that the map along

ty, U Zhn{t=1+¢/2} — U Zhn{t=1}
AL k¢ AL ke (4.6)
Zh s« =ty (2)=(2+ V)N Zhn{t =1}

is just a translation (see Figure [[T]). We thus deduce that

(th)ﬁHhLZahﬂ{t:1+e/2}: HthVK(Zahﬂ{t:1+e/2}7
and that c(a, z) = c(a).
Define
f'(a, ey (2)) == c(a) f(a, 2),

so that we can write

d h h

H =1}nuy, 2T f'(a,x)H ‘—{t:1}ng(d$)77 (da).
e, K Ql?’K

By the uniqueness of the disintegration, the previous formula gives the

regularity of the disintegration of Hstv (U zZbn{t=1})" By varying K and
K AhK a
¢ and using the fact that Z” are transversal to {t = 1} and relatively open,

we obtain the following proposition:
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Proposition 4.22. The disintegration
d b, h
Hoy, czbnft=1)= Z / van"(da)
h

w.r.t. the partition {Z} N {t =1}}p 4 is reqular:
'Ug/ < HhLZg(—L

This concludes the proof of Point (2) of Theorem [[L4 The last point of
Theorem [[4] is an immediate consequence of the fact that ¢ is a potential,
and thus the mass is moving only along optimal rays graph ¢ N (z — epic),
and for all regular points z

P[0,400) xRY (graphqz_b N (z — epi 6)) Cz— C’;‘.

Remark 4.23. The fact that n" ~ H%"_,,, with 2" chosen as in Remark
B is again a simple consequence of the estimate on the push-forward along
optimal rays and Fubini Theorem. This result is exactly the same as the one
stated in [0, Theorem 5.18]: we refer to that paper for the proof, because
the form of the image measure is not essential in the construction and can
be seen as an additional regularity of the partition.

5. Optimal Transport and Disintegration of Measures
on Directed Locally Affine Partitions

In this section and the following three ones we show how to refine a
directed locally affine partition D either to lower the dimension of the sets
or to obtain indecomposable sets. This procedure will then be applied at
most d-times in order to obtain the proof of Theorem [I1]

Following the structure of the first directed locally affine partition D ;
constructed in the previous section, we will consider the following three

measures:

(1) the measure Hgy_qy, with HI({t =1} \ Up,aZL) = 0;

(2) the probability measure fi := dy;—1y X 1, such that p < £, and thus in
particular p < Hdl_{tzl};

(3) a probability measure  supported on {t = 0}.
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On R x RI*1 we can define the natural transference cost

0 ezl -7 eCh,
cz(z,2') = { FE AT : (5.1)

oo otherwise.

Since
{cz < oo} ={(2,2):12€Z,z -7 €d(2)},

i.e. it coincides with the projection (p., (pra+1 © pc))D of D, then it is o-

continuous.

From Point (3) of Theorem[I.4] it follows for D each optimal transference
plan 7 has finite transference cost w.r.t. cz, so that the set H{z (L, 7) is
not empty. From the observation (see Example 5.1 below) that in general
the construction depends on the selected transference plan 7 through the
marginals {#!'} 4, we will consider transference plans 7 € II(7, {z"}) such

that
/czw < 0.

Consider the disintegrations on the partition {Z"}, o: if z — (h(2), a(2))
is the o-continuous function whose graph is the projection py, 4 .D, then

Z/ §h da), fh = agfiLgn.

i.e. T E H{z (ﬂ) {22})

In the same way we can disintegrate 7 € II(7, {Z"}) w.r.t. the partition
{Zh x Rdﬂ}h,a, properties of the support of the marginals),

d
7= Z/mh mpch(da), = (p1)gEL.
Write also

d
p=3 [ deta. ok - airl,

even if the above formula does not correspond to a real disintegration.
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In the following example we show why in general the partition depends
on the plan 7.

Example 5.1. For d = 2 let

= %H%A, A={(1Lz): |z —(£2,0)] <1},

v==(2-z|-2)H's,  B=1{(0,2):2¢€{0}x[-4,4]}.
and let the transportation cost ¢ be

Zle >0,

E(t,l‘) = ]1{0}(33) t= O, |(331,332)|oo = max{|:1:1|, |$2|}
+00 t <0,
+

An pair of optimal plans 7= are given by

7+ = (L, T)41, where T%(z) := (0,0, (v2 £ 71)), = = (v1,22) € R?,

and, taking as a potential ¢(¢,2) = |z1|, the decomposition obtained by the
first step can be easily checked to be

Zc?l = {(t7$)7x1 < 0}7
Zc?l = {(t7$)7x1 > 0}7

,|3§‘2| < —33‘1},
o] < +331}-

2
Cq = {(t,2)
02 = {(t,l‘)
Being the second marginals of the disintegration of 7% = ﬁg’li + ﬁﬁ’f

w.r.t. the partition {foz }i=1,2 given by

_ _ 1
Tt = (p)aTe = 7 (2= [l = 2)H e,
B:t = {(1707:172) : i(_l)i$2 € [074]}7

2

the sets II(f, {1731.’_}), II( f, {Dé‘f}) are different.

If we further proceed with the decomposition, we will obtain that the

indecomposable partition corresponding to 7% is

Z&vi — {(t’;p),@ =aF x1, =(signa)r; > 0},
C&vi — {(t,;p),m = Fxq, (signa)r; > 0}.
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a

Figure 12: The transport problem studied in Example B.11

The parameterization is such that

Z:En{z =0} = {(0,0)}, acR.

We conclude with the observation that if instead we consider the trans-
ference plan @ = (7 + 77)/2, then the first decomposition is already inde-

composable in the space I1(fi, {72 }), because

Consider now the disintegration of the Hausdorff measure Hdl_{tzl}
w.r.t. the partition {Z0}) o

d
Hdl_{tzl}: Z /mh vl (da), n = an’l-ld\_zhﬂ{tzl}.
h=0

Following Point (2) of Theorem [[.4] on the regularity of the disintegration
and taking into account the choice of the variable a considered in Remark

3.5, we will recursively assume that the following

(1) the measures v are equivalent to HhLZélm{tzl},

(2) the measures 1 are equivalent to H4"_yn (see Remark E23).

We will write

ﬂg = £, H", £, Borel.
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5.1. Mapping a sheaf set to a fibration

Consider one of the h-dimensional directed sheaf sets D(h,n), h =
0,...,d, constructed in Proposition B.3] and define the map

r : D(h,n) — R x ([0, +00) x R") x C(h, [0, +00) x R") 52)
_ _ 5.2
(a,2,Cl) r(a,z,CF) = (a,plg o2 Pl o CF)

Remember that C” is the reference cone for each cone in D(h,n) and aff C”
is the reference plane for each Z” in this sheaf.

