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Abstract

In this paper, we introduce the Orlicz sequence spaces generated by Riesz mean
associated with a fixed multiplier sequence of non-zero scalars. Furthermore, we emphasize
several algebraic and topological properties relevant to these spaces. Finally, we determine
the Kothe-Toeplitz dual of the spaces £y, (RY,A) and hp (R, A).

1. Introduction

By w, we shall denote the space of all complex valued sequences. Any
vector subspace of w is called as a sequence space. We shall write £, ¢ and
co for the spaces of all bounded, convergent and null sequences, respectively.
Also by bs, cs,f1 and /£, ; we denote the spaces of all bounded, convergent,
absolutely and p- absolutely convergent series, respectively; where 1 < p <
o0o. A sequence space A with a linear topology is called a K-space provided
each of the maps p; : A — C defined by p;(x) = x; is continuous for all
i € N; where C denotes the complex field and N = {0,1,2,...}. A K-space
A is called an FK-space provided A is a complete linear metric space. An
FK-space whose topology is normable is called a BK-space (see Chaudary
and Nanda (E, pp.272-273]).

A function M : [0,00) — [0,00) which is convex with M (u) > 0 for
u >0, and M(u) — oo as u — 00, is called as an Orlicz function. An Orlicz
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function M can always be represented in the following integral form

where p the kernel of M, is right differentiable for ¢ > 0, p(0) = 0, p(¢) > 0
for t > 0, p is non-decreasing and p(t) — oo as t — oo whenever @ 1T 0o
as u T oo.

Consider the kernel p associated with the Orlicz function M and let

a(s) = sup{t : p(t) < s},

Then, ¢ possesses the same properties as the function p. Suppose now

Then, ® is an Orlicz function. The functions M and ® are called mutually

complementary Orlicz functions.
Now, we give the following well-known results.

Let M and ® be mutually complementary Orlicz functions. Then, we

have:
(i) For all u,y > 0,
uy < M(u) + @(y), (Young’s Inequality). (1.1)

(ii) For all u > 0,
up(u) = M(u) + @(p(u)). (1.2)

(iii) For all u >0 and 0 < A < 1,

M) < AM (u). (1.3)

An Orlicz function M is said to satisfy the As-condition for small u or at 0 if
for each k € N, there exists Ry > 0 and ug > 0 such that M (ku) < RpM (u)

for all uw € (0,ug]. Moreover, an Orlicz function M is said to satisfy the
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Ao-condition if and only if

lim sup M{(2u)
u—0t M(u)

< 00

Two Orlicz functions M and Ms are said to be equivalent if there are positive

constants «, 8 and b such that

M;i(au) < Ma(u) < Mi(Bu) for all u € [0,b]. (1.4)

Orlicz used the Orlicz function to introduce the sequence space £ (see
Musielak B], Lindenstrauss and Tzafriri M]), as follows

KM:{x:(xk)ew:ZM(@> < 00 forsomep>0}.
k

For simplicity in notation, here and in what follows, the summation without
limits runs from 0 to co. For relevant terminology and additional knowledge
on the Orlicz sequence spaces and related topics, the reader may refer to
[3-19].

Throughout the present article, we assume that A = (\x) is the sequence
of non-zero complex numbers. Then, for a sequence space E, the multiplier

sequence space E(A) associated with the multiplier sequence A is defined by
EA) ={z = (zx) € w: Az = (M\yzi) € E}.

The scope for the studies on sequence spaces was extended by using the
notion of associated multiplier sequences. G. Goes and S. Goes defined the
differentiated sequence space dE and integrated sequence space f FE for a
given sequence space F, using the multiplier sequences (1/k) and (k) in @],
respectively. A multiplier sequence can be used to accelerate the convergence
of sequences in some spaces. In some sense, it can be viewed as a catalyst,
which is used to accelerate the process of chemical reaction. Sometimes the
associated multiplier sequence delays the rate of convergence of a sequence.

Thus, it also covers a larger class of sequences for study.