Being the projection of a o-compact set, r is o-continuous. Clearly,
since z determines a and a determines C", also the maps

£ Zh — R x ([0, +00) x R") x C(h, [0, +00) x R")

zZ f‘(Z) = (a(Z),PiHC;LL%PiHQI;Cc}}(z))

— RYh x C(h, [0, +00) x R?)

a = 2(2) = (a,plg 0 Ca)
are o-continuous. We will use the notation
w € [0, +00) x R, Zah = (ihopgﬂfcﬁ)Zah and é’f = (ih opiﬁcg)cah,
where ij, : V! = aff C! — R is the identification map. Moreover set
Z! .= Uy{a} x ZD.

From Points (3) and (4) of Proposition B3] we deduce the following
result.

Lemma 5.2. There exists two cones Cy, Cy(—ry) in C(h,[0,4+00) x R")
such that

Vae s (Cul—r) C Ch A P Cn).
Proof. Take C,, := (i, opiﬁch)C’ff. O

Definition 5.3. A o-compact subset D of R~ x ([0, +00) xR")xC(h, [0, 00)
xR") such that

e the cone f)(a, w) is independent of w,
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Figure 13: The map r defined in 5.2

e there are two non degenerate cones C,C’ € C(h, [0,+00) x R"), C c C,

(replacing of Cy,(—ry,), Cy) satisfying Lemma [5.2]
will be called an h-dimensional directed fibration.

In particular we have that r(D(h,n)) is an h-dimensional directed fibra-

tion.

The fact that we are considering transference problems in II(fi, {#"})
allows to rewrite them in the coordinates (a,w) € R x ([0, +00) x R").

Indeed, consider the multifunction ¥ whose inverse is the map

it AL x ([0,+00) x R") — [0, 00) x RY

(a, w) = B (a,w) = aff 200 (k0 ply ) (W)
(5.3)
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and define the transport cost

— / ~h
h ;o )0 a=diw—w ey,
cn(a,w,a,w).—

oo otherwise.

It is clear that

cz (M a,w), 21 (', w')) = EZ(a,w, a,w').
Define the measures fi, 7 € P(R41) by
= P (00), i = (010 Bl o il
U= /mh ﬁaﬁh(da), Vg = (in Opgffcj;)ﬁ’jg-

Since the marginals of the conditional probabilities 7/ are fixed for all

7 € TI(fi, {¥"}), then it is fairly easy to deduce the next proposition.

Proposition 5.4. It holds
0L, (pAze}) = (¢ @), I, (4, 9).
Moreover i({t =1}) =1, v({t =0}) = 1.

By Point (5) of Proposition B3] one deduces that (p,g Cg)ﬁvgf are equiv-
alent to HhLZahﬂ{tzl}, being Ug the conditional probabilities of the disin-
tegration of Hdl_{tzl}, so that in particular the measure f‘ﬁHszgm{t:n is
equivalent to Hdl_Zg A{t=1}" We have used the fact that r is single valued on
zh.

6. Analysis of the Cyclical Monotone Relation on a Fibration

In this section we study the cyclical monotone relation generated by
transference plans with finite cost on a fibration D.

We recall that a directed fibration is a o-compact subset of

{(a,w,C’) e R x ([0, +00) X Rh) x C(h, [0, +00) X Rh)}
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with the properties that pa,(;f) is the graph of a o-compact map a+— C, €
C(h, [0, +00) x R") and there are two cones C',C’ € C(h, [0, +00) x R?) such
that

vacpaD (CCCo A Cac ). (6.1)
We will use the notation 2 := p,D ¢ R*", Z, := p,D(a), Z := pa,wf):

essentially the notation is the same for D(h,n), only neglecting the index h
and n.

The properties (1)) of the two cones C,C’ € C(h, [0, +00) x R") allows
us to choose coordinates w = (¢, z) € [0, +00) x R” such that

C = epi co, C' = epico

for two 1-Lipschitz 1-homogeneous convex functions co,co’ : R" — [0, +00)
such that co’(z) < co(z) for all z # 0. In the same way, let co, : R —
[0, +00) be 1-Lipschitz 1-homogeneous convex functions such that

Cy = epicog.

Clearly from (G.I) for  # 0 it holds co’(z) < coq(z) < co(z). Moreover
from the assumption that C’ N {t = 1} is bounded, we have that co’(z) > 0
for z # 0.

Define the transference cost ¢ as in (5.4)

5 ., 0 a=d,w—w €,

S(a,w,d,w') == .
oo otherwise.

Since ¢(a,w,a’,w") < co implies a = o', we will often write

Ca(w,w') = &(a,w,a,w').
From the straightforward geometric property of a convex cone C'
welC = w+CCC(, (6.2)
one deduces that

S(a,w,d,w), e(d,w,d" W) <o = &(a,w,a’,w") < .
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Note that in particular a = a’ = a”.

Consider two probability measures ji, 7 in 2 x ([0, +00) x R") such that

their disintegrations

fi= /m fi(da), &= (pg)si, 7= /Ql o€ (da), € = (pg)s,  (6.3)

satisfy

E=¢ and i (Zon{t=1}) =(Zin{t =0}) = 1.
It is fairly easy to see that if 7 € I1/ (i, v), then
T = / Tol(da) with To € I (fig, 7a), (6.4)
A

and conversely if a + 7T, € I (fiq, ) is an &-measurable function, then the

transference plan given by the integration in (64)) is in IT/(j1, ).

We denote by I'(7) the family of o-compact carriages I of 7 € TI/ (f1, 7),
(7)== {fc{a<oo}m{t:1} x{t:@}:ﬁ(f):1},

and set

r= \J re.

Fell/ (,0)
The section of a set '€ I" at (a,a) will be denoted by I'(a) C {t=1}x{t=0}.
6.1. A linear preorder on 2 x [0, +00) x R"

Let T € I'. The following lemma is taken from ﬂa, Lemma 7.3]: we omit

the proof because it is completely similar.

Lemma 6.1. There ezist a &-conegligible set &' C R and a countable

family of o-continuous functions w, : A' — {t =1} x R", n € N, such that

VneN,aecd (wn(a) C p1I(a) C clos {wn(a)}neN).
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Figure 14: Construction of the set H,,, formula[6.5]

Define the set H, C 2 x R by

H, = {(a,w) ;I e N, {(wi,w;)}i[:l C I'(a)

<w1 = w,(a) A c(a,wiyr,a,w), e(a, w, a,wf) < oo) } (6.5)

This set represents the points which can be reached from wy(a) by means of
axial path of finite costs (see (Z.5) and Figure [I4)).

Proposition 6.2. The set H,, is o-compact in R x ([0, +00) x R"), and
moreover, defining the Borel set A}, := {a : Hy(a) # 0}, then there exists a
Borel function h,, : AT x R — [0, +00) such that for all z, 2" € R"

h,(a,2") < hy(a,z) + co(z’ — )
and

{(a,t,2) : t >hy(a,2)} C H, C {(a,t,2):t>hy(a,2)}.

The above statement is the analog of Proposition 7.4 of ﬂa], and we omit
the proof. The function h,, is given explicitly by

hy,(z) = inf {coa(z —y),y € 1a(H, N {t =0})}
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456
= min {coa(x — ),y € clos (iq(H, N{t = 0})) }

The separability of R? and the non degeneracy of the cone C, yields the

next lemma.
Lemma 6.3. There exist countably many cones {w) + éa}z‘eN, {wi}ien C

in(pol(a) N Hy(a)), such that

i1, (Ha(@) = | w} + Co.
ieN

Moreover, the set O(ip(Hy(a))) N{t =t} is (h — 1)-rectifiable for all t > 0.

The estimate given in the proof below is well known, we give it for

completeness.
Proof. We need to prove only the second part. Let K = C.nN {t = t}, and

consider in R a set H of the form

H= Uwé—FK
ieN

If a point w belongs to OH, then it belongs to the boundary of w’ + K for

a suitable w’'.
Being K = CyN{t = 1} a compact convex set, the set 0K can be divided

into finitely many L-Lipschitz graphs O;, ¢ = 1,...,I. By restricting their
domains, for all ¢ fixed we can assume that if two points w;, j = 1,2, are

such that
wi € (W +05) \ (wy + K)  and  ws € (wh+ O;) \ (w) + K),
then either they belong to a common 2L-Lipschitz graph or their distance is

of order diam K = t (see Figure [TH]).
The previous assumption on the sets O; implies that the points in 0H,, N

R

1

B(0, R) of the form w' + O;, with i fixed, can be arranged into at most

2L-Lipschitz graphs: hence we can estimate

’Hh_l(aHﬂB(O,R)) = max{?, 1} "RV x - + R
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Figure 15: We can consider a straight line in {{ = t} traversal to O. The dis-
tance between two points of (0H,) N B"(z,r) on this line and belonging to some
translations of O is of the order of ¢. (Lemma [6.3)).

For R < t we made use of the observation that there can be only 1 Lipschitz
graph inside the B(0, R). O

6.1.1. Construction of the linear preorder <y

Denote with W = {wj, }nen the countable family of functions constructed
in Lemma

Define first the function

0 - A x ([0,400) xR?) — A x [0,1]

W,
(a,w) = 0 s (a,0) = (a, max {O, >n2:37"xm,(a, w)})
(6.6)
It is fairly easy to show that 9;] ;s Borel. The dependence on T' occurs

because the family W is chosen once I' has been selected.

Since we are interested only in the values of the functions on p;I’ and
the measure [ is a.c., then once the function 9‘:1 7 has been computed we
define a new function 6, by

{w:6,p(qw) >0t = ) w+Ci 0€[01]. (6.7)

w’Epgf‘(a)
O p(w)=0

Being pgf(a) o-compact and a — C,, o-compact, it is standard to prove that

_ . . / .
HW’F is Borel if Hw,f“ is.
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The main reason for the introduction of the function 6 will be clear
in Section 8: indeed, 6 and its upper semicontinuous envelope 1 satisfy
a Lax representation formula similar to the Lax formula for HJ equation
(Remark [6.0]), so that the techniques used in order to prove regularity of the
disintegration for ¢ (Sections 4.1 and 4.2) can be adapted to this context.

Lemma 6.4. The functions 6, 1(a), 9‘:1 = (a) are locally SBV on every section
{t =1}, and

(w,w'") € T'(a) = 9;]71;(11,10) = %j(a, w') = 0, p(a,w) = 6 ¢(a,w').

Hence the function 0y  has the same values of 9’ on piT'(a) Upal'(a).

Proof. From the definition of H,(a), formula (65]), it is fairly easy to see
that

(w,w') €T (w € Hola) & w' € Hn(a)),

hence 9’ Ao, w) = 9’ =(a,w'). Moreover

0; 1(a,[0,+00) x R") C {an ,sne{0,2}},

so that its range in £!-negligible (it is a subset of the ternary Cantor set). By
63), the sets H,,(a)N{t = t} is the union of compact convex sets containing
a ball of radius O(t), and then by Lemma[63]it is of locally finite perimeter:

more precisely, in each ball in R” of radius r its perimeter is O(r" /t +r"=1).

Being Héf(a)L{t:;} given by the sum of the functions of 37" xp,A{=7}
with (relative) perimeter ~ 37" (r" /t + r"~1) in each ball of R" of radius r,
it follows that 6, -(a)c(=p is locally BV with

h—1

Tot.Var. (9 ( )\_{t —i} B(z,r)) =

Th_l_
—_— T
t

Being a countable sum of rectifiable sets, it is locally SBV in each plane

{t = t}: more precisely, only the jump part of Dw% 7f(a) is non zero.

The same analysis can be repeated for 6, =, using the definition (G.7).
This concludes the proof of the regularity.
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The fact that 0, 7(a,w) = 0, 7(a,w') if (w,w') € ['(a) is a fairly easy
consequence of ¢ -(a,w) = 0 ~(a,w’) and the definition of 6. Indeed, it is

clear that # > 6’; on the other hand, if w) € pgf(a) is a maximizing sequence
for w € p1I'(a), then the definition of #’ gives

0'(w) = 0 (ws),

and then 6'(w) = 0'(w') = (w). Since §(w') < O(w) by ([E.1), the conclusion
follows. O

Lemma 6.5. 0, (a) and 0] ~(a) are SBV in [0, +00) x R,

Proof. Being every sub levels of 6, .(a) and 9‘; 7(a) the sum of cones w'+Cy,
the boundary of level sets is locally Lipschitz and the thesis follows. O

To estimate the regularity of the disintegration of the locally affine par-
tition generated by 6 (Section 7), we define the function ¥, 1.(a) as the upper
semicontinuous envelope of 6, r(a):

{¥(a) > 0} = clos{f(a) > 0}.

Being the topological boundaries of level sets of ij(a) rectifiable, the ”HhL{t:g}—
measure of the points where ¥, (a) and 0, -(a) are different is 0.

Remark 6.6. We observe here the relation with the Lax formula for Hamilton-
Jacobi equation (with inverted time). In fact, if we define the Lagrangian

then formula (G1]) can be rewritten as

Oy (a,w) = sup {%j(a, w') — Ly(w —w'),w" € {t = O}}
Moreover, the definition of 19w71~“ yields that
Uy p(a, w) = max {75‘w71:(a, w') — Ly(w —w'),w' € {t = 0}}
Being the maximum reached in some point, it follows that ﬁw,f in some

sense replaces the potential ¢. The advantages of using 0, i instead of ¥,
will be clear in the following sections.
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We remark here only that the disintegration of the Lebesgue measure

HdL{tzl} on the sub levels of 8 or of ¥ is equivalent, as observed above.

The space R%" x [0, 1] is naturally linearly ordered by the lexicographic
ordering <: set for a = (a,...,a4-p), s € [0,1],

(a,s)<(d,s") <= |Fie{l,...,d—h} (Vj<i(aj:a;-)/\ai<a§)]

V [ai:a’i /\S<S/].
(6.8)

The pull-back of < by ew,f“ is the linear preorder <uf defined by

By i==ur N =g b= { (0, 0) 1 0, 1(w) = 0, 1(w) |-

By construction (a, w) ~g, . (o', w’) implies that a = o’. Ej (a,a) = R xR"
(observe that H,(a) N {t =0} C p2I'). By convention we will also set

E,p(a) = {(w,u/) : 0, 1 (0,w) = 0, 1 (a, u/)}.