Let t = (tx) be a sequence of non-negative real numbers with ¢y > 0 and
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write

T, = Ztk for all n € N.
k=0

Then, the Riesz means with respect to the sequence t = (t;) is defined by
the matrix R* = (r!,) which is given by

ty,

T OSkSna
r;k: Tn

0, k>n,

forall n,k e N ﬂ]
Definition 1.1. Let M be any Orlicz function and

O(M,z) = M(|ay|)
k

where 2 = (z) € w. Then, we define the sets £3;(R', A) and £,; by

Cv(RA) = {x:(xk)Ew:gRt(M,x):%:MCZ?:gﬂ%m) <oo}

and

Uy = {x=(zp) Ew: (M, z) < o0}

Definition 1.2. Let M and ® be mutually complementary functions. Then,
we define the set £y (R', A) by

(o) = fo = (@) €5 3 (ZZOT#M

k

converges for all y = (yx) € Zq>}

which is called as Orlicz sequence space associated with the multiplier se-
quence A = (\;) and generated by Riesz matrix.

The a-dual or Kéthe-Toeplitz dual X of a sequence space X is defined
by

Xa:{a:(ak)Ew:Z\ak:ck|<oo foralla::(a:k)eX}.
k
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It is known that if X C Y, then Y* C X¢. It is clear that X C X%, If
X = X% then X is called as an « space. In particular, an « space is called

a Kothe space or a perfect sequence space.

The main purpose of this paper is to introduce the sequence spaces
EM(Rt,A),ZM(Rt,A),E}w(Rt,A) and hy (R, A), and investigate their cer-
tain algebraic and topological properties. Furthermore, it is proved that the
spaces EIM(Rt, A) and hy (R, A) are topologically isomorphic to the spaces
loo (R, A) and c(RY, A) when M (u) = 0 on some interval, respectively. Fi-
nally, the a-dual of the spaces EIM(Rt,A) and hp (R, A) are determined,
and therefore the non-perfectness of the space KIM(Rt,A) is showed when

M (u) = 0 on some interval.

2. Main Results

In this section, we emphasize the sequence spaces £37(R!, A), Y (R, A),
¢ (Rt A) and hyr(RY,A), and give their some algebraic and topological

properties.

Proposition 2.1. For any Orlicz function M, the inclusion ZM(Rt,A) -
Op (R A) holds.

- k e .
Proof. Let z = (.%’k) S KM(Rt’A) Then, since ZkM(M> < 00

Ty
we have from (1) that
k
2 j=0 AjtiT
T Yk

> (E?oni‘jtjxj>yk’ <y

k k
j OA t] J
< ZM + ) O(|yk]) < o0
k
for every y = (yi) € lo. Thus, = = (1) € Ly (R, A). O

Proposition 2.2. For each x = (1) € £y (R, A),

Ajtjx
{2 (B

10(P,y) < 1} < 0. (2.1)
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Proof. Suppose that ([2.I]) does not hold. Then, for each n € N, there exists
y™ with §(®,y™) < 1 such that

Ajtjx;
()

. . ko Ntz
Without loss of generality, we can assume that Z]%k”xj, y™ > 0. Now, we

2TL+1

can define a sequence z = (zi) by
1 n
=) on+1Jk

n
for all £ € N. By the convexity of ®, we have
Sl 1 0 L, Y l
n
‘I’<Z Wyk) < 5[@(?/1:) +(I)<yk+ 5t 21—1”

n=0
l

1
< Z W‘b(y@

n=0

for any positive integer [. Hence, using the continuity of ®, we have
1 1
=D 0(n) <Y D ooy ®WR) <) gy =1
k k n n

But for every [ € N, it holds

Y r oAt goAt% N
S (= a2 S () Y
k
l

k n=0
k
Zj:O Ajtiri\ 1,
- Z T o1k = L.
n=0 k k

25:0 )‘jtj Ty . .. . t
Hence, }_, | ==7—— )z diverges and this implies that = ¢ (3/(R", A), a
contradiction. This leads us to the required result. O

The preceding result encourages us to introduce the following norm ||. H]\R;
on £y (R A).

Proposition 2.3. The following statements hold:
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(i) Lp(RE A) is a normed linear space under the norm HH]\R; defined by

% —sup{\Z( 1=t B s <1 @

(i) £ar (R, A) is a Banach space under the norm defined by ([22).
(iii) a7 (R, A) is a BK -space under the norm defined by [22).

Proof. (i) It is easy to verify that £,;(R!, A) is a linear space with respect
to the co-ordinatewise addition and scalar multiplication of sequences. Now
we show that ||||f4t is a norm on the space £y (R!, A).

If z = 0, then obviously HHAR; = 0. Conversely, assume HHAR; = 0. Then,
using the definition of the norm given by ([22]), we have

Ajtjx
[ (B2

This implies that ‘ Yok (W)yk‘ = 0 for all y such that §(®,y) <

L 5(D,y) < 1} = 0.