Lemma 6.7. Assume that (a,w), (a”,w”) € piI’ can be connected by a closed

azial path of finite cost. Then (a,w) ~pg_ . (a”,w").

Proof. Clearly a = a”, and thus the condition can be stated as follows:
there exist I € N, (w;,w}) € T(a), i = 1,..., I, such that (w1, w}) < oo,

2

i =1,...,1 with wry; = w;, and moreover w = w;,, w” = w;, for some

1,79 € I. This implies that
VneN (w € Hy(a) & w" € Hy(a)),

which proves that 6 -(a,w) = 0/ ~(a”,w"). From Lemma .4 the conclusion
follows. O

A consequence of Lemma is thus that I' C E, 7. If T' is another
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carriage contained in {¢ < oo}, then

(w,w) €T'(a) = w=ypw,
because
HW,F/(U}/ + Oa) > 9w,F’ (w/) (6'9)

by construction. In particular from Theorem [A.3] we deduce the following
proposition.

Proposition 6.8. If #' € I/ (i, D), then @' is concentrated on E .

6.1.2. Construction of a o-closed family of equivalence relations

The linear preorder <, - depends on the family W of functions we choose
and on the carriage I': by varying the &-cyclically monotone carriage I € I
and the family W dense in I and we obtain in general different preorders.

We can easily compose the linear preorders '\<w5 fyo B < a countable
ordinal number, by using the lexicographic preorder on [0, 1]%: in fact, define
the function (recall the notation (a,s) € RT™" x [0,1])

. pd—h h d—h
H{WBTB}B@. R % [0,400)x R" — R x [0, 1]«
(a, w) — H{WBU}B@(a, w) = (a,{psewﬁjﬁ(a, w)}5<a)
(6.10)
As in the previous section 6 (W5, T5}5ca is Borel, and the function should be
considered defined in the domain N Bﬁl’ﬁ, where ﬁl’ﬁ is the domain of the family
of functions Wg.

If < is the lexicographic preorder in R?" x [0,1]* as in (6.8), then set

-1
Susfadoca T (H{Wﬂ,fﬂ}ka ® H{Wﬁ,fﬁ}ka) (<),
N . 3 -1
E{vaFﬂ}ﬂ<a = Swplalsca | ﬁ{wB,f5}5<a :
Clearly ﬁ(E{ij,;}ﬁ@) = 1, since ﬁ(Ewﬁ,fﬁ) =1 for all < a. To be
an equivalence relation on R%™" x [0, +00) x R", we can assume that I C
E{w67f6}6<a'
The next lemma is a simple consequence of the fact that a countable

union of countable sets is countable. Its proof can be found in ﬂa, Proposition
7.5].
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Lemma 6.9. The family of equivalence relations

&= {E{Wafa}a@’wﬁ - {Wn,ﬁ}neN,Oé € Q}

is closed under countable intersection. Moreover, for ever E there

exists T € I' and W such that

{Ws. s} <a

E‘Wf = E{Wﬁ Tslo<a

6.2. Properties of the minimal equivalence relation

Let E (T s} aen be the minimal equivalence relation chosen as in Lemma
after a minimal equivalence relation of Theorem [A.4] in Appendix A.3
has been selected.

Let 6 : RT" x ([0,400) x R") — R%" x [0,1] be the function obtained
through (G8) with the set I' and the family of functions W, and let § be the
corresponding function given by (6.7]). For shortness in the following we will
use only the notation E, # and =<, and the convention is that 8 is defined on

a o-compact set 2’ x ([0, 00) x R") as in the discussion following (G.10).

Let T € I" be a o-compact cyclically monotone set, and let 0,7 R~ %
([0, +00) x R?) = R4 x [0,1]N be constructed as in Section 6.1.1.

By Corollary [A4] it follows that there exists a fi-conegligible o-compact
set B € R*" x ([0,400) x R") and a Borel function s : R%" x [0,1] —
R%" % [0,1] such that y = s 0§ on B: since

it follows that we can write s(a,s) = (a,s(a,s)), with a slight abuse of
notation. The set B depends on 0, 1

Applying this result to the equivalence classes of positive [i,-measure,
where [i, are the conditional probabilities given by (6.3]), we obtain the
following proposition.

Proposition 6.10. There exists a set A" C A of full E-measure such that

Yae " gel0,1] <ga(9—1(g)> >0 = 30’0, 1] (ga(é—l@\%(g’)) :o)).
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Proof. Since the equivalence classes under consideration have positive fiq-

measure, the fi-negligible set (2’ x [0, 400) x R") \ B satisfies
§({a:30 (10 0\ B) > 0)}) =0.

In the remaining &-conegligible subset 2A” of 2’ the value ' = s(0) satisfies
the statement. O

The essential cyclical connectedness of #~1() now follows from the fol-
lowing lemma, valid for a generic 6, . This lemma justify the choice of the

density properties of the functions w,,, Lemma [G.]]

Lemma 6.11. If ﬂa(ﬂw_%(ﬁ)) >0, a €A, then it is H?tzl}—essentially I-

cyclically connected.

Proof. Fix a € 2’ and assume the opposite. Then there are two sets Ay, Ay
in p1(T(a)) 09‘;7% (9) of positive fig-measure such that each point of A; cannot
reach any point of As.

If (w, @) € T'(a)UA; x {t = 0} is such that @ is a H?tzl}—Lebesgue points
of Ay, then using the non degeneracy of Cy and the density of W = {w,, },, we
obtain that there exists a wy(a) € A1 N (@ + Cy) with Hp N Ay # 0. chosen
in W of Lemma

By the assumption that 0, is constant, we deduce that As C Hgy, so

that there is an axial path connecting w to As. O

The next example shows that, differently from ﬂa, Theorem 7.2], the

Lebesgue points of {#, = t} are not necessarily cyclically connected.
Example 6.12. Consider the sets in R?
Ay = {xlzo,xgzo}, Ay = Ay + B(0,1),

and the map

oz — dist(z, Ag)
|z — dist(z, Ag)|

T:R*\ Ay — R?*\4;, T(z)=x+ <1 — %dist(a;, A0)>
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Ay

argmin d(z, Ag)

Figure 16: Example 6121

It is immediate to see that T is optimal for the cost c(z —2') = 1|3/<1(z)
and the measures j, Ty for all € P(A; \ Ap), and the sets and functions

2/3 T ¢ AQ,

I = graph(T), WN\A4p =10, 6,p(x)=
’ 0 x € Ay,

= ~ _ = 2
r=ru {(x,x') :$€A0,x'6($+B(0,1))}, clos(W N Ag) = Ay, Hw’la(x):?

satisfy Proposition B.10, the equivalence class for # being R? but for 6 is
R2\ Ap.

7. Decomposition of a Fibration into a Directed Locally Affine
Partition

In this section we use the function 6 constructed in the previous section
to obtain a partition of subsets of R¥~" x [0, +-00) x R" which is locally affine
and satisfies some regularity properties: these properties are needed to prove
the disintegration theorem of the next section.

The decomposition presented in this section can be performed using any
o-continuous function with the property (6.9). In particular, in Section 8 we

will use the function 9.

Using Lusin Theorem (134Yd of M]) we can assume that 6 is o-continuous
up to a (i + ’HdL{tzl})—negligible set.
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7.1. Definitions of transport sets and related sets

We define the following sets: they correspond to the sets used in ﬂa],
Section 4, adapted to the space R?™" x [0, +00) x R, and are the analog of
the sets used in Section 4 for the potential ¢ and the cost ¢, replaced by @
and C,.

Sub/super differential of §: we define the cone sub/super-differential of
0 at (a,w) as

9= 0(a) = {(w,w')  Ea(w, w') < +00,0(a,w) = 0(a,w)

)

_ _ _ } (7.1)
o+0(a) = {(w,w'):éa(w',w) < +00,0(a, w) :9(a,w')}.

Note that -0 = (976) L.

Optimal Ray: the optimal rays are the segments whose end points (a, w), (a, w")
satisfy

O(a,w) = O(a',w) and w e w + C,.

Backward /forward transport set: the forward/backward transport set
are defined by

Ty (a) == {w:070(a,w) # {w}} = p1(070(a) \ T),
T (a) == {w:070(a,w) # {w}} = p1(070(a) \ T).

Set of fixed points: the set of fixed points is given by

Fy(a) :=R"\ (T, (a) UT; (a)).

Backward/forward direction multifunction: The backward/forward
direction multifunction is given by

D= 0(a) := {(w L“”,),w:(t,x) €T (a), ' =(t',2) ea—é(a,w)\{w}},

" pr(w—w')

DH(a) = {(w u),w:(t,x) eTH(a),w' = (¢, ) ea+é(a,w)\{w}},

" pe(w' —w)

normalized such that p,D*0(a,w) = 1.
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Convex cone generated by D*0: define

— — Rt -0 + Tt +9
Cy (a,w) :== RT - conv D™ 0(a, w), Cy (a,w) :==R" - conv D" 0(a, w).

Backward/forward regular transport set: the ¢(-dimensional backward
/forward regular transport sets are defined for £ = 0, ..., h respectively as

R (a) := {w €T (a): (i) D 0(a,w) = conv D O(a,w)

(i) dim (conv D~ f(a,w)) = ¢
(i11) Juw' € Ty (a) N (w + intyel C’g_(a,w))

((4), (i7) hold for w') }
R (a) := {w €T%(a): (i) DTO(a,w) = conv D 0(a,w)

(i) dim (convD*0(a,w)) = ¢
(#74) Ju' € T9—+(a) N (w — intyel C’g’(a, w))

((4), (47) hold for 2") }

The backward/forward regular transport sets and the regular transport set
are defined respectively by

Ry(a) == JR;“(a). Rf(a):=|JR,* and Rg(a):=R;(a)N R} (a).

Finally define the residual set N by
Nj(a) = Ty(a) \ Ry(a).

The next statements are completely analog to ﬂa, Section 4], and we will
omit the proof.

Proposition 7.1. The set 0%6, Téi, Fy, D0, Cgt, R(:;t’z, R(:;t, Ry are o-

compact.

The next lemma follows easily from ([G.9)): in the language of ﬂa], we can
say that the level sets of f(a) are complete &q-Lipschitz graphs (|6, Definition
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4.1)).

Lemma 7.2. If (w,w') € 0T0(a), then

Qg o(w,w') = (w+ Cq) N (w' = Cy) C 9 0(a, w). (7.2)
Moreover,
RT - (Qgq(w,w') —w) = RT - (w — Qg o(w,w)) =: Oa(w,w)
where Oq(w,w') is the minimal extremal face of C, containing w' — w.

In particular, one deduces that as in the potential case

0 0(mw)= | Q. w),  00(aw)= | Qalww).
w' €0~ 0(a,w) w' €0+ 0(a,w)

Moreover, by (6.2]),

w € 90(a,w) = 0 0(a,w) C 0F0(a,w).

Using the same ideas of the proof of Proposition 11l we obtain an
analogous proposition for D~6.

Proposition 7.3. Let Oy C Cy be an extremal face. Then the following
holds.

1) Oun{t =1} € D O(a,w) <= 35 >0 (B(w,a) N (w—0,) C
a—é(a,w)>.
(2) If Oy N {t =1} C D~ 0(a,w) is mazimal w.r.t. set inclusion, then

Vu' € B (w,6) N (w — intye O) (D—é(a, W) = 0N {t = 1}),

with § > 0 given by the previous point.

(3) The following conditions are equivalent:
(a) D70(a,w) = Cy (a,w) N {t = 1};
(b) the family of cones

{RT - Qa(w',w),w" € 8 0(a,w)}
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has a unique mazximum by set inclusion, which coincides with C’g—_ (a,w);
(¢) 070(a,w) N (= — kg T (a,w)) 0
(d) D=0(a,w) = convD~f(a, w).

A completely similar proposition can be proved for DTé.

Proposition 7.4. Let Oy C C, be an extremal face. Then the following
holds.

(1) Oa N {t = 1} € DT(a,w) <+ 3§ >0 <B(w,5) N (w+ O0q4) C
a+§(a,w)).
(2) If Og N {t = 1} C DT 0(a,w) is mazimal w.r.t. set inclusion, then

Vo' € B(w,8) N (w + intyOy) (D+§(a, W) =0, N {t = 1}),

with & > 0 given by the previous point.

(3) The following conditions are equivalent:
(a) DO(a,w) = C5 (a,w) N{t = 1};
(b) the family of cones

{R+ CQu(w,w'),w € 8+0_(a,w)}

has a unique mazimum by set inclusion, which coincides with C’g’(a, w);
(¢) 0%0(a,w) Nintre(z + Cf (a,w)) # 0;
(d) DT(a,w) = convDTl(a, w).

As a consequence of Point (3) of the previous propositions, we will call

sometimes C; (a, w), C’g(a, w) the mazimal backward/forward extremal face.

Remark 7.5. In Section 8 we will need to compute the same objects for the
function . The definitions are exactly the same, as well as the statements
of Propositions [T [73}, [4] and Lemma [T.2 just replacing the function @
with 9. We thus will consider the sets

0%, TF, Fy, DT, Cf, Ry, RE, R; Ny,

and for the exact definition we refer to the analog for .
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7.2. Partition of the transport set

In this section we construct a map which give a directed locally affine
partition in R4 ™" x [0, 400) x R": more precisely, up to a residual set, we
will find a directed locally affine partition on each fiber {a} x [0, +00) x R",
and the dependence of this partition from the parameter a is o-continuous.