Now considering y = e¥ if ®(1) < 1 otherwise considering y = */®(1) so
that \ytrzr = 0 for all k € N, where €* is a sequence whose only non-zero
terms is 1 in k*" place for each k € N. Hence, we have z;, = 0 for all k € N,
since (M) is a sequence of non-zero scalars and t = (f;) be a sequence of
non-negative real numbers with ¢y > 0. Thus, z = 0.

It is easy to show that ||az|| 5y = |of||lz||¥ and |z+y||% < [l=]/5 +|ly|%
for all & € C and z,y € {37 (RE, A).

(ii) Let (zP) be any Cauchy sequence in the space £3;(R!, A). Then, for
any € > 0, there exists a positive integer ng such that ||a? — :cq||1]\%; < ¢ for
all p,q > ng. Using the definition of norm given by (2.2]), we get

s i DY t] — ) "
([ |

for all p,q > ng. This implies that

[y,

(0(D,y) < 1} <e

<e€
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for all y with §(®,y) < 1 and for all p,q > ng. Now considering y = e if
®(1) < 1, otherwise considering y = e*/®(1) we have {\tya} }; is a Cauchy
sequence in C for all £ € N. Hence, it is a convergent sequence in C for all
k e N.

Let

lim )\ktkl‘z = T
pP—+00

for each £ € N. Using the continuity of the modulas, we can derive for all

p > ng as ¢ — 0o, that

o B,

It follows that (2P — z) € £p7(R!, A). Since (2P) is in the space £y(R!, A)
and £y (R!, A) is a linear space, we have x = () € £y (R A).

20(P,y) < 1} <e

(iii) From the above proof, one can easily conclude that ||a:pH]\R4t — 0

implies that :ci — 0 for each p € N which leads us to the desired result.

Therefore, the proof of the theorem is completed. O

Proposition 2.4. £y (R', A) is a normed linear space under the norm HH?]\})
defined by

k
C At
[Eahs :inf{p> 0:) M(%#ﬂl) < 1}. (2.3)
k

Proof. Clearly H:c||5\t/[) = 0 if z = 0. Now, suppose that H:c||5\t/[) = 0. Then,

k
C At
2l :inf{p> 0 ZM(M) - 1} _o.
k

we have

PTk

This yields the fact for a given £ > 0 that there exists some p. € (0,¢) such

that
k
L Nt
keN peTk
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which implies that
k
M(‘ > i—0 Aﬁﬂ’j\) <1
paTk
for all £ € N. Thus,

M(\ZLMM:@\) SM(\Z?:MM%\) <1

ety pe T,

k
‘ 2i=0 )‘jtﬂj‘
Ty,

M # 0 for some k € N. Then,

’ Zj:o Ajtjz ‘
ETk

‘ Yo At ‘
T

for all k € N. Suppose

— 00 as € — 0. It follows that M( >—>ooase—>0forsome

k € N, which is a contradiction. Therefore, =0 forall k € N. It

follows that Mgtz = 0 for all £ € N. Hence z = 0, since () is a sequence
of non-zero scalars and ¢ = (t;) be a sequence of non-negative real numbers

with ¢t > 0.

Let 2 = (z) and y = (yx) be any two elements of ¢3;/(R',A). Then,

there exists p1, p2 > 0 such that
Ajtjx koot
ZM(\ZJO J)SlandZM(\Zj_o ”]!>§1
P11y - p2T1

Let p = p1 + p2. Then, by the convexity of M, we have

k k

M(! > =0 Ajts(x; + yj)\) . _m ZM( P Aﬁj%!)
Py T opitp2 P11y

p2 ZM<’E?=0)‘jtjyj‘) <1.
k

p1+ p2 p2 Ty,

Hence, we have

k
||1‘+?JH5\2) = inf{p>0;§ M(‘EJ—O iti(z; yj)‘) Sl}
k

pTk

Ajtj
wfpro ()

IN
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kNt
+inf{p2>0:ZM(M>§l}
A P2l

which gives that ||z + yHﬁ\}) < H:c||f]\t/[) + Hy||5\t/[)

Finally, let a be any scalar and define r by r = p/|a|. Then,

k
" L Aitias
||aa:HfDLM) = inf{p>0: g M(‘Z]_O e j’) Sl}
k

Py
_ | 8o Aty ‘
k

This completes the proof. O
Proposition 4] inspires us to define the following sequence space.

Definition 2.5. For any Orlicz function M, we define

| Sh o Aty

Oy (REA) = {:L‘Z(l‘k)ew : Zk:M< o7},

><oo for some p>0}.

Now, we can give the corresponding proposition on the space EIM (R, A)
to the Proposition 2.3

Proposition 2.6. The following statements hold:

(i) £y, (R, A) is a normed linear space under the norm ||a:H5\tJ) defined by

3).

(ii) ¢,;(R',A) is a Banach space under the norm defined by (Z3).
(iti) £3;(R', A) is a BK -space under the norm defined by (23).

Proof. (i) Since the proof is similar to the proof of Proposition 2.4l we omit
the detail.

(i) Let («P) be any Cauchy sequence in the space £, (Rt,A). Let § > 0
be fixed and r > 0 be given such that 0 < € < 1 and r§ > 1. Then, there

exists a positive integer ny such that ||zP — a:qﬂg\z) < e/ré for all p,q > ny.
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Using the definition of the norm given by (2.3]), we get

k P q
oAt — ot
inf{p>0:ZM(‘EJ_O i3] J)‘>§1}<%
k

ka r

for all p,q > ng. This implies that

ZM(\ >0 Mt (2 _“"?)’> <1

- a7 — 2] T

for all p,q > ng. It follows that

k (P q
M(‘Ejzokytj(xj_xj)‘) <1

a7 — 2977 T

for all p,q > ng and for all k£ € N. For r > 0 with M(r§/2) > 1, we have

(IS o)

a7 — 2], T 2

for all p,q > ng and for all k € N. Since M is non-decreasing , we have

k
| im0 At (e — )| e _«
Ty 2 5 2
for all p,q > ng and for all k¥ € N. Hence, {/\kthi}k is a Cauchy sequence
in C for all £ € N which implies that it is a convergent sequence in C for all

k € N. Let lim,_, )\kthi = x}, for each k € N. Using the continuity of an
Orlicz function and modulus, we can have

| Sh oAt (ah — )]
inf{p>0:§ M( J J )§1}<€
- Py

for all p > ng, as ¢ — oo. It follows that (27 — x) € £,(R",A). Since 2? is
in the space £),(R',A) and £,,(R', A) is a linear space, we have = = (2,) €
Oy (REA).

(iii) From the above proof, one can easily conclude that ||z? Hg\}) — 0 as
p — 00, which implies that xﬁ — 0 as k — oo for each p € N. This leads us
to the desired result. O
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Definition 2.7. For any Orlicz function M, we define

| > At

><oo for each p>0}.
Py

har(RYA) = {:c:(:ck)ew : %:M(

Clearly hps(R, A) is a subspace of EIM(Rt, A). Here and after we shall
write |.|| instead of HHZ&) provided it does not lead to any confusion. The

topology hps(RY, A) is induced by ||.|.

k
’ > =0 /\jtﬂj’
t
Il T

Proposition 2.8. The inequality EkM( > < 1 holds for all

x = (g) € £, (R A).

Proof. This is immediate from the definition of the norm Hx||f%]\t/[) defined
by [Z3). O
Proposition 2.9. Let M be an Orlicz function. Then, (har (R A),|.]]) is

an AK-BK space.

Proof. First we show that hyp/ (R, A) is an AK-space. Let x = (1) €
har(RY, A). Then, for each € € (0,1), we can find ng such that

3 M(\Z?:o Aﬂﬂj\) <1
k>mo ETk

Define the n'® section z[" of a sequence » = (x3) by 2" = S} zpeP.

Hence for n > ng, it holds

k
oAt
||a:—x[”}|| — inf{p>0: Z M(M) Sl}
P pTk
k
Lo At
< inf{p>0:ZM<M)§1}<a
Pt pTk,

Thus, we can conclude that hy(R!, A) is an AK-space.