Define the map
v, © Ry — RA=h o ut_ A, RY)
(a,w) = vy (a,w) = (a,aff 0~ 0(a,w))
Lemma 7.6. The map v, 1S o-continuous.
Proof. Since 0 0(a,w) is o-continuous by Proposition [ZI and the

map A — aff A is o-continuous in the Hausdorff topology, the conclusion
follows. o

We recall the convention R? = N.
Theorem 7.7. The map vy duces a partition
h !/
U {Zf aeRITM Y € Rh‘”}
=0
on Ry such that the following holds:
(1) each set Zf,é,_ is locally affine;

(2) there exists an extremal face Oflij,_ with dimension ¢ of the cone Cy such
that

vwe Zyy (aff 20y = afi(w+0ly) A D70(a,w) = Oy nft =1});
(3) for all w € T (a) there exists r > 0, Oﬁ:g,_ such that
B(w,r)N (w — intrelOﬁ’E],_) C Zﬁ’é,_.

The choice b € R*¢ is in the spirit of Proposition
Proof. For the proof see ﬂa, Theorem 4.18]. O
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A completely similar statement holds for R;, by means of o-continuous
map
v;: : Rg — R Up_ AL, [0, +00) x RP)

(a,w) — vg(a,w) = (a,aff 97 0(a, w))

Theorem 7.8. The map vg induces a partition

h
U {va; C [0, +00) x RP, a e R¥M b € RH}
=0

on Rg such that the following holds:
(1) each set Zi’b is locally affine;

(2) there exists an extremal face Oﬁ’b with dimension { of the cone Cy such
that

Yw € Zy (aff Zyd =aff(z+078) A DH(a,w) = 0pf n{t= 1});
(3) for allw € Tg(a) there exists r > 0, Oﬁ”: such that

. Vi 4
B(w,r)N (w + int e Ou::) C Zu:;r.

In general ¢ # ¢', but on R; the two dimensions (and hence the affine

+ ..
spaces pg v ) coincide.

Proposition 7.9. On the set Ry one has

v, (a,w) = v (a,w).

it

Proof. For the proof see ﬂa, Corollary 4.19]. O

Define thus on Ry
gt o T
Vg = VG_ LR; = VG_ LRy

and let

{Zf,b, (a,b) € RT" x RH}
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be the partition induced by vg: since Rp = UgRG?’Z N Rg’é, it follows that

L _ - £+

Zap =2y N 24y

once the parametrization of A(¢, aff Z%) is fixed accordingly.

Finally, define the set D’ by
D = {(6, a,b,w,C) : C = pavg(a,w) N Co,w € Zf’b}

h
c U x R7" xR x ([0,00) x RY) x C(¢,R")}.
0

Lemma 7.10. The set D' is o-compact.

Proof. Since vy, a — C, are o-continuous, the conclusion follows. O

We thus conclude that D’ corresponds the following directed locally
affine partition of R%:

D = {(e, ¢,2,C),c=(a,b),2 = (a,w): ({,a,b,w,C) € 13'}. (7.3)
We will use the notation ¢ = (a,b) and
Zf = Zae,b - pzf)/(e, C)? Cf = Oﬁ,b - PCf),(& C)? ZIZ = pa7wf),(€)7

where Oﬁ’b is the extremal fact of Cyy corresponding to the space span DO(a,w).

8. Disintegration on Directed Locally Affine Partitions

In this section we show how to use the function ¥ in order to prove that
the directed locally affine partition D is regular w.r.t. the measure Hdl_{tzl}.
This is the main difference w.r.t. the analysis of ﬂa], where the regularity is
proved w.r.t. the measure £3t1.

Let thus 9 be the upper semi continuous envelope of 6.

Lemma 8.1. For all s > 0, the following holds: if t > s, then

Ha,t,x) = max{@(a,s,y) - ]lé‘a(t —s8,x—Y),y € Rh}.
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Proof. Recalling that 6 is defined by

O(a,t,z) = sup {é(a,s,y) —1g(t—sx—y):y€ Rh},

the proof follows immediately by considering a sequence of maximizers ¥,
for O(a,t, ). O

Since 9 satisfies

I(a,w+ Cy) > I(a, w) (8.1)

i.e. it is a complete ¢-Lipschitz foliation according to ﬂa], the same complete-
ness property (Z2) holds: if (w,w’) € 0+t9J(a), then

Qg q(w, w') = (w+ Cy) N (W — Cy) € 0TI (a,w).

Recalling for the notations Remark [.5] a first connection between 6 and
¥ is shown in the following lemma.

Lemma 8.2. If 9(a,t,z) = 0(a,t,z), then 0~ 0(a,t,x) C 0~V (a,t,x).

Proof. Let (s,y) € 9 0(a,t, ), so that 6(a, s,y) = 0(a,t,x). The inclusion
0= 0(a,t,x) C 0~9(a,t,x) follows from the estimate:

0(a,s,y) < V(a,s,y) < V(a,t,2) =0(a,t,z).

This concludes the proof. O

8.1. Regularity of the partition D’

The proof to show the regularity of ’Hd\_{tzl}-a.e. point for 9 is very
similar to the analysis done in Section 4.1: the two proofs differ because we
have now to consider a family of HJ equations (one for each a € 2), and
that the Lagrangian is the indicator function of a cone C.

Once we have the regularity for ¥, we use the fact that 0(f) = J(¢) for
’Hd\_{t:ﬂ-a.e. point in order to deduce that the same regularity holds for 6.

Consider a Borel bounded set S C {t = t} made of backward regular
points for 9. Since by the definition of ¥ each point has an optimal ray
reaching ¢t = 0, for all s > 0 we can find inner optimal rays, i.e. with
directions belonging to the interior of C';.
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Lemma 8.3. Let t > s > ¢ > 0. Then for every (t,x) € S there erists a

point

os(t,2) € intye (07 V(a, &, 2) N {t = s})

such that

h
Hio(5) = (325) Wies)
Proof. For each fixed a the proof is the same as the one of ¢, just replacing
it with ¥. In particular we obtain that for each fixed € > 0 every point z € S

has a cone of optimal backward directions K, such that
K. €C(¢,[0,4+00) x R and (z—K,)N{t=¢e} Cco V()N {t=¢},

where ¢ = dim D~9(z).

As in the proof of Lemma[d.19] we can thus partition the set S according
to the requirement that the projection of K on a (¢4 1)-dimensional reference

plane V' contains a reference cone K’ € C(¢, [0, +00) x R?).

Slicing the problem on (d — ¢)-dimensional planes V" transversal to V’,
it follows that

os(2) = 9(2)NV" N {t = s}

is singleton for all z € S. We can then use the same approach used in ﬂa,
Section 8].

Consider the two measures fi := H% g and its image measure 7 :=
(0s)sfr. By (BI) and Proposition applied to ¥, every transport © €
Hg (1, ) with finite cost w.r.t. ¢ occurs on the level sets of ¥J: in particular,

in each plane V" there exists a unique transference plan with finite cost.