Next to show that hp/(RY,A) is a BK-space, it is enough to show
har(R, A) is a closed subspace of £}, (Rt, A). For this, let (z™) be a sequence
in hpr(R?, A) such that ||z" —z| — 0 as n — oo where z = (z3,) € £3,(R*, A).
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To complete the proof we need to show that x = (x}) € has (R, A), ie.,

kNt
ZM(‘EFS#]J%U < oo for all p > 0.
& k

There is | corresponding to p > 0 such that [|z! —z|| < p/2. Then, using the
convexity of M, we have by Proposition 2.8 that

| 350 Mgtz
()

Py

2ka
- }ZM<2’ >0 Aﬁﬂé") +%ZM<2’ >oh_o At (] _5’33')\>
k

_ ZM<2\ SN _o Aty —2(] 325 Mtk — [ 20, Ajtjl‘j\))
k

2| Sk Atk oS At (2l — 2
Sl M ’Z]—U 77 ]‘ +12M ’Z]_o ]J(] J)‘
2 & Ty 2 < |xt — z|| Tk
< Q.

Hence, = () € has (R, A) and consequently hys (R, A) is a BK-space. O

Proposition 2.10. Let M be an Orlicz function. If M satisfies the Ao-
condition at 0, then KIM(Rt, A) is an AK -space.

Proof. We shall show that ¢,,(R*, A) = has(R!, A) if M satisfies the Ay-
condition at 0. To do this it is enough to prove that £, (R*, A) C has(Rt, A).
Let x = (xp) € E,M(Rt, A). Then for some p > 0,

ZM(M) .
k

pTk

This implies that

pan /\jtjf'fj\> 0

lim M
( pT}

k—o0

(2.4)

Choose an arbitrary { > 0. If p <[, then ), M(W) < 00. Now,

let [ < p and put k = p/l. Since M satisfies Ag-condition at 0, there exists
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R =Ry >0and r =rp >0 with M(kx) < RM(x) for all x € (0,7]. By
[24)), there exists a positive integer n; such that

| 8o Aty ror
M| == —)= for all k > n;.
< T, )<p(2)2 or all k> ny
’ SF_o At ’
pTy

d > nq with W

We claim that < r for all k& > n;. Otherwise, we can find

> r and thus

‘Z OA]t]IJ‘
| 2250 At s ror
M (== Hdt > p(=)=,
< ply ) - /7'/2 p(?) p(2)2

a contradiction. Hence, our claim is true. Then, we can find that
| 350 st | 250 Ajt ]
M==—-"-"1\<R Z M == ).
k; [T s P
Zni Zn1

Hence,

At
ZM(’Z] ZOT xj‘) < oo for all [ > 0.
k

This completes the proof. O

Proposition 2.11. Let My and My be two Orlicz functions. If My and Mo
are equivalent, then KlMl(Rt,A) = EIMQ(Rt, A) and the identity map

F (G (R, ) = (G )L,

is a topological isomorphism.

Proof. Let a,f and b be constants from ([4). Since M; and My are
equivalent, it is obvious that (L4) holds. Let us take any = = (zx) €
Cy, (R',A). Then,

k

At

E MQ<M> < oo for some p > 0.
- Pk
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‘ Yo At ‘
lpTy

Hence, for some [ > 1, < b for all k£ € N. Therefore,

af Yk Atja] | S Aty
S (=5 )S%:M2< )

k

which shows that the inclusion

Co, (REA) C Oy (REA) (2.5)
holds. One can easily see in the same way that the inclusion

Cor, (REA) C Oy (REA) (2.6)
also holds. By combining the inclusions (23] and (26]), we conclude that

O (R A) =y (RLA).

For simplicity in notation, let us write ||.||; and |||z instead of ||.||%

and ||.||]"1\’3;27 respectively. For x = (xy) € EIMQ (R, A), we get

ZM2(’Z] —o At tx]‘) <1
(|27 -

One can find g > 1 with

b b

— —)>1
2#1?2(2) =

where ps is the kernel associated with Ms. Hence,

’E 0N tyx]’ b
M, [ L=i=0"77"I1 Z

for all £ € N. This implies that

k
| >0 Ajtij ]
| z|[2 T

ZMl (04\ Z?:o Aﬁj%!) 1

- pllll2 T

<b for all kK € N.