We can then use ﬂa, Lemma 8.4] in order to obtain a family of cone

vector fields converging to o, for H%a.e. point. Being the area estimate

HM (o2 (S)) > (;:;)hﬂh(S)

u.s.c. w.r.t. pointwise convergence o (z) — 0s(z) ﬂa, Lemma 5.6], we obtain
the statement. O
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We can now repeat the same proof of Proposition [£.21]in order to obtain
the regularity of Hy,_p-a.e. point. The only variation w.r.t. the proof of
Proposition .21 is that we have to use the regularity of the disintegration
of L1 on the directed locally affine partition Dj = {Zf’b(’g), C’f’b(ﬁ)}m,b
induced by ¥ through the map

vg : Ry — RA=h s Uh_ A, RY)
(a,w) — vg(a,w):= (a,aff = J(a,w))

(The fact that vy induces a locally affine directed partition is the same
statement of Theorem [£.14] or Theorem [£.15] see Remark [7.5])

The regularity of Dy is one of the fundamental results of ﬂa], Theorem
8.1 and Corollary 8.2:

Theorem 8.4 (Theorem 8.1 and Corollary 8.2 of ﬂa]) If{ZaZ’b(ﬁ), Cib(v?)}g’a,b
is the locally affine partition induced by the function 9, then L9 -a.e. point
is reqular and the disintegration of L3 w.r.t. {Zf’b(ﬁ)}g,mb is reqular.

A similar statement holds for the directed locally affine partition D' =
{Zfb, Cfb}g’m[, obtained through the function 6.

Once we are given that £9%!-a.e. point is regular for 9, replacing the
area estimate Lemma [4£.19] with Lemma in the proof of Proposition [£.21]
yields the following result.

Proposition 8.5. For all t > 0, the set of regular points for ¥ in {t =t} is
HdL{t:;}—conegligible. H"—almost every point in {t =t} is reqular for 9.

We now transfer the regularity w.r.t. 9 to the regularity w.r.t. . The
sketch of the proof is as follows: since by Fubini theorem, for H'-a.e. t it
holds that ’HdL{t:t-}—a.e. point is regular for #, and the same occurs for 9,
we can use the fact that 0(t,z) = J(t,z) for Hiy_p-a.e.  and every £ > 0
in order to obtain that the points z,04(z) used in Lemma are regular
points for #. The key observation is that the inner rays for ¥ will be also
inner rays for #. (i.e. it should belong to the interior of —D#(z)) implies a

statement similar to Proposition {211

Proposition 8.6. Ift > 0 then ’HhL{t:t-}—a.e. point is reqular for 6.
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Proof. By Theorem we can fix ¢ > 0 such that ”Hf:{ , -a.e. point is

regular for both @ and . By the area estimate of Lemma B3] we can also

assume that
SCR;NRygN{t=t+e}n{0 =17}

and for all z € S
o_a(2) E RGN RyN{t=t—£'}nN {6 = 9}.

In particular we deduce that

oi_o(2) € 070(2). (8.2)

If z — 04(z) belongs to an inner direction of

then the same observation at the end of the proof of Proposition [A21] will
give immediately the statement: the arbitrariness of ¢’ is used as in the proof

of the proposition in order to obtain that %dL{tzl}—a.e. point is regular.
We thus left with proving this last property of 04(z), i.e. z—05(2) € Cp.

Being os(z) — z an inner ray of —Cjy(z) and Cj(z), Cy extremal cones
of épa 2, it follows that if Cz(2) C Cjy, by the extremality property then for
s<t+¢

contradicting (82). O

The proof of the regularity of the disintegration of ’Hd\_{tzl} w.r.t. the
partition {Zf o) t.a,6 follows the same line of Section 4.2: just replace the use
of Lemma 19 with Lemma

The statement is analogous.

Proposition 8.7. The disintegration

HdLUz,a,bZihm{tzl}: Z/Uﬁ,bne(dadb)
¢
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w.r.t. the partition {Z", 0 {t = 1}}y.qp is reqular:

'Ugib <K HZng b.

8.2. Proof of Theorem

Let D' = {Z¢,C%},. be the directed locally affine given by (Z3). By
Corollary B.6] we have that the complement of Ug,ch is Hdl_{tzl}-negligible;
Proposition 4.22] yields that the disintegration is regular.

Consider now the map ¥ defined in (53): ¥ is invertible on D’ and, as ob-
served at the end of Section 5.1, the two measures ¥~ H‘_ z¢ and Hél_i.—l( 7t
are equivalent. Hence the first three points of Theorem follows: namely

e the sets

has affine dimension ¢ + 1 and
ht . — ¢
Cop =t LehH
is an (£ + 1)-dimensional extremal cone of C%, ¢ < h and ¢ = (a, b);
_ h.e
® [W(UnpapZyp) =15
e the disintegration of ’HdL{t:l} w.r.t. the partition {ng}h,é,a,b is regular;

Since the preorder < induced by 6 is Borel and #'(<) = 1, then by
Theorem [A3] the transference plan is concentrated on the diagonal E =
<N ="' Hence by construction the transference of mass occurs along the
equivalence classes: these directions are exactly the optimal rays defined by
([1)). On the regular set by definition these directions are the extremal cone
C!in Z¢:

o if 7 € TI(fi, {Z"}) with 7 = po7h, then 7 satisfies (ILI0) iff

T = Z/ abmhé (dadb), /]lcff(x - m')ﬁi’f < 00;

The indecomposability of the sets th with ¢ = h is a consequence of
Proposition 6101 and Lemma [G.IT] stating that the function € constructed
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by a given I' is constant on ZZ’bh and the sets ZZ’bh are indecomposable. of
positive p-measure on Zch not cyclically connected. Using the fact that C’é’ is
not degenerate and Zg‘ is open, it follows that there is a dense family {w,, },
cyclically connected for I', and this gives a contradiction with the fact that
p is a.c.. This proves Point (5) of Theorem

e if / = h, then for every carriage T' of © € TI(fi, {Z"}) there exists a
i-negligible set N such that each Z;L’bh \Nis 1 onr-cyclically connected.
’ a,b

In the next section we will use this theorem in order to prove Theorem

L1

9. Proof of Theorem [1.1]

By Theorem [[.4] we have a first directed locally affine decomposition D &
and by Theorem a method of refining a given locally affine partition in
order to obtain indecomposable sets or lower the dimension of the sets by at
least 1. It is thus clear that after at most d steps we obtain a locally affine
decomposition {Z", C"} with the properties stated in Point (5) of Theorem
1!

Theorem 9.1. Given a transference plan & € I1(fi, ) optz'mal w.r.t. the cost
¢, then there is a directed locally affine partition D = { C’h}h a such that

(1) Z" has affine dimension h + 1 and CI is an (h + 1)-dimensional proper
extremal cone of epic; moreover aff Z" = aff(z + CI) for all z € Z);

(2) HU{t =1} \Up,aZ) = 0;
(3) the disintegration of %dL{tzl} w.r.t. the partition {Z"}p, q is regular, i.e.