Therefore,
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Hence, ||z|1 < (u/@)||x|]2. Similarly, we can show that |x|2 < Bv|x|1 by
choosing vy with v8 > 1 such that v5(b/2)p1(b/2) > 1. Thus,

0%
;valll < llzll2 < Byll=l1

which establish that I is a topological isomorphism. O

Proposition 2.12. Let M be an Orlicz function and p be the corresponding
kernel. If p(x) = 0 for all x in [0,b], where b is some positive number,
then the spaces EIM(Rt, A) and hy (R, A) are topologically isomorphic to the
spaces loo(RY, A) and co(RY, N), respectively; where oo (R, A) and co(RY, A)
are defined by

lso(R',A)

{a:—(:ck)Ew sup—Z\A t:c]|<oo}

ka

and
Lk
co(RY,N) = {a: = () Ew: kli_)ngoﬁ ZO I\jtjxi| = 0}.
‘7:
It is easy to see that the spaces loo(RY,A) and co(R',A) are the Banach

spaces under the norm
1k
Rt
x = sup — g Aitixs)|.
|| HOO keN Tk; j:0| 7] .7|

Proof. Let p(z) = 0 for all z in [0,b]. If y € £oo(R!, A), then we can find p >

Aj ko Nty
0 such that ’ZJ;%J%‘ < b for all k € N. Hence, >, M <‘ZﬂpoTjtjy3’> <

co. That is to say that y € £,,(R?, A). On the other hand, let y € £},(R?, A).
Then, for some p > 0, we have

ZM(M) o
k

Py

Therefore, < K < o for a constant K > 0 and for all kK € N
which yields that y € £o(R!, A). Hence, y € foo(R!, A) if and only if y €
£y (RtA). We can easily find 21 such that M(z;) > 1. Let y € £oo(R%, A)

‘ S0 Aitiy; ’
Py
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and
Lk
@ = |[Yllooc =sup = > |Ajtjy;| > 0.
> keNTka:% 7

. : Xty
For every ¢ € (0, ), we can determine d with E?:o % > a — ¢ and so

ZM(’ Zf:OQATjtjyj’m) > M(O‘; €:c1>.
& k

: : : Sioo Aitivi|e
Since M is continuous, EkM(%> > 1, and so [|y[lee < z1]ly]|

otherwise

ZM<’E§=0 Aj?fy'Z/a‘\ﬂCl) .-
p [yl Tk

which contradicts Proposition 2.8 Again,

ZM ’ Z?:o /\jtjxj‘xl —0
A Osz

which gives that |ly|| < |ly|leo/z1. That is to say that the identity map
I: (0 (REA) LD — (foo(RE, M), |I.]) is & topological isomorphism.

For the last part, let y € hps (R, A). Then, for any € > 0, W <

ex; for all sufficiently large k, where z is a positive number such that p(z;) >
0. Hence, y € co(R!, A). Conversely, let y € c¢o(R?, A). Then, for any p > 0,

W < &t for all sufficiently large k. Thus, >~ M( Z]:;T;\:t]y] ) <

oo for all p > 0 and so y € hy (R A). Hence, hps (R, A) = co(R, A) and
this step completes the proof. O

Proposition 2.13. ¢o(R!, A), c(RY, A) and o (R, A) are conver sets.

Proof. We prove the Theorem for co(R!, A) and for other cases it will follow
on applying similar arguments.

Let x,y € co(R?, A). Then, there exists p1, po > 0 such that

lim M

k—o0

k k

C o Nitaxs C Nt

(‘23_0 Vi J’) — 0 and lim M(‘Zj_o ]Jyj‘> —0
plTk k—o0 pQTk
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For 4 = 0 or u = 1, the result is obvious. Let 0 < p < 1. Considering
p = max{|u|p1, |1 — p|p2}, we have

M( | Y5 Aty + (1= )] !)

2ka
k k
Ly | 2050 Aty (paj)| sy | X0 Mitsl( = wyil|
2 ka 2 ka
k k
< }M<\ ijo/\jtjmj‘> N 1M(\ 2j—0 Aﬂﬂ/j\)_
2 17T}, 2 p2Tk
This completes the proof. O

Prior to giving our final two consequences concerning the a-dual of the
spaces £,;(RY, A) and hps (R, A), we present the following easy lemma with-
out proof.

Lemma 2.14. For any Orlicz function M, Az = (Ayzk) € ls whenever
x = (g) € £1;(RLA).

Proposition 2.15. Let M be an Orlicz function and p be the corresponding
kernel of M. Define the sets Dy and Dy by

D, = {a:(ak)ew:Z’i—z,<oo}
k
and

Dy = {s = (sg) € w:sup |Agsk| < oo}.
keN

If p(x) = 0 for all x in [0,d]|, where d is some positive number, then the
following statements hold:

(i) Kothe-Toeplitz dual of £y,(R!, ) is the set D;.
(ii) Kothe-Toeplitz dual of D is the set Ds.