He oy = Z / &n'(da), & < H" gnagey;

(4) if ® € T, {v"}) with P = porh, then 7 is optimal iff
7= Z/ﬂgmh(da), /]lcg(z — 2wl < oo;
h

(5) for every carriage T' of any 7 € TI(fi, {z"}) there exists a fi-negligible set
N such that each Zhb \ N is Lon- -cyclically connected.
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The last step is to project back the decomposition for {t = 1} x R? to
R9, and cut the cones O at {t = 1}.

e Take S" := Z'n{t = 1} and OF = —~CI N {t = 1}: the minus sign is
because of the definition of ¢ in formula (LH). By the transversality of
Ch if follows that dim O = dim O = h. Since Z" is parallel to C!,
then O is parallel to S”. Being C" an extremal cone of ¢ and the latter
I-homogeneous, it follows that O is an extremal face of c.

e The fact that the partition cover £%a.e. point and that the disintegration
is regular are straightforward.

e Being i({t = 1}) = v({t = 0}) = 1, then it is clear that we can assume
that every carriage I' is a subset of {t = 1} x {t = 0}. This implies
that when computing the cyclical indecomposability we use only vectors
in O, and thus the last point of Theorem [I] follows from Point (5) of
Theorem

This concludes the proof of Theorem [I.11
9.1. The case of v < £¢

In general the end points of optimal rays are in Z! + CP N {t = 1},
which in general is larger that Z”. As an example, one can consider the case
v = 0y—0, and verify that Z! = C\ {0}. However in the case v < L%, the
partition is independent of 7, i.e. following ﬂa] we call it universal.

The key observation is that we can replace the roles of the measures i,
v, obtaining then a decomposition {W;&',Cﬁ"‘,/}h,&, for {t = 0}. Now recall
that along optimal rays @ is constant: being inner ray of the cones CP,
C;L,/, then it follows that O = C;L,/, and from this it is fairly easy to see that
Zh = ch},. In particular, for each optimal transference plan 7 it follows that
its second marginals are given by the disintegration of 7 on Z?, i.e. they are

independent of .

Translating this decomposition into the original setting, we can thus
strengthen Theorem [[T] as follows.

Theorem 9.2. Let ju,v < L. Then there exists a family of sets { S, O} n—o.....q
acah
in R® such that the following holds:

(1) S% is a locally affine set of dimension h;
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(2) Oé’ s a h-dimensional convex set contained in an affine subspace parallel
to aff Sé’ and given by the projection on R® of a proper extremal face of
epic;

(3) LYRT\ UpaSy) = 0;

(4) the partition is Lebesque regular;

(5) if m € Il(w, v) then optimality in (L)) is equivalent to
Z/ [/log(m'—:n)ﬂf(dxd:ﬂ) m"(da) < oo,
h

where ™ =3} fon mhm"(da) is the disintegration of © w.r.t. the partition
{88 x R o

(6) for every carriage T' of m € I(u,v) there exists a p-negligible set N such
that each SI'\ N is Lon-cyclically connected.

Appendix A. Equivalence relations, Disintegration and Uniqueness

The following theorems have been proved in Section 4 of E] For a more
comprehensive analysis, see ﬂa]

A.1. Disintegration of measures

Let E be an equivalence relation on X, and let h : X +— X/E be the
quotient map. The set 2 := X/FE can be equipped with the o-algebra

A= {A coA:hi(A) e B(X)}.

Let u € P(X), and define & := hypu.

A disintegration of u consistent with E is a map 2> a +— p, € P(X)
such that

(1) for all B € B(X) the function a — puq(B) is {-measurable,
(2) for all Be B(X), A€A

p(BOE ) = [ palB)e(an)
A
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The disintegration is unique if the conditional probabilities j are uniquely
defined &-a.e.. It is strongly consistent if pq(E,) = 1.

Theorem A.1. Under the previous assumptions, there exists a unique con-
sistent disintegration.

If the image space is a Polish space and h is Borel, then the disintegration
1s strongly consistent.

A.2. Linear preorders and uniqueness of transference plans

We now recall some results about uniqueness of transference plans. Let
A C X x X be a Borel set such that

(1) AUA~! = X, where
Al = {(x,x/) (2, 7) € A};

(2) (z,2'),(2",2") e A = (x,2") € A.

We will say that A is (the graph of) a preorder if Condition () holds, and
a linear preorder if all points are comparable (Condition.). It is easy to see
that

E:=AnA!
is an equivalence relation. Let h: X — X/FE be a quotient map.

Theorem A.2. If u € P(X), then the disintegration of p w.r.t. E is strongly
consistent:

p= /uaﬁ(da), §:=hyp, po(Ey) =1.

Let 7 € P(X x X) such that 7(F) = 1, and let i := (p1)y7, 7 := (p2)s7
be its marginals. Consider the disintegration

7= [ méld). €= @mopyyr.

Let fiq, U4 be the conditional probabilities of i, v w.r.t. E:

p= [ rattin) = [pumétan), v = [ nélde) = [@amian)
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Theorem A.3. If m € Il(f1,v) satisfies

/]lATF < +o00,

then (E) =1, and moreover the disintegration of m on E satisfies

= /ﬂ'ag(da), Ta € (fig, Vq)-

A.3. Minimality of equivalence relations

Consider a family of equivalence relations on X,
Sz{EeCXxX,eGCfI}.
Assume that £ is closed under countable intersection

{E.lienCc€ = [)E, €&,
1€N
and let p € P(X).

By Theorem [A1l we can construct the family of disintegrations

w= / pabe(da), ¢ € €
Ae

Theorem A.4. There exists Es € € such that for all E,, ¢ € &, the following
holds:

(1) if A, Ag are the o-subalgebras of the Borel sets of X made of the saturated
sets for E,, F; respectively, then for all A € A, there is A’ € Ag s.t. pu(A A
A)=0

(2) if &, & are the restrictions of u to A,, As respectively, then A, can be
embedded (as measure algebra) in As by Point (A4): let

& = / £ ofi(da)

be the disintegration of & consistent with the equivalence classes of A, in
As.
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(3) If
p= /ue,aée(da), p= /uwée(dﬁ)

are the disintegration consistent with E., E¢ respectively, then

e = /,uz,bﬁe,a(db)-
for &-.a.e. a.
In particular, assume that each F, is given by
E. = {0.(x) =60.(z")}, 6.:X — X', X' Polish, 6, Borel.

Corollary A.4. There exists a p-conegligible set F' C X such that 60, is
constant on F N0 (2'), for all 2’ € X'.

Proof. Consider the function ¢ := (6, 05): by the minimality of 6, it follows
that

§e = /56,(z’,x”)£ﬁ(dm,d$”)v §o = ﬁti:u
Since (p2)péy = &, then also
&= [ &rtelar)

and thus
&= [ | [swmngomtaran|a)
This implies that &-a.e. 2/
/ & (27,0 §0,00 (dEds) = O,
or equivalently that

g,ﬂ,x/// = 5}{(50/”),}(”(50/”)7 567(}{/(:0///)7}{//(1.///)) = 5:0///,

Hence &y is concentrated on a graph: by choosing 2’/ = 2/”, there exists
s = s(z’) Borel such that & = (I, s)y&. This is equivalent to say that there
exists a p-conegligible set F' such that 6, = so 6 on F. O
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