Proof. Since the proof of Part (ii) is similar to that of the proof of Part (i),
to avoid the repetition of the similar statements we prove only Part (i).

Let a = (a),) € Dy and x = (x3,) € £,;(R', A). Then, since

> arzr] = larA; [ Awae] < sup Akl > lardy '] < oo,
L L keN L
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applying Lemma 2T4], we have a = (ay,) € {£;,(R?, A)}*. Hence, the inclu-
sion

Dy C {€y (R, A)}® (2.7)
holds.

Conversely, suppose that a = (ag) € {£},(R*, A)}*. Then, (agzy) € /1,
the space of all absolutely convergent series, for every = = (xj) € EIM (R, A).
So, we can take xj = A ! for all k € N because = = (v3) € £,,(R,A) by
Proposition whenever @ = (1) € loo(R?, A). Therefore, >, laxA; '] =

> i lagzi] < 0o and we have a = (a;) € Dq. This leads us to the inclusion
{0u(R' M)} C Dy (2.8)

By combining the inclusion relations (7)) and (Z8)), we have {,,(Rf, A)}* =
D;. O

Proposition 2T (i) shows that {£,,(R?, A)}*® # £,,(R?, A) which leads
us to the consequence that KIM (R!, A) is not perfect under the given condi-

tions.

Proposition 2.16. Let M be an Orlicz function and p be the corresponding
kernel of M and the set Dy be defined as in the PropositionZI0l. If p(x) =0
for all z in [0,b], where b is a positive number, then the Kdthe-Toeplitz dual
of har(RY, A) is the set Dy.

Proof. Let a = (a;) € Dy and z = (z3) € hpr(R!, A). Then, since
zk: lagxr| = zk: |ak)\];1‘|)\kl’k| < 21615\)\;{1‘“ zk: \ak)\;1| < 00,
we have a = (ay) € {hp(R', A)}*. Hence, the inclusion
Dy € {ha(R', M)} (2.9)

holds.

Conversely, suppose that a = (ax) € {har(R!, A)}*\D;. Then, there
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exists a strictly increasing sequence (n;) of positive integers n; such that

Nj4+1

> Japllhel ™ >

Define = = (xy,) by

_ a
AL 1sgn—_k, n; <k <nqq,
T = 1
0, 0 <k < ny,

for all k € N. Then, since z = (x1) € co(R!, A) and so by Proposition
x = (zy) € har (R, A). Therefore, we have

ni i1
Z\akxk\ = Z lagzi| + - + Z lagzi| + - - -
k k=no+1 k=n;+1

ni 1 i1

pr— _1 DY —_ _1 ...

= Z \ak/\k | + + i Z |ak)\k | +

k=nop+1 k=n;+1
> 1+ +1+-- =00,

which contradicts the hypothesis. Hence, a = (a;) € D;. This leads us to
the inclusion

{hp (R', M)} C Dy. (2.10)

By combining the inclusion relations ([2.9) and (ZI0), we obtain the
desired result {hp(R', A)}* = D;. This completes the proof. O

3. Conclusion

The general aim of this study is to fill a gap in literature by extending
certain Orlicz sequence spaces and to investigate some topological properties.

The Orlicz difference sequence spaces £37(A, A) and £37(A, A) were re-
cently been studied by H. Dutta [21]. Quite recently, generalized Orlicz
difference sequence spaces co(M, A™), c(M,A™) and o (M, A™) have been
examined by the same author in E] Of course, the sequence spaces in-
troduced in this paper can be redefined as a domain of a suitable matrix

in the Orlicz sequence space fj;. Indeed, if we define the infinite matrix
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RY(\) = {rl, (N} via the multiplier sequence A = (\;) by

At
— <k<
mi=9 o ERE

0, k> n,

for all n, k € N, then the sequence spaces KIM (R, A),co(Rt, A) and £oo (RE A)
represent the domain of the matrix RY()\) in the sequence spaces £y, co
and /., respectively. Nevertheless, the present results does not compare
with the results obtained by [23]. But our results are more general and
more comprehensive than the corresponding results of Dutta and Basar ﬂﬂ],
since the spaces (3 (RE, A), O (RE, A), ¢3; (R, A) and hyr(R?, A) reduce in the
cases \, = 1 and t; = 1 to the EM(C,A),ZM(C,A),EIM(C,A) and hps(C, A),
respectively, where C' = (¢,) is the matrix of Cesdro of order one.
